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Abstract
Let V be a variety in FZ and E C V. It is known that if any line passing through the

origin contains a bounded number of points from E, then |H(E )| =|{x-y:x,ye€
d . .

E}| > g whenever |E| > ¢ 2. In this paper, we show that the barrier % can be broken

when V is a paraboloid in some specific dimensions. The main novelty in our approach

is to link this question to the distance problem in one lower dimensional vector space,

allowing us to use recent developments in this area to obtain improvements.

Keywords Product of sets - Finite fields - Extension estimates

Mathematics Subject Classification 52C10 - 11T23

1 Introduction

Let IF, be a finite field of order g, where ¢ is a prime power. For E, F C F?, the set
of dot products between E and F is defined by
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H(E,F)::{x~y:er,yEF}C]Fq.

When E = F, we write [ [(E) instead of [[(E, F).In [3], Hart et al. studied the ques-
tion of finding the smallest exponent « such thatif | E|| F| 3> ¢%,then | [[(E, F)| > q.
Here and throughout the paper, we use the notation X > Y if there exists an absolute
constant ¢ > 0 such that X > ¢Y.

By using discrete Fourier analysis, they proved the following result.

Theorem 1.1 (Hart-Iosevich—-Koh—-Rudnev [3]) Let E be a set in ]FZ. Suppose that
|E| > q%, then

Fy\ {0} ¢ [](B).

Moreover, this result is sharp in the following sense:

1. IfFy is a quadratic extension, for any € > 0, there exists E C Fg of size qd%]_é
such that |]_[(E)| = 0(q).

2. Ifd =3 mod 4 and q is large enough, then for any t # 0, there exists E C Fg

of size about q% such thatt ¢ [](E).

This theorem says that the exponent % cannot be improved if we want to have
all non-zero dot products. It is natural to ask under what additional conditions, the
exponent d%l can be improved if we are only interested in a positive proportion of all
elements in the field. In the same paper, Hart et al. showed that when E is a subset
of the unit sphere, then the exponent % is enough. This result can be extended for
general sets E C F¢ whenever E does not contain many points on any lines through
the origin. We refer the reader to [3, Section 3.1] and [11, Theorem 1.3] for more
details and discussions. To the best of our knowledge, no improvement of d/2 has
been made in the literature for spheres or other varieties.

In this paper, we are interested in finding varieties V for which the threshold % can
be further improved. It follows from our main theorem (Theorem 1.2) that paraboloids
in some specific dimensions provide the first model for this type question. The main
novelty in our approach is to link this question to the distance problem in one lower
dimensional vector space, allowing us to use recent developments in this area to obtain
improvements. To state our main theorems, we need to recall some notations from
Fourier restriction theory.

Let (F‘; , dx) be the d-dimensional vector space over I, endowed with the normal-
ized counting measure dx, and (F4, d¢) be the dual space with the counting measure

dc. For complex-valued functions f : (F4, dx) — Candg: (F4, dc) — C, we define

/f(x)dx =q7 ) [0, /g(c)dc =Y 2.

d d
erFq ce]Fq
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Let V be an algebraic variety in (F d dx), we define the normalized surface measure
do on V by

do(x) :==q? V| "1y (x)dx.

So, for any function f: V — C,

/f(x)da(x) =1VIT Y f.

xeV

For a function f: (F¢,dx) — C, the Fourier transform fis defined on the space
(F?, dc) by

flo) = / X(—x -0 fWdx =g~ Y x(—x ) f(x), ¢ € 7Y, do).

d
xe]Fq

Similarly, for a function g: (Fg, dc) — C, its Fourier transform is defined on the
space (F¢, dx) by

7w = [ xx e = Y xi-x -0

d
ce]Fq

With the normalized surface measure do on V and a function f: (F¢,dx) — C,
we define the inverse Fourier transform ( fdo)Y of the measure fdo by

(fdo)"(c) = f x(c-x) fdo@) = [VIT'Y x(e-x) £ (o),

xeV

for ¢ € (F?, dc).
The L?> — L’ extension problem for the variety V is to determine all ranges of r
such that the following inequality

1do I ea.ae) < ClFI 2 o) M

holds for any function f on V. We note that in the above inequality, the constant C is
independent of ¢ (the size of F;). We use the notation R"‘/(2 — r) < 1 to indicate
that the estimate (1) holds.

There is a series of papers studying L2 — L estimates for various varieties in the
literature, for instance, see [5, 8, 9, 12] and the references therein. In this paper, we
require estimates associated to spheres of non-zero radius.

