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Abstract

We construct trigonometric polynomials that fast decrease towards +m. We apply
them to construct a trigonometric polynomial the derivative of which interpolates
the derivative of a given 2 -periodic function, at some prescribed distinct points in
[—m, ), and vanishes at some other prescribed points in that interval. The construction
requires that the function possesses derivatives where the interpolation is supposed
to take place. Still, we are able to apply the result to trigonometric approximation
of a 2w -periodic piecewise algebraic polynomial which is merely continuous, while
interpolating its derivative at some points (that, obviously, are not knots).
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1 Introduction and the main results

Let I := [—m, ] and let C[a, b] and C![a, b] denote, respectively, the space of
cont~inu0us functions and of / times continuously differentiable functions, and denote
by C the space of 2 -periodic continuous functions. As usual all spaces are equipped

with the sup-norm, i.e., || fll{a,5) := MaXyepq,p1|f(X)| and || f| := maxyer [ f(X)],
respectively.
For B e Nandn € N, let
n sin(nx/2) 28
J00) = Jyp(x) = (—/> , (L1)
Yn,p \1sin(x/2)

be a Jackson-type kernel, where C+(8) < y,, g < C*(B) is a normalizing factor, so
that J is a trigonometric polynomial of degree 8(n — 1), and

L J(x)dx =1, (1.2)
b

-7

(see, e.g., [1, p. 204]). For the asymptotic behavior of y, g, see [3, Theorem 1].
Put i := 7 /n. Clearly,

C

= P < (13)
and Bernstein’s inequality implies, for all v € Ny,
Ca(B,v)

19N = =5 (14)

In addition, we will show that (see the end of Sect.2) for 0 < v < 28,
C 1
) < 2P 0<Ixl <7, 15)

W (nlx[)26

where C1(8) and C3(8) depend only on S, and C>(f, v) may depend also on v.

We wish to construct a trigonometric polynomial L, of degree 8(n — 1), which
satisfies analogues of (1.3) through (1.5), not only for 2 &~ 7. but rather, for any
% < h < const.

Theorem 1.1 Foreachm € N, B € Nand 0 < € < 1, there are constants K| > 0 and

. 3 s
K2, depending only on m, B and €, such that if - < h < =, then the trigonometric

polynomial

h/2 h/2
L,(x):= f / Jx+Hu+---+ty)dt---dt
hm h/2 )

m ttmes

1
= h—me(x,h,J),
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of degree < B(n — 1), satisfies

1 T
— L,(t)dt =1, (1.6)
T J-n
Lo = KLy < (22O (1.7)
X —_—, x| < —F .
= 2
andforall0 <v <m—1,
1L < 2°mh =M FD, (1.8)
and
h—+D) h
ILY ()] < K mteh < (1.9)

(n]x)?p=1" 2

Remark 1.2 The above constants may be replaced by K| := Cie”™~! and K, =
Cre2B, where C; and C» depend only on m and B.

We apply Theorem 1.1 to obtain an interpolation result. Namely,

Theorem 1.3 Givenn,s,n € Nand0 < ¢ < 1/2. For % <h< denote

%;
0 :=[—(s+1/2—€)h, (s+1/2—€)h] and O = (—(s+1/24e)h, (s+1/2+€)h).

Given a collection {z,-}fil, of distinct points in [—m, ). Let [, 0 <1 < 2s, be such
that

2,€0, 1<q<l, (nozginO,ifl =0), (1.10)

and
zgel-1,m\NO, 1+1<q<2s (nozginl—m m)\ O, ifl =2s). (1.11)
Assume that f is defined in 0, and ifl > 1, assume that f € C'=(0) and satisfies,
IfM@)|<h™, x€0, v=0...1—1. (1.12)

Then, there exists a constant ¢ = c(s, n, €) and a trigonometric polynomial D; of
degree < ([n/2] + 2s + 1)n, such that

1Dl < ch, (1.13)
and its derivative dj == D satisfies,
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di(zg) = f(zg), 1=<q <1, (1.14)
di(zg) =0, 1+1<gq<2s, (1.15)

and, forallv =0, ..., 2s,

" (0)] < ch™"M"(x), x € [—7, 7], (1.16)
where
M) = 1 xeO (1.17)
= ﬁ x € [-m, 7]\ O. '

Finally, in Sect. 6, we apply Theorem 1.3 to obtain a trigonometric polynomial which
approximates a 2m-periodic continuous piecewise algebraic polynomial, and the
derivative of which, interpolates the derivative of the latter at a given collection of
points (obviously, not knots).

