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Abstract

Let G be a compact group and G/H a homogeneous space where H is a closed sub-
group of G. Define an operator Ty : C(G) — C(G/H)by Ty f(tH) = fH f(th)dh
for each tH € G/H. In this paper, we extend Ty to a norm-decreasing operator
between LP-spaces with a vector measure for each 1 < p < oo. This extension will
be used to derive properties of invariant vector measures on G/H. Moreover, a defi-
nition of the Fourier transform for L?-functions with a vector measure is introduced
on G/H. We also prove the uniqueness theorem and the Riemann-Lebesgue lemma.

Keywords Vector measure - Homogeneous space - Compact group - Fourier
transform

Mathematics Subject Classification 46G10 - 43A15 - 43A85

1 Introduction

Let G be a topological group which is compact and Hausdorff. Consider a homoge-
neous space G/H where H is a closed subgroup of G. If we denote the normalized
Haar measures on G and H by m and dh respectively, then there is an induced left
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invariant Radon measure 71 on G/ H satisfying Weil’s formula:
/ / Ff@h)dhdnm(tH) =/ fdm  (f € C(G)).
G/HJH G

In this setting, Farashahi [5] introduced a method to obtain many of the well-known
results on G/H from the ones on G. This method relies unavoidably on an extension
of the operator Ty : C(G) — C(G/H) given by Ty f(tH) = fH f(th)dh. The
extension is in fact a norm-decreasing operator from LP (G, m) onto L?(G/H, m)
where | < p < oo. The crucial property for this method is the surjectivity of the
extension as it provides a connection to all L”-functions on G/H to those on G.
The extension was used to study abstract Fourier analysis on homogeneous spaces in
various aspects such as convolutions, Fourier transform operators, Fourier series and
measure algebras, see [6-9].

A vector measure is a measure taking values in a Banach space. There are many
studies about functions in L”-spaces of a compact group associated to a vector measure
and invariant properties under the group operations of the vector measure itself. For
example, the Fourier transform and the convolution along with invariant properties
were studied in [1-3] under the condition that G is an abelian compact group. Then
they were generalized to a non-abelian case in [13, 14].

Let v be a vector measure on G. In this paper, we initiate a study of an extension
of the operator Ty : C(G) — C(G/H) to an operator with the domain L?” (G, v).
However, the codomain C(G/H) must be extended as well. For this purpose, we will
construct a corresponding vector measure U on G/H and show that the codomain of
the extended operatoris L? (G /H, v). We investigate whether the extended operator is
surjective and whether Weil’s formula is valid. It turns out that these are true for some
vector measure v. Fortunately, it is sufficient for the study of functionsin L?(G/H, i)
for any vector measure & on G/ H. We will employ the extension to obtain properties
of invariant vector measures on G /H. Moreover, we introduce a new definition of a
Fourier transform of functions in L' (G, v) which is a variant definition of [13]. In our
definition, v is taking values in a Banach space while in [13] v is taking values in an
operator space. The uniqueness theorem of the Fourier transform and the Riemann—
Lebesgue lemma are considered. Finally, we provide an analogous definition for a
Fourier transform of functions in L'(G/H, i) and once more employ the extension
to obtain relations between the Fourier transforms of functions on G and G/H.

This paper is organized as follows. We give preliminary background in Sect. 2.
In Sect.3, an extension of the operator Ty to the space L” (G, v) is studied along
with its properties. Then the obtained properties of the extension will be used to
derive properties of invariant vector measures on G/H in Sect.4. There are three
types of invariant vector measures we consider in this paper: translation invariant,
norm integral invariant and semivariation invariant measures. Section5 concerns the
Fourier transforms of functions on G and G/H.
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2 Preliminaries
2.1 Fourier Analysis with Haar Measures

Let G be a compact group with the normalized Haar measure m. The dual space G
of G is the set of all unitary equivalence classes of irreducible unitary representations
of G. For each [7] € G, the representation space of w is denoted by H,, with the
dimension d; = dim H. For [7] € G and u,v € Hy, the function w, , : G — C
given by m, (1) = (m(t)v, u) is called a matrix element of 7. We write r;; for
Tleie; . Denote by Trig(G) the set of all finite linear combinations of matrix elements
of 1rreduc1ble representatlons Note that Trig(G) is dense in C(G) in the uniform
norm. For f € L'(G,m) and [7] € G, the Fourier transform of f is defined in the
weak sense as

Fo(f)(r) = f(r) = /G FOm®)*dm(t) € B(Hz).

Given any collection {X;};c; of Banach spaces where each X; is equipped with the
norm | - |l;. The space £>°(I; X;) = {x € [[;c; Xi : sup;¢; llxi|li < oo} is a Banach
space with the norm ||x| oo = sup;¢; llx;|l;. The set co(I; X;)ofall x = (x;) for which
{i € 1:]x;]l; > €} is finite for any & > 0 is a closed subspace of £°°(I; X;). By [12,
Theorem 28.40], the Fourier transform operator F¢ is a bounded linear operator from
LY (G, m) into co(G; B(Hz)) with || F (7Ol < I £ Il 11 (G.m)- For more details, see [11].

Let H be a closed subgroup of G and G/H the homogeneous space of left cosets
equipped with the quotient topology. We denote the quotient mapby g : G — G/H.
For ¢ : G/H — C, we write ¢, : G — C for a function given by ¢, (1) = ¢(tH).
Let dh be the normalized Haar measure on H. It is well-known that there is a unique
(up to scalar) invariant Radon measure m on G/ H satisfying Weil’s formula:

/ /f(th)dhdﬁi(tH):/fdm (f € C(G)).
G/HJH G

In fact, m is the pushforward measure of m by the quotient map ¢q. Define a bounded
operator Ty : C(G) — C(G/H) by

Ty f(tH) = / f(thydh (tH € G/H, f € C(G)).
H

According to [5], for any 1 < p < oo, the operator Ty can be extended to a norm-
decreasing operator from L? (G, m) onto LP (G /H , m) (still denoted by Tg) for which
the extended Weil’s formula holds:

f THfdﬁZ/fdm (f € LG, m)). 1)
G/H G

For more details on Weil’s formula, see [16]. The dual space of G/H is given by
G/H := {[JT] €G: Ty # 0} where T7; is defined in the weak sense as the operator
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Th = fHJT(h) dh € B(Hy). For ¢ € L'Y(G/H,m) and [r] € G//?I the Fourier
transform of ¢ is defined in the weak sense as

Feu () () = @) = /G/H ot H)T'x (tH)* din(tH) € B(Hx),

where I'; (t H) = 7 (¢)T}; . Then the Fourier transform operator ¢y is abounded lin-

ear operator frole(G/H, m) into CQ(G/-/?I; B(H)) with ||o(m) ]| < ||(p||L1(G/H’,,~1),
see [5, Theorem 5.5].

