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Abstract
We consider the initial value problem (IVP) associated to the cubic nonlinear
Schrodinger equation with third-order dispersion

du +iad’u — u+iplulPu=0, x,teR,

for given data in the Sobolev space H®(R). This IVP is known to be locally well-
posed for given data with Sobolev regularity s > —}t and globally well-posed for
s > 0 (Carvajal in Electron J Differ Equ 2004:1-10, 2004). For given data in H*(R),
0>s5 > —JT no global well-posedness result is known. In this work, we derive an
almost conserved quantity for such data and obtain a sharp global well-posedness
result. Our result answers the question left open in (Carvajal in Electron J Differ Equ
2004:1-10, 2004).
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1 Introduction

In this work we consider the initial value problem (IVP) associated to the cubic
nonlinear Schrddinger equation with third-order dispersion

du+iad’u —ddu+iBlulPu =0, x,teR,

u(x,0) = ug(x), (1.1

where o, B € R and u = u(x, 1) is complex valued function.

The equation in (1.1), also known as the extended nonlinear Schrédinger (e-NLS)
equation, appears to describe several physical phenomena like the nonlinear pulse
propagation in an optical fiber, nonlinear modulation of a capillary gravity wave on
water, for more details we refer to [1, 3, 12, 15, 18, 21, 25] and references therein. In
some literature, this model is also known as the third order Lugiato-Lefever equation
[19] and can also be considered as a particular case of the higher order nonlinear
Schrodinger (h-NLS) equation proposed by Hasegawa and Kodama in [14, 17] to
describe the nonlinear propagation of pulses in optical fibers

du —iad?u 4 33u — i Blulu + y|u)*du + 83, (lu|?)u =0, x,teR,
u(x, 0) = up(x),

where o, B,y € R, 6 € Cand u = u(x, t) are complex valued function.

The well-posedness issues and other properties of solutions of the IVP (1.1) posed
on R or T have extensively been studied by several authors, see for example [3, 6, 12,
19, 20] references threrein. As far as we know, the best local well-posedness result
for the IVP (1.1) with given data in the L2-based Sobolev spaces H*(R), s > —%, is
obtained by the first author in [3]. More precisely, the following result was obtained
in [3].

Theorem 1.1 [3] Let ug € H*(R) and s > —%. Then there exist § = §(|lug|| gs) (with

8(p) — oo as p — 0) and a unique solution to the IVP (1.1) in the time interval
[0, 8]. Moreover, the solution satisfies the estimate

leell 5.0 < lluollas, (1.2)
where the norm ||ull s is as defined in (2.5).
8

To obtain this result, the author in [3] derived a trilinear estimate

3

1 7 K
- 3
lwruniis | g S /]j[l ltjles: 025> =2, b> 0 b <z (13
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where, for s, b € R, X5? is the Fourier transform restriction norm space introduced
by Bourgain [2] with norm

lull s := 11(8)° (v — ¢ (&) a(é, Ollz2.2: (1.4)

where (x) := 1+ |x| and ¢ (§) is the phase function associated to the e-NLS equation
(1.1) (for detailed definition, see (2.4) below). The author in [3] also showed that the
crucial trilinear estimate (1.3) fails for s < —}‘. Further, it has been proved that the
application data to solution fails to be C? at the origin if s < —JT, see Theorem 1.3,
iv) in [5]. In this sense, the local well-posedness result given by Theorem 1.1 is sharp
using this method.

Remark 1.2 We note that, the following quantity

Eu) := / lu(x, 1))?dx, (1.5)
R

is conserved by the flow of (1.1). Using this conserved quantity, the local solution
given by Theorem 1.1 can be extended globally in time, thereby proving the global
well-posedness of the IVP (1.1) in H*(R), whenever s > 0.

Looking at the local well-posedness result given by Theorem 1.1 and the Remark
above, it is clear that there is a gap between the local and the global well-posedness
results. In other words, one may ask the following natural question. Is it possible
that the local solution given by Theorem 1.1 can be extended globally in time for
—4—1‘ <5 <07

The main objective of this work is to answer the question raised in the previous
paragraph that is left open in [3] since 2004. In other words, the main focus of this
work is in investigating the global well-posedness issue of the IVP (1.1) for given data
in the low regularity Sobolev spaces H*®(R), _41'1 < s < 0. No conserved quantities
are available for data with regularity below L? to apply the classical method to extend
the local solution globally in time. To overcome this difficulty we use the famous /-
method introduced by Colliander et al [8—10] and derive an almost conserved quantity
to obtain the global well-posedness result for given data in the low regularity Sobolev
spaces. More precisely, the main result of this work is the following.

Theorem 1.3 The IVP (1.1) is globally well-posed for any initial data ug € H*®(R),
1
s> —7.

Remark 1.4 In the proof of this theorem, an almost conservation of the second
generation of the modified energy, viz.,

2 2 -7 6
[E7 )| < |E7 (@) + CN™ 4| Tul 04+

X5

. 7. .
plays a crucial role. The decay N~ 4 is more than enough to get the required result.
Behind the proof of an almost conservation law, there are decay estimates of the
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multipliers involved. Structure of the multipliers in our case is different from the ones
that appear in the case of the KdV or the NLS equations, see for example [4, 9, 10].
This fact creates some extra difficulties as can be seen in the proof of Proposition 3.3.