Throughout the paper we will have positive constants ¢ and C that may differ from
one another on different occurrences even if they appear in the same line.

2 Pointwise Bernstein Inequality

We extend the well known Bernstein inequality
IO < e IT; I,

which is valid for all trigonometric polynomials 7, of degree < n, and for all r € N
and v € N, into a pointwise version. Namely,

Lemma 2.1 For arbitrary trigonometric polynomial T, of degree < n, anyr € N and
each natural v < r the inequality

(THY O] = e ITlIT, " W], x € R, @1
holds.
Proof Without loss of generality assume that ||7,|| = 1, so we have to prove the
inequality
(IO @] = ()" IT; @], x eR. 2.2)

Then Bernstein inequality implies ||Tn(v) || <n’and
(T ) = r| T, @O T )| < rnl T M0l reN.

Birkhauser
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Assuming by induction, that for some v — 1 < r the inequality (2.1) holds for all
r € N, we get

v—1)

(
Tl =r (T 0 T)

v—1
=r> (” - 1)(T,{—l)@—l—f)(x)(m(f“)(x)
J
<ry. (” B l)((r — D) T o
j=0 ™/
v—1
< |T;7 @) (” B 1)(r — D" = )T @),
; J
j=0

which is (2.2). O

sin nu
nsinu’

Applying Lemma 2.1 to the polynomial 7, (u) =

we readily obtain (1.5).

3 Fast Decreasing Trigonometric Polynomials

Proof of Theorem 1.1 Since J is a trigonometric polynomial of degree < fn, L, is
also a trigonometric polynomial of degree < fBn.
First, we have

bs h/2 h/2
/ Ln(x)dx—7 / Jx+H+--+ty)dty---dty, | dx
. ) h/2 h/2
mtlmes
h/2 h/2 7
= / / (/ J(x+t1+~-+lm)dx>dtl---dtm
h/2 h)2
mtlmes
1 hy2 h/2
/ wdty---dty, =,
h/2 h/2
mtlmes

and (1.6) is proved.
Evidently, foreveryv =1,...,m — I, thereisa8 =6, € [x —vh/2, x + vh/2],
such that

W (x, by ) < 2V Wiy (6, B, f)]. (3.1)
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Now, for any a € R,

/2 7
f J(a—l—t)dtf/ J@a+1t)dt =m.
—h/2 -

Thus, (3.1) implies,

h/2 h/2

2v
ILY (x)] < o Wi dtyyy =2"gh” VD,

- h/2 h/2

m—v— ltlmes

which is (1.8).
In order to prove (1.9), take M <|x| <mand |0 — x| < vh/2.If

[tjl <h/2, 1<j<m-—v, and ©O:=0+1t1+ - +1n_y €,

then
012 Iyl — on — v+ ) =[x = 22
— 2 - 2 bl
which implies,
n Cn
J(©) < < (3.2)
vap (nsin®/2) 7 (n(x| — 1))
Here and in the rest of the proof C and C* depend only on 8.
If, on the other hand, |®| > 7, then 7 < |®| < 3” , which implies
. : N
| sin ® /2| > sinm /4 > sin > ,
2
so that (3.2) is valid in this case too.
Combined, (3.1) and (3.2) yield
v v Cn h/2 h/2
L0 = Wm0, ) = oS [ [
" (n(xl = ) S S
m— vtlmes
2RV 1 2°hV(m 4 1)?F~1 2
=C 21 i =C ( 2/331 h
(n(lx] — ) x| — (en|x|) €h
p—+D
K T NOR_1°
= 2 (nfx2]

€lx|
m—+1

where, for |x| > (m+€)h , we applied the inequalities |x| — mT > and |x| — mTh >

ezh. Thus, we obtain (1.9).