2.2 Vector Measures

Let (2, B(R2)) be a Borel measurable space and X a Banach space. The closed unit
ball in the dual space X* is denoted by Byx+. A (countably additive) vector measure
v on (2, B(R)) is an X-valued function v : B() — X such that v(U? | E,) =
Y o2 v(Ey) in the norm topology for any sequence (E,) of pairwise disjoint sets
in B(Q). Given x* € X*, let (v, x*) : B(Q) — C be the complex measure given
by (v, x*)(E) = (v(E),x*) for E € B(2). The semivariation |v| of v is the
set function defined by ||[v||[(E) = SUP e, [{(v, x*)|(E) for E € B(2). A vector
measure v is said to be regular if for each E € 8(2) and ¢ > 0 there exist a compact
set K and an open set O such that K C E C O and ||v||(O \ K) < e. We denote by
M(L2, X) the set of all regular X-valued measures on £2.

A measurable function f : @ — C is said to be v-integrable if f € L'((v, x*))
for every x* € X™* and for each E € B(Q2) there is an xg € X such that (xg, x*) =
[ fd{v, x*)forevery x* € X*. Wedenote xg by [, f dv.Forameasurable function
f: Q2 — C, define

£l = sup /|f|d|<v,x*>l
Q

X*EBX*

and || fllv,p := |||f|p||11,/p.The space L' (€2, v) of all v-integrable functions is a Banach
space with the norm || - ||,. We say that f = g v-a.e.if || f — g|l, = 0. Foreach 1 <
p < oo, the space LP(Q,v) := {f € L'(Q,v) : | f|? € L'(2, v)} is a Banach space
with the norm |- || .r(@,v) := Il -|lv, . We denote by S(£2) the set of all simple functions
on . The integral operator I, : L'(Q,v) — X is defined by 1, (f) = fQ f dv for
f € LY, v). Then I, is bounded with || I, (f)|lx < 1AL,

Theorem 2.1 [15] Let f : 2 — C be a complex function. Then f is v-integrable if
and only if there is a sequence ( f;,) of simple functions which converges pointwise to
f and for which (fE fndv) is Cauchy for any E € ‘B(2).

Theorem 2.2 [13] Let v € M(G, X). Then C(G) is dense in LP(G,v) forall 1 <
p < oo.

For Banach spaces X and Y, a linear operator 7 : X — Y is said to be weakly
compact if 7 (B) is a relatively weakly compact subset of Y whenever B is a bounded
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subset of X. By [4, Corollary VI.2.14], we have that on a compact Hausdorff space
there is a one-to-one correspondence between the set of all regular vector measures and
the set of all weakly compact operators. To be precise, given a regular vector measure
v :B(2) — X, there is a weakly compact operator 7' : C(£2) — X representing v,
thatis, T(f) = fQ fdvforall f € C(Q2), and vice versa.

A vector measure v is said to be absolutely continuous with respect to a positive
scalar measure A, denoted by v < A, if v(E) — 0 in norm as A(E) — 0 where
E € B(2). Note that v < X if and only if v vanishes on all sets of A-measure zero,
by [4, Theorem 1.2.1]. Moreover, v vanishes on all sets of A-measure zero if and only
if ||v|| vanishes on all sets of A-measure zero. By Rybakov’s theorem [4], there is a
linear functional x* € X* suchthat v < [(v, x*)|. This functional is called a Rybakov
functional. For k € [0, 00), a vector measure v is said to be k-scalarly bounded by
m if for any x* € X* and E € B($2), we have [(v, x*)|(E) < km(E).

Let t : G — G be a homeomorphism. For a measurable function f : G — C,
we denote f o ! by f;. For a € G, we define the left translation L, and the right
translation R, by L, (t) = at and R,(t) = ta~! fort € G. In the case that T = L,
or R,, we shall write L, f or R, f instead of f;. Hence (L, f)() = f(a’lt) and
(Raf)() = f(ta) foreacht € G.

Definition 1 Let 7 : G — G be a homeomorphism and v a vector measure on G. We
say that v is T-invariant if

L(fo) = L,(f) forall f e S(G).

Given a collection 7 of homeomorphisms on G, v is said to be 7 -invariant if it is
t-invariant for all T € 7. In particular, if 7 = {L, : a € G} (or T = {R, : a € G}),
we say that v is left (or right) invariant.

Definition2 Let t : G — G be a homeomorphism and v a vector measure on G. We
say that v is norm integral t-invariant if

I, (fOll = 1L, (O forall f e S(G).

Given a collection 7 of homeomorphisms on G, v is said to be norm integral 7 -
invariant if it is norm integral t-invariant for all € 7. In particular, if 7 = {L, :
a € G}y (or T = {R; : a € G}), we say that v is norm integral left (or right)
invariant.

Definition3 Let 7 : G — G be a homeomorphism and v a vector measure on G. We
say that v is semivariation t-invariant if

”f‘L'”Ll(G,V) = ”f”Ll(G,v) for all f (S S(G)

Given a collection 7 of homeomorphisms on G, v is said to be semivariation 7 -
invariant if it is semivariation t-invariant for all T € 7. In particular, if 7 = {L, :
a € G} (orT = {R; : a € G}), we say that v is semivariation left (or right)
invariant.
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2.3 Tensor Integration

Let X and Y be any Banach spaces. Recall that the space B(Y* x X*) of bounded
bilinear forms on Y* x X* is a Banach space equipped with the norm

2]l = sup{|b(y*, x*)| : y* € By=, x™ € Bx+}.

Note that we can realize Y ® X as a subspace of B(Y* x X*) by considering u =
Y1 vi ®x; € Y ® X as a bilinear form given by b, (y*, x*) = Y} y*(yi)x*(x;) =
(y* ® x*)(u) for y* € Y* and x* € X*. The injective norm || - ||, on ¥ ® X is the
norm induced by this embedding, i.e.,

lullv = sup (" @ x™) (W)l

y*EBy*,X*EBx*

Moreover, we have alternative formulas for the injective norm
D oy onx

The completion of the tensor product space Y ® X with the injective norm is called the
injective tensor product of ¥ and X, denoted by ¥ ® X. For more details, see [17].

Now we summarize the concept of tensor integration introduced by [18]. Let v be
an X-valued vector measure. A function f : 2 — Y is said to be v-measurable if
there is a sequence of Y-valued simple functions (f;;) with lim, o || f — flly =0
v-a.e. We say that a function f : Q — Y is weakly v-measurable if for each y* € Y*
the function y* f is v-measurable. Note that a function f : Q — Y is v-measurable if
and only if f is |{v, x*)|-measurable for some Rybakov functional x* € X*.