The well-posedness issues of the IVP (1.1) posed on the periodic domain T :=
R/277Z are also considered by several authors in recent time. The authors in [19]
studied the IVP (1.1) considering that %‘x ¢ 7 with data ug € L?(T) and obtained the
global existence of the solution. They also obtained the global attractor in L?(T). The
local existence result obtained in [19] is further improved in [18] for given data in the
Sobolev spaces H*(T) with s > —% (see also [25]) with the same consideration.

Taking in consideration the results in [19] and [18], there is a gap between the local
and the global well-posedness results in the periodic case too. In other words, one has
the following natural question. Is it possible to extend to local solution to the IVP (1.1)
posed on periodic domain T can be extended globally in time for given data in H*(T),
—% < s < 07 Although this is a very good question, deriving almost conserved
quantities in the periodic setting is more demanding and we will not consider it here.

In recent time, other properties of solutions of the IVP (1.1) have also been studied
in the literature. The authors in [20] proved that the mean-zero Gaussian measures on
Sobolev spaces H*(T) are quasi-invariant under the flow whenever s > %. This result

is further improved in [12] on Sobolev spaces H*(T) fors > % Quite recently, in [6],

we considered the IVP (1.1) with given data in the modulation spaces Msz’p (R) and
obtained the local well-posedness result for s > —}‘ and 2 < p < oo.

Now we present the organization of this work. In Sect. 2, we define function spaces
and provide some preliminary results. In Sect.3 we introduce multilinear estimates
and an almost conservation law that is fundamental to prove the main result of this
work. In Sect.4 we provide the proof of the main result of this paper. We finish this
section recording some standard notations that will be used throughout this work.

Notations: We use ¢ to denote various constants whose exact values are immaterial
and may vary from one line to the next. We use A < B to denote an estimate of the

foorm A <cBand A ~ Bif A < c¢B and B < cA. Also, we use the notation a+ to
denotea + € for0 < e <« 1.

2 Function Spaces and Preliminary Results

We start this section by introducing some function spaces that will be used throughout
this work. For f : R x [0, T] — R we define the mixed LY L%.-norm by

1/p

T rlq
IIfIIL;L;=(/R</O |f(x,t)|‘1dt> dx) ,

with usual modifications when p = co. We replace T by ¢t if [0, T'] is the whole real
line R.
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We use f(é ) to denote the Fourier transform of f(x) defined by
J®=c fR e f(x)dx
and f (&) to denote the Fourier transform of f(x, ¢) defined by
fE = c/R2 ¢ IOEH) f(x p)dxdt.

We use H* to denote the L?-based Sobolev space of order s with norm
If 1l Es ) = ||($>SJ?(E)IIL§,
where (§) =1+ |&].
In order to simplify the presentation we consider the following gauge transform
considered in [24]
u(x, 1) = v(x — dyt, —t)e' (@ +dn 2.1

Using this transformation the IVP (1.1) turns out to be

Bv+ v —i(a — 3d2)d2v + (di + 2ady — 3d3)dv — i(d3 — ad? +d3)v — iflv|*v =0,
v(x, 0) = vo(x) 1= ug(x)e ",

2.2)
If one chooses d| = —Og—z, dr = % and d3 = % the third, fourth and fifth terms in
the first equation in (2.2) vanish. Also, we note that
luollms ~ llvoll as-
So from now on, we will consider the IVP (1.1) with « = 0, more precisely,
du+ddu—iBlulPu=0, x,teR, 2.3)
u(x,0) = ug(x).

This simplification allows us to work in the Fourier transform restriction norm
space restricted to the cubic T — £3. In what follows we formally introduce the Fourier
transform restriction norm space, commonly known as the Bourgain’s space.

For s, b € R, we define the Fourier transform restriction norm space X* b (R x R)
with norm

10 = 1A+ DD U f 2y = T =€ E FE DIz - 24
where U(t) = e™! 9 is the unitary group.
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Ifb > %, the Sobolev lemma imply that, X b C(R; H}(R)). For any interval /,
we define the localized spaces X Al"b = X*P(R x I) with norm

Il xsb®xry = inf {llgllxse: glrxr = £} (2.5)

Sometimes we use the definition Xg’b = 1 xsb®x(0,6)-
We define a cut-off function ¥y € C*®°(R; R™) whichiseven,suchthat0 < v < 1
and

L, i =1,
t) = 2.6
Y1 (t) 0. I =2 (2.6)

We also define Y7 (t) = 1 (¢/T), for0 < T < 1.
In the following lemma we list some estimates that are crucial in the proof of the
local well-posedness result whose proof can be found in [13].