) Birkhiuser
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In order to prove (1.7), we observe that if |a| < h/2, then

h/2 h/2 7/(2n)
/ J(@ +a)dt > / J(@)dt > / J(@)dt > C*. (3.3)
—h/2 0 0

For m = 1, this readily yields (1.7). Thus, let m > 1 and denote

H'_[—h hi|ﬂ|: -x h —x N h :|
| 22 m—1 2m—1"m—1 " 2m—1)]

Note thatift; €e H,1 < j <m —1,then —h/2 <a:=x+t+ -+t < h/2.
Hence, for |x| < W,

1 h/2
Ln(x)z—m/.../ (/ J(x+t1~|—-~+tm)dtm)dtl---dtm1 (3.4)
" g 7 \J-np
————’

m—1 times

1 1 C

Z—/ / C*dt1~-~dtm_1=—C*|H|’”’1z—,

O H hm h
———

m—1 times

where we used the fact that |H| > %

Finally, if 51 < |x| < 59 then

|H”_ﬁ_<|x| __h >>Q_<(m—e)h_ h )_ ch
T2 m—1 2m—-1)) =2 2m—1) 2m—-1)) 2m—-1)"

Substituting in (3.4), completes the proof. O

4 Interpolating Trigonometric Polynomials

Proof of Theorem 1.3 If [ = 0, then (1.14) is empty, so we may take Dgy(x) = 0.

We proceed by induction. By the induction assumption, there is a polynomial D;_,
1 <1 < 2s,satisfying (1.14) through (1.16) with/—1 instead of [, and with any z; € 0,
71 ¢ {Zi},'zil_t,-[* instead of the given z; € 0.

We will construct the derivative d; and then put D;(x) := ff Ldi()dr.

To construct d; we first note that for the polynomial L,,, defined by Theorem 1.1
with 8 = [n/2] + 25 + 1 and m = 25 + 1, we have for x € [—m, ],

LV (x0) < ch= "M~ (x), 0<v <2s. 4.1
Here and in the rest of the proof ¢ = c(s, 1, €).

Birkhauser
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We will show that the desired polynomial d; may be taken in the form

N

~ B
dy=di_1+d — —d,
B

where
A = f@) —di—1(z1) ﬁ sin((x — 20)/2) Slﬂ((x —i/2) = sin((x — z¢)/2)
;;11 sin((z1 — 2¢)/2) ol T sin((z - 2)/2) g=I41 sin((z1 — 2¢)/2)
=:£ ::i(x)
Ln(X) — i Ly (x)
Lo - MLy
1 2s . 2( _
. _ . sin?((x — z¢)/2) 3 .
dix) == h""2 L, T sin?((x — z4)/2 S S L A L I EVAED)
1 ql_[:1 ( q )qg—l smz((z; _ Zq)/z)
=1 (x)

T T
é; :=/ ﬁl(x) dx and él :=/ c?l(x) dx.
-7 -7

If/ = 1, wemean [])_, = 1,and recall that d) ) = do = 0. Similarly, [T;",, | = 1.
Evidently, d; is a trigonometric polynomial of degree < (n — 1) + 2s, and (1.14)
and (1.15) hold.
We first estimate the polynomials d; and dj, and their derivatives.
By the induction assumption, (1.12) and (1.16) imply,

FP 0 -5l =en'™ xe o,
while (1.14) yields,

fzg) —di—1(zg) =0, g <.

Thus, we have

f@) —di—1(z)

=|lz1,..., 25 f —di-1] “4.2)
l_[q NE— |[z1 2z f —di-1ll

|[F| =

00 - a6
- =1 -
where the middle term is the divided difference of f — dj—1, and in the last inequality
we used the fact that 6 € 0. .
In order to estimate I (x) and I (x), and their derivatives, we observe that

Izl < (s + Dh, z€O,

Birkhauser
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and .
|z —zi| = 2he, z € I\O.