- Sup Hzx*(xi))’i‘

x*eByx

lullv = sup

y*EBy* Y

Theorem 2.3 (Pettis’s measurability theorem [4]) Let A be a finite positive measure.
A function f : Q — Y is A-measurable if and only if f is weakly A-measurable and
A-essentially separably valued.

Let E € B(Q) and ¢ = ZLl vi xA; be a Y-valued simple function on €2, where
yi € Yand A; € B(Q). Wedefine [ ¢pdv =) yiQv(ENA;) € Y ® X. Then it can
be shown that (y* ®x*) ([ ¢ dv) = [ y*¢ d(v, x*) for y* € Y* andx* € X*, hence
|[zpdv|, < SUDy+ Jz Il dI(v, x*)|. Forav-measurable function f : @ — Y,
we let

N(f) = sup /Qllflldl(v,x*)l-

X*EBX*

Definition 4 A v-measurable function f : Q — Y is ®-integrable if there exists a
sequence ( f;) of simple functions such that

Tim N(f = ¢,) = 0.
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In this case, the sequence (| g $n dv) is a Cauchy sequence in Y®X for each E €
2B(£). By the completeness of Y®X, the limit of ([, ¢, dv) is denoted by [, f dv
and is called the ®-integral of f over E with respect to v.

Note that if f is -integrable, then (y* ® x*)([ fdv) = [, y*fd(v,x*) for
Ee€B(Q),y*eY*andx* € X*and || [, fdvlv < N(f).

Theorem 2.4 [18] A v-measurable function f is Q-integrable if and only if | f|| is
v-integrable.

3 Extensions of the Operator Ty

In this section, we study extensions of the operator Ty : C(G) — C(G/H). Given a
vector measure v € M(G, X), we can naturally construct a vector measure on G /H
as follows. Let T, : C(G) — X be the corresponding weakly compact operator for v,
ie.,

Tv(f)=/Gfdv (f € C(G)).

Define T3 : C(G/H) — X by

Ta(¢)=Tu(¢q)=/G<quv (p € C(G/H)).

Then Tj is weakly compact since [|¢||lsup = [l llsup forall ¢ € C(G/H). Hence there
is a representing vector measure v € M(G/H, X). Moreover, we immediately have
that

f (pdf):/ pgdv (p € C(G/H)). 2)
G/H G

We shall begin with some basic properties of v.

Proposition 3.1 Let v € M(G, X).

1. The vector measure v is the pushforward (vector) measure of v by the quotient
map q, i.e., V(E) = v(g~ ' (E)) for all E € B(G/H). Moreover, the Eq. (2) holds
forall p € L'(G/H, ) provided that @g € LY (G, v).

2. For any x* € X* and E € B(G/H), |(V, x*)|(E) < |(v, x*)|(¢g""(E)). Then
1@ llLr .5 < I19gllv.p forany 1 < p < 0o and ¢ € LP(G/H, ).

Proof 1. Let A be the pushforward measure of v by the quotient map g. It follows

from Eq. (2) that
/ (pdk:f goqdvzf @dv
G/H G G/H

for all ¢ € C(G/H). Hence v = X. Next observe that Eq. (2) holds for all
¢ € S(G/H). Let 0 < ¢ € L'(G/H, 7). Then there is a sequence of positive
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simple functions ¢, 1 ¢ pointwise. By the monotone convergence theorem, for
each x* € X*

/ ed(v, x*) = lim Qn d(V, x*)
G/H n— JG/H

= Jim [ (g divx)
n—o0 G

/ @qd(v, x*).
G

This identity easily extends to ¢ € L' (G/H, V).1If we assume that ¢, € L (G, v),
then

</ <pd\7,x*>:/ (pd(f;,x*):/goqd(v,x*):</ ¢qdv,x*>
G/H G/H G G

for all x* € X*, which proves the Eq. (2).
2. Let E € *B(G/H). Consider any disjoint partition {En}‘;‘l:1 of E where E, €
B(G/H). Since {g~ ' (E,)}*_, forms a disjoint partition of g~ (E),

n=1

k

k
DB ED =Y 1w, x*) (@ ED] < v, x¥) (g™ (E)).

Hence | (D, x*)|(E) < (v, x*)|(g "' (E)). Consequently,

[ ¢d|<f),x*>|s/<pqd|<v,x*>|
G/H G

holds for any simple function ¢ > 0 on G/H. Then forany ¢ € L'(G/H, i), the
monotone convergence theorem implies that

/ |¢|d|<ﬁ,x*>|s/ 10y dI{(v, x*)].
G/H G

Therefore, ||¢ll1rG/H,5) < ll@glly,p forany 1 < p <ocoand ¢ € LP(G/H, V).
O

Example1 Letl < p < ooand S : L?(G, m) — X be any bounded linear map, where

m is the normalized Haar measure on G. Define a vector measure v : B(G) —> X

corresponding to S by v(E) = S(xg) for E € B(G). Then by Proposition 3.1.1. the

vector measure V is given by v(F) = S(x4-1(r)) for F € B(G/H).

1. Let X = Cand S : L'(G,m) — C be given by S(f) = [; fdm forany f €
L'(G, m). In this case, v = m. Moreover, U = i since 7(F) = fG Xq-1(pydm =

fG/H xFdm =m(F) forall F € B(G/H), where m is the pushforward measure
of m.
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2. Let X = L'(G,m)and S = Id;1(G,m)- Then v(F) = x,-1(p) for F € B(G/H).

3. Let A be a complex regular measure on G and 1 < p < oco. We define S :
LP(G,m) — LP(G,m) by S(f) = f * A where (f *A)(¢) = fG Fts™hda(s)
for7 € G. Then v(F) = x,-1(p) * A for F € B(G/H).

4. Letl < p<2and S : LP(G,m) — ep’(é; B(Hz)) be defined by S(f) =
Fe(f). Then v(F) = FG(xg4-1(r)) = Fo/u(xr) for F € B(G/H).

Let t : G/H — G/H be a homeomorphism. For example, one can consider a
left translation L, : G/H — G/H by a € G given by L,(tH) = atH for each
tH € G/H. For a measurable function ¢ : G/H — C, we denote ¢ o ! by ¢5.
In the case that T = L, where a € G, we shall denote ¢ o (L)~} by L, and by
definition we have (L,¢)(tH) = (p(a_ltH) foralltH € G/H.

Definition5 Lett : G/H — G/H be a homeomorphism. For any vector measure j
on G/H, we say that  is norm integral t-invariant if

(@)l = (@) forall g € S(G/H).

