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Abstract

We prove an L?-spectral multiplier theorem for sub-Laplacians on Heisenberg type
groups under the sharp regularity condition s > d |1/p — 1/2|, where d is the topo-
logical dimension of the underlying group. Our approach relies on restriction type
estimates where the multiplier is additionally truncated along the spectrum of the
Laplacian on the center of the group.
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1 Introduction
1.1 Statement of the Main Result

Let G be a two-step stratified Lie group, that is, a connected, simply connected, two-
step nilpotent Lie group whose Lie algebra g admits a decomposition g = g; & g2
with [g1, g1] = g2 and go C g being contained in the center of g. Let Xy, ..., X4, be
a basis of g;. This basis can be identified with a system of left-invariant vector fields
on G via the Lie derivative. Let L be the sub-Laplacian associated with the vector
fields X1, ..., Xy, that is, the second order, left-invariant differential operator given
by
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2 2
L=—(X}+ - +X3).

This operator is positive and self-adjoint on L?(G), where G is endowed with a
left-invariant Haar measure. Via functional calculus, one can define for every Borel
measurable function F : R — C the operator F (L) on L?(G), which is a bounded
operator on L?(G) whenever the spectral multiplier F is bounded. Regarding multipli-
ers F for which F (L) extends to a bounded operator on L?(G), sufficient conditions
can be given in terms of differentiability properties of the multiplier F, usually
expressed by the scale-invariant localized Sobolev norms | - || 2,08 > 0, given

by

IFll2 = sup IFE)nll2mw)-
s,sloc >0 :

Here, n : R — C is a smooth non-zero function with compact support in (0, co)
and L%(R) C L%(R) denotes the Sobolev space of (fractional) order s > 0. Due to
a celebrated theorem of Christ [8] and of Mauceri and Meda [25], F' (L) extends to a
bounded operator on all L?-spaces for 1 < p < oo whenever

|Fll;2 <oo forsomes > Q/2,
s,sloc

where Q = dim g; 4 2dim g; is the homogeneous dimension of the underlying Lie
group. Moreover, F (L) is of weak type (1, 1), i.e., bounded from L! (G) to the Lorentz
space L'"*°(G). (Actually, the theorem holds true for stratified Lie groups of arbitrary
step, but our focus lies on stratified Lie groups of step two.)

In the case of Heisenberg (-type) groups, Miiller and Stein [29], and independently
Hebisch [13] showed that the threshold s > Q/2 can even be pushed downtos > d/2,
where d is the topological dimension of the underlying group. This result has been
extended to other specific classes of two-step stratified Lie groups [18, 19, 21] (and
also to other settings, cf. [1, 5, 9, 20]), but up to now, it is still open whether the
threshold s > d/2 is sufficient for any two-step stratified Lie group. However, Martini
and Miiller [22] were able to show that for all two-step stratified Lie groups and left-
invariant sub-Laplacians, the sharp threshold is strictly less than Q /2, but not less than
dj/2.

On the other hand, instead of asking for boundedness on all L”-spaces for 1 <
p < oo simultaneously, one can ask for the minimal threshold s, € [0, d/2] such
that F (L) is bounded on L? whenever ||F||L% e SO0 for some s > s,. In [24],

Martini, Miiller, and Nicolussi Golo showed for a large class of smooth second-order
real differential operators associated with a sub-Riemannian structure on smooth d-
dimensional manifolds that at least regularity of order s > d |1/p — 1/2] is necessary
for having L?-spectral multiplier estimates. On the opposite, one expects this threshold
also to be essentially sufficient. Sufficiency results featuring the regularity condition
s > Q|1/p—1/2|, where Q > d is the homogeneous dimension, are available in
various settings [7, 16, 34], but beyond the Euclidean setting (where d = Q), to the
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best of my knowledge, sufficiency of the threshold s > d |1/p — 1/2| has so far only
been proven in exceptional cases, see [6, 33].

The purpose of this paper is to extend the results for Grushin operators of [33] to
sub-Laplacians on Heisenberg type groups, which is the following subclass of two-
step stratified Lie groups: Suppose that g is endowed with an inner product (-, -) for
which the stratification g = g @ g is orthogonal. Let g5 denote the dual of g;. For
any [ € g3, we have a skew-symmetric bilinear form w, : g1 x g; — R given by

wu(x, x') = p(x, x']), x,x" €g. (1.1)

Then, for any 1 € g}, there is a skew-symmetric endomorphism J;, on g; such that
wu(x,x") = (Jyux, x') for all x, x” € gy. Let | - | denote the norm on g5 induced by
the inner product (-, -). Then the group G is called a Heisenberg type group if J,, is
orthogonal for || = 1, that is,

Jﬁ = —|u|2idgl forall u € gj.

Note that this implies in particular that g» = [g1, g1] is the center of g. Given any
orthonormal basis X1, ..., X4, of g1 with respect to the inner product (-, -), we con-
sider the associated sub-Laplacian

L=—<X%+-~-+X§,). (1.2)

Our main result is the following spectral multiplier estimate, together with a corre-
sponding result for Bochner—Riesz multipliers. By the result of [24], the threshold
s > d (1/p — 1/2) is optimal up to the endpoint and cannot be decreased. Note that
the required order of regularity in the second part of Theorem 1.1 is the same as in the
Bochner—Riesz conjecture, see for example [36]. However, note also that Theorem 1.1
only makes a statement in the range 1 < p < 2(d> + 1)/(d2 + 3), where d> is the
dimension of the center of the group.

Theorem 1.1 Let G be a Heisenberg type group of topological dimension d = dim G
and center of dimension dy, and let L be a sub-Laplacian as in (1.2). Suppose that
1 < p <2(dy+1)/(dr + 3). Then the following statements hold:

(1) If p > landif F : R — C is a bounded Borel function such that
||F||Lszv,leC < oo forsomes >d(1/p—1/2),
then the operator F (L) is bounded on L? (G), and
| F()Lp—rr < Cp,S“F”L?.SlOC'

(2) Forany § > d(1/p — 1/2) — 1/2, the Bochner—Riesz means (1 — tL)i_, t >0,
are uniformly bounded on L? (G).
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If s > d/2 in the first part of Theorem 1.1, then the operator F'(L) is of weak type
(1, 1) by [13]. The condition 1 < p < 2(dy+1)/(d2+3) in Theorem 1.1 derives from
the Stein-Tomas restriction estimate on g», which is used for the proof of the spectral
multiplier estimates. Due to this assumption, the first part of the theorem only gives
results when d» > 2, which means that G must be a Heisenberg type group which is not
a Heisenberg group. This reflects the phenomenon that there are no good analogues of
Fourier restriction estimates available in the case of Heisenberg groups, except for the
trivial L'-L estimates, which is due to the fact that the Heisenberg group admits only
a one-dimensional center [27]. It remains an open question whether such p-specific
spectral multiplier estimates as above also hold in the setting of Heisenberg groups.

The spectral multiplier results of Theorem 1.1 are extended in a follow-up paper
[32] to the class of Métivier groups. However, the approach of [32] requires additional
methods due to the fact that the matrices J,, from above are no longer orthogonal and
the spectral decomposition into eigenspaces, which depend on ., is more complicated.