Also
[xIM(x) < (s+ Dh, xel.

Hence, for x € I and z € O, we have

| sin((x —2)/2)| |x| lz| |x| s+ 1
— MG )sﬁm )+—M( )_ﬁm )+T<s+1<c

andforx € I and z € I\é,wehave

2|sin(x—a/2) | o k=l L
sm((zl — z)/2) |z — z| lz1 — z|
x| + Jal
+ TM(X) <c.

Therefore, we write f(x) = pl-1 ]_[[2;:1 ay(x), x € I, where foreach 1 < g < 2s,

o) < —— and @) <, veN, xel,.
= M(x) h’

This, in turn, yields for each 0 < v < 2s,

—V

7(v) -1
1O@] < e s,

xel.

Combining with (4.2), (1.7) and (4.1), we obtain for each 0 < v < 2s,

5 2’|F| « Ay
Jm LG () JOV—1) 4.3
|d, 7 (x)] < e E_ [L,/" (x) ()] (4.3)

1 hl IZMZﬂ 1(x) JH—vy
i+l M2S(x)

=cw+ Dh™ “sz‘—ZS—l(x) <ch™M"(x), xe€l.

Similarly,
1

7 (v) 21—
HO@] < eh® ™y,

xel,

whence,
1d™ ()] < cv+ DM 0 < ch VM (x), xel. (4.4)

) Birkhduser
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It follows by (1.13) with / — 1, that
e
/ di(x)dx = 0.
-
By virtue of (4.3) and (4.4), we obtain
X R X o
/ |di(t)|dt < ch and / di(t)dt <ch, xel,
— -

and, in particular, R 5
|Bj| <ch and B; < ch.

So, in order to complete the proof of (1.13) and (1.16), we will prove that
By > ch. 4.5)

To this end, we note that if x € [—sh, sh] C O, then

I c
n(x) > E,
and .
M >c¢, zel\O.
sin((z1 — 2)/2)
Hence,

. sh c sh 1 )
By z/ dy(x)dx > ﬁ/ [ [ =z dx.
h —sh g=1

-

Now, the algebraic polynomial,

t l
o) :=/ H(x —zg)*dx, —sh <t <sh,

—sh g=1
of degree 2/ + 1, satisfies, by Markov’s inequality,
IOl —snsm = (s el QDY Zp gy = c@DIsh)* T = en?! T,

and (4.5) is proved. Thus, the proofs of (1.13) and (1.16) are complete. O

5 An Auxiliary Lemma

For j € Z, let

T
xji=—, Ij=Ixj,xj+1], and |Ij|=;~

Birkhauser
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Denote by Py, the space of algebraic polynomials of degree < k, and by f)k,,,, the
space of 2w -periodic continuous piecewise algebraic polynomials S, of degree < k,
with knots x, that is,

S|1_/=pj, ijPk, j €Z.

Given S € fk,n, ni, B € Nand J,, := Jy, g, letv € Ny and denote

dl) s T
By ny (x) := de/ S(x+at)]nl(t)dt—/ SW(x 4 at)Jy, (1) dt. (5.1)
—TT —TT

Lemma5.1 Let S € ik,nand let 0 € N. For each v € N we have

B ()—1i Zo (P V0 = PV ) (A
v,y (X =5 pP; Xj Pj_1 X dev—17m o .

I=1 j=—no+1

(5.2)

Proof We first prove that for each v € N,

no

1 X —Xj d
Bv,nl(x) — ; Z < (U l)(xj) pEV ll)(xj)> Jnl ( > ]) + aBU—l,nl(x)'

j=—no+1

(5.3)

To this end, we observe that since S is differentiable of any degree [ € N, except at
a final number of points in any compact interval, the following integrals exist, for all
I € Ny, and are equal.

