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Abstract

The ring of periodic distributions on R with usual addition of distributions, and
with convolution is considered. Via Fourier series expansions, this ring is isomorphic
to the ring S'(Z%) of all maps f : Z% — C of at most polynomial growth (that
is, there exist a real number M > 0 and an integer m > 0 such that | f(n)| <
M +|ni|+---+ng)™foralln = (ny, - - - , ng) € Z9), with pointwise operations.
It is shown that finitely generated ideals in S’ (Z%) are principal, and ideal membership
is characterised analytically. Calling an ideal in S’(Z) fixed if there is acommon index
n € 72 where each member vanishes, the fixed maximal ideals are described, and it is
shown that not all maximal ideals are fixed. It is shown that finitely generated (hence
principal) prime ideals in S'(Z%) are fixed maximal ideals. The Krull dimension of
S’(Z9) is proved to be infinite, while the weak Krull dimension is shown to be equal
to 1.

Keywords Krull dimension - Prime ideals - Maximal ideals - Ring of periodic
distributions - Convolution - Sequences of at most polynomial growth

Mathematics Subject Classification Primary 54C40 - Secondary 13A15 - 15A24 -
13J99

1 Introduction

The aim of this article is to study ideals in a naturally arising ring in harmonic analysis

and distribution theory, namely the ring Dy, (R9) of periodic distributions with the usual
addition + of distributions on R%, and with convolution * taken as multiplication. Via
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a Fourier series expansion, the ring (D{,(Rd), +, ) is isomorphic to the ring &' (Z%)
consistingof all f : Z¢ — C of at most polynomial growth, with pointwise operations,
and we recall this below.

1.1 Motivation

The structure of maximal and prime ideals in rings of analytic objects have been studied
in many works. E.g., in [1], it was shown that a uniform algebra on a compact metric
space has infinite Krull dimension and exactly 2¢ nonmaximal prime ideals. A simpler
proof in the context of the ring H* (of bounded and holomorphic functions in the
unit disc with pointwise operations) was given in [13]. The Krull dimension and weak
Krull dimension were also investigated in [7], for rings of holomorphic functions and
of convolution algebras of measures, arising in control theory as classes of transfer
functions or of impulse responses of stable systems. The question of determining the
Krull dimension of rings of transfer functions and of impulse responses arises in the
modern algebraic framework for solving the stabilisation problem in control theory,
see [5]. In this article, we consider a natural convolution algebra of distributions,
namely periodic distributions. There has been recent interest in periodic distributions;
see e.g. [10]. We remark that the convolution of two Schwartz class distributions
Ti,T» € S'(RY) is not well-defined in general, and so S'(R?) is not a convolution
algebra. On the other hand, one may consider the convolution algebra &' (RY) of
compactly supported distributions, and we leave this question for future work.

1.2 The Ring of Periodic Distributions

For background on periodic distributions and its Fourier series theory, we refer the
reader to [3, Chap. 16] and [11, pp. 527-529].

Let N = {1, 2, 3, - - - } be the set of natural numbers, Ny := N U {0}, and Z be the
set of integers. Consider the space S'(Z%) of all complex valued maps on Z< of at
most polynomial growth, that is,

) ordy L d Jareal M > 03m e NU {0} such that
S(Z)'_{f'z 2 Clvnez 1wl <mMa + " }

where |n| := |nj|+---+|ng|foralln = (n, -+ ,nq) € Z%9 Then §'(Z?) is a unital
commutative ring with pointwise operations, and the multiplicative unit element 14 is
the constant function Z¢ 5 n > 1. Moreover, (S'(Z9), +, -) is isomorphic as a ring,
to the ring (Dy, (RY), +, ), where D/V(Rd) is the set of all periodic distributions (with
periods described by V, see the definition below), with the usual pointwise addition
of distributions, and multiplication taken as convolution of distributions.

