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Abstract
The purpose of this paper is to prove an optimal restriction estimate for a class of flat
curves in R

d , d ≥ 3. Namely, we consider the problem of determining all the pairs
(p, q) for which the L p − Lq estimate holds (or a suitable Lorentz norm substitute at
the endpoint, where the L p−Lq estimate fails) for the extension operator associated to

γ (t) = (t, t2
2! , . . . ,

td−1

(d−1)! , φ(t)), 0 ≤ t ≤ 1, with respect to the affine arclength mea-

sure. In particular, we are interested in the flat case, i.e. when φ(t) satisfies φ(d)(0) = 0
for all integers d ≥ 1. A prototypical example is given by φ(t) = e−1/t . The paper
(Bak et al., J. Aust. Math. Soc. 85:1–28, 2008) addressed precisely this problem. The
examples in Bak et al. (2008) are defined recursively in terms of an integral, and they
represent progressively flatter curves. Although these include arbitrarily flat curves,
it is not clear if they cover, for instance, the prototypical case φ(t) = e−1/