Given a collection 7 of homeomorphisms on G/H, p is said to be norm integral
7T -invariant if it is norm integral t-invariant for all T € 7. In particular, if 7 = {L,, :
a € G}, we say that u is norm integral left invariant.

This proposition is merely a consequence of Proposition 3.1.

Proposition 3.2 Let v € M(G, X).

1. Fora € G, if v is norm integral L,-invariant, then so is V.
2. Ifv < m, then b < m.
3. If v is k-scalarly bounded by m, then ¥ is k-scalarly bounded by m.

Proof 1. For ¢ € S(G/H), by Proposition 3.1.1., Eq. (2) holds for simple functions,
we have

15 (La@) || = v (La@))l = 1y (La(@)) | = (@)l = 15 (@)]l-
2. Forany F € B(G/H),m(F) = m(g~"(F)) and 9(F) = v(g~"(F)). If i (F) —

0, then also m(g~'(F)) — 0, and hence ¥(F) = v(g~'(F)) — 0 since v < m.
3. It follows immediately from the fact that

(D, x*)I(E) < [(v, x*)|(q"(E)) < km(qg~(E)) = kil (E)

forany E € °B(G/H).
O

Now we prove an existence of an extension of Ty to an operator from L? (G, v)
into L?(G/H, V) foreach 1 < p < oo. This is a generalization of Theorem 3.2 in

[5].
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Theorem 3.3 Letl < p < ocoandR = {Ry, : h € H}. Suppose that v is semivariation
‘R-invariant. Then the operator Ty : C(G) — C(G/H) satisfies

I Ta fliLeGra,5) < 1 fllLryy forall f e C(G),

hence it has a unique extension to a norm-decreasing operator Ty ,, : L?(G,v) —
LP(G/H, V).

Proof Let f € C(G). By Proposition 3.1.2. and v being semivariation R-invariant,

”THf”ip(G/H’g) < (Tu f)q”ip((; V)
sup / |(Tu £)CH)IP d| (v, x™)[(1)

X*EBX*

< sup // |f@m)|” dhd| (v, x*)| ()
x*GBX*

= sup //If(th)l”dl(v,x*)l(t)dh
x*e€Byx JH JG

5/ ( sup /If(th)l”dl(v,x*)l(t))dh
H \x*eByx JG

- /H 1R f 1L iy

= / 1AL G0 4P
H

p
= ”f”LP(G,v)'

By the density of C(G) in L?(G, v), the operator Ty can be extended uniquely to
a bounded linear map from L? (G, v) to L?(G/H, v). To verify that Ty , is norm-
decreasing, let f € L?(G, v) with f,, — f in LP(G, v) where f, € C(G). Then

W Ta v fllLrG/am = nlggo \Th fallLrc/a,5) < nll)ngo | fullLr,vy = 1 fllLrG,v

as desired. O

Remark 1 1If there is no ambiguity, we shall denote Ty, by Tx. Secondly, it is worth
noting that even though the extensions of Ty : C(G) — C(G/H) to L?(G, v) and
L7(G, v) might be different operators if p # ¢, they coincide on the intersection of the
domains. Suppose that we denote the extension of Ty to LP (G, v) by Ty , forl < p <
oo. Consider 1 < p < g < oo. Note that it follows from [15, Proposition 3.31(ii)]
that for any vector measure p on 2, L9(2, u) C LP(Q, p) with || fllLr,um <
K|l fllLa(q,u for some constant K > 0. Now we show that the extensions Ty , and
Ty 4 coincide on LY(G,v) C LP(G,v).Let f;, = fin L9(G, v) where f, € C(G).
Then Ty p fu = Th,pfin LP(G/H,V)and also Ty 4 fu — Tu ¢ f in LP(G/H, V).
Since Ty, and Ty 4 agree on C(G), we have that Ty ,, f = Ty o f in LP(G/H, D)
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which implies Ty , f = Tu 4 f V-a.e. Thus there is no ambiguity to denote any
extension Ty , forany 1 < p < oo by Ty.

Now we prove that the extension Ty is norm-decreasing in the sense of the norm
in X.

Theorem 3.4 Let v be norm integral R-invariant where R = {Ry, : h € H}. Then

fG/HTHfda /Gfdu

Proof Let f € C(G). For x* € Bx+, by Eq. (2)

(f € LY(G,v)).

=
X

X

/ Ty fd{D,x*) = / (Ty f)gd(v, x)
G/H G
:/ / F(th)dhd(v, x*)(1)
GJH
_ / / (Ru f)(1) d{v. x*) (1) dh.
HJG
Hence

= Sup
X X*EBX*

/ Ty fdv / Ty fd(, x*)
G/H G/H
= sup

//(Rhf)(f)d(V,X*)(f)dh‘

By |JH JG

ff ( sup )dh
H \ x*eByx

Z/ /Rhfdv
H G

i
G

For any f € L'(G, v), let f, be a sequence of continuous functions converging to f
in L'(G, v). Then

/G Rof)®) d (v, x*)(1)

dh
X

X

1T Hllx = tim 1Fs(Tu f)llx < lim 1LCAlx = 11l

that is || fG/H Tufdvllx < | [ fdvlx as desired. ]

We have investigated the properties of the extension Ty : LP(G,v) —
LP(G/H, V) for a given vector measure v € M(G, X). However, in general, to
study Fourier analysis on homogeneous spaces, it is essential to consider the space
L?(G/H, p) for a given vector measure i on G/ H instead of the space L (G/H, V).
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To deal with this situation, we will define a corresponding measure (i on G and study
the extension Ty : LP(G, 1) — LP(G/H, ).

Let u € M(G/H,X) and T;, : C(G/H) — X be the corresponding weakly
compact operator given by

T, (p) =f pdu (9 € C(G/H)).
G/H

Observe that the operator T, 0oTy : C(G) — X is weakly compact since Ty is bounded
and 7}, is weakly compact. Then there is a representing regular vector measure on G.
Denote the representing vector measure by ji € M(G, X) and T, o Ty by T};. Hence
we immediately have that

/fdﬁ=/ Tufdu (f € CG)). 3)
G G/H

Remark2 Let ® : M(G,X) - M(G/H, X) be defined by ®(v) = v forv €
MG, X)and ¥ : M(G/H, X) > M(G, X) by ¥ () = i for u € M(G/H, X).
Then the following diagram commutes:

M(G/H, X) —4 s M(G/H, X)

IR

M(G, X)

In other words, ® o W = Idaq(G,/m,x) or equivalently ,EL = p for any u €
M(G/H, X). This can be proved by observing that

/ wdﬁ=/<pqdﬁ=f TH(‘Pq)dMZ/ pdp
G/H G G/H G/H

for all ¢ € C(G/H). Note that the commutativity of the diagram also implies that ®
is surjective and W is injective.