T 1 x+om
/ SO +o1)Jy, (1) dt = ;/ SO )y, ( - ) du (5.4)

—0oT

1 on 0} u—Xx
== [ sOwa, (=) du
O J_o71 o

no—1 u—
P @), (

22/

j=—no

Xj+1

x) du,

where for the second equation we used the fact that the integrand is 2w o -periodic.
Now,

Xj+1 Xj+1 —
/ C 0wy, ( ) du — —/ C I Wy, (” . x) du
Xj
Xj+1 9 (-1 u—
— /x » (p] @ (=) ) du

J

(-1 X = Xj+1 (-1 X —Xj
= p/ (xj+1)]n1 (T) - P/ (-xj)-lnl < o > .

Birkhauser
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Hence,

d
Bv,m (x) — EBV—I,M (x)

T d T
- _f S (x + ot)Jy, (1) dt + - SYTD(x + o1) Jy, (1) dt
X

—7T —IT

1 el X —X; X —X;
(v—1) J (v=1) J+l
= o E (Pjv (%) Iy ( pu ) - Pjv (xj+1)JIn, < o ))

j=—no

1 no . .
(v=1) (v=1) —Xj
— X (e plen)a (S22)).

j=—no+1

1)

1
¢ )(7 (X—no) = Pno (Xno).

where for the last equation we used the fact that p=,

Thus (5.3) is proved.
Since By, (x) = 0, the lemma follows by induction. O

Remark 5.2 Since S is a continuous function, the (I = 1)-term of (5.2) vanishes, so

that the sum begins with [ = 2.

6 Approximating a Piecewise Polynomial

For f € Cla, b], let

h) — , , h b
Ap(f,x) = A;l,(f, x) = {(J;(x e ztht:r_:visee 7

and, for k > 1, let
AR = A (A7)

Denote by
ANF )|, k=1,

s

wi(f,t;[a,b]) == sup
0<h<t
x€la,b]
the kth modulus of smoothness of f. (See [1, Chapter 2, Section 7] for properties of

moduli of smoothness.)

~

Similarly, for f € C, the space of 2m-periodic functions on R, let A, (f, x) =
AJ(f.x) == f(x +h) — f(x),and fork > 1,let Ak (f,x) = A, (A’,;—l(f, Y, x).
Finally, denote by
k>1,

)

Ak (F, )

wk(f,t) ;= sup
0<h<t
xeR

the kth modulus of smoothness of f. Note that for such f, wr(f,t) = wx(f, t; [-27,
2x]) for0 <t < 2n/k.

Birkhauser
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We call a closed interval E a proper interval, if E = [x;,, xj+] for some indices j,
and j*, and xj» —x;, < 2m.

Let Yy := {yi}iez, s = 1, be a set of points, such that y; < y;41 and yj4os =
yi +2m, i€Z.

For each i € Z, let j; be the index such that y; € [x};, xj,11). We denote by O the
interior of the union

Uiezlxj—1, xj;42].

We will write S € ik,n(YS), if §e ik,n and pj+) = pj forx; € O.
For x € E and n € N, denote

1 n

and, finally, let
2s

|'sin 3(t — yi)|
= . 6.2
i 11 sin 2t — y)l + 1/n ©2

We devote this section to proving,

Theorem 6.1 Letny >nand S € flk,n(Ys). Then there is a trigonometric polynomial
T of degree < cny, such that

IS =TI < cax(S, 1/n), (6.3)

and if E is a proper interval, then
IS'(x) = T'(x)| < cnw(x)A(x, E), x € E. (6.4)
Here and in the sequel ¢ and C denote constants which depend only on some or all
the parameters k, s and 7.
Let

0, = (x)—-,x,+), VETZ, (6.5)

be the connected components of the set O, enumerated from right to left, and set

0, = (x,- +7/(2n), x,+ — 7/(2n)). (6.6)

We need a few lemmas.

Lemma6.2 Letn; >n, 1 <v <2s+1,1 <0<k S ¢ flk,,,(YNS) n > 2s and
Jny = Jn, - If E is a proper interval and O, C E, then for all x € Oy,

|Byn, ()| < Cn"A(x, E). (6.7)

Birkhauser
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Proof Clearly, for any j° € Z, we may rewrite (5.2) as

v no+j

-1 -1 d"! X —Xj
Bn@=23" Y (0 - V) dxv_,fm( - ’),
l =2 j=—no+;041
xj¢0

where we use the fact that S is continuous and 27 -periodic, sothat p; (x;) = pj_1(x;),
J €Z,and p; = pj_ forall j such that x; € O, and that J,, (/o) is 2w o -periodic.