For a positive integer d > 3 and a non-zero element » € [y, the paraboloid Py
and the sphere S, centered at origin of radius r in F‘qi are defined by the following
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formulas:
o _ . _ 2 2
P; = {x—(xl,...,xd).xd—xl +~-~+xd71},
and
S, = {x:(xl,...,xd):x]2—|—---+x02,=r}.

Our main result is as follows.

Theorem 1.2 Let E be a set in Py withd = 3 mod 4 and ¢ = 3 mod 4. Assume
that the extension conjecture

\
Ifdoll 2

s L |2, doys

F! dc)

holds for any S, C Fg_l and r # 0, then we have

&> a.

(d=1)242(d~1) d
whenever |E| > q 2@-D+2 = g2

1
2

It is worth noting that the same conclusion does not hold when d is even. When
d =3 mod 4 and ¢ = 3 mod 4, we conjecture that the sharp exponent should be
(d — 1)/2. To support these claims, we provide constructions in the last section. Note
that the extension conjecture was proved in [1] to be true in Fg As a result, we have
the following corollary.

3_1
276
,

Corollary 1.3 Let E be a set in P3 C ]Fg with g =3 mod 4. Suppose |E| > g
then we have

[1®)|>q.

If we assume ¢ is an odd prime number, then by using a recent theorem on bisector
line energy due to Murphy et al. [10], we can get a better exponent, namely, % instead

of ;—‘.
Theorem 1.4 Let ¥, be a prime field, and E be a set in P3 in F?U with p =3 mod 4.
Suppose that |E| > p%_%, then

&> p.

Moreover, if |E| < p>'* and |[E\{(x1, x2,0): (x1,x2) € ]F%,}| > |E|, then we also
have

[1®)| > 1E5.
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It is not clear to us how the method of this paper can be adapted for other varieties,
say spheres, we hope to address this question in a sequel paper. We also note that for
spheres, the dot product set [ [(E) is of the same size as the distance set A(E), where
A(E) :={||x — y||: x, y € E}. The exponent d /2 has been obtained in [3, Theorem
2.8].

2 Preliminary: Extension Estimates

As mentioned in the introduction, the L? — L’ extension problem for the variety V
is to determine all ranges of r such that the following inequality

| fdo|

Lr(]Fg,dC) = C||f||L2(V,dO') (2)

holds for any function f on V. The notation R},(2 — r) < 1 means the above
estimate holds.

In this paper, we only need extension results for spheres. The following is the well-
known L? — L' extension conjecture in IFZ. We refer the reader to [7] for more
discussions.

Conjecture 2.1 Forevenn > 2, let S, be the sphere centered at the origin of radius r
withr # 0 in Fy. We have the following L% — L’ extension estimate

2+ 4
R}@—;”+ >«L
" n

It was proved in [1] that this conjecture is true for n = 2, namely,

Theorem 2.2 Let C, be the circle centered at the origin of radius r withr # 0 in ]Fz

We have the following L> — L' extension estimate
Re, Q=4 <1,

In higher dimensions, the best current result is

2 2
RS (24 ”+1)<<1, 3)
r n_

which is known to be sharp in odd dimensions. A proof of this estimate can be found
in [4].

Although Conjecture 2.1 is still wide open in dimensions n > 4, for the sphere of
radius 0, denoted by Sy, it has been shown in [6] that the conjecture holds true for
particular n and g below.
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Theorem 2.3 Let Sy be the sphere centered at the origin of radius 0. Assume n = 2
mod 4 and g =3 mod 4, then the following L> — L extension estimate holds:

n+4
R§0(2—> " ><<1.
n

With these results in hand, we are ready to prove Theorem 1.2 in the next section.

3 Proof of Theorem 1.2

The proof of Theorem 1.2 contains two main steps: reducing to the triangle problem
and bounding the number of isosceles triangles.

3.1 Reducing to the Isosceles Triangles Problem
By the Cauchy—Schwarz inequality, we observe that

EP*
I > 5o )

where D(E) is the number of triples (x, y, z) € E> such that x - y = x - z. To see this,
first, by Cauchy—Schwarz inequality, we have

Tz )

where M(E) = {(x, y,w, z) € E*: x -y = w-z}. Thus it suffices to show |M (E)| <
|E||D(E)|. Now for a given 7 and x € E, write 7 (E) = {y € E,x - y = t}. Then,
we observe that

IM(E)| =) (Dn;(m)z.

t X

By Cauchy-Schwarz inequality, we have

2
> (Z |n§<E)|> <Y IEIY (.2 € E*,x -y =x-z=1}| =|E||D(E)|.
t X t X

For any point x = (x1,...,xq9) € E C Py, we define ¥ := (xq,...,x4-1), and let
E:={X:xeE}CFI"

Under our assumptions on the set E, without loss of generality, we may assume
that ||x|| #Oforallx € E.
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For x, y, z € Py, the identity x - y = x - z can be rewritten as
@ X - =z 11yl =1zl = 0.