Proposition3.5 Let R = {R;, : h € H} and x* € Bxx. Then i1 and |{j1, x™)| are
R-invariant.

Proof To show that fi is R-invariant, let h € H and f € C(G). Observe that

Th(R f)(tH) = /H(Rhf)(th’)dh/ = /Hf(th/)dh/ =Tu(f)(H).
Hence
Tiig, (f) = Ta(Rn f) = Tu (T (R f)) = Ty (T f) = T (f).
Hence fig, = i, thatis, fi is Rj-invariant.
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Now let x* € By, E € B(G) and h € H. For any disjoint partition {E,,}ﬁ:1 of E
where E, € B(G), note that { R, En}ﬁ=1 forms a disjoint partition of R, E and

k

k
D i Y ED =D 1 XY R E)| < 1, x*)|(RLE).
n=1

n=1

Hence | (i, x*)|(E) < |{jt, x*)|(R, E). Taking E as R, E and h as h~!, we also get
(i, x*) (R E) < (i, x*)|(E). o

This proposition particularly implies that /i is semivariation R-invariant. Hence
we can apply Theorem 3.3 to get that the operator Ty has an extension to a norm-

decreasing operator from L” (G, (&) to L?(G/H, ) for any 1 < p < co. Moreover,
Eq. (3) extends to L1(G, 1)

/fd/l=f Tufdu (f €LY (G, ). 4)
G G/H

Indeed,if f, — finL!(G, 1) where f, € C(G),then I, (Ty f) = limy— o0 Ty (Tr (fn)) =
limy— 00 T3 (fn) = I;;(f). Now we prove that the Eq. (4) is also true for the total vari-
ation of the associated complex measures.

Lemma3.6 For x* € By and f € L'(G, [),
/ fdl(, x*)| =/ Ty f dl{u, x*)|.
G G/H

In particular, ”THlf'”Ll(G/H,;L) = ||f||L1(G,;1) forany f € LI(G, ).

Proof 1t suffices to prove that for any f € L'(G, ji) and x* € Byx

/Ifldlﬂl,X*)I:/ Tyl fld](p, x¥)].
G H

G/
We first claim that for each E € B(G), Ty(xg) > 0 [{u, x*)|-a.e that is the set
F={tH e G/H : Ty(xg) < 0}is |(u, x*)|-null. Let f, — xg in L'(G, i) where

fa € C(G) is positive (which exists by using Urysohn’s lemma together with the
regularity of f1). Since Ty (f,;) > 0foralln € N,

_/FITH(XE)IdI(M,x*)IS/FITH(XE)—TH(fn)IdI(M,x*)I

< Tu(xe — fllLv G a,
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which implies that |(©, x*)|(F) = 0 as desired. Now fix E € B(G) and consider any
disjoint partition {En}ﬁ=1 of E where E,, € B(G). By Eq. (4) and the claim,

k

D i XN (EDl =)

n=1 n=1

k
< Tu(xe,) dl (i, x*)|
2 Jom

/ Tor(xe,) d{n. x*)
G/H

:/ T () gt 3.
G/H

Hence [; xe d|(jt, x*)| < fG/H Ty (xe)d|{u, x*)|. It follows immediately that for
any f € S(G),

/|f|d|<u,x*>|s/ Tarlf1dl (. x*)|
G G/H

which can be extended toany f € L' (G, ji) by using the density of S(G) in L' (G, j1).
Conversely, by Propositions 3.1.2. and 3.5, for f € C(G)

/ THIfIdIW,X*)IEf(THIfI)qdl(ﬁ,X*>|
G/H G

=// \f ()] dh (L, £ (1)

GJH

=f f f (e )t <)) dh
HJG

:/ / )]l x*) () dh
HJG

=/ |f @O dl{L, x*)|(1).
G
Hence by the density of C(G) in L' (G, j), forany f € L'(G, j1)

/ TH|f|d|<u,x*>|s/ F 1t <)
G/H G

O

For any v € M (G, X), we cannot find an example of an operator Ty ,, constructed
in the manner of Theorem 3.3 which is not surjective. However, we know that if v is in
the form of /i, where © € M(G/H, X), then the operator Ty ; is certainly surjective
as shown in the following theorem.
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Theorem 3.7 Let 1 < p < oc. The extension Ty : L?(G, 1) — LP(G/H, ) sat-
isfies the formula Ty f(tH) = fH f(@h)dh p-a.e. for all f € LP(G, {1). Moreover,
the extension Ty : LP(G, 1) — LP(G/H, ) is surjective.

Proof Claim that for a lower semicontinuous function ¢ > 0 and x* € By,

f¢d|<ﬁ,x*>|=f /¢(rh>dhd|<u,x*>|<rH>.
G G/HJH

Let® ={g € C(G) : 0 < g < ¢}. By [10, Proposition 7.12] and Lemma 3.6,

/¢d| [, X |—sup/gdl<;1,x*>|
ged

= Sup/ Thgd|(u, x*)|
gc® JG/H

:/ (sup THg) d|{p, x*)|

G/H \ged

:/ (sup/ g(th)dh) dl{p, x*)|(tH)
G/H \ge®/H

=/ ( sup /g(h)dh)dlw,x*ﬂ(tH)
G/H \Ged(tH)

f f¢(rh>dhd|<u, |t H)
G/H

where ®(tH) := {g € C(H) : 0 < g(h) < ¢(th)forh € H}. Hence for any
measurable function F and any lower semicontinuous function ¢ > |F|,

/ /|F<rh>|dhd|<u,x*>|<zH>s/ /¢(zh>dhd|<u,x*>|<rH>
G/H JH G/HJH

:/ ¢ dl(jt, x*
G

Hence by [10, Proposition 7.14]
/ /IF(th)IdhdI<M,X*>I(tH)§/ |Fl (i, <), )
G/HJH G

Let f € LP(G, 1) and f, — f in L?(G, 1) where f,, € C(G). Define a function
f G/H — Cby f(tH) fH f@h)ydhfortH € G/H.Bytaking F = |f — f,|?
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in (5), we have

I = Tafal LG m g = S0P /G/H | = o fu]” e, x7)]

)C*EBX*

= sup / /If—f,,l”(th)dhdl(u,x*)l(tH)
x*eBy« JG/H JH

< sup /lf—fnlpdl(li,X*H
x*eByx JG

”f - fn”iP(G,ﬂ)

which shows that f is well-defined and f =Ty f u-ae.