In particular we may take j where x € I jo. Thus, without loss of generality, we
may assume that x € Ip and j0 = 0. Then, for each j, —no + 1 < j < no, we have

X—Xj
u S .

By virtue of (1.5) we obtain for each f, —no +1< f <u-

J

J v—I+1
S |seD (m) 3 n
" - — v ) )2n—v+l
j=—no+1 o =t (n1(x —x;))
j v—l v—I J
Z nn n 1
< —
(n1(x — x;))1+! _Cnl(nl(x—xf)n—l Z (x —x)?
j=—no+l / J j=—no+1 J

nV7l+1

(n1(x —x‘;))”'

bl

Similarly, (1.5) implies for each j, u* < j < no

J(v 1) ( xj)

LetE =[x}, x;+]. ByMarkov’sinequality|pjl)(xj) p(l) ()] < enli (S, 1/n; E),
ifeither j, < j < p~,orpt < j < j* A1so|p<”(x,)—p") (x;)] < enlwr (S, 1/n)
forall j € Z.

We have to separate the proof for o = 1 and o > 2. We begin with the latter, so
that

no

2

j=i

nv—l—H

(n1(x; — )"

IA

C

—no +1<j,<p” <put <j* <no.

Hence,
J o
> (P = ) a0 <xa—x’>' ©.8)
j=—no+1
< Con(S im " s, (;Y ,
(ny(x —xj )" nydist(x, R\ E)

) Birkhduser
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and
S -1 -1 X —X;j
> (pﬁ':l '(xj) - P; - )(Xj)> VAN (Tj)’ 6.9)
j=j*+1
nl*lnfo»]
< CCUk(S, 1/l’l; E)— < CCUk(S, 1/I’l; E)nu.
(n1(x = xj, )"
Similarly,
no — s
S 1(p Ve = P 28 (T’> < Cn"A(x, E).
j=nt

If o0 = 1, then we may have —n + 1 < j, < j* < n, and the proof follows verbatim
as above. Otherwise, we may have that j, < —n, so that (6.8) is irrelevant, while in
the summation in (6.9) we replace j = —j, + 1 by j = —n + 1, where we note that
U~ > —n;or we may have j* > n, so that we replace the upper end of the summation
j* with n, where we note that u™ < n. This completes the proof. O

Lemma6.3 Letn; >n, 1 <v<2s+18Se i?k,n(Ys) n>2sand Jy = Jy, y and

let
T

T(x):= % (S(x) — (DX AR, x)) (1) dt,

-7

be the trigonometric polynomial of degree < nny. Then
IS =TI < cax(S, 1/n). (6.10)
If E is a proper interval, then
|S'(x) = T'(x)| < cnA(x,E), x€E, (6.11)

where A(x, E) was defined in (6.1). ~
Moreover, if O, C E, then forallx € Oy and1 <v <2s + 1,

1SV (x) = TW(x)| < en”A(x, E), x € 0. (6.12)

Proof The inequality ||S — T'|| < cwx (S, 1/n1) < cwr(S, 1/n) is well-known.

Since § is a piecewise algebraic polynomial, it possesses all left- and right-hand
derivatives at each x;, j € Z. Thus, if it happens that x + vt = x; for some j € Z,
then Af (™), x) may not be well defined. But, for each fixed x, this may happen
only for finitely many values of ¢, and would not influence the integration below.
However, when we wish to estimate Af(S("), x) we must consider the collection of
all (finitely many) possible values we may have by assigning the various appropriate
left- or right-hand values that may occur.
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Recall thatin [2, Lemma 5.5], it was proved for a proper interval E, thatif x, x+kt €
Eand(x—i—ﬁt)gé{x]} 0 < ¢ <k, then

j=—00
|ARS™, x)| < en”(1 4+ nlt)*wr(S, 1/n; E). (6.13)
Closely observing the proof of [2, Lemma 5.5], we see that (6.13) is valid also with
our above relaxation. In addition, the restriction on the length of E, is irrelevant for
the next inequality. Thus,we obtain,

|ARSY) )| < en”(1 4 njt)rax (S, 1/n), 1] < 7. (6.14)