1.2 Structure of the Proof

Building on methods of [4, 6, 33], the proof of the spectral multiplier estimates of
Theorem 1.1 relies on restriction type estimates, a fundamental connection that was
first discovered by Fefferman [10] and has since then been exploited by many other
authors, see [7, 12, 35]. The key idea can be illustrated as follows. Suppose that we

want to derive L”-boundedness of the Bochner—Riesz means (1 — L)‘i. IfF:R—C
is the multiplier given by

F)=(1-2% 1reR,

then F(«/Z) =(1- L)i_. We decompose F as

o0
F=Y"FY,
1=0

—

where || ~ 2' whenever T € supp F® for ¢ > 1. It suffices to show
IFOWLY | posp S 278 for some & > 0.
Let K© be the convolution kernel associated with F)(+/L), that is,
FOWNL)f = F+KY for f € S(G),

where * denotes the group convolution. By the Fourier inversion formula, we have

FOWL) = %/ x(t/29F (1) cos(xv/L) dr,

|T|~2
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where x : R — C is some smooth function which is compactly supported in (0, co).
Thanks the frequency localization of the dyadic pieces F), since solutions of the
wave equation associated with L possess finite propagation speed, the convolution
kernel K is supported in a Euclidean ball of dimension Bg x Bz2 € R% x R%
centered at the origin with radius R ~ 2‘. Now having a restriction type estimate
which is essentially of the form

IFONLYfll2 SUTFO 12N f 1, (1.3)

then, given a function f with supp f € Br X B2 (which one can assume without
loss of generality), Holder’s inequality provides

IFONLYfllp S RYUNFONLY flla S RUFOINf s (1.4)

where Q = d; + 2dp and 1/q = 1/p — 1/2. On the other hand, one can show that

F e LzQ/qus(R) for some ¢ > 0if § > Q/q — 1/2, whence the last term of (1.4) can

be estimated via
REANFOIal flp S 27 NF N, ol 1

However, this approach does in general only provide thresholds featuring the homoge-
neous dimension Q in place of the topological one. Employing the approach of [33],
we additionally decompose the multipliers F) dyadically along the spectrum of the
Laplacian

12
U=(—(U12+~~+U§2)) :

where Uy, ..., Uy, isabasis of the second layer g; of the Lie algebra g. More precisely,
we decompose F© such that

FONL) =) FOWLx(L/U), (1.5)

=0

where (x¢)¢ez is a dyadic decomposition of R \ {0} such that |A| ~ 2¢if A € supp xe.
The convolution kernel IC((;) of the operator Fél) (L,U) = FOWL)x(L/U) can
be explicitly written down in terms of the Fourier transform and rescaled Laguerre
functions (plu ! (for their definition, see (2.9) below), namely,

FO (VIRIRT) xe @D e dps, - (1.6)

KY (e, u) = @)~ dZZ /

a5\{0}

where [k] := 2k 4 d1 /2. Thus, due to the factor x,([k]) in the integral, the truncation
achieved by the function x, corresponds to taking in (1.6) only the summands with

Birkhauser



22 Page6of35 Journal of Fourier Analysis and Applications (2024) 30:22

[k] ~ 2¢. Assuming in the following that F) is compactly supported around 1 (which
is of course in general not true in view of the Paley—Wiener theorem but can be achieved
by a cut-off), we have || ~ [k]~! and thus |u| ~ 27 on the support of F (L), whence
the truncation afforded by the functions yx is also referred to as a truncation along the
spectrum of U . Pointwise estimates for Laguerre functions (cf. Eq. (1.1.44),! (1.3.41),
and Lemma 1.5.3 of [37] or alternatively the table on page 699 of [2]) suggest that
ok (x) == @,1 (x) has exponential decay for |x| 2 [k]1'/2. Hence, since [| ~ [k]7L, the

function go,L“ l, which satisfies

di )2 1/2

o () = 1D P (1l 20,

is supported where |x| < |u|7V/?[k]'/? ~ 2¢ =: Ry, up to some exponentially
decaying term. This means that the kernel ICEL) is essentially supported in a Euclidean
ball of dimension Bg, x Bp2 C R x R?% centered at the origin. Now, instead of
(1.3), suppose we had a restriction type estimate of the form

—d
IFO L, U flla S RO £1,. a7

We distinguish the cases 0 < £ < tand ¢ > . Inthe former case, we decompose the ball
Bgr x Bp2 into a grid of balls B,(,f) of dimension R, x R? with respect to the Euclidean
distance on the layers g; and g», respectively. Correspondingly, we decompose the
function f supported in Bg X Bp2 into a sum of functions f,, supported in balls
of dimension Ry x R2. Then Holder’s inequality, applied with 1/p = 1/q + 1/2,
combined with the restriction type estimate (1.7) would provide

IF (L. U fullp S (RE RV FO(L, U) fn
S RITERM VL EL o]l full - (18)
Since G is a Heisenberg type group, we have d» < d;. Together with £ < ¢, we obtain

Rzll —dy R2d2 ~ Z(K—t)(dl —dz)zt(d| +ds) < 2l(d1 +d2).

Hence we may estimate the last term of (1.8) by
d/q g© < n—ep©
REINEZ 201, S2770F Mz @yl fllp-

The case £ > ¢ can be treated similarly by using (1.4) in conjunction with (1.7)
and summing the geometric series over all £ > (. As a consequence, only regularity
8 > d/q—1/2 of the multiplier F (1) = (1 —)ﬂ)i is necessary for the L”-boundedness
of the Bochner-Riesz mean F(v/L) = (1 — L)ﬂ_. Thus, at least by our heuristics,
the truncation of (1.5) ultimately provides thresholds with the topological dimension
instead of the homogeneous one.

! There is a small typo in Eq. (1.1.44): The factor ¢ ~* has to be replaced by e /2,
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It should be emphasized that the present approach benefits from the fact that the
dimension d; of the second layer g, of the Lie algebra g is smaller than the dimension
of the first layer. Doing the decomposition in the first layer reflects a phenomenon
that has already been prominent in the setting of Grushin operators —A, — |x|?A,,
(x,u) € R x R?, which are closely related to sub-Laplacians on Heisenberg type
groups. In [23], Martini and Sikora proved a Mikhlin—-Hormander type result with
threshold s > D /2 for Grushin operators, where D := max{d| + da, 2d>}, which was
later improved by Martini and Miiller [20] to hold for the topological dimension d in
place of D. Both approaches rely on weighted Plancherel estimates for the associated
integral kernels, but differ by the employed weights. While [23] uses the weight |x|” in
the first layer in conjunction with a sub-elliptic estimate, [20] employs the weight |u|”
in the second layer. A similar phenomenon occurred later in the articles [6] and [33],
where spectral multiplier theorems with p-specific regularity bounds were proved.
The approach of Chen and Ouhabaz [6] relies on weighted restriction type estimates
using the weight |x|” in the first layer, while [33] employs the weighted Plancherel
estimate of [20] with weight in the center to express support conditions of integral
kernels. In accordance with the phenomenon of [23] and [20], the result of [6] needs
s > D (1/p — 1/2) as regularity condition, while [33] only needs regularity of order
s > d(1/p —1/2). The present article relies on the same key idea as in [33], but
uses instead a weighted Plancherel estimate featuring the weight |x|¥. However, this
approach still provides the optimal threshold s > d (1/p — 1/2) in Theorem 1.1 and
is in line with the phenomena described above, since d> < d; and thus D = d, due to
the fact that G is a Heisenberg type group.

1.3 Structure of the Paper

Sections 2 and 5 are preliminary sections dealing with the spectral theory and
sub-Riemannian geometry of sub-Laplacians. In Sect. 3, we prove the previously men-
tioned truncated restriction type estimates. Section4 is devoted to proving a weighted
Plancherel estimate with weight |x|?. In Sect. 6 we reduce the proof of Theorem 1.1
to spectral estimates for multipliers whose Fourier transform is supported on dyadic
scales. The proof of this reduced version of Theorem 1.1 is given in Sect. 7. Section 8 is
an additional section, where we show that a sub-elliptic estimate for the sub-Laplacian
with the help of which one could directly transfer the approach of [6] to the setting of
Heisenberg type groups is in general false.