Lemma 2.1 Forany s, b € R, we have

[y1U @Ol xse = Clidllns. 2.7

Further, if =3 <b' <0 <b <b'+1and0 < § < 1, then

t
s fo Ut — 1) f@@)dt | xso S 87PN F @) o (2.8)

As mentioned in the introduction, our main objective is to prove the global well-
posedness result for the low regularity data. Using the L? conservation law (1.5) we
have the global well-posedness of the IVP (2.3) for given data in H*(R), s > 0. So,
from now on we suppose —;11 < s < 0 throughout this work.

Our aim is to derive an almost conserved quantity and use it to prove Theorem
1.3. For this, we use the I-method introduced in [10] and define the Fourier multiplier

operator [ by,

Tu(g) = mEu), 2.9)

where m (&) is a smooth, radially symmetric and nonincreasing function given by

1, £l < N,
= 2.10
mE= N, e = 2N, @10

with N > 1 to be fixed later.

Note that, I is the identity operator in low frequencies, {£ : || < N}, and simply
an integral operator in high frequencies. In general, it commutes with differential
operators and satisfies the following property.
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Lemma 2.2 Let —4—11 < s < 0and N > 1. Then the operator I maps H*(R) to L*(R)
and

12wy S NIl as ®)- (2.11)

Now record a variant of the local well-posedness result for initial data ug € H?,
0>s> —% such that Jug € L?. More precisely we have the following result which
will be very useful in the proof of the global well-posedness theorem.

Theorem 2.3 Let —4—1‘ < § < O, then for any ug such that Tug € L2, there exist
8 = 8(|[{uoll;2) (with §(p) — oo as p — 0) and a unique solution to the IVP (2.3)
in the time interval [0, §]. Moreover, the solution satisfies the estimate

Hullyor < 1Tuoll 2, (2.12)

and the local existence time § can be chosen satisfying
8 < IMuoll Y, (2.13)

where 6 > 0 is some constant.

Proof As the operator I commutes with the differential operators, the linear estimates
in Lemma 2.1 necessary in the contraction mapping principle hold true after applying
I to equation (2.3). Since the operator / does not commute with the nonlinearity, the
trilinear estimate is not straightforward. However, applying the interpolation lemma
(Lemma 12.11in[11]) to (1.3) we obtain, under the same assumptions on the parameters
s, b and b’ that

1 @)l oo S M ul300 (2.14)
where the implicit constant does not depend on the parameter N appearing in the
definition of the operator /.

Now, using the trilinear estimate (2.14) and the linear estimates the proof of this

theorem follows exactly as in the proof of Theorem 1.1. So, we omit the details.

We finish this section recording some known results that will be useful in our work.
First we record the following double mean value theorem (DMVT).

Lemma 2.4 (DMVT) Let f € C2(R), and max{|n|, |A|} < |&|, then

IfE+n+2) = fE+n = FEFN+ OISO,
where |0] ~ |&|.

The following Strichartz’s type estimates will also be useful.

Birkhauser
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Lemma 2.5 Forany s > —l, s» > 0and b > 1/2, we have

llaell 5 10 S llull ysyo, (2.15)
lull 205 < Ml oo (2.16)
lullooree S Nullysss, (2.17)

el 22 S Nullxoo. (2.18)

lullzoor2 < llullxoo. (2.19)

Proof The estimates (2.15) and (2.16) follow from

1
IU@uoll 510 S Nluollz2 and IID)?U(I)MOIIL§0/3L; < lluollz2,

whose proofs can be found in [16]. The estimates (2.17) and (2.19) follow by
immersion and inequality (2.18) is obviuous.

Lemma 2.6 Letn > 2 be an even integer, f1, ..., fn € S(R), then

f AERE) - Tt 1) fa En) = / A@T2E) - fu1 () Fa(x).
E1 -+, =0 R

3 Almost Conservation Law
3.1 Modified Energy

Before introducing modified energy functional, we define n-multiplier and n-linear
functional.

Letn > 2 be an even integer. An n-multiplier M, (&1, ..., &,) is a function defined
on the hyper-plane I';, := {(§1,...,&,); & + --- + &, = 0} with Dirac delta §(&; +
---+ £&,) as a measure.

If M,, is an n-multiplier and fi, ..., f, are functions on R, we define an n-linear
functional, as

An(My: i, f) :=/r Mater. ... &0 [] 71Ep- 3.1)
n j:l

When f is a complex function and A, is applied to the n copies of the same function
f, we write

Ay(My) = Ay(My; f) i= Ay (My; f’f’fsf’-‘-vaf)‘

Birkhduser
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For 1 < j < nand k > 1, we define the elongation X’; (M) of the multiplier M,
to be the multiplier of order n + k given by

X'}(Mn)(&, k) = M€y 88 Sk Skt s Bk
(3.2)

Using Plancherel identity, the energy E (u) defined in (1.5) can be written in terms
of the n-linear functional as

E(u) = Ax(1). (3.3)

In what follows we record a lemma that relates the time-derivative of the n-linear
functional defined for the solution u of the e-NLS equation (2.3).