Let D(RY) denote the space of compactly supported infinitely many times differ-
entiable complex valued functions on RY, and D’(R?) the space of distributions on
R4, For v € RY, the translation operator S, : D'(RY) — D'(RY), is defined by
(Sy(T), @) = (T, (- + v)) for all ¢ € D(RY). A distribution T € D’ (R?) is called
periodic with a period v € R\ {0} if T = Sy(T). Let V := {vy, --- , vg} be a lin-
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early independent set of d vectors in R, Let Dy (R9) denote the set of all distributions
T that satisfy S,,];\(T) = T forall k € {1,---,d}. From [2, §34], T is a tempered
distribution. Let 7" denote the Fourier transform of 7. Taking Fourier transforms on
both sides of Sy, (T) = T, it follows that (I — Ve NT =0, fork € {1,---,d},
y R4 Then T = Y vey-iza &y(T)8y, for some scalars oy (T) € C, and where V
is the matrix with its rows equal to the transposes of the column vectors vy, - - - , vg:
V= [vi - va], with V' denoting the transpose of the matrix V. Also, in the above,
8y denotes the usual Dirac measure with support in v, i.e., {8y, ¢) = ¢(v) for all
¢ € D(RY). Then the Fourier coefficients oy (T') give rise to an element in S’ (ZY),
and vice versa, every element in S’(Z%) is the set of Fourier coefficients of some
periodic distribution. In fact, the ring (DQ, (RY), +, %) of periodic distributions on RY
is isomorphic to the ring (S'(Z), +, -).

In [8], some algebraic-analytical properties of (S’ (Z9), +, -) were established; see
also [6]. In this article, the structure of ideals in this ring is studied, akin to the
investigation in [12] for a ring of entire functions.

1.3 Main Results and Organisation of the Article

e In Sect. 2, we show that finitely generated ideals in S’ (Z9) are principal, and ideal
membership is characterised analytically.

e In Sect. 3, we describe fixed maximal ideals in S’(Z%), and it is shown that not all
maximal ideals are fixed.

e In Sect. 4, we show that finitely generated (and hence principal) prime ideals in
S'(Z9) are fixed maximal ideals. Also, the Krull dimension of S’(Z%) is proved
to be infinite, while the weak Krull dimension is shown to be equal to 1.

2 Finitely Generated Ideals

Recall that in a commutative ring R, and element d is a divisor of r € R if there exists
ag € Rsuchthatr =gqd.

Proposition 2.1 g is a divisor of f in S'(Z2) if and only if there exist a real number
M > 0 and a nonnegative integer m such that for all n € 79, |f(n)| < M(1 +

[n])*g(m)l.
Proof (‘If’ part:) Define d : Z¢ — C by
Lo if g(n) # 0,

d(n) = { ¢
0 ifgm) =0.

Thus for g(n) # 0, we have |[d(n)| < M (1 + |n |)m, and this also holds trivially when
g(n) = 0, since the left-hand side is 0. Thus d € S’(Z%). Moreover, for g(n) # 0,
we have d(n)g(n) = f(n), and when g(n) = 0, the inequality | f(n)] < M(1 +
[r])™|g(n)| yields f(n) = O too, showing that d(rn)g(n) = d(n)0 = 0 = f(n).
Hence dg = f, as wanted.
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(‘Only if” part:) Suppose that d € S'(Z%) is such that dg = f. Since d € S'(Z9),
there exist M > 0 and a nonnegative integer m such that |d(n)| < M (1 + |r|)™. So
|f )| <|dm)||g(m)| <M1+ |n|)"|g(n)| forall n € Z4. o

In particular, we have the following.

Corollary 2.2 Let f € S'(ZY). Then f is invertible in S'(Z2) if and only if there
exists a real number § > 0 and a nonnegative integer m such that for all n € 75,

[f(m)| = 8(1+ n)~™

In a commutative ring R, given elements ry, --- ,rx € R (K € N), an elementd € R
is called a greatest common divisor of ry, - - - , rg if

e d is a divisor of each ri, 1 < k <K, and

e whenever d is a divisor of each e, 1 <k <K, then d is a divisor of d.