1.4 Notation

We let N = {0, 1,2,...}. The space of (equivalence classes of) integrable simple
functions on a two-step stratified Lie group G will be denoted by D(G), while S(G)
shall denote the space of Schwartz functions on G = R?. The indicator function
of a subset A of some measurable space will be denoted by 14. Given two suitable
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functions f, g on G, let f * g denote the group convolution given by
fxglx,u) =/ fe ) g( )y o w)d(x ), (x,u) € G,
G

where d(x’, u") denotes the Lebesgue measure on G. For a function f € L'(R"), the
Fourier transform f is defined by

f@& = / fe S dx, &R,
R}l
while the inverse Fourier transform f is given by
fx) = (271)_"/ f®)ede, x eR".
Rn

We write A < Bif A < CB for aconstant C. If A < B and B < A, we write
A ~ B. Moreover, we fix the following dyadic decomposition throughout this article:
Let x : R — [0, 1] be an even and smooth function such that 1/2 < |A| < 2 for all
A € supp x and

ij(x)=1 for A # 0,

JEZ
where x; is given by

xj(A) = x(x/2)) for j € Z. (1.9)

2 Spectral Theory of Sub-Laplacians on Heisenberg Type Groups

Let G be a two-step stratified Lie group. Via exponential coordinates, we may identify
G with its Lie algebra g, which is the tangent space at the identity of G. Since G is
stratified of step 2, g can be decomposed as g = g; b g with [g1, g1] = grandgr C g

being contained in the center of g. Let g5 = g5 \ {0}. For any 1 € g, let w,, be the
skew-symmetric bilinear form given by

wu(x, x') = pn(lx, XD, x,x"€gi.
Then G is called a Heisenberg type group if there is an inner product (-, -) on g with
respect to which the decomposition g = g1 @ gy is orthogonal, and the skew-symmetric
endomorphisms J,, given by w, (x, x") = (J,x, x") for all x, x" € g; satisfy
Ji=—|ul*idg, forall u € g},

where | - | is the norm on g} induced by the inner product (-, -).
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For the rest of this section, we assume that G is a Heisenberg type group. In
particular, this implies that

e dim g is even,

e dim g, < dim g (since g5 — (g1/Rx")*, u — w, (-, x') is injective for x" 7 0).
Letd; = dim g1 and d» = dim g,. We fix an orthonormal basis X1, ..., X4, of g1 and
an orthonormal basis Uy, . . ., Uy, of g>. In the following, to simplify our notation, we

identify G and g = g; @ g with R x R via the chosen basis. Note that the group
multiplication is then given by

& u)y=x+x" u+u + %[x, XD, x,x' egiuu €go.

As usual, the tangent space g is in turn identified with the Lie algebra of (smooth)
left-invariant vector fields on G via the Lie-derivative. Given a smooth function f on
G, we have

d
Xj )= 2 f (e X, 0

d

1
=0, f(r, 1) + 5 ];wk, [x, X103 f (x, 1),
U f(x,u) =0y, f(x,u).
The sub-Laplacian L associated with the vector fields X1, ..., Xy, is the second order

differential operator given by
L:—(X%+-~-+X§I>.

For f € L'(G)andu € g5, let f# denote the u-section of the partial Fourier transform
along the second layer g, given by

ro) = | feowe W du, xeg. 2.1
g2

Up to some constant, this defines an isometry 7 : L?(gi x g2) — L?(g1 x g3). Given
f € L*(G), we also write f* = (F> f)(-, u) (for almost all u € g5) in the following.
For fixed 1 € g5, we have

(X " = X" pr,
where X 7 is the differential operator on g; given by
X} = by, + S, X50).
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Let L* be the u-twisted Laplacian on g given by

b= <(xf)2 bt (Xgl)z) : 2.2)

Letn := dy/2 and S := {u € g5 : |ul = 1}. Note that J, is orthogonal with
eigenvalues +i for i € S. Hence, for any ;. € g3, there is an orthogonal matrix
T,=Tzong = R?", where ji := u/|1t| € S, such that

wu(Tpz, Tpw) = |p|o(z, w) forallz,w e R?",

where w(z, w) = (Jz) T w is the standard symplectic form? on R which is induced
by the d| x d; matrix

_ 0 — idgn
J = (ian 0 ) 2.3)

By compactness of S, we may assume that the map g5 > > T} is measurable, see
for instance [3, Thm. 1]. Let v;.‘ be the j-th column of Tﬂ_ !and V denote the usual
gradient on R2"_ Then, given a smooth function g on R2" we obtain

X" (g 0 Ty ) (Tp2) = Ve@vlf + fo,(Taz, X)g(2)

= Vg(@v + §lulo(z, v)g@).

Since Z‘;‘:] v7 (v}L )T is the identity matrix on R? thanks to orthogonality, the s-
twisted Laplacian L of (2.2) transforms into

" (go73") (Ta) = Li's (@), 2.4)

where L} is the A-twisted Laplacian on R*" given by

n
Ly =—A+ 322z =iy (ajdp; — bjda;). A >0, (2.5)
j=1
where we write z € R as 7 = (a,...,ay,b1,...,b,). The A-twisted Laplacian

Lé admits a complete orthonormal system of eigenfunctions, which are given by
the matrix coefficients of the Schrodinger representation, see [37, Sect. 1.3]. More
precisely, let m; : H, — U(L>*(R")), where U(L*(R")) is the group of unitary

2 A prominent choice in the literature is also the symplectic form (z, w) + Im(zw) = —w(z, w), which
would correspond to the transpose of the matrix in (2.3). The reason for choosing w as above instead of
(z, w) — Im(zw) is that we want to have the same sign for the third summand in (2.5) as in (1.3.14) of
[37].
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operators on L?(R"), denote the Schrodinger representation of the Heisenberg group
H, = R? x R on L*(R") given by

(@, b, Dp(§) = &M HENID (g 4 ),
where a,b € R",t € Rand ¢ € Lz(R”), & € R". Moreover, let dDi‘ be the Hermite
function defined by

Oh(E) = A4 H hy (M%), &R,
j=1

where /¢ shall denote the ¢-th Hermite function on R given by

0
he(t) = (—DEQRLeSm) "2/ <%) "), teR.

Then, by Theorems 1.3.2 and 1.3.3 of [37], the matrix coefficients CDf)‘ oo Vs Vv e N
given by

@} (2) == Q) A (2, )@, @), z e R (2.6)
form a complete orthonormal system of eigenfunctions of L%, with

L§®% = QW[ +mrd) . 2.7
where (-, -) is the inner product on L2(R?*), and |v|; = v + - -+ + v, denotes the
length of the multiindex v € N”. Hence L2 (R?") decomposes into eigenspaces of L},
where the orthogonal projection Az onto the eigenspace of the eigenvalue (2k 4 n)A,
k € Nis given by

Ag=Y Y (8. ¥, )P . gel’®RY).

veN || =k
Via the transformation T}, the spectral decomposition of the u-twisted Laplacian L
of (2.2) can be expressed in terms of the spectral decomposition of L}, which follows
directly from (2.4) and (2.7). In the following, we put

[k] :==2k+n, keN.
Lemma2.1 For i € @3, the operator L* on L?(g1) admits an orthonormal basis

of eigenfunctions associated with the eigenvalues [k]||, k € N. The orthogonal
projection Hff onto the eigenspace of the eigenvalue [k]| 11| is given by

Mg = (A}j" (g0 T,;)) oT;!, ge L@ 2.8)
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Remark Lemma 2.1 is essentially Proposition 4.5 of [4]. Note, however, that the defi-
nitions of A} and I} in [4] differ from ours by the factors A" and | |". Moreover, [4]
even states that the above result holds for left-invariant sub-Laplacians on the larger
class of Métivier groups. Unfortunately, this is not the case in general, since the eigen-
values of the twisted Laplacian L* are not necessarily of the form [k]|u| if G is only
assumed to be a Métivier group. An example may be found for instance in [29, Eq.
(2.3), (2.4)], where the corresponding eigenvalues are of the form

n
> aj@vj+ Dlul. veN.
j=1
See also [21, Sect. 2] for a further discussion. However, the results of [4] remain true
under the additional hypothesis that G is a Heisenberg type group, and the restriction
theorem of [4] can be expected to hold in greater generality.
A restriction type estimate that holds beyond Heisenberg type groups can be found

in the follow-up paper [32], but unfortunately the estimate there does not seem to be
sufficient to recover the result claimed in [4].