Lemma 3.1 Let u be a solution of the IVP (2.3) and M,, be a n-multiplier, then

n
iAn(]un; u) =iNy(Myyn; u) + iAn+2< Z V'BX2(Mn, M))a 34
dt P J

where v, = 513 4+ -4 53, )/]/.S = (—l)j’l,B and X%(Mn) as defined in (3.2).
Now we introduce the first modified energy
E} () := E(lu), (3.5)
where [ is the Fourier multiplier operator defined in (2.9) with m given by (2.10).
Note that for m = 1, Ej(u) = [[u]|7, = luol},-

Using Plancherel identity, we can write the first modified energy in terms of the
n-linear functional as

Elu) = / m(E)RE)m(E)FE)dE
_ / mEDNmENREDEE) (3.6)
E1+5=0
= Ao (M2; u),

where My = mymy withm; =m(&;), j =1,2.
We define the second generation of the modified energy as

E7(u) == E(u) + Ag(Ma; w), 3.7
where the multiplier M4 is to be chosen later.

Now, using the identity (3.4), we get

2
S B w = ina(Maysiu) +ina( Y v/ X300 )
j=1
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4
ita(Mayas ) + i 86 D v XE(Ma); ),

j=1
3.8)
Note that A, (Mz)/z; u) = 0. If we choose, M4 in such a way that
2
Mays + Z V.,{SX?(Mz) =0,
j=1
ie.,
By2
Y VX2 (M)
My, &, 63, 84) = ——— L —— (3.9)
V4
then we get A4 = 0 as well.
So, for the choice of My in (3.9), we have
d -
EEI () = Ae(Ms), (3.10)
where
4
Mg =) v X;(Ma), (3.11)
j=1

with M4 given by (3.9).

We recall that on A, (n = 4, 6), one has & + - - - + &, = 0. Let us introduce the
notations &§; +§&; = &, &ijk = & +&; + & and so on.

Using the fact that m is an even function, we can symmetrize the multiplier My
given by (3.9), to obtain

BOni —m3 +m3 —md)

84 = 8481, 82, &3, 84) = [Mylsym = 6812813614

, (3.12)

where we have used the identity gf + fg + E; + Ef = 3&12£13€14 on the hyperplane
§1+&+86+8&=0.

Using the multiplier [M4]sym given by (3.12) in (3.11) we obtain [Mg]sym in the
symmetric form as follows

86 = d6(£1, &2, 63, 64, &5, &6) = [Melsym

= ﬁ Z [84(§klrna§n’§0,5p)_84(§k,$ln1/1,$0,5p)+84(§k,51»€lnn0s5p)_84(§k,51»€/n~,5n0p)]~

36 {k.m,0}={1,3,5}
{l.n, p}=(2.4,6}

(3.13)
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Remark 3.2 Inthecasek =1,/ =2,m =3,n=4,0 =5, p = 6, one can obtain the
following sum of the symmetric multiplier [Me]sym in the extended form as

ﬂj[ _ m?(Eiz) = m2 ) +m?(Es) —m2(Ee) | m?(E1) = m? () +m?(E5) — m?(Eo)

36 56646845 &s6€15816
_ m*(E) —m? (&) + mP(§345) — m* (§) n m?(§1) —m* (&) +m* (&) — m2(§456)]
&12626616 Ené13és ’

But, for our purpose ¢ given by (3.13) in terms of §4 is enough to obtain the required
estimates, see Proposition 3.3 below.

3.2 Multilinear Estimates

In this subsection we will derive some multilinear estimates associated to the sym-
metric multipliers 84 and &g, use them to get some local estimates in the Bourgain’s
space that will be useful to obtain an almost conserved quantity.

From here onwards we will consider the notation |&;| = N;, m(N;) = m;. Given
four number Ny, Na, N3, Ny and C = {Ny, N2, N3, N4}, we will denote Ny = maxC,
Ny =maxC \ {Ns}, N; = maxC \ {Ns, Ny}, N, = minC. Thus

Ny > N, > Ny > Np.

Proposition 3.3 Ler m be as defined in (2.10)
1)If1&1j| 2 Ns forall j =2,3,4 and |[Np| < Ns, then

m?(Np)
N

|84 ~ (3.14)

2)If |&1j1 2 N forall j = 3,4 and |£12] < Ns, then

2
g < )

R 3.15
1~ max(N,, N} N2 (315)

3 Ifl&1jl K Nsfor j =2,3,a>0,b>0,a+b=1,then

2
N;
84] S gm0

<2 s) (3.16)
N2|&12|%1&131°

4) In the other cases, we have

m?(Ny)

184] <
N

(3.17)

Proof Let f(£) := m2(&) be an even function, nonincreasing on |&|. From definition

of m(&), we have | f/(§)| ~ m‘zs(f) if || > N. Without loss of generality we can
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assume Ny = |£1]| and N, = |&>|. As Ny = |&r + &3 + &4|, we have N, ~ N;. Also by
symmetry we can assume |£12| < |€14].

By the definition of 84, if Ny < N then 84 = 0. Thus so from now on, throughout the
proof, we will consider that Ny > N. Depending on the frequency regimes we divide
the proof in two different cases, viz., |§13] = Ny and |£14] = Nj; and |£14] < N or
|&13] < Ns.