This implies that

(4, 1) G- I3 —1IZI) =0,
Tl

(Hjczn >(y 51D = (”_” )-(ZIIEII).

ZH . ©)

which gives

So

o 1= | -

. E d—1
Set F’ _lzu Sk er]cIFq .

The Eq. (6) counts the number of isosceles triangles with one vertex from F’ and
the two other vertices (base) from E.

In other words, to bound the size of D(E) from above, it is enough to count the
number of isosceles triangles with vertices in F’ and E satisfying the relation (6).

3.2 Bounding the Number of Isosceles Triangles

Given X C Fg and y € F4, we first count the number of isosceles triangles with a
given apex.

Lemma3.1 Ler X C Iy and y € X. Then we have

2
|X|? >
> L€ —=——4¢"> > Xm)x(y-m)
x,zeX:||lx—yl|=|lz—y]|#0 q refy mes;
2
+q" | Y Xmx(y-m)
[lm]|=0,m#0

Proof Let O(n) be the orthogonal group of n x n matrices in F,. It is well-known

2
that |O(n)| = (1 + 0(1))q%, and the stabilizer of any non-zero vector in IFZ is
of the size |O(n — 1)|. It is not hard to prove that |O(n)| = |51]|O(n — 1)| =
(14 0(1))g" 'O (n — 1)|. We note that O(d) acts transitively on the set of non-zero
vectors of any given norm.
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We first note that if there is an x € X with y — x € S, the sphere with radius r in
[, then writing y — x = x’, we have a one-to-one correspondence between x’ € S,
and y — x’ € X. Hence, we can write

> 1= X(o-0) Xy—2)

x,z€X:||x—y||=|lz—y||#0 reIE‘* XES, ZES,

IO(n—1)| Z ZZX(y—X)X(y 0x).

0e0(n) re]F* xes,

Applying the Fourier inversion theorem to functions X (y — x), X(y — 6x), thatis

X(y—x)= Y X(m)x(m(y —x))

n
me]Fq

and
X(y—60x)= Y Xm)x(m'(y - 6x)).
m’E]FZ
We have
1 =~ o~
Slow-n Yoo XmXmx(y- (m+m)
x,ze€X:||x—yll=llz—y|1#0 0€0(n) m.m'F?,
Z x(=m-x —m'-0x).

n
xE]Fq

By the orthogonality of yx, we compute the above sum in x € F¢, then the size of the
right-hand side inequality becomes

n

q

o -1 DY) X)X (—om)x(y - (m —6m)),

6€0(n) me]Fg
which can be decomposed as the sum of

ql‘l

10(n—1)] Yo D XX (=0m)x(y - (m — 0m))

00 ((n) meSy

and

|0(n Z YD XX (=om)x(y - (m — om)),

QEO(n) reIF* meS,
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which is equal to

2
n
= |0(57—1>| DD XX (=0m)x(y - (m—0m) +q" > | Y Xm)x(y-m)
6€0(n) meSy re]Fj; meS,
5 2 2
|X| > 5
L ——+q" D | D Xmx(y-m| +q"| Y Xmx(y-m)| .
4 re]F;; mesSy |[m||=0,m##0
O

Lemma 3.1 shows that the number of isosceles triangles can be reduced to extension-
type estimates associated to spheres. Thus, we now can apply results in Sect. 2 to derive
the next theorem.

Theorem3.2 For n = 2 mod 4 and X C Fy with ¢ = 3 mod 4. Assume that
Conjecture 2.1 holds, then the number of isosceles triangles is bounded by

XP? wid o2
< % +q?7NX | 4T X

Proof Let T™9¢(X) be the number of isosceles triangles in E of the form (x, y, z) € X 3
such that [|x — y|| = ||x — z|| # 0. Let T9%(X) be the number of triangles with at
least one side of zero length.

To bound 79¢(X), we will show that the number of pairs (x, y) € X x X such that
[]x — y|] = 0 is at most

X? n=2
— +q 7 |X].
q
Once we have the bound above, then
IXP a2
)DENEEEED SR SR L
x,y,z€X:||x—yl|=]lz—y]|=0 z€X x,yeX:||lx—y||=0 1

Now write

Yo 1= ) XWXl — ),

xyeXillx=yll=0  x,yeFy

which, by the Fourier inversion formula, becomes

D X@XO) Y Somx((x — yym),

) n n
X,y equ me]Fq
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whichis ), |)? (m) |2§6(m). In order to proceed further, we recall the following
q
lemma on the Fourier transform of the sphere of zero radius from [6].