The following result shows that every finite number of elements from S'(Z) pos-
sesses a greatest common divisor. Moreover, while the greatest common divisor is not
unique, it is unique up to multiplication by an invertible element in S’ (Z%) (see Propo-
sition 2.4). Combined with Proposition 2.3 and Corollary 2.2, we obtain a complete
characterisation of the set of greatest common divisors for any given finite collection
of elements from S'(Z9).

Proposition 2.3 Every finite number of elements f1, - , fx € S'(Z%) (X € N) have
a greatest common divisor d, given by

d(n) = max{|fi(m)], -, | fx@I|} (neZ.

Proof Letd(n) = max{|fi(n)|,--- ,|fx(n)|} foralln € Z2. Clearly d € S'(Z%). As
| fu(n)| < |d(n)| foralln € Z% and all k € {1, --- , K}, Proposition 2.1 implies that
dis acommon divisor of f1,---, fx.

Ifd € S'(Z%) is a common divisor of f1, -+, fx, then by Proposition 2.1 again,
there exist real My > 0 and positive integers my, for each k € {1, - -- , K}, such that
| ()| < Mx(1 + |n|)mk|c7(n)| for all n € Z2. Setting M := max{Mj, --- , Mg}
and m := max{my, - - - , mg}, we get |d(n)| < M(1 + |n|)m|£1V(n)| for alln € Z°. By
Proposition 2.1, d divides d in S'(Z%). O

Proposition2.4 If d, d e S'(Z2) are greatest common divisors of a finite number
of elements fi,---, fx € S'(ZY (K € N), then there exists an invertible element
q € S'(Z°) such that gd = d.

Proof As d is a greatest common divisor of fi,---, fx, and since d is a common
divisor of fi, - - -, fx, it follows that d divides d. So there exist a real number M > 0
and a nonnegative integer m such that

ld(n)| < M(1 + |n|)™|d(n)| for all n € Z°. (%)

Upon interchanging the roles of d and d, we also obtain as above that there exist a real
number M > 0 and a nonnegative integer m such that

ld(n)| < M(1 + |n])™|d(n)| for all n € Z°. (%)
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We have the following cases:
1° n € Z9 is such that d(n) = 0. Then (*x) shows that g(n) = 0 too. Setting
g(n) =1, we obtain d(n) = 0 = 1(0) = g(n)d(n). Moreover, |g(n)| =
1>+ |n)™ = min{~A17, (1 + | and [g(m)| = 1 < 1(1 + |n)™ <
maX{M (1 + |n])™
°n e Z% is such that d(n) # 0. Then () shows that d (n) # 0 too. Setting
(n) = ZIE"; we have d(n) = g(n)d(n). From (x*), |q(n)| = :ZEZ;: =+
| > mm{ﬁ, 131 + |r])~™. Also, (x) implies |g(r)| < M(1 + |n|)m <
max{M, 1}(1 + |n])™.
From the above, it follows that:
e Foralln € Z2, |g(n)| < max{M, 1}(1 + |n])™. Soq € S'(Z9).
e Foralln € Z9,d(n) = q(n)d(n) and sod = qd
e Foralln € Z9, |g(n)| > mm{-ﬁ, 131 + |r]) ~_and so by Corollary 2.2, g is
invertible in S'(Z%).
This completes the proof. O

Recall that in a commutative ring R, the ideal (ry, - - - , rx) generated by ry,--- ,rg €
R (K e N)isthe set {ajri +---+axrg : ai, -+ ,ax € R}.