Case A. |£13] 2 Ny and |£14] = N;: We further divide this case in two sub-cases.
Sub-case Al. |£]2| < Nj: Using the standard Mean Value Theorem, we have

Im* (&) — m*(&)| = | f(E1) — f(=&)| = | f &)l E12] (3.18)

where 591 =& —61&1p with 61 € (0, 1).
Since |&12] <« N; we have [&,| ~ |&1| ~ N, and consequently |f’(£p,)| ~
mz(Ns)

s

. Using this in (3.18), we obtain

m? 1) —m* )| _ m*(Ny)
E12ll81311614] NP

(3.19)

Now, we move to estimate |m2(£3) — m2(£4)|. First note that, if N; < N, then we
have |m2(&) — m2(£€4)| = 0. Thus we will assume that |&3] = N; > N. We divide in
two cases.

Case 1. |£34] < N;: Using the Mean Value Theorem, we get

Im*(&3) — m?* ()| = | f(&3) — f(=E)| = | £/ (&) 1E34l, (3.20)

where &g, = &3 — 62834 with 6, € (0, 1). Since |&34] < N; we have |&,| ~ |&3] ~ N,
2
m=(Ny)
N,

t

and consequently | f/(&,)| ~ . Using this in (3.20), we obtain

|m?(§3) —m*(€4)| _ m*(Ny)
En2llgzllgial "~ NNZ

(3.21)

Case 2. |&34] 2 N;: In this case, using triangular inequality and the fact that the
function f(£) = m?(&) is nonincreasing on |£| we obtain from the definition of 84
that

|m?(&3) —m> (€| _ m*(Np)
&2l [E13] €14l ™ Ny NZ T

(3.22)

Now, combining (3.19), (3.21) and (3.22), we obtain from the definition of &4 in
(3.12) that

L IFE) — fE) + fE) — fGEDI m?(Np)
&12] €131 [&14] ~ max{N;, N} N2

1841
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Sub-case A2. |£3| = N: Here also, we divide in two different sub-cases.

Sub-case A21. N, 2 N;: In this case we have Ny ~ N; ~ N, ~ Ns. Without loss of
generality we can assume &; > 0. Since & + - - - 4+ &4 = 0, two largest frequencies
must have opposite signs, i.e., & < 0. If possible, suppose & > 0. Then we have
E1+& =M > Nyand &3+ & = —M < —N; < 0. In this situation one has
&€, > 0, otherwise

E2 4 £} = M? — 26384 > M? > £7 + €3,

which is a contradiction. As &3 + &4 < 0, we conclude that £&3 < 0 and &4 < 0. Now,
the frequency ordering |£;| > |&3| implies

fr=M-§ > |8|=—-5=M+4&,
and consequently £14 < 0. On the other hand, |&1| > |&4] = & > —& — &4 >

0. Therefore, we get £14 = 0 contradicting the hypothesis |£14] = Nj of this case.
Now, for & > 0 and & < 0, we have

Im*(E1) — m* (&) = | £ (&) — fF(=&)| = | f' ()] €12, (3.23)
, m*(Ny)
where &1 > & > —&, so that & ~ N, and consequently | f'(§p)| ~ . Using
this in (3.23), we get ’
Im*(&1) — m* (&) < m*(Ny). (3.24)
Similarly, one can also obtain
Im? (&) — m*(E)| < m*(Ny). (3.25)

Thus, taking in consideration of (3.24) and (3.25), from definition of 84, we get

m?(Ny)
N3

184] <

Sub-case A22. N, « Ny: Without loss of generality we can assume |£4] = Np. In
this case [§3] = [§12 + &4l ~ [§12] ~ Ny ~ [§1] ~ [&2]. It follows that

Im*(&1) — m? (&) + m*(&3) — m?(Ea)| ~ Im*(E4)| = [m*(Np)|.

Therefore in this case

_ m*(Np)

1)
[84] N3

Case B. |£14] < N; or |£13] < Ny: We divide in two sub-cases.
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Sub-case B1. |£14] < N;: We move to find estimates considering two different sub-
cases

Sub-case B11. |£13| 2 N;: In this case we necessarily have |£12| < Ns. If |€12] 2
Ny, using the consideration made in the beginning of the proof, we get

|&14] 2 1€12] 2 Ng,

but this contradicts the defining condition |§14] < N of Case B1.
Now, for |£12] <« Ns using the Double Mean Value Theorem with § := —&j,
n := &p and A := &4, we have

fE+A+m) = fE+m = fFE+D+ FEI S Gl 612] €14l

Hence,

m?(Ny)|€12] [€14] 1 - m?(Ny)
N? 1&13] 1€12] 1£14] N}

184] <

Sub-case B12. |£13] < N;: Without loss of generality we can assume & > 0. Recall
that, in this Sub-case |§12| < [§14] < N;. As Ny = &, we have

lE12] K Ny = & <0 and |&]| ~ Ny,
|E13] K Ny = & <0 and [&] ~ Nj,
|E14]| €« Ny = &4 <0 and |&] ~ N;.