The projection A% can be written in a more explicit form as a twisted convolution
with a Laguerre function. For A > 0, let f X, g be the A-twisted convolution given
by

fxig@) = / F)g(z — w)e™@@W gy 7 e R,
RZn

where w is again the standard symplectic form induced by the matrix J in (2.3).
Moreover, let <p,i‘ be the Laguerre function given by

orz) = AL} (%lez) TP e R (2.9)
where Lz_l denotes the k-th Laguerre polynomial of type n — 1. Then, since
O, ) ="l (31%) (2.10)
by the definition (2.6) of CDf}‘,v,, (1.3.41) and (1.3.42) of [37, pp. 21] imply

gi (@) = Qm)" P Ny @) (). @.11)
[vli=k

Hence, by (2.1.5) of [37, p. 30], A,ﬁ may be rewritten as
ALg =g X5 ¢} (2.12)
Remark Our definition of go,é differs from that of [4] by the factor |A|"/2.
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The operators L, —iUy, ..., —iUg (Where Uy, ..., Uy, is the chosen basis of the
second layer g») form a system of formally self-adjoint, left-invariant and pairwise
commuting differential operators, whence they admit a joint functional calculus [17].
It is well-known [30, Sect. 1] that for suitable functions F : R x R — C, the
operator F'(L,U) with U := (—iUj, ..., —iUg,) possesses a convolution kernel that
can be expressed in terms of the Fourier transform and Laguerre functions <p,i‘. We
provide a direct argument here, although alternatively, the convolution kernel can also
be computed by using the Fourier inversion formula of the group Fourier transform on
G and the fact that the unitary group representations and the joint functional calculus
of L, —iUj, ..., —iUyg, are compatible, see Proposition 1.1 and Lemma 2.2 of [27].

Proposition 2.2 Let F : R x R%2 — C be a bounded Borel function. Then
(F(L,U) )H*(x) = F(L", p) f*(x) (2.13)
forall f € L>(G) and almost all x € g1, u € g5 If F is additionally compactly

supported in R x (R%\ {0}), then F (L, U) possesses a convolution kernel Krw.uy
ie.,

F(LLU)f =f=x ICF(L,U) forall f € S(G),

which is given by
e .
KreuG. ) =@ / F(KIl g (e v dp (2.14)
0’9

for almost all (x,u) € G.

Proof The identity (2.13) can be proved by the same approach as in the proof of
Proposition 5 of [23] by writing down the corresponding functional calculi in terms of
the Fourier transform and the orthogonal projections provided by the eigenfunctions
of the p-twisted Laplacian L*. To prove (2.14), we observe that (2.13) and Lemma 2.1
yield

o0
F(L,U)f(x,u) = Qm)" 2" / F (k]| el ) TI] fH ) " dp. (2.15)
k=0"93
By Lemma 2.1, (2.12), and the fact that (p,lf ' is radial-symmetric,
e = (A (770 7)) (17')
= (o 7) < 0) (17 ')

i ~1
R2n
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/ R (x )(p\ltl x/)e%wﬂ(x,x’) dx’, (2.16)
g1

where w denotes again the standard symplectic form on R>" associated with the matrix
J from (2.3). Plugging (2.16) into (2.15), unboxing the Fourier transform f*, and
rearranging the order of integration yields

F(L,U)f(x.u) = (1)~ "Zf fi, u)Zf F(KIpl we) (= x')

el luu—u’ >67w“(x’x Vdpdx',u').

By definition, we have

f*Kreu(x,u) = / F& L) Krw o —x' u—u' = 3 X)) d(x u).
G

This yields (2.14). O

3 Truncated Restriction Type Estimates

In this section, we prove the truncated restriction type estimates for the sub-Laplacian

= (X% 4.+ Xfil ), given that G is a Heisenberg type group and X1, ..., Xg4, isan
orthonormal basis on the first layer g; of the stratification g = g; & g2. Asin [4] (and
similarly in [6, 33]), the idea of the proof is to first apply a restriction type estimate
in the variable x € g; for the p-twisted Laplacian L* given by (2.2) and then the
Stein—Tomas restriction estimate in the central variable u € g». The restriction type
estimate for the orthogonal projection Hfj onto the k-th eigenspace of the p-twisted
Laplacian L* is given by the following lemma, which is Lemma 4.7 of [4]. Let again
[k] =2k +d;/2and n = d; /2.

Lemma3.1 If1 < p <2(d; + 1)/(dy + 3), then

1T N Lo (g 221y < Colial "GoDRPG DY forallk € N. (3.1)
1L _l
Proof By Theorem 1 of [15], we have ||A,1( loes pr S [k]”( , so by duality

1 1
AN oy < k"G D72,

In view of (2.10), rescaling with Al2

yields
1
”Ak”p—>2 < )»n(7 2)[k] =23 for A > 0.

Hence, together with (2.8) and a substitution, we obtain (3.1). ]
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Remark The condition 1 < p < 2(dy+1)/(d> + 3) of Theorem 1.1 (and Theorem 3.2
below) implies in particular 1 < p < 2(d; + 1)/(dy + 3) since d; > d> due to the
fact that G is a Heisenberg type group.

Choosing a basis Uy, ..., Uy, of the second layer g», we define the operator

12
U= (—<U12+~~+U§2)) .

Now we state the truncated restriction type estimates for the sub-Laplacian L.

Theorem 3.2 (Truncated restriction type estimates) Suppose that 1 < p < 2(dy +
1)/(dy + 3). Let F : R — C be a bounded Borel function supported in [1/8, 8], and,
fort e N, let Fy : R x R — C be given by

Fo(h, p) = F(NM)xe(h/p) for >0, p #0,

and Fo(A, p) = 0 else, where (x¢)eez is the dyadic decomposition of (1.9). Then

—td (53

IFe(L, Ul p2 < Cp2 D|F|ly forall€ e N. (3.2)

Remark Note that d; is even since G is a Heisenberg type group. Thus, x¢([k]) = 0
for all k € N whenever ¢ < 0. Hence (2.15) yields

Y F(LUf=FWL)f.
=0

Proof Let f € S(G). Given u € g5 and k € N, we write g;' = F(J/IKI[r]) f*,
where f* denotes again the partial Fourier transform in . Note that [k] ~ 2¢ for
([k1lpel, I]) € supp Fe. Using Plancherel’s theorem, (2.13), and orthogonality in
Lz(gl), we obtain

IFe(L, U) flI 726, ~[/ |[Fe(L™, ) f7 () dx dpe
g3 Y81

“Jd.

3 / 1T} 811172 ) A1t (3.3)
[k]~2[ g2

Z F(/IKInl )m([k]m“f“(x) dxdp

Now Lemma 3.1 yields

G G-~

2
||Hkgk ”L2(91) S ||g/l:||Lp(gl)

~ KMl 1oy (34)
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In the last line we used the fact that [k]|| ~ 1 whenever [k]|ut| € supp F. Moreover,
since 2/p > 1, Minkowski’s integral inequality yields

M2 M 2 H %
] g, ||Lp(g|) dp < . lg ()] du) dx|) . 3.5
a3 g1 g5

Let fy := f(x,-)and = denote the Fourier transform on g;. Using polar coordinates
and applying the Stein—Tomas restriction estimate [38] yields

AL /O ) /5 N FVIKIN L) Pr=t do @) dr
[+5) @

= / |F (kI Pr ! f
0 SdZ_I

< fo FGIDE T 0™ 2 g dr

- fo FGIENPAE T D dr £ )

2dr(L_1
8 e [V N A

(7" ) @) do (o) dr

In combination with (3.3), (3.4) and (3.5), we obtain

—2dr (L -1)—1
IFe(L, U fliFagy S 2 IS 27NFIBI£12
[k]~2¢

—2€d2(%—

1
~2 DIFIZIFI3.