Proposition 2.5 Let (f1,---, fx) denote the ideal generated K € N elements
fi.---, fx € S'(Z9). Then f € (f1,---, fx) if and only if there exists an M > 0
and a nonnegative integer m such that

K
|f)] < M1+ [n)™ | fu(n)| for all n € 7.

k=1
Proof (‘If’ part:) For k € {1, --- , N}, define gy : Z¢ — C by
fk(") if 2 0
fn)i Z | f5(m)]~ #
Z | f5 () ?

grx(n) = 3= «
0 it Y | f5m))* =
j=1

K
IfOom) = > |fs (n)|* # 0, then (by Cauchy-Schwarz inequality in the last step),

j=1
Z | f5(m)] K
lg(m)| = L f ()| <2 MA+nD™ Y | fic(m)]
> 1f5m)? Z | f5(m)|? k=1
j=1 i= l
(Z Lf5 (m)))?
<M+ |n])™ < KM+ |n])™
Z | f5(m)|?
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So g1, -+, gk € 8'(Z%). We claim that f1g1 + - -+ + fxgx = f. The evaluation of
the left-hand side at an n € Z< such that Q(n) # 0 is easily seen to be f(n) by the
definition of g1, - - - , gx. On the other hand, if Q(r) = 0, then each fx(n) = 0, and
by the given inequality in the statement of the proposition, so is f(r) = 0. Thus in
this case the evaluations at n of both sides of f1g; + - -- + fxgx = f are zeroes.
(‘Only if* part:) If f € (f1,--- . fx), then there exist g, - - - , gx € S'(Z%) such that
f = figi +- -+ frgx. Let My > 0Oandm, € NU {0}, k € {1, ---, K}, be such
that |gx(n)| < Myx(1 + |n])™ (n € Z%). Then with M := max{Mj, --- , Mx} and
m:= max{mj, - - - , Mg}, we get

K K
1F ] < Y1 fe@llgem)] < MO+ [n)™Y ] fe@).

k=1 k=1
O

It follows from Propositions 2.3 and 2.5 that every finitely generated ideal i in S'(Z%)
is principal, that is, i is an ideal generated by one element.

Corollary 2.6 Every finitely generated ideal in S'(Z2) is principal.

Proof Let fi,---, fx € S'(Z9). We will show that (f1,---, fx) = (d), where d €
S'(Z9) is given by d(n) = max{| fi(n)|,--- , | fx(n)|} for all n € Z9. That fi C (d)
for each k is obvious as d divides fx, in turn showing (f1,--- , fk) C (d). For the
reverse inclusion,

K
|d(n)|=max{[ fi(r)], -, | fx(®)]} < lefk(n)l (neZd),
k=

and so by Proposition 2.5,d € (f1, - -+ , fx). Thus we obtain that (d) C (f1, -, fx)-
O

3 Maximal Ideals

In a commutative ring R, an ideal i is proper if i # R. We also recall that in a
commutative ring R, an ideal m is maximal if it is maximal with respect to set inclusion
amongst all proper ideals, that is, there are no other ideals contained between m and
R.

Definition 3.1 An ideal i of S'(Z9) is fixed if there exists a k € Z2 such that for all
fei fk)=0.

Theorem 3.2 For k € 79, let my := {f € S'(Z%) : f(k) = 0}.

Then wy is a fixed maximal ideal of S'(Z%).
Every fixed maximal ideal of S'(Z%) is equal to wmy, for some k € Z°.
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Proof The fixedness of my is clear. We now show that maximality. As 1za €
S (ZH\my, my € S'(Z2). Let i be an ideal such that my, C i. Suppose that f € i\my.
Then f(k) # 0. Define g € S'(Z%) by g = lza — NiGE As g(k) = 0, we have
g emy C i Also, 5 € 1. Thus 170 = g + 75 € i ie,i=8(29).