To show that Ty, is surjective, we first claim that [|¢y || Lr (G, 1) = ¢l (G/H, ) TOr
¢ € LP(G/H, ). Let ¢, 1 |¢| pointwise where ¢, € S(G/H). Then (¢,)q 1 |94
pointwise. Applying the monotone convergence theorem and Lemma 3.6 to each
x* € Bxx, we get

/|¢q|”d|<ﬁ,x*>|= lim / @n)gl? dliit, )]
G n—oo G

= lim |nl” dl (. x™)]
H

2[ lp1” dl(p, x*)|
G

which proves the claim. Now let ¢ € LP(G/H, ). If we can show that ¢, €
LP(G, ji), then by the formula of Ty we have Ty(¢,) = ¢. Let ¢, — ¢ in
LP(G/H, ) where ¢, € S(G/H). Then it follows by the claim that [l¢;, —
(@n)glerG.py = llo — @allLrG/u.py — 0. Hence ¢, € LP(G, 1) by the com-
pleteness of L?(G, f1). O

Corollary 3.8 1. Weil’s formula holds for all f € L'(G, 1)

[ [ samananatn = [ sai.
G/HJH G

Moreover; for all x* € X* and f € L' (G, j1)

/ /f(lh)dhdl(lt,X*)l(tH)=/ fdl(, x*)|.
G/H JH G

2. For1 < p <oo,ifp e LP(G/H, p), then ¢, € LP(G, 1) with g llLr G, =
lollLrG/H,w-

Proof The first two equations follow by applying the formula of Ty to Eq. (4) and
Lemma 3.6 while the last assertion is in the proof of the theorem. O
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Corollary 3.9 For1 < p < oo, C(G/H) is dense in L°P(G/H, w).

Proof Let ¢ € LP(G/H, ). Then ¢, € LP(G, fi). By the density of C(G) in
LP(G, ji), there is a sequence f, — ¢, in LP(G, 1) with f, € C(G). Hence
Th fn = TH(pq) = ¢ in LP(G/H, ). 0

It is straightforward to see that m m = m. Hence Ty,m = Ty 3 is the same operator
Ty given by Farashahi in [5]. Now we provide a relation between the extensions Ty
and Ty 5.

Proposition 3.10 If u < m, then Ty f = Ty i f n-a.e. forall f € LY(G,m) N
LY (G, [v), and hence i < m.

Proof Let f € L'(G,m) N L'(G, ). Then Ty f(tH) = [}, f(th)dh fi-ae.; in
particular, Tg ,n f(tH) = fH f(th)dh p-a.e. since u < m. By Theorem 3.7, we also

have Ty ;i f(tH) = [, f(th)dh p-a.e.,s0 Ty f =Ty ;i f pn-ae.
Given E € B(G) withm(E) = 0. Then Ty ,, xg = O m-a.e. and hence Ty 1 xg =
0 pu-a.e. By Lemma 3.6, we get ||/i||(E) = 0. We conclude that i < m. O

Example2 Let1 < p <ooand S : LP(G/H, m) — X be any bounded linear map.
Define a vector measure u : B(G/H) — X corresponding to S by u(E) = S(xg)
for E € B(G/H). Then the vector measure i is given by i (F) = fG/H Ty pxrdu
for F € B(G). Note that for ¢ € L?(G/H,m), ¢ is u-integrable and fG/H pdu =
S(), see [15, Proposition 4.4]. Hence it follows from Proposition 3.10 that i (F) =
S THmxF die = S(ThmXF)-

l.Let X = Cand S : LY(G/H,m) — C be given by S(p) = fG/Hngﬁi for
any ¢ € L'(G/H,m). In this case, i = . Moreover, i = m since ji(F) =
fG/H Tamxrdm = [ xrdm =m(F) forall F € B(G).

2. IfX = LY(G/H,m)and S = Idy1 G ) then fi(F) = Ty mxr for F € B(G).

3. If weletl < p < 2 and define S : LP(G/H,m) — Zp/(G//TJ; B(Hx)) by
S(p) = Fgu(p), then u(F) () = Fo/u(Tamxr)(w) = T xr(w) for F €
B(G) and ] € G//71, by [5, Proposition 5.3].

Finally, we give relations between p and [ in terms of invariant properties.

Definition 6 Let 1 be a vector measure on G/H. For each a € G, u is said to be
L,-invariant if u(aE) = w(E) forall E € B(G/H). We say that u is left invariant
if it is L,-invariant for all a € G.

Definition7 Lett : G/H — G/H be a homeomorphism. For any vector measure x
on G/H, we say that u is semivariation t-invariant if

loclleiG/m,w = 0l Ga, forally € S(G/H).
Given a collection 7 of homeomorphisms on G/H,  is said to be semivariation

7T -invariant if it is semivariation t-invariant for all T € 7. In particular, if 7 = {L,
a € G}, we say that u is semivariation left invariant.
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Proposition 3.11 Leta € G.

1. wis Lg-invariant if and only if i is L,-invariant.
2. w is norm integral L -invariant if and only if {1 is norm integral L,-invariant.
3. w is semivariation Lg-invariant if and only if [i is semivariation L,-invariant.

Proof 1. Suppose that p is L,-invariant. Then by the Weil formula (4), for any f €
Cc(G),

fLafdﬁ=/ TH<Laf>du=f Lo(Tu f)dp
G G/H G/H

G/H G

Hence & is L,-invariant. Conversely, suppose that [t is L,-invariant. Then for any
¢ €S(G/H)

f Lawdu=fLa¢qd/1=/<pqdﬁ=f pdu
G/H G G G/H

Hence p is L,-invariant.
2. Suppose that p is norm integral L,-invariant. Then by [2, Theorem 3.3], we have
(Lol = (@)l forall ¢ € LY(G/H, ). Hence by the Weil formula (4)

1z (La N = M (Th (La )N = Hu(LaTh O = (T HIl = [ fl

for any f € S(G). Hence [ is norm integral left invariant. The converse is proved
in Proposition 3.2.
3. Suppose that p is semivariation L,-invariant. It is routine to check that

1Za@ll L1 G/t = 101l L1G/m.p0) for all ¢ € LY(G/H, ). So
”Laf”Ll(G,ﬂ,) = ||TH|Laf|||L1(G/H,,L) = ||TH|f|||L1(G/H,,L) = ||f||L1(G,[L)

for any f € S(G). Conversely, if [ is semivariation L -invariant then

”La(p”Ll(G/H,p,) = ||La<Pq||L1(G,,1) = ||§0q||L1(G,,1) = ||‘P||L1(G/H,M)

forany ¢ € S(G/H).

4 Invariant Measures

In this section, we provide properties of invariant measures on G and their analogies
on G/H. The following proposition generalizes Proposition 5.2 in [1].