This proves (3.2). O

4 A Weighted Plancherel Estimate

In this section, we prove a weighted Plancherel estimate for convolution kernels asso-
ciated with the sub-Laplacian L on the Heisenberg type group G. Usually, those
estimates are the crux of the matter when proving Mikhlin—-Hormander results featur-
ing the threshold s > d/2, where d is the topological dimension of the underlying
space, see for example [18, Theorem 4.6] or [19, Proposition 3]. However, in the
present setting, the weighted Plancherel estimate (4.1) will serve a different purpose,
namely turning support conditions in conjunction with convolution kernels into some
sort of rapid decay.

Proposition 4.1 Let F and Fy be defined as in Theorem 3.2, and K¢ be the convolution
kernel of the operator Fy¢(L, U). Then, for alla > 0,

/ || KCe (x, u)|2d(x, u) < Ce2' D F|2, forall € € N. 4.1
G
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Proof Let o > 0. Using (2.14) in combination with Plancherel’s theorem, we obtain

/G\|x|“ice(x,u)\2d(x,u)

/@ ~/gl

Given . € g3, we consider the rescaled Hermite operator H* = —A; + %|z|2| wl?
acting on L?(R*"). By Proposition 3.3 of [6],

x| ZFe bl 1al)o) o ded. (42)

gl 2 @eny S Il NHM gl 2 w2y (4.3)

On the other hand, by Equation (1.3.25) of [37], the functions <I>L“ 1‘), defined by (2.6)
are also eigenfunctions of H*, with

H“dDL"]‘), = (] + V| + )@, forallv,v e N".

v,/
By the definition (2.11) of (pw |, this implies in particular
H/L¢|l‘«| [k]lu/'ga“”

(Alternatively, one could use (2.7) by exploiting that wlu lis radial-symmetric by (2.9)

and that the operators H* and Ll)” | coincide on such functions.) Hence, together with
(4.3), the right-hand side of (4.2) can be dominated by a constant times

/;; /I;Zn

Using [k]|p]| ~ 1 for «/[k]|p] € supp F, |Fe(A, p)| < |F(X)| and orthogonality of
the functions go,lf l, (4.4) can be estimated by a constant times

3w / L, |7 (Viktiad) of o ax e 5)

2
dxdu. “4.4)

Z[k]“/zlul “I2Fy (ke 1)) g (x)
k=0

Since the functions CDLM 1'}, form an orthonormal basis of L2(R2"),

k+n—

M "||¢'“||2=|{veN”:|v|1=k}|=( .

1 -1
)N(k+1)" )
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Hence ||<,0“‘|||2 ~ [k]~" for [k]|u| € supp F. Thus (4.5) is comparable to

X u 1/ |7 (Viktial)[ . 4.6)

k]~2¢

Using polar coordinates and a substitution in the integral over g; shows that (4.6) in
turn is comparable to

D P T RIF gy ~ 2" P I -
[k]~2¢

This proves (4.1). O

5 The Sub-Riemannian Geometry of the Sub-Laplacian

In this section we summarize the main properties of the sub-Riemannian geometry
associated with left-invariant sub-Laplacians on two-step stratified groups. Let G be
a two-step stratified Lie group and g = g; @ g» be a stratification of its Lie algebra.
Let Xi,..., X4, be a basis of g; and L = —(X% + 4+ Xﬁl) be the associated
sub-Laplacian. We again identify G = g via the exponential map and g = R by
means of the basis X, ..., Xy, of g1 and a basis Uy, ..., Uy, of go.

Let dcc denote the Carnot—Carathéodory distance associated with the vector fields
X1, ..., Xq,. By definition, this means that for g, 7 € G, the distance dcc(g, h) is
given by the infimum over all lengths of horizontal curves y : [0, 1] — G joining

g with &, see for instance [39, Sect. III.4]. Since the vector fields X, ..., X4, are
left-invariant and [g1, g1] = g2, they satisfy Hormander’s condition [14], that is, the
vector fields X1, ..., X4, along with their iterated commutators

[Xi, X1, [X;, [X5, X1, ...

span the tangent space g = 7,G of G at the identity ¢ € G, and hence at every
point g € G. (In our two-step setting, the vector fields Xy, ..., X4, together with
their commutators [X;, X ;] already span the tangent space.) Hence, due to the Chow—
Rashevskii theorem [39, Proposition II1.4.1], dcc is indeed a metric on M, which
induces the (Euclidean) topology of G = R¥.

Since X1, ..., Xy, are left-invariant vector fields, dcc is left-invariant, that is,

dcc(ag,ah) =dcc(g,h) foralla,g,h € G. 5.1
On the other hand,
G, ] = (x|* + Y, (ru) € G
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defines a homogeneous norm in the sense of Folland and Stein [11] with respect to
the dilations §z given by

Sg(x,u) = (Rx, R*u), R >0. (5.2)

Hence G x G > (g, h) — ||g~'h| is a left-invariant (quasi-)distance on G. Since any
two homogeneous norms on ahomogeneous Lie group are equivalent [11, Lemma 1.4],
we have

dec(g, h) ~ |lg " h|| forallg, h e G. (5.3)

Let Bzcc (g) denote the ball of radius R > 0 centered at g € G with respect to dcc.
Then (5.1) and (5.2) yield

|BIC (g)] = R2|BIC(0)], (5.4)

where we identify 0 with the identity element e € G via G = g, and Q = d| + 2d>
is the homogeneous dimension. Note that (5.4) yields in particular that the metric
space (G, dcc) equipped with the the Lebesgue measure (which is a bi-invariant Haar
measure on G) is a space of homogeneous type with homogeneous dimension Q.

Furthermore, the sub-Laplacian L possesses the finite propagation speed property
with respect to the Carnot-Carathéodory distance dcc, which will be of fundamental
importance in the proof of Theorem 1.1.

Lemma5.1 If f, g € L*(G) are supported in open subsets U,V C G, then
(cos(tvL)f,g) =0 forall |t| < dcc(U, V).

For a proof, see [26] or [28, Corollary 6.3].

6 Reduction of Theorem 1.1 to Dyadic Spectral Multipliers

To prove Theorem 1.1, we use the following general spectral multiplier result of
[7], which allows us to reduce the spectral multiplier estimates of Theorem 1.1 to
estimates for spectral multipliers whose Fourier transforms are supported on dyadic
scales. Very similar arguments are used in [6, Sect. 5] and [33, Sect. 4], but we give
a detailed discussion for the convenience of the reader. Given a suitable multiplier
F : R — C, we use the notation

FY .= (Fx)" forieZ, (6.1)

where = and -¥ denote the Fourier transform and its inverse on IR, respectively, and
(%) ez 1s the dyadic decomposition from (1.9).
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Proposition 6.1 [7,Proposition1.22] Let (X, p, i) be a metric measure space of homo-
geneous type and Q > 0 such that

W(Byr(x)) < CAQ/L(B,(X)) forallx € X,r >0,A>1,

where B (x) denotes the ball of radius s > 0 centeredatx € X. Let1 < pp < p < 2.
Suppose that L is a positive self-adjoint operator on L*>(X) such that the following
statements are satisfied:

(1) L possesses the finite propagation speed property, that is,
(cos(t«/f)f, &r2x) =0 foralllt| < p(U,V)
whenever f, g € L*(X) are supported in open subsets U, V C X, where
pU, V) =inf{p(u,v):u e U,v eV}

(ii) L satisfies the Stein—Tomas restriction type condition (ST;?)’Z) of [7], that is, for
any R > 0 and all bounded Borel functions F : R — C supported in [0, R],

IFD) g0 P)ll2 < Cu(By )2 % RNCTH D Fllool fllpe (62)

forallx € X, allr > 1/R, and all f € LP°(X).
(iii) There is some B > Q/2 such that

sup | F(v/Dllp—p = CIF g
1>

for all even bounded Borel functions F : R — C with supp F C [—1, 1].