Lemma 3.3 [6] Let Sy be the sphere with zero radius in IFZ. Assume thatn = 4k + 2
fork e Nand g =3 mod 4. Then we have
o~ “n -1 —(n+2)
So(m) :=q " Y x(m-y)=q 'Som) =g~ 7 Y x(rlmlD,
veSy r#0
where §o(m) = 1 form = (0, ..., 0), and O otherwise.

We now continue the proof of Theorem 3.2 by inserting the formula for S’B(m).
Thus we get

S IRmPg sotm) — g~ S IR Y x(rliml).

mG]FZ mE]FZ r##0

Applying the orthogonality relation of x to the sum over r # 0, we obtain

~ _ —(n+2) -~ —(n+2) -~
1XO0.....00%¢ " =g 7 (@—1 Y IXmI*+q 2 Y X))
[lm||=0 [lm || £0
_ —(n+2) ~ —(n42) ~
=q¢ 'IXP—q" 7 q ) IXmP+q 7 Y IXm)

[lm||=0 meFy

Since ), cpn |5(\ m)|* = q"|X| and the middle term above is negative, we get that
q

~ ~ X2 a2
> 1X ) So(m) < = taTIxl

n
me]Fq

Hence,
X 3 n—2
T (X) « % +4q7 X

To bound T™%€, we observe that

™) =Y YL
yeX x,zeX:
llx—yli=llz—yl|

Thus, applying Lemma 3.1, it suffices to bound the following sums:

2

Z Z)?(m)x(y-m) with » # 0,

yeX |meS,
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and

YD Xmyx(y-m)

yeX [meSy

Set f = X and use Fourier inversion formula, the first sum becomes

2
YD Xmx(y-m)| =182 | fdo¥ (y)I?
yeX |meS, yeX
<187 1X 2 doV|? .
IS X172 NS0 s
Assuming Conjecture 2.1 holds, i.e.
||fdo-v||L2”n+4(]FZ,dc) << ||f||L2(S,,dU)’
then we get
2
YD Xmx(y-m)| =182 | fdo ()
yeX |meS, yeX

< IS, 1X[7 - || fdo [

(E".dc)

2 =2 2
=< |Sr| : |X|n+ : ||f||L2(Sr,d(7)

2 ~
= IS, -1X]72 Y X (m)[>.

mesS,

Similarly, using Theorem 2.3, we have the same bound for the second sum. Using

the fact that |S,| = (1 + 0(1))q”_1, we have

7)< XLy gt S xi# 3 1R

relf, meS,

3
- 2. +q"*1|x|%‘z‘.
q

Putting the bounds of 779¢(X) and 79¢(X) together gives us the desired estimate. O

3.3 Concluding the Proof

Setting X = E'U F' C ]Fj]"’]. We have | X| < 2|E]. It is not hard to see that D(E) is
bounded by the number of isosceles triangles in X. So applying Theorem 3.2 and (5)

concludes the proof.

Birkhauser
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Remark 3.1 If we use the estimate (3) in place of Conjecture 2.1 in the above argument,
then we obtain the condition |E| > q% in the statement of Theorem 1.2.

4 Proof of Theorem 1.4

We follow the proof of Theorem 1.2 identically, except that we have a more effective
bound on the number of isosceles triangles in two dimensions due to Murphy et al.
[10].

Given a set X C IF?,, we say that a triple (x,y,z) € X 3 forms a non-degenerate
isosceles triangle if ||[x — y|| = ||x — z|| and ||y — z|| # 0. If ||x — y|| = ||x — z]|
and ||y — z|| = 0, we say the triangle is degenerate.

Theorem 4.1 (Non-degenerate isosceles triangles) Let X be a set in ]Ff, with | X| <
p*/3. Let T*(X) be the number of non-degenerate isosceles triangles in X. We have

| 3

X .
THX) - 7' < min { pX P 4 pUX P, X173

Hence,
1. if | X| > p/4,
. X
TH*(X) €« —.
p
2. if | X| <« p>/*, then

T*(X) < |X|"3.

Since we assumed that p = 3 mod 4, the number of degenerate isosceles triangles
is at most < |E|%. Hence,

1. if |E| > p*/4,

|E)? 2
ID(E)| < 7 + |E|

2. if |[E| <« p>/*, then
ID(E)| < |E|".