Proposition 4.1 Let v € M(G, X). The following are equivalent:
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1. v is left (or right) invariant
2. (v, x™) is left (or right) invariant for all x* € X*
3. v=v(G)m.

Proof We only show that 2 implies 3; the other directions are trivial. Assume that
(v, x*) is left invariant for all x* € X*. Then the real part (v, x*),. is left invariant. Let
G = PUN be aHahn decomposition for (v, x*), where P is positiveand N is negative.
Note that G = aP U aN is also a Hahn decomposition for (v, x*), for any a € G.
Hence (v, x*)T (@E) = (v, x*),.(@ENaP) = (v, x*),(ENP) = (v, x*) T (E) for any
a € G and E € B(G). This shows that (v, x*);F is left invariant. By the uniqueness of
the left Haar measure, (v, x*) = aF (x*)m for some o F (x*) > 0. Applying the same
argument to all parts of (v, x*), we obtain that (v, x*) = a(x*)m for some a(x*) € C.
Hence (v(E), x*) = a(x®*)m(E) = (v(G), x*)m(E) = (v(G)m(E), x*) for any
E € ®B(G). Since this equation holds for all x* € X*, we have that v = v(G)m. A
similar argument can be applied to the case of right invariance. O

Proposition4.2 Let u € M(G/H, X). The following are equivalent:

1. w is left invariant
2. (u, x*) is left invariant for all x* € X*
3. n=u(G/H)m.

Proof The first two assertions follow from the fact that (&, x*) = (u, x*)™ for all
x* € X*. Next, assume that y is left invariant. Then £ is left invariant. By Proposition
4.1, it = 1(G)m. Since p and m are the pushforward measures of /i and m, we have
w = (G)m = w(G/H)ni. This finishes the proof. O

The following proposition improves Lemma 3.4 in [3].

Proposition 4.3 Let v be a vector measure on G. The following are equivalent.

1. v is norm integral left (or right) invariant.
2. For each x* € X* and a € G, there exists x} € X* such that ||x}| < ||x*| and
(v, x*Y(@E) = (v, x})(E) (or (v, x*)(Ea) = (v, x})(E)) for all E € B(G).

Moreover, x}; € X* is unique in the sense that if there is another such functional then
they must agree on I,(S(G)).

Proof We shall prove only for the case of norm integral left invariance as the other
case is similar. The proof of 1. implies 2. follows by the same argument of [3, Lemma
3.4]. For the converse, let f € S(G) and a € G. Then

IL,(La )l = sup [x*L(Laf)l= sup |x; (O] < IL (NIl

x*eByx x*eByx

This also implies || 1, (/)1 = I1,(Lg-1 (La DI < 11 (La -

For the uniqueness, suppose there is another functional y* € X* such that
ly*II < llx*|l and (v, x*)(aE) = (v, y*)(E) for all E € B(G). Then x}(v(E)) =
(v, x2V(E) = (v, y*)(E) = y*(v(E)) for all E € B(G). By the linearity of x and
v*, we have that x} = y* on 1,(S(G)). O
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Proposition 4.4 Let u be a vector measure on G/ H. The following are equivalent.

1. w is norm integral left invariant.
2. For each x* € X* and a € G, there exists x); € X* such that ||x}|| < ||x*|| and
(, x*)(@E) = (u, x;)(E) forall E € B(G/H).

Moreover, x}; € X* is unique in the sense that if there is another such functional then
they must agree on 1, (S(G/H)).

Proof It can be proven by the same argument as in Proposition 4.3. However, if
is also assumed to be regular, we can employ Proposition 4.3 with ji and obtain the
result immediately. O

The following result can be proved by the same argument as in [13, Theorem 5.6]
and [1, Theorem 5.10]. Hence the proof is omitted.

Proposition 4.5 Let 1 < p < oo. Suppose that v € M(G, X) is semivariation left
(or right) invariant with v(G) # 0. Then L? (G, v) C L?(G, m) with || fllLr(G,m) <
(@GP f e G for f € LP(G, v).

Proposition4.6 Let 1 < p < oo. Suppose that u € M(G/H, X) is semivaria-
tion left invariant with u(G/H) # 0. Then LP(G/H,u) C LP(G/H,m) with
lpllzrG/m.m < 1(G/HITY Pl Lr G/ for ¢ € LP(G/H, ).

Proof Since [i is semivariation left invariant, by Proposition 4.5, L”(G, i) C

LP(G,m) With | 175Gy < IR N gy for f € LP(G, f1). Hence

Tl 1 e VA (el I I [
= G /I N7 o600

forp € LP(G/H, 1). O

5 Fourier Transforms

In this section, we define a Fourier transform of functions in LI(G, v) and
Ll(G/ H, ). Our definition is motivated by Definition 4.1 in [13]; however, X is
not considered as an operator space. Let v be a vector measure on G.

Definition 8 For f € L!(G,v) and [r] € 6, we define the Fourier transform of f
as

Frer) =f F(O)m(@®) dv € B(H)®X.
G

To see that the definition is well-defined, we have to show that the function g :
G — B(Hj) given by g(t) = f(t)m(¢)* is v-measurable and ®-integrable. Let
x* € X* be a Rybakov functional. Clearly, g is weakly |(v, x*)|-measurable since
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y*¢(-) = f()y*m(-)* is a product of |(v, x*)|-measurable functions for all y* €
B(Hz)*. Moreover, B(H) is separable. Thus, by Pettis’s measurability theorem, g
is |(v, x*)|-measurable and hence is v-measurable. Since the function || g|| = | f] is
v-integrable, g is ®-integrable. This immediately implies the following proposition.

Proposition 5.1 Define the operator Fg, : LY(G,v) — K“(G; B(H)®X) by
Fe(f)) = f' () for f € LY(G,v) and [7] € G. Then the Fourier transform
operator FL is bounded with || f* (1) llv < | fll 11(G.)-

Remark 3 1f we take v to be (v, x*), then
F ) = / fOT@®*d{v, x*) = (Idgy,), ® x*) (F¥ (1)
G

This can be considered as a generalization of Definition 4.6 in [13].

Remark 4 1f G is abelian, then B(H;) = C for any [x] € G. In this case, note that
C®X = X isometrically via the map o ® x +— ax and N(-) = || - l21(G,v- Hence
our definition generalizes Definition 2.1 in [2].

Definition 9 We say that the Fourier transform F; satisfies the Riemann—Lebesgue
lemma if F).(f) € co(G; B(H)®X) forall f € L1(G,v).