Suppose that F : R — C is an even bounded Borel function and that there is a
bounded sequence (x(1)),cz with Zeo(‘ + Da(t) < oo such that

IFx) DV posp < ali + j) foralli,j €L (6.3)

Then the operator F(~/L) is of weak-type (p, p).

Remark To be precise, in [7], Proposition 1.22 requires the condition (E, 2) in place
of the Stein—Tomas type restriction condition (ST%Z). However, both conditions are
equivalent by Proposition 1.3 of the same paper. Moreover, the notation of our decom-
position indexed by i and j differs slightly from that of [7] since (Fn;)/) = (Fx_;)/),
where (1;);ez is the dyadic decomposition from [7, Eq. (I1.3.3)]. The somewhat arti-
ficial requirement that F shall be an even function is linked to the finite propagation
speed property. This will become apparent at the beginning of the proof of Proposi-
tion 7.1.
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We apply Proposition 6.1 in the setting where X = G is a two-step stratified Lie
group and

L==(X}+ 43 (6.4)

is the sub-Laplacian associated with a basis X1, ..., X4, of the first layer of the
stratification g = g1 @ g» of G. The measure p in Proposition 6.1 will be the Lebesgue
measure on G.

For our purposes of proving Theorem 1.1, we only need Corollary 6.2 for the
case where L is a sub-Laplacian on a Heisenberg type group, but the more general
version for arbitrary two-step stratified Lie groups is readily available. Note, however,
that Proposition 6.1 requires the restriction type condition (STOO ») in the setting of
arbitrary two-step stratified Lie groups. However, instead of usmg the restriction type
estimates of Theorem 3.2, we use a Plancherel estimate for the associated convolution
kernel, which in turn implies a restriction type estimate from L' to L2.

Corollary 6.2 Let G be a two-step stratified Lie group and L be a sub-Laplacian as in
(6.4). Let py € [1,2] and s > 1/2. Suppose that for all 1 < p < p, there exists some
e > 0 such that

IFOND)psp < Cps2 *IIFll2 forallte N (6.5)

and all even bounded Borel functions F € L%(R) supported in [—2, —1/2]1U[1/2,2].
Then the statements (1) and (2) of Theorem 1.1 hold for all 1 < p < p,.

Remark The assumption 1 < p < 2(d» + 1)/(d2 + 3) of Theorem 1.1 automatically
implies thats > 1/2ifs > d (1/p — 1/2) since

1 1 dr+ 3 1 d 1
dl — — — > d2 w — — ) = 2 > —,
p 2 2d,+1) 2 dy+1 72
However, in Corollary 6.2, we only require 1 < p < p, for some p, € [1, 2], which
is why we additionally assume s > 1/2 to make sure that || F|(0,00)llcc S 1 F I, 2 o

Proof The result for Bochner—Riesz multipliers in the second part of Theorem 1.1 is
a direct consequence of (6.5) without Proposition 6.1 involved, which can be seen in
the same way as in the proof of Theorem 1.2 in [33, Sect. 4].

For the first part of Theorem 1.1, we observe that

IFll2, ~IFll 2 for F(u) = F(V/A).

Thus, we may pass from F(L) to the operator F(~/L). We use Proposition 6.1 for
po = 1. Proposition 6.1 only shows that the operator F(+/L) is of weak type (p, p),
but the boundedness on L” can be easily recovered as follows: First, note that the case
p = 1is excluded in the first part of Theorem 1.1. Thus, suppose that the interval
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(1, p4] is non-empty and let 1 < p < p,. Suppose that F : R — C is a bounded
Borel function satisfying

IFll2 ~<oo forsomes>d(l/p—1/2).

We can choose 1 < p < p such thats > d (1/p — 1/2). Applying Proposition 6.1
implies that F (+/L) is of weak type (5, p). On the other hand, the assumption s > 1/2
in Corollary 6.2 ensures that

F S|\ F .
IFlo.colloo S IFl2

Hence, via interpolation with the L2-L? bound provided by the spectral theorem, we
may conclude that (\/Z) is bounded on L?. The claimed estimate

IEWDllpsp < Cpsll Fllz2

in the first part of Theorem 1.1 follows by the closed graph theorem applied to the
map F — F(+/L). Alternatively, this estimate can also be derived by inspecting the
arguments of [7] (see also [31, Sect. 7]).

Now we verify the assumptions of Proposition 6.1. Let pg = 1. The finite prop-
agation speed property in (i) holds due to Lemma 5.1, and the estimate in (iii) is
automatically fulfilled by Theorem 1.5 of [7]. Since py = 1, the restriction type condi-
tion (STOf)’Z) is a consequence of a Plancherel estimate for the associated convolution
kernel, see also [7, Sect. II1.5]. More precisely, given a bounded Borel measurable
function F : R — C, since L is a left-invariant operator, there is a convolution kernel
Kz, such that FWL)f = f*Kp g forall f € SR). By [8, Proposition 2],
there is some constant C > 0 such that we have the Plancherel estimate

1Ko o = C [ 1F(/D2022 %
FWDIL2G) ~ * | A

where Q is the homogeneous dimension of G. If R > O and F : R — C s a bounded
Borel function supported in [0, R], then

* 2 Q/Zd)‘ 0 2
; |F (V) *A — S REIF%:
Thus, we obtain

IFWL) flla =11 % Kpypylle < I ppy 2 S REZIF looll £ 11

By (5.4), we have |BIC (x, u)| = rQ|BflCC (0)|. Hence, for py = 1, the factor on the
right-hand side of (6.2) is given by

|B, (x, u)| "2 (Rr)2/* ~ RO/?,
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which verifies the restriction type condition (ST;‘(’),Z). Thus the assumptions of Propo-
sition 6.1 are satisfied.

Now suppose that the dyadic estimate (6.5) of Corollary 6.2 holds. Let F : R — C
be a bounded Borel function such that

IFll2 ~<oo forsomes>d(l/p—1/2).

To show that F(v/L) is of weak type (p, p), we verify the required estimate (6.3) of
Proposition 6.1. Note that we may assume without loss of generality that F is an even
function since L is a positive operator. Fori € Z, we let F; := F x;, where (x;)icz 18
the dyadic decomposition from (1.9). Given i, j € Z,lett := i + j and

GO :=FQ2)Nx(), reR,
where x is the bump function from (1.9). Then G is an even function, and
(F)P ) = (Fixj)” ) = @'G2)x)" ()
=(Gx)' QN =627,
Let again 8y be the dilation given by 8z (x, u) = (Rx, R?u). Then
(F(WL)f)o8g-1 = F(RVL)(f 0 8g-1).
This implies
1IGYQ VD) pep = IGO WD)l ps p-

Hence, for ¢ > 0, (6.5) yields

IFx)P VD)o p = 1GOWLY 1 ps p
S27G N S2THIF

s,sloc
The case ¢ < 0 can be treated by the Mikhlin—-Hormander type result of [8, 25].
Suppose ¢ < 0. Let ¢ := Ziﬁ xi- Then ¢ is supported in [—8, 8]. We decompose

GWas GY = GYY + GO — y). Since GY = G * ¥, suppG C [—2,2] and
X € S(R), we have

d o d « 2
_ ) _ (% . o
‘(dx) G (k)‘_‘<dk) /_ZZG(T)XQ (A —1))dt
2
< ptletD G
2 /4 (1+2t|,\_f|)NdT, o eN. (6.6)
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Let Q denote again the homogeneous dimension of G. Choosing N := 0 in (6.6) and
using 2/@+D < 1, we obtain

IGOY 2

<y IGll2 S IIF .
Q/2+1.sloc Nw ” ”2 ~ ” ”L?,sloc

On the other hand, choosing N := « + 1 in (6.6) yields in particular
d \«
‘(d_k> G(t)()‘)’ SIMTYIGI2 for || > 4.