Next, let m be a fixed maximal ideal of S’(Z9). Since m is fixed, there exists a
k € 79 such that m C my C S'(Z%). By the maximality of m, we conclude that
m = myg. O

Example 3.3 (Non-fixed maximal ideals) Let (kj)jen be any subsequence of the
sequence of natural numbers. Set k5 = (kq,---,ky) € Z9. Define i := {f €
S'(Z9) - limj o 5 f(ks) = 0}. Then i is an ideal of S'(ZY). (It is clear that if
f,geithen f+geilf feiand g € S'(Z9), then there exist areal M > 0 and
anm € N U {0} such that [g(n)| < M(1 + |n|)™ for all n € Z9, and so

1(F)(k3)| < |f (es) ML + dks)™ = 59| f () e ™5 M (1 + aks)™ =370,

showing that fg € S'(Z%).) Moreover, i # S'(Z) since 1ga ¢ i: €9 |1za(k5)| =
€511 > 1 for all n € N. Hence there exists a maximal ideal m in S'(Z9) such that
i C m. We note that for each k € Z9, m # my: Define Ligy : 73 — Cby ligy(n) =0
forallm # k and 1y;)(k) = 1. Then 1yxy € i C m, but 1yzy ¢ my as 1y (k) =1 #0.
O

4 Prime Ideals

Recall that an ideal p of a commutative ring R is prime if p C R, and whenever
a,b € R are such thatab € p,thena e porb € p.

4.1 Finitely Generated (Hence Principal) Proper Prime Ideals

Theorem 4.1 Let p be a finitely generated proper prime ideal of S'(Z%). Then there
exists an ny € Z9 such that

p=1{feS(Z%: f(ny) =0}

Proof We carry out the proof in several steps.

Step 1. As every finitely generated ideal in S’(Z) is principal, suppose that p = (d) for
some d € S'(Z2). For each n € Z2, let d(n) =|d(n)|e'?™ for some 6 (n) € (—m, 7].
Define & € S'(Z%) by h(n) = /[dm)[e!?™/2 for alln € Z2. Then h*> = d € p, and
as p is prime, h € p.

Step 2. d has exactly one zero. We will now show that there exists an n, € Z< such
that d(n,) = 0. Suppose this is not true. Then by Step 1, d(n) # 0 for all n € Z°.
If 7 € pis as in Step 2, then there exists a k € S'(Z%) such that h = kd, i.e.,
VIdm)[e?™? = |d(n)|e!?®k(n), which yields 1 = d(n)(k(n))? (n € Z%). Thus
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dk* = 144, showing that d is invertible in S’(Z%), contradicting the properness of the
ideal p.

Step 3. We now show that p = {f € S'(Z%) : f(n,) =0}. Thatp C {f € S'(ZY) :
f(ny) =0} is clear. Let f € S'(Z?) be such that f(n,) = 0. Define g : Z¢ — C by

o
g(n) = | @ 1T 7
0 ifn =n,.

Then f = dg (note that f(n) = d(n)g(n) for n # n, follows from the definition
of g, and f(n,) = d(n,)g(n,) too since both sides are 0). As the 4 from Step 2 is
in p, there exists a k € S'(Z9) such that h = kd, and so for all n € Z2, we get
Vdm)[e? ™2 = |d(n)|e!? ®k(n), giving 1 = |d(n)||k(n)|>. Hence for n # n,
W = |k(n)|?> < M(1 + |n))™ for some M > 0 and a nonnegative integer m. This
estimate shows that g € S’(Z%), and hence f = gd € dS'(Z%) = (d) = p. |

4.2 Krull Dimension

Recall that a finite chain of ideals is a list of ideals i1, --- ,ix (K € N) such that
i1 Cip C--- Clix.

Definition 4.2 The Krull dimension of a commutative ring R is the supremum of the
lengths of chains of distinct proper prime ideals of R.

Recall that the Hardy algebra H° is the Banach algebra of bounded and holomorphic
functions on the unit disc D := {z € C : |z| < 1}, with pointwise operations and
the supremum norm || - ||so. In [13], von Renteln showed that the Krull dimension
of H™ is infinite. We adapt the idea given in [13], to show that the Krull dimension
of 8'(Z%) is infinite too. A key ingredient of the proof in [13] was the use of a
canonical factorisation of H° elements used to create ideals with zeroes at prescribed
locations with prescribed multiplicities. Instead, we will look at the zero set in Z< for
fe& (Z9), and use the notion of ‘zero-order’ introduced below.