Combining these informations, we get
N > |§13] = |624] = |&2] + |&4] ~ N,
which is a contradiction. Consequently this case is not possible.
Sub-case B2. |£13] < Nj: Taking in consideration Sub-case B1, we will assume that
|&14] 2 Nj. In this case too, we will analyse considering two different sub-cases.

Sub-case B21. |£15| < Nj: In this case we have || ~ |&| ~ |&3] ~ N;. Furthermore
|&4] = |&12 + &3] ~ N;. Hence

&1] ~ 182] ~ 1&3] ~ |&4] ~ N.

Observe that, N, = |&| > |&3] implies |£12| < |£13]. In fact, if £ > O, then

2] K Ny = & <0,
€13l K Ny = & <0,

and it follows that £;3 > &1, > 0.
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If & < 0O, then

€2l K Ny, = & >0,
€13l K Ny = & >0,

and it follows that 0 > £1» > £13. Hence |£12| < |£13].
On the other hand using the Mean Value Theorem, we obtain

[f &) — f&) + (&) — fED=1fE) — f(—&) + f(&) — f(—E)l
= &2 f/ (& + 01812) + &34 f'(—&4 + 62534) |
= &l f (=& + 61&12) — [/ (=4 + 02834)]
S &l Lf/(Ns)]
m?(Ny)
N;

< &2l

s

where 0] < 1, j =1, 2. From this we deduce

|12l m*(Ny) | ! __ mANy)
N €12l €131 1E14] — N2|E2]91€1310°

184] <

Sub-case B22. |§12| 2 Ny: As Ny = |&2] ~ [§1] = Ny ~ |&3], one has Ny ~ |&| =
€13 4 &4/ Thus |&4] ~ Ny and [§;] ~ Ny, j = 1,2, 3, 4. Also

16241 = [613] K Ny = £361 <0 and &8 <O. (3.26)
Let
€:=§&13=—6n. (3.27)
We consider the following cases.
Case 1.€ > 0O:Inthiscaseif &, < 0,then &3 = e+ |&(| > |&1| whichis a contradiction
because &3] < |&1]. Similarly by (3.26) and (3.27) if &, > 0, then |&4] = €+1&2| > |&]
which is a contradiction. Therefore we can assume &; > 0 and & < 0 and by (3.26)
& < 0and & > 0. One has that
§1> -6 >—-85>8&>0,
and using (3.27)
§lz8&+tex=8—e=8>0. (3.28)
Let b := &4 — Nj, using (3.28), we have

Ny >Ny+b+e>Ng—€>N;+b>0,
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which implies that —2¢ < b < —e. Consequently by (3.27), & = —Ny — b — € and

therefore using the condition of this Sub-case B22
Ny Séip=—b—e¢,

which is a contradiction. So, this case is not possible.

Case 2. € < 0: Similarly as above, if £&; > 0, then |£&3]| = |e¢| + & > |&| which is
a contradiction. Similarly by (3.26) if & < 0, then &4 = €| + |&2] > |&| which is a
contradiction. Therefore we can assume &; < 0 and & > 0 and by (3.26) & > 0 and

&4 < 0. Using (3.27) one has that
—& > |e] — & > Ny — |e| = =& > 0.
Let b := &4 + Ny, using (3.29), we have
Ny > Ny —b+ el > Ng —|e| > Ny —b > 0,
which implies that 2|e| > b > |e|. Consequently & = Ns — b + |¢| and
Ny S =lel —b,

which is a contradiction. Therefore, this case also does not exist.
Combining all cases we finish the proof of proposition.

Remark 3.4 Let 0 < € < Ng. An example for the Sub-case Al is

€ €
fi=N;, Br=-Nite &H=—7, &=—7,
other example is
N; € N €
Si=Ny, 6=-No+e &H=—7-3 ba=-—F-73
An example for the Sub-case A21 with £} > 0 and & < 0O is
E _N %_ _ NS g _ Ns é: _ NS
1 = Vg, 2 = ) s 3 = 4 s 4 = 2 .

An example for the Sub-case A22 is

N, N,
‘S;:l :NSa SZZ_TS_Gs 532_57 54:6'

An example for the Sub-case B21 is

€ €
51 :N51 SZZ_NS“FE, $3:_NS+55
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Proposition3.5 Lerw € SR x R), 0 > 5 > —71; and b > %, then we have

< ! 4
[A4(8q; u(®))dt| S PREEER) [ Tull;, (3.30)
and
) 5 6
‘/o Ae(d6; u(t))dt SN_ZIIIMIIX?» (3.31)

Proof To prove (3.30), taking idea from [9, 10], first we perform a Littlewood-Paley
decomposition of the four factors u on &4 so that &; are essentially constants N,
Jj =1,2,3,4. To recover the sum at the end we borrow a factor N ¢ from the large
denominator N; and often this will not be mentioned. Also, without loss of generality,
we can suppose that the Fourier transforms involved in the multipliers are all positive.