Since all derivatives of 1 — v are Schwartz functions, Leibniz rule yields

1GO —y)ll,2

<y IGll2 S |F .
Q/2+1,sloc Nw ” ”2 ~ ” ”Lsz',sloc

Hence, applying the Mikhlin—-Hormander type result of [8] and [25] yields

IEY P VDl psp = 1GP QD) ps
= 1G YV Dllp—p SIFIl 2 -

This establishes the required condition (6.3) of Proposition 6.1. Thus we can apply
Proposition 6.1 and we get that the operator F (+/L) is of weak type (p, p). O

7 Proof of the Reduction of Theorem 1.1

Now suppose that L = (X % +---+X 51) is a sub-Laplacian on a Heisenberg type group
G, where X1, ..., Xg4, is an orthonormal basis of the first layer g of the stratification
g = g1 D g2. Let again dcc denote the Carnot—Carathéodory distance associated with
the vector fields X1, ..., Xg4,, let d = di + d> be the topological dimension, and
O = dj + 2d, be the homogeneous dimension of G. By Corollary 6.2, the proof

of Theorem 1.1 can be reduced to proving the following statement. Given a suitable
multiplier F : R — C, we write again

FY .= (Fx)Y forieZ,

where (x,),ez is the dyadic decomposition of (1.9).

Proposition 7.1 Suppose that 1 < p < 2(d> + 1)/(d> + 3). If s > d (1/p — 1/2),
then there exists some & > 0 such that

IFOND)pep < Cp2 IF 2 forallt e N
and any even bounded Borel function F € L? supported in [-2, —1/2] U [1/2,2].
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Proof Let: € N and R := 2'. We proceed in several steps.
(1) Reduction to compactly supported functions. Let f € D(G) be an integrable
simple function on G. We first show that we may restrict to the case where f is

supported in B%CC (0). Since the metric space (G, dcc) endowed with the Lebesgue
measure is a space of homogeneous type and separable, we may choose a decompo-

sition into disjoint sets B; € BﬁCC @D, uy, jeN, x, u)) e G such that for
every A > 1, the number of overlapping dilated balls Bf%c (xY, uD) is bounded by
a constant C (1) ~ A2, which is independent of 1. We decompose f as

oo
f=2fj where f; := f|p;.
j=0
Since F is even, sois F. As , is even as well, the Fourier inversion formula provides

FOWDf =5 | KO F @) coseV D) dr.
27 Jy1 <jrj <ot

Since L satisfies the finite propagation speed property, F (/L) f ' is supported in
BgllczC x4y by the formula above. Together with the bounded overlap of these
balls, we obtain

IFOWNDFI S D IFOWD) 11
j=0

Altogether, since L is left-invariant, it suffices to show

© - ©
[1yicc o FOVDIL, S 2NFO 201y 1)

whenever our initial function f € D(G) is supported in B%CC 0).

(2) Localizing the multiplier. Next we show that we may replace the multiplier F)
by FWr, where ¢ is a smooth cut-off function which is compactly supported away
from the origin. Using the dyadic decomposition (x,),cz from (1.9), we put

2
Vo= Z Xj-
j=—2

Then 1/8 < |A| < 8 whenever A € supp v, and |A| ¢ (1/4,4) if L € supp(l — ).
We decompose F® as

FO=FY% 4+ FO1 —y).

The second part of this decomposition can be treated by the Mikhlin—-Hérmander type
result of [8] and [25]. Note that F) = F x ¥,, and x € S(R). Thus, given o € N and
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N € N, we have

2

‘(j_k)“pm(,\)‘ - ‘(%)a /_2 2F(D)x(2' (A — 1) dt

2 F(7)]
< Zl(“"'l)/ |—d . 7.2
N a2 f (7.2

Since F is supported in [—2, —1/2] U [1/2, 2], choosing N := « + 2 in (7.2) gives
d \o
‘(d_k) F(‘)(k)‘ <2 min{|A|"%, 1}||Fll» whenever [%| ¢ (1/4, 4).

This implies

IFO =)l 2

Q/2+1,sloc

Sy 27 F .
Hence, the Mikhlin—Hormander type result of [8, 25] yields

IFOU =y N Dllpsp S 27 F 2

Thus, instead of (7.1), we are left proving

11 ace . (FODDF| S27UFON 20 £ (7.3)
B35C(0) p 5

for all f € D(G) that are supported in B%CC (0).

(3) Truncation along the spectrum of U. Next we decompose the operator
(FOy)(+/L) by a dyadic decomposition of U. For £ € N, let the function FZ(L) :
R x R — C be given by

FO O p) = (FOY) (V) xe(h/p) ford =0, p #0

and F L,(‘) (%, p) = 0 else. We decompose the function on the left-hand side of (7.3) as

[ ' 00 o
IB;gc(O)(F()Iﬂ)(“/Z)fZIB;%C(O)<Z+ Z )Fg L, o) f

=0 {=1+1
= g< + &> (7.4)

The sum over ¢ >  can be treated directly by the restriction type estimate of The-
orem 3.2. Recall that IBfleCC (0)] ~ R? by (5.4). Hence, Holder’s inequality with
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1/g = 1/p — 1/2 and the restriction type estimate (3.2) imply

lg=dllp < RY)Ig=.l

e¢]

> RO, U)fH
2

£=1+1
S 24@= D FOy o)l £l

Sy 27NFON 20 1

S RQ/q

if we choose 0 < ¢ < s — d/q. (Note that |[FV[y ~ 27||[F®| 2 due to the
localization in frequency.) Thus, we are done once we have also treated the sum over
£ €{0,...,}, thatis, it remains to show

lg<llp S 27 NF QN 201 f1lp- (1.5)

(4) The support of the convolution kernel. Let ICg) be the convolution kernel of the
operator FE(‘) (L, U). By (5.3), there is a constant C > 0 such that

B;lgcc (0) € Bcr(0) x Bega(0).

Hence the function f is supported in a Euclidean ball of dimension R x R2. In view of
the finite propagation speed property which we exploited in part (1) of the proof, we
may think of IC,g‘) being supported in a ball of dimension R x R? as well (which is of
course not quite true since we replaced the multiplier F© by F© ). In the following,
we show that the convolution kernel IC,EL) of the truncated multiplier is essentially

supported in an even smaller ball of dimension R;R? x R?, where R, := 2¢ and
y > 0 will be a number chosen sufficiently small, depending only on the parameters
s, p, di, dy. For convenience, we introduce the following notation: We will write

A< B

whenever A < R€(P-41.:42)Y B for some constant C(p, di, d») > 0 depending only on
the parameters p, di, d>.
Given ¢ € {0, ..., }, we split the Euclidean ball Bcg(0) x Bz2(0) into a grid

with respect to the first layer, which gives a decomposition of supp f C B;écc (0) such
that

M,
supp f = |_J BY.
m=1

Birkhauser



22 Page28o0f35 Journal of Fourier Analysis and Applications (2024) 30:22

where B,%) C Bcr, (x,(,f)) X Bcg2(0) are disjoint subsets, and |x,(,f) — xr(f/)| > R¢/2

for m # m'. Then the number M, of balls in this decomposition is bounded by
My < (R/Rp) = 2401070, (7.6)
Moreover, given y > 0, the number of overlapping balls
BY := Bocr,ry (x\) X Bocg2(0), 1<m < M,

can be bounded by a constant N, <, 1 (which is independent of £). We decompose
the function f as

My
fF=3 " flgeo.
m=1
In the following, we show that the function
) ._ 0]
E8m = IB;I%C(O)FZ (L, U)(f|3r(rf))

is essentially supported in the ball E,,(f ). We decompose the function g, of (7.4) as

LM LM,
1 2
ge= ) 2 e lzo+ D el g = g%l + 8% (7.7)
(=0 m=1 =0 m=1

To show that the second summand is negligible (in the sense of (7.13)), we interpo-
late between L' and L? via the Riesz—Thorin interpolation theorem. For the L!-L!

estimate, note that (x, u) € (g\l},(,f)) N Bgllc?c (0) and (x", u") € B,(nz) imply
|x —x'| > CR¢R".
Let K be the convolution kernel associated with F."’ (L, U). Then

FO (LU 1) Gy ) = (f o)+ K (e, ),
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and we obtain

lg&h = / ZZ (@B nptee 0,00 1) [ (F 1) * K (e )| d e, w)

=0 m=1
/JCC(O)Zw/;Z(X/)mX:l g 0]
X |’Cél)((‘x u )71()6, u))i d(x, M)d(_x/, u/)
= /BZCC(O) L F O u) ey (! uyd(x '), (7.8)
where
Ag(x") = {(x,u) € BdCC(O) |x —x'| > CR/R"}
and

iy (x, u') —Z/ |IC(t) (x u)x, u))|d(x u).