Iffe S'(ZY andn = (ng, --- ,ng) € Z% is such that f(n) =0, then we define
the zero-order m( f, n) by

f@u, - ng—1, ng+3, Dkt -, Na) =0}
m(f,n)= rr}{lndmax{leN whenever 0 < j <i —1 ’
If f(ny, -+ ,nx—1,0x+3J, k41, - ,ng) = 0 forall j € NU {0}, and all k €
{1,---,d}, then we set m(f,n) = oo. If f(n) # 0, then we set m(f,n) =
Analogous to the multiplicity of a zero of a (not identically vanishing) holomorphic
function, the zero-order satisfies the following property.

(P1):If f,g € S'(ZY) and n € Z9,
then m(f + g, n) > min{m(f, n), m(g, n)}.
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The multiplicity of a zero ¢ of the pointwise product of two holomorphic functions is
the sum of the multiplicities of ¢ as a zero of each of the two holomorphic functions.
For the zero-order, we have the following instead:

P2):If f,g € S'(ZY and n € Z9,
then m(fg, n) > max{m(f,n), m(g, n)}.
We will use the following known result; see [4, Theorem, §0.16, p.6].

Proposition 4.3 If i is an ideal in a ring R, M C R is a set that is closed under
multiplication, and M Ni = (), then there exists an ideal p such that i C p and
p N M = 0, and p maximal with respect to these properties. Moreover, such an ideal
p is necessarily prime.

Theorem 4.4 The Krull dimension of S'(Z°) is infinite.

Proof For i € {l,---,d}, lete; € 79 be the vector all of whose components are
zeroes except for the ith one, which is defined as 1. For n € N, define faeS A
by

fa(@%e1+je;) =0ifk e NU{0}, 1=i=<d, 0<3 =<k,
fam) =1ifm ¢ {2%¢;+7e; ke NU{0}, 1<i<d, 0<5<k™'}.

Note that m( fy, 2kep) > k2! but for each fixed n € N, there exists a Kn € NU {0}
such that the gap between the indices,

2kt ok — ok 5 1™ forall k > Ky,
and so m( fn, 2kep) = k2t for all k > K,. Hence

1. m(fn,2k81)
m ——— =0
k— 00 kn

2k
and lim m(fn,2"€1) el):

Jim =2 1 < oco. (1

Let
ie={f € S"(ZY:3ko(f) eNU {0} such that Vk >ko(f), f(2¥e;)=0}.

The set i, is nonempty since 0 € i,. Clearly i is closed under addition, and fg € i,
whenever f € i, and g € S'(ZY). So i, is an ideal of S’(Z%). For n € N, define

m(f,2%e)) o]
kn -
m(f,2%er) - oo}

S e Jim,

)

Mn={f e S'(Z%) : sup
keN

Clearly f, € in, and so i, is not empty. Using (P1), we see that if f, g € iy, then
f+geinIfge S (ZY and f € iy, then (P2) implies that fg € i,. Hence iy, is an
ideal of S'(Z9).
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The identity element 176 € My, foralln € N. If f, g € My, then it follows from
(P2) that fg € M. Thus My, is a nonempty multiplicatively closed subset of S'(Z%).

It is easy to check that for alln € N, i,y C i, and My, C My41. We now prove
that the inclusions are strict for each n € N. From Eq. (1), it follows that f;, € i, but
Jn & int1. Also fn € Mynyy and frn ¢ My

Next we show that i, N My = @. Indeed, if f € i, N My, then

s

_om(f,2%e)) . m(f,2"e) m(f,2%e1)
oo = lim —nzhmsupk— <sup ——— < X0

k—o00 k k— 00 - keN kn

a contradiction. But i, N My # @, since fn € iy and f, € M.