Recall that for Ny < N one has m(§;) = 1 forall j = 1, 2, 3, 4 and consequently
the multiplier §4 vanish. Therefore, we will consider Ny < N.

In view of the estimates obtained in Proposition 3.3, we divide the proof of (3.30)
in two different parts.

1

First part: Cases 1), 2) and 4) of Proposition 3.3. We observe that Ny'm; > N~5.
1

In fact, if Ny € [N,2N], then ms ~ 1 and N¢'mg > N;* > N~*.If Ny > 2N, then

1 1N—S
from the definition of m and the fact that s > 4, we arrive at N mg = N N =
N
1
N;‘ﬂN —$ > N7*. Furthermore, we observe that m % Thus
[A4(84; u(®))| = '/ Sa4(&1, ..., EDII (&) - - - Ta (&)
E14-4854=0
< / m>(Np) Tuy(§1) - - - Tig (€4)
~Jequ=0 NN? nry -4
<f LR R
———D, "Tuy (&) - *Tuz(&4)
g1++e=0 N Nim 3P

—1 —1
5/ —.3Dx41u1(51)-~-Dx41M(§4)
Sibtba=0 3T

1D ruyd

~ 73

N N;‘

< Tull} 32
~ N(%*35) ” u”LZv (33 )
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where in the fourth line we used the following estimate

A
e N T N

1
Second part. Case 3) of Proposition 3.3. Recall from the first part, we have Ny* m; =
N~*. Using (3.16) with a = 1 and b = 0, and recalling the fact that |§17| = |£34], we
get

| Aa(Sa: u(0))] = M S4(E1, o EDTI(ED) - T ED)

1+++62=0

/ SaE, ..., £ 1D - TualE)
frraso mip---my

1 — — | — —
5/‘5 6o WEHF%IM](S])IMZ(EZ) 1634172 Tuz(§3) Tua(5a)
1+ tE= s'hs

L -
S/RWDX (Tuyluz) Dy “(Iuzlug)

1 1
S Dy > (TuyTuz)|l 211Dy * (Tuzlug)|l g2,

~ 3 s

N2

(3.33)

where in the second last line we used

1 1 1

= <
2m?2 3 1 ~ 3/2-2s"
Nimg N (Ng my)? Ny

Now, applying Hardy-Litlewwod-Sobolev inequality, we obtain from (3.33) that

[A4(84; u(t)] S

Sy i Tus|| ol TusTugll g
2

(3.34)

N

—|[u|%,.
N(%_zs) ” u”LZ

Observe that the condition s > —‘—1‘ implies that % —3s < % — 25 and this completes
the proof of (3.30).

Now we move to prove (3.31). As in the proof of (3.30), first we perform a
Littlewood-Paley decomposition of the six factors u on 8¢ so that &; are essentially
constants Nj, j = 1,---,6. Recall that for Ny < N one has m(§;) = 1 for all
j =1,---,6 and consequently the multiplier 8¢ vanish. Therefore, we will consider
Ng < N. Since N, ~ Ng > N, it follows that

msNy 2 N and m,N, 2 N.

~
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Without loss of generality we will consider only the term 84(£123, &4, &5, &6) in the
symmetrization of §¢(&1, ..., &), see (3.13). The estimates for the other terms are
similar.

Here also, we will provide a proof of (3.31) dividing in two parts.
First part. Cases 1), 2) and 4) in Proposition 3.3. In these cases, we have

5
J = ‘/(; Ae(S6; M(I))‘ =

S
/ / 846123, £, E5. EQ)TI (E1) - - - 5 o)
0 JE ++&=0

</5/ mj mamgiii (1) - - - g (€)
~Jo £+ tE6=0 max{Nt,N}st mgmg

8
1
: max(N, N2 (3.35)
NfO /RmaX{N;,N}NZ UslUglUpUUSUG
1

§ % B
5 /0 /]R W]uslualuh(Dx 4u,)u5u6

1
< )
S NTiA Musl 22 M uallzgerge ITupllipgerse I Dy “uellps prollusll 203 sllul 20 5.

Using estimates from Lemma 2.5, we obtain from (3.35) that

1
J S — MusliyosllTuall yoo | Tupll yoolluell 1, llusll 1, llusll _1,
NIAT1 % i X X5 i X5 & X5 ¥

1
S — Musllyor 1 Tuall yoo [1upll yor 1 1usll you 1 usl oo [ uell yor  (3.36)
N7 ) 8 8 8 8 )
1
6
5 11 ”Iu”ng

Second part. Case 3) in Proposition 3.3. Without loss of generality we can assume
that |£123] = Ny, |€4] = Ng. 1&| = Ny and |&| = Np. Notice that m? < m,my,
and |§;| ~ Ny for some j = 1,2, 3. So, we can assume |&3| ~ Nj. Using (3.16) in
Proposition 3.3 with @ = 1, and b = 0, we can obtain