Ifx € E,and d :=dist(x, R\ E) > 7/(2n), then

Ak(S(") x)J, (1) dt (6.15)

f / / |Af(s(v)sx)|-]n1(t)dt
If1=< o7z <ltl=¢  Jd<jti<n

2kn
vtk

< en’an (S, 1/n; E)/J,,l(t)dt+cn
l

a)k(S 1/n; E)/

anrk
+c 2,5 1a)k(S 1/n)

< cn”A(x, E).

In particular, this is the case when x € O~M.
Similarly, if 0 < d < 7/(2n), then

1S'(x) — T/ (x)| = % '/ AN(S' ), (1) dit| < cnA(x, E).

Thus, (6.11) is proyed.
Finally, if x € O, C E, then by (6.15) and (6.7),

v

/ A (S, x) Ty, () dt

_x|)

7SV (x) - TV ()| = ' d

=

g
/ ARS™ x) g, (1) dt
b1

v

d b T
+‘ / A,(S,x)J,“(t)dtf/ AFS™ x) gy, (1) dt
dxV T T

v

k k d\) b T
<cen"A(x, E) + Z ( ) ‘d / S(x +ot)dy,, (1) dt — / SV (x + o)y, (1) dt
o=1 o X g g

<cn"A(x, E),
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and (6.12) follows. O

If a proper interval E is such that its endpoints are not in O, we will call it a Ys-proper
interval.

For each € Z, let xy0 1= %(xﬂ— + x,,-) be the midpoint of O, = (x,-, x,-),
and for each Y-proper interval, such that O, C E, let

A(E) = A(xye, E).

Since dist(x,o, R\ E) < Cdist(x,R \ E), for all x € 0~M, and dist(x, R \ E) <
Cdist(xye, R\ E), for all x € O, it follows that

A(x,E) < cAu(E), x€ 0, (6.16)
and
Au(E) < cA(x, E), x € O,. (6.17)
Define
A, = min A, (E). 6.18
" E:rg,iréE w(E) (6.18)

Finally, denote J,, := [x,° — 7, x,o + 7], and let M, be the 27 -periodic function,
defined on J,, by
xe 0,

17
My (x) = )
n() L xe,\0,.

nylx —Xpe [

Lemma 6.4 Let u € Z and n1 > n. Then, for every Ys-proper interval E and each
x € E, we have

AuMI(x) < CA(x, E). (6.19)

Proof 1t is sufficient to prove (6.19) for x € J,., and we let a Y;-proper interval E be
such that x € E.

First, assume that O,, ¢ E. Thus, there is an endpoint of E, say y, lying between
x and x, 0. Then dist(x, R\ E) < |x — y| < |x — xpol.

Hence,

1 : 7]
SAUM () < (S 1/mM}(x) = (S, 1/n) <m|x——xm)

1

n
ny dist(x, R\ E)) = A, B).

< wi (S, 1/n) (
Otherwise, O, C E.
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If x € Oy, then (6.19) is trivial, since || M| = 1, and by (6.17)
AuM)(x) < Ay < Au(E) < CA(x, E).

Similarly, if x € E'\ Oy and |x — y| < |x,e — |, where now y is the endpoint of E,
closest to x;,0, then

AuM)j(x) < Ay < Au(E) < A(x, E),

that yields (6.19).
Finally, if x € £\ O, and |x — y| > |x,o — y/|, then assume, without loss of
generality, that x,,o < y. Then, it follows that x + 37 /(2n) < x4 <y — 37 /(2n).