The Fourier transform g, need not satisfy the Riemann—Lebesgue lemma even if
G is abelian as shown in [2, Example 2.4]. Now we give a necessary condition for
F¢ to satisfy the Riemann—Lebesgue lemma and also a stronger condition for the
sufficiency.
Theorem5.2 Let M = {m;; : [n] € G, 1 < i, j < dy).
1. If F{, satisfies the Riemann—Lebesgue lemma, then the set {y € M

I [g @O () dvllx > €} is finite for any & > 0 and ¢ € M.
2. Moreover, if v is regular and { = m;j € M : d%” de)(t)l/f(t) dv|x > e} is

finite for any ¢ > 0 and ¢ € M, then F, satisfies the Riemann—Lebesgue lemma.

Proof Observe thatfor F : G — Y = B(H,)
/ y*Fdv
G

‘/de
G

= sup
\V2 }'*EBy* X
Hence if we write y* € By as y* = lei’jﬁdﬂ wjje;;, we have
max f ejFdv| < / Fdv| <d?max / ej;Fdv
ij /e X G v ij /e X

l. Lete > 0and ¢ € M C L'(G,v). Suppose that F¢, satisfies the Riemann—
Lebesgue lemma. If 7;; € M satisfies || de’(t)md””X > ¢, by the
observation above with F(t) = ¢ ()7 (1)*, we have |[¢"(7)|v > . Hence
if {y e M : | fG¢(t)1//(t)dv||X > ¢} is infinite, then so does the set

{[x] € G: ||$”(n)||v > ¢}, which is a contradiction.
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2. Letp € M and & > 0. Suppose that {yy € M : d2|| [, dOY (@) dv|x > &} is
finite. If [7] € G satisfies |¢” (7)[v > &, then d2|l [o ¢)mji(t) dv|x > e for
some i, j. Hence we must have that ¢* € ¢o(G; B(H,)®X). Note that the linear
span of M is Trig(G) and Trig(G) is dense in L' (G, v). By the continuity, Fé
satisfies the Riemann—Lebesgue lemma.

m}

Remark 5 1f G is abelian and v is regular, then .7-"5 satisfies the Riemann—-Lebesgue

lemma if and only if the set {v € M : | fG ¢ )Y (t)dv|x > e} is finite for any
e >0and ¢ € M.

We now prove the uniqueness theorem for the Fourier transform F;.

Theorem 5.3 Let v € M(G, X) and f € L'(G,v). If f* () = 0 for all [] € G,
then f =0 v-a.e.

Proof Suppose that f"(n) = 0 for all [r] € G. Fix a Rybakov functional
x* € X* and write d(v, x*) = gd|(v,x*)| where g € L'(G, |(v,x*)|). Then
fG f@Oy* t@)*d{v,x*) = 0 for any y* € B(Hr)* and [rn] € G.In particular,
fG mii () (fg) () dl{v, x*)| = O for any [r] € G and 1 <i,j <dy. Sincem;isa
matrix element of the contragradient representation of r, fG o(fe)d|{v,x*)] =0
for any ¢ € Trig(G). By the density of Trig(G) in C(G) in the uniform norm,
fegd|{v,x*)] = 0 as a measure. Hence fg = 0 |(v, x*)|]-a.e. However |g| = 1
[{v, x*)|-a.e. Then it must be the case that f = 0 |(v, x*)|-a.e. Therefore f = 0 v-a.e.
since v < [(v, x¥)|. ]

Now we give a definition of a Fourier transform of functions on G /H with a vector
measure. This definition is motivated by [5]. Let u be a vector measure on G/ H.

Definition 10 For ¢ € L! (G/H, ) and [7] € (T/?I, we define the Fourier trans-
form of ¢ at [rr] as

" () =/ et H)T7(tH) du(tH) € B(Hz)®X,
G/H

where 'z (tH) = ()T}

Letg: G/H — B(Hy) be defined by g(tH) = ¢(¢tH) ', (tH)* fortH € G/H.
Then the p-measurability of g can be verified similarly to case of compact groups.
Moreover, | Tx (t H)||> = |Tr ¢t H)* T (H) || = [(TE)*TE N = ITE N> = 1, 50 |1¢ll
is p-integrable. Hence the definition is well-defined.

Proposition 5.4 Define the operator fg/H CLY(G/H, 1) — *(G/H; B(Hz)®X)
by F§, 1 (@)(r) = §"(x) for ¢ € L'(G/H, 1) and [x] € G/H. Then the Fourier
transform operator fg/H is bounded with ||.7:g/H((p)(n)||v < ||¢||L1(G/H’M).
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Proposition 5.5 Letu € M(G/H, X), ¢ € L'(G/H, ). Then " () = @ﬁ(n)for
each ]l € G/H.

Proof Recall that T/, = / 7 (h) dh is abounded linear operator on H,; defined in the
weak sense that is (T/ju, v) = fH(n(h)u, v)dh for u,v € Hy. For y* € B(Hz)*,

write y* = 37, ; ajje;;. Since Iy ej;m(thy* dh = ej; [y @h)*dh = e (T (1))
for any i, j, we have ' '

Tu(y*n(t)) = / Ve (ehy* dh
H
=Za,~j/ e;jm(th)* dh
ij H
= aijef (TEn(1)")
i,j
= YN (TEm(1)*)

for any t € G. Hence Ty (y*m(-)*) = y*(Tjm(-)*). Consider for x* € X* and
y* € B(Hz)*,

(v @ x)@" () = /G | DY D@ da XY o)
_ f Tor(0y )y () d e, x*) (L H)
G/H
= [G 0g (Y (1) d{ji, x*) (1)
= (y* @ x") (@, ().
Hence ¢" () = @,/ (7). O

Definition 11 We say that the Fourier transform .7-"5 JH satisfies the Riemann-—
Lebesgue lemma if 77, ,, (¢) € co(G/H; B(H)®X) forall g € L'(G/H, ).

Corollary 5.6 If fg satisfies the Riemann—Lebesgue lemma, then so does .7-"5 JH

The Fourier transform F, g JH also satisfies the uniqueness theorem.

Theorem 5.7 Let 1 € M(G/H,X) and ¢ € L'(G/H, ). If p*(w) = 0 for all
[7] € G/H, then ¢ =0 p-a.e.

Proof Suppose that () = 0 for all [] € (7/7—1 Then @‘l(n) =0 forall [7] €
G/H. Moreover, if [7] € G but [7r] ¢ G/H, then @‘Z(n) = 0. Indeed, for any
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x* € X* and y* € B(Hz)*,

O @ x*) (@ () = /G @q (DY m(6)* d (i, x*)(r)

=/ e(tH)y*(Tgm()*)d{u, x*)(tH) =0
G/H

since Ty (y*m (-)*) = y*(Tm(-)*) = 0. Then one can apply Theorem 5.3 and obtains
that ¢, = 0 ji-a.e. Hence ¢ = Ty (p,) = 0 p-ace. O
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