Ag(x’)

Given N € N, the Cauchy—Schwarz inequality yields

/ |/C§L)((x/,u/)_l(x,u))|d(x,u)
Ag(x")

< (ReRVer e = X'V (= = = S x| d e w)
Ag(x')

1/2
< (RgRV)_NRQ/Z(f VIS e, w) [P dx, u)) : (1.9)
G

In the last line we used again that |BdCC (0)] ~ R? by (5.4). By Proposition 4.1, the
second factor of (7.9) can be estimated by

2 2N —
/ IV KW G, w)| > d e, w) Sy RPV2IFW 3.
G
Hence

—dy/2
o (') NZR INFCRRIPIFO |y S RTNFCAIFO,.
=0

Altogether, with (7.8), we have
2 _
1820 Sv RTYNHRIFO ) £y, (7.10)
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For the L2-L? estimate, we use the trivial estimate

L

= > Z lgssll2- (7.11)

=0 m=1

2
g2, =

L
>3 6

£=0 m=1

Since || x¢lloo < 1, each summand of (7.11) can be estimated by

lgsll2 < I (L UY(f g ll2 < IFllocll 1500 l2-
Using Holder’s inequality on the right-hand side of (7.11) yields
18512 < IF ool + DM, 211 f 1.
Together with (7.6) and the Sobolev embedding
IF oo SUFOll2 ~ RUFOl, o >1/2,
we obtain

2
g2 < RUFO 2+ DM 1 £ 112
< RYIFOUlfll2 fora' > o +d /2. (7.12)

Applying the Riesz—Thorin interpolation theorem with (7.10) and (7.12) and choosing
N = N(y) € N sufficiently large in (7.10) yields

2 _
1221, Sv 27N IFOL £, (7.13)

In view of the decomposition (7.7), for showing (7.5), it thus remains to prove

art]

£=0 m=1

1 _
181, = S2FO 0 £l (7.14)

where
gy = ledecc(o)F([)(L U)(flpw)-

On a formal level, this means that we may indeed assume that the convolution kernel
ICEL) is supported in a ball of dimension R;RY x RZ.

(5) The main contribution. Holder’s inequality and the bounded overlapping prop-
erty of the balls f?,(,f ) imply

3
g8 < e+ ety Z 1215 (7.15)

£=0 m=1
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Using Holder’s inequality together with the restriction type estimate (3.2) yields

9 d
1251 < ((ReR")" R%) lgss I
,SL (Rgl R2d2) ”g(()”
di—d /4
< (RO R Y FOLal 10

Plugging this estimate into the right-hand side of (7.15) and using the fact that the

functions f/| ,« have disjoint support, we obtain

1 d*d r/q
18215 S0 @+ 1) 12( g2 ) O g,

Choosing y > 0 small enough, we may conclude that

L
1 _ di—d _\Pla
18205 < 27 Y (RE R FOI 11
=0

for some 0 < & < s —d/q.Recall that Ry = 2t and R = 2'. Since d; > d», we have

L R\~ rla
> = <C,.
=0

Altogether, we obtain

1 _
188, S 27 UF Ol L2111

for some & > 0. This is (7.14), so the proof is concluded. O

8 Remarks on Weighted Restriction Type Estimates for
Sub-Laplacians
In [6], Chen and Ouhabaz proved a spectral multiplier theorem for the Grushin operator

G = — A, —|x|?A, acting on R?! x R% by using a weighted restriction type estimate
of the form

Il1x|* F(«/_)f||L2(Rdlde2) Cpall Fllp2@llf Il Lp @ xRé2y s

where ¢ > 0 and F : R — C is a bounded Borel function supported in [1/4, 1].
Let L denote again a sub-Laplacian on a Heisenberg type group G with Lie algebra

Birkhauser



22 Page32o0f35 Journal of Fourier Analysis and Applications (2024) 30:22

g = g1 @ g2 with layers of dimension d; and d;, respectively. Then

Lf=g6f

for any g;-radial function on the Heisenberg type group G, i.e., a function on G which
only depends on |x| (with x € g1) and u € g (where we identify again G with its Lie
algebra g, which is in turn identified with R x R® ). In view of this close relationship,
one might hope that the approach of Chen and Ouhabaz can also be applied in the
setting of Heisenberg type groups. However, a crucial ingredient of their approach is
the sub-elliptic estimate

X181l 2gary < Calllel ™ (H*)*?gll 2gary, g € LARD), (8.1)
where H* = —A, + }t|x 12| 1¢|? denotes again the rescaled Hermite operator on R2,
Unfortunately, the analogous estimate of (8.1) in our setting, where H* is replaced
by the p-twisted Laplacian L# of (2.2), fails. We will prove in the following that the
estimate (8.1) where H* is replaced by L* is false for « = 1. (The approach of [6]
requires to choose 0 < o < d>(1/p — 1/2) as large as possible, so large values of «
are the crucial ones.)

Via (2.4) and a linear substitution, the estimate
18l 22 (gp) < Callltl ™ (LMY 28l 120,
is equivalent to

21 gl 2 gony < Callltl ™ (LY gl 2 gony.

where L(l)M is the twisted Laplacian of (2.5). Rescaling with ||, we may restrict to
the case || = 1. Let A := L(l). Then, by (2.5),

A=—A +3z* —iN,

where, when writing z = (ay, ..., an, by, ..., by),
n
N =Y (a;dp, —bjda).
j=1

Now, suppose that
lzlgll2geny < CIAY?gll2gony forall g € S(R™). (8.2)

Recall that the matrix coefficients ®,, v of the Schrodinger representation (-, 0)
given by (2.6) are eigenfunctions of A with

Aq)u,v’ = (2|V/|1 +n)q)u,v" (8.3)
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On the other hand, the functions ®,, , are also eigenfunctions of H = —A; + 4—11|z|2
by Equation (1.3.25) of [37], with

Hq)u,v/ = (|V|l + |V/|1 +n)q>v,u/- (8.4)
When writing ¢ = (1, ..., ay, B1, - .., Bn), direct computation shows
Ag(¢) = Ag(0).

where the operator Ais given by

n
A=10P = {Ac+i ) (0,8 — Op;0))
j=1

and = denotes the 2n-dimensional Fourier transform given by
ﬂo=/g@f%wwacewm
R2n

Since A(g(2g“)) = (Ag)(2¢), the estimate (8.2) together with Plancherel’s theorem
implies
I(=A) gl 2geny < CIAY gl 2gony forall g € S(R™). (8.5)

Setting g := @, ,» and using (8.4), (8.2), (8.5), (8.3), we obtain

/ 2 _ 12 112
(|U|1 + |V |l +n)||g||L2(R2") - ”H g||L2(R2")
= (A + 128, 8)
1/2 12 1 2
= (=29 ] 12 gony + z 1212 2pony
CllAY g3,

A

(R2)
’ 2
= CQWV |1+ m)g12 g

Now fixing v/ € N and letting |[v| — oo yields a contradiction, whence the assumed
estimate (8.2) is indeed false.
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