These give us the desired bounds of Theorem 1.4. The first construction tells us
that it is impossible to break % in even dimensions.
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5 Constructions and Remarks

We have the following constructions on the sharpness of Theorem 1.2.

Construction 5.1 Assume d is even, for any € > 0, there exists a set E C Py such that
|E| ~ q %€ such that | T[(E)| = o(q).

Proof We first consider the case d = 2 mod 4. We know from Lemma 5.1 in [3] that
there exist % nonzero vectors vq, ..., Vd—2 in ]FZ_2 which are mutually orthogonal,
2

ie.vi-v; =0foralll <i <j < d%z. Let S be the subspace spanned by these

(d—2)/2 vectors. Set E = Sx {(x,x2): x € A}, where Aisa multiplicative subgroup
of I} of size g 1=€_Then one can directly check that

H(E ) Ca+ad?,
for a € A. This shows that | [[(E)| ~ ¢'~€ and |E| ~ q%_e.
When d = 0 mod 4, we use Lemma 5.1 from [3] again to obtain % vectors
that are mutually orthogonal in Fg’. We denote these vectors by ug, ..., ug. Let A

be a multiplicative subgroup of IFZ of size g'~¢. We note that vd is of the form
(,...,0,1,i), where i2 = —1. Define

S = Iqul—i—---—i—IE‘qv%_l—}—Av%.
Set
E = {(xl,...,xd_l,—xgzl)t (xX1,...,xq) € S}.

. d_ d_
Since |S| ~ g2~¢, we have |E| ~ g2~¢.
For (x1,...,x4-1, —xf,) and (y1, ..., Ya—1, —yﬁ) in E, we have their product is

2.2 2.2
X1y1+ -+ Xg-1Yd—1 — Xg¥g = —XdYd — Xg¥g-

So the product value becomes x + x2 for x € A. This implies | [TE)| ~ g'"¢. o

The next construction provides the information that the best exponent of Theo-
rem 1.2 one can expect is ‘12;1
Construction 5.2 Assume d = 3 mod 4 and g = 3 mod 4, for any € > 0, there

exists a set E C Py such that |E| ~ q%*e such that | T[(E)| = o(q).

Proof Following the first case of Construction 5.1, we may find a subspace s’ c Fg_3

of size g 0[2;3, with the property that any pair of its vectors are mutually orthogonal.
Let § C ]Ff]’_2 be the set one gets by adjoining O as the last entry of elements of S .
Then, by choosing E in the same way as the first case of Construction 5.1, we get

ITICE)| ~ ¢'~¢ while |E| ~ ¢“T o
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Remark 5.1 Itis well-known that the L2-norm of the distance problem, i.e. the number
of quadruples (x, y, z, w) € E* such that ||x — y|| = ||z — w]||, can be bounded by
using extension estimates, see [7, Theorem 1.7] for example. By using the Cauchy—
Schwarz inequality, the number of such quadruples is at most |E| times the number
of isosceles triangles in E. In other words, Theorem 3.2, provided in Sect. 3, offers a
stronger form of this problem.

Remark 5.2 In the statement of Corollary 1.3, if ¢ = 1 mod 4 then we find that
the exponent % is not good enough to guarantee that the number of isosceles triangles
(including both degenerate and non-degenerate) is at most << | E| 3/g.Leti? = —1and
E be aset of points on | E|/ M parallel lines of slope i, where each line contains exactly
M points. So, the number of degenerate isosceles triangles is at least M3 % = M?|E|,
which is bigger than |E|*/q if |[E| < ¢'/>M. For example, if |E| ~ ¢*/3, one can
take M = q%“ for any € > 0. The same happens for the case of Theorem 1.4. In
other words, if one wishes to remove the condition ¢ = 1 mod 4, then the best hope
with this approach is to show that the inequality (5) still holds when replace D(E) by
D*(E), where D*(E) is the set of triples (x, y, z) € D(E) with ||y —Z|| # 0.

Remark 5.3 We note that by using a bisector line energy estimate due to Hanson et al.
[2, Theorem 3], the proof of Theorem 1.4 also implies Corollary 1.3. However, the
method in [2] is very difficult to extend to higher dimensions. This explains why we
need to employ techniques from Fourier extension/restriction theory to prove Theo-
rem 1.2.

Remark 5.3 leads us to the following question:
Question: Is it possible to use results from Fourier extension/restriction theory to
get a non-trivial result on bisector hyperplane energy in IE"Z?
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