5
/ / 84(£123, &4, &5, E6)it1 (§1) - - - ug(E6)
0 J&++8=0

< /5 / mymy ~ mgiti (§1) - - e (86)
~ 1 1
0 Ja+tbs=0 NZ|Erosal? IEsel ™Ma

8 N& 1 ~ 1 —_ | —
5/ / " |E1234] 72 (@1 (D2 (82) &3] F 3.(83)) Tua (§a))|Es6| 2 (Tus (1) Tue(E6))
0 JEi+tg=0 NNy

P
J ::‘/0 Ag(5s: u(z»‘ -

1 9 _1 _1 _1
577/ / Dy ? (uyuz(Dy *u3)lug) Dy > (TuLup)
Nz Jo R

1 _1 -1
57/ I1Dx * (uiuz(Dy *us)lua) | 21 Dx * Turlup)| 2.
3 JO

(3.37)
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Now, applying Hardy-Litlewwod-Sobolev inequality followed by estimates from
Lemma 2.5, we obtain from (3.37) that

IR -1
J S F/ lurua(Dy *uz)lugllpy 1w duplip)
i Jo :
1

< 4

SV el 203 s el 203 51 Do “usllps ppollTuall g2 g2 M uell oo p2 1wl o 2
1

S —lu u u Tu Tu Tu .

S %II 1||X;%,,,|I 2IIX;%,;,II 3I|X;%,,,|I allyor I Tullyon [ Tupl o (3.38)
1

S — MurllyorllTuzll oo Husll oo | Tuall yon I Tucll yorll sl 0.

Nz

< —1u)%,,.
i X5

3.3 Almost Conserved Quantity

We use the estimates proved in the previous subsection to obtain the following almost
conservation law for the second generation of the energy.

Proposition 3.6 Ler u be the solution of the IVP (2.3) given by Theorem 2.3 in the
interval [0, 8]. Then the second generation of the modified energy satisfies the following
estimates

|E7®)] < |E}@)| + CNH 11l . (3.39)
o

8

Proof The proof follows combining (3.10) and (3.31).

4 Proof of the Main Results
In this section we provide proof of the main results of this work.

Proof of Theorem 1.3 Let ug € H*(R), —‘—1‘ < s < 0. Given any T > 0, we are
interested in extending the local solution to the IVP (2.3) to the interval [0, T'].

To make the analysis a bit easy we use the scaling argument. If u(x, ¢) solves the
IVP (2.3) with initial data uq(x) then for 1 < A < o0, so does u*(x, t) with initial
data uj(x); where u*(x, 1) = A u(k, L) and uly(x) = )»_%uo(ﬁ).

Our interest is in extending the rescaled solution u* to the bigger time interval
[0, A°T].

Observe that

ludll s S A uol ps- (4.1)
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From this observation and (2.11) we have that

Ejug) = I1Tugllz> S N2> ug|7,. 4.2)

The number N >> 1 will be chosen later suitably. Now we choose the parameter
A = A(N) in such a way that E} (ué) = ||1uS||i2 becomes as small as we please. In
fact, for arbitrary € > 0, if we choose

A~ N, 4.3)
we can obtain
Ej(up) = Hugll7, <e. (4.4)

From (4.4) and the variant of the local well-posedness result (2.13), we can
guarantee that the rescaled solution / u* exists in the time interval [0, 1].
Moreover, for this choice of A, from (3.7), (3.30) and (4.4), in the time interval
[0, 1], we have
|EF ()| S1E[@d)| + 1 AaMp)) S Tugl 3o + [1Tufl] < e +€* Se. (45)

Using the almost conservation law (3.39) for the modified energy, (2.12), (4.4) and
(4.5), we obtain

-7
EF D] S 1EF o) + NTF ek )°
X]

(4.6)

From (4.6), it is clear that we can iterate this process N i times before doubling
the modified energy |E2(u”)|. Therefore, by taking N i times steps of size O(1),
we can extend the rescaled solution to the interval [0, N4]. As we are interested in
extending the the solution to the interval [0, A3 T1], we must select N = N(T) such
that A>T < N % Therefore, with the choice of A in (4.3), we must have

—7—19s
TN3+) <. “.7)

Hence, for arbitrary 7 > 0 and large N, (4.7) is possible if s > — %, which is true

because we have considered s > — }1. This completes the proof of the theorem.

Remark 4.1 From the proof of Theorem 1.3 it can be seen that the global well-
posedness result might hold for initial data with Sobolev regularity below —}1 as
well provided there is local solution. But, as shown in [3] one cannot obtain the local
well-posedness result for such data because the crucial trilinear estimate fails for

1
S<—Z.
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Remark 4.2 In this work we focused to address the well-posedness issues for the IVPs
associated to the nonlinear Schrodinger equations with third order dispersion. Mainly,
we obtained the least possible Sobolev regularity requirement on the initial data that
suffices to get the global solution. In the recent time, study of the existence of the soliton
solutions and their dynamics has also attracted attention of several mathematicians
and physicists. Solitons play a very important role in many fields of nonlinear science
such as nonlinear optics, Bose-Einstein condensates, plamas physics, biology, fluid
mechanics, and other related fields. The nonlinear Schrodinger equations with third
order dispersion considered in this work are also widely studied in this context see for
example [7, 22, 23] and references therein.
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