Since g(u) 1= L=
I

e is an increasing function for u < x,0, we have,

y—x y = Qe =3m/@n) _ 20
Xpe — X = Xpo — (_xuo _ 37-[/(2”) - 37 ()/ (xu, 37'[/(2}1))

2n
< QZ(V - xu") < n(y _xu°)~
Hence,
1 1
5 < .
nilxue — yllx —xuel - nilx =yl
Therefore, AMMZ(x) <A, E). m]

We are ready to prove Theorem 6.1. It is easy to show that if an endpoint of
a proper interval E belongs to O, say, to its connected component O, then
wi(S,1/n; EU O,) < cwy(S, 1/n; E), whence A(x, EU O,) < CA(x,E),x € E.
Therefore, we prove Theorem 6.1 for Y;-proper intervals E and, without loss of gen-
erality, we assume that n > 2s.

Proof of Theorem 6.1 We apply Theorem 1.3 for each fixed u € Z, with e = 1/12,
and n; instead of n and % such that,

Ou = [xpe = (s +5/(2)h, xpye + (s +5/(12))h] := [x,- + 7w/, X+ — 7/N].

Thus,
(25 +5/6)h =[Oy = [Oy] = 27/n.
Since 37” <0, = 63%, we conclude that
6
T <h< 2 3n/n,
2(s + Dn 2sn
and

(25 +7/6)h = |0,| — 21 /n + h/3 < |0,| — 7/n.
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Hence,

Oy = [xpo — (s + 7/(A2)h, xpo + (s +7/(A2)A] C [xy- + 7/2n), x,0 — 7/2n)] = Oy

Note that all points y; € J, lie either in O,, or outside O,,. Let [ be the number of
points y; € Oy,.
Let T be the polynomial, guaranteed by Lemma 6.3, and denote

S'(x) — T'(x)

)

R, = max h' 1| s@) — T<f>||0-# and f(x):=

1<i<l R,
so that, forall0 < v <[ — 1, we have
oy 18U = 7O ISUTY T -
FP 0] < < 1, xeO,.
Rﬂ hv||S(v+1) — T(v+1)||0~
I

Thus, f satisfies (1.12). Hence, (1.14) through (1.17), imply the existence of a poly-
nomial d;, of degree < cny, such that

X
di(yi) = f(i), yi €Oy, di(yi)=0, y €J,\O,, '/ di(t)dt| <ch, x€R,
—7

and forall 0 < v < 2s,
4" (1) < ch™"MI(x), x€R.

By (6.12), R, < ch_lAM. Therefore, the polynomial

X
Ty = Ru/ di(t)dt
—7TT
satisfies
ltull < cwr(S, 1/n), (6.20)
7, (i) =S8 (i) = T'(3), yi € Oy,

7, (i) =0, yi € J\Oy,
andforalll <v <2s+1,

Iz ()] < en" A M(x), x €R,

where in the last inequality we used the fact that O, C O,,.
Finally, Lemma 6.4 implies that for every Y,-proper interval E, we have

17 (x)] < Cn"A(x, E) x €E. (6.21)
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We will prove that the desired polynomial 7" may be taken in the form

T =T+ Z Ty

st
Xyo€l—m,m)

Indeed, (6.3) readily follows by (6.10) and (6.20).
‘We observe that,

c<mt)<1, t¢ (3, where O := Uuezéu,

where 77 () was defined in (6.2), and combined with (6.11) and (6.21) withv = 1, we
obtain (6.4) forx € E \ O.

On the other hand, if x € (3“* C E,forsome u* € Z,thenlety;, € O,+,1 <€ <1,
and note that y;, € O~M*. Evidently, S'(yi,) = 7' (yi,), 1 <€ <.

Applying (6.12) and (6.21) for all u, all with v =1 + 1, we obtain

1SD (x) = THD ()| < en' M Ax, E), x € 0,,.
Hence, for x € 0~,ﬁ,

kY . (I+1) (2]
@) =T _ X, Yigsoos yis 8 =T = o1 < Cn't A0, E) < Cn't A (E).
[Ty 1x = yi,| ‘ ! I 8

= 1

Thus, by (6.17), we conclude that

1
1S'0) = T' @)1 < e A, (B) [ [ 1x = yiol < ent(0) Ay, (E) < ent(x)A(x, E), x € O, .
=1

This completes the proof. O
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