We will now show that the Krull dimension of &'(Z%) is infinite by showing that
for all N € N, we can construct a chain of strictly decreasing prime ideals py11 C
py C -+ C p2 S p1in S'(Z9).

Fix an N € N. Applying Proposition 4.3 by taking i = iyy; and M = My, we
obtain the existence of a prime ideal p = py1 in S’(Z?), which satisfies ixy1 C Put1
and py41 N My = 0.

We claim the ideal iy + pyy1 of S'(Z9) satisfies (iy + pyy1) N My = 0. Let h =
f+ g €ixy+pny1, where f € iyand g € py41. Since g € py+1, by the construction
of py41 it follows that g ¢ My41. But My C Myy1, and so g ¢ My as well. Thus
there exists a subsequence (k5)4en of (k)ken such that

. m(g,25ey)
lim ————— =

j—o00 klj\-I

From (P1), we obtain

m(h,2%e)) . (m(f,2%e) m(g,2%e)
—————— = min s
k? - H KN kI]\-I

As f € iy, it follows that

m(h,2% ey) . m(f,2%ey) m(g, 2% er)
Sup ————— = mm{hmsup —N,hmsup—N} > 00

Thus i ¢ My. Consequently, (iy + py+1) N My = 0.

Clearly iy C iy + px+1- Applying Proposition 4.3 again, now taking i = iy + py+1
and M = My, we obtain the existence of a prime ideal p = py in S'(Z) such that
v+ Pr+1 C Py and py N My = #. Thus Prn+1 C iy +pn+1 C Py The first inclusion is
strict as fN €iy C iy +PN+1- But fN ¢ Pr+1 (since fN € MN+1 and PN+1 OMN_H =0
by the construction of py1). Thus py4+1 € pn-

Now consider the ideal i := iy_; 4+ py D ix—1 of S’(Z%) and the multiplicatively
closed set M = My_; of S’(Z9). Similar to the argument given above, we show
below that iN M = (iy—1 + px) N My—1 = 0.
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Leth = f+ g € ixy—1 + pn, Where f € iy_| and g € py. Since g € py, by
the construction of py, ¢ ¢ My D My—1, and so g ¢ My_1. Thus there exists a
subsequence (k)5en of (k)xen such that

- m(g, 2% er)

lim ————— =

j—o0 1K1

j
As f €iy—1,
m(h,25ey) . m(f,2%ey) m(g, 2% ey)

SUp ———— = min [ lim sup ————, hmsupT} > 00
jeN kj j—o0 kj 00 kj

Thus h ¢ MN—1~ So (iN—l + PN) N MN—l = 0.

By Proposition 4.3, taking i = iy—1 + py D ix—1 and M = My_, there exists a
prime ideal p = py_1 in S'(Z?) such that iy_| + py C py_1 and py_1 N My_1 = 0.
Thus py C ix—1 + Px C pn—1, and again the first inclusion is strict (because fy—1 €
in—1 Cin—1 + P, fu—1 € My and My N py = 9).

Proceeding in this manner, we obtain the chain of distinct prime ideals pyy1 €
Py € pu—1 € --- € p1.in S'(Z9). As N € N was arbitrary, it follows that the Krull
dimension of S’(Z9) is infinite. ]

4.3 Weak Krull Dimension

Recall the following definition from [9]:

Definition 4.5 The weak Krull dimension of a commutative ring R is the supremum
of the lengths of chains of distinct proper finitely generated prime ideals of R.

Theorem 4.6 The weak Krull dimension of S'(Z2) is 1.

Proof Let p; and p, be finitely generated proper prime ideals in S'(Z<) such that
p1 C pa. Foreach i € {1, 2}, by Proposition 2.3, there exists an n; € Z% such that
pi = {f € S'(ZY : f(ny) = 0}. But as p; C py, it follows that n; = ny (by
considering the function which is zero at all n € Z%\{n>} and equal to 1 at n), and
0 p1 = p2. So the weak Krull dimension of S’(Z%) is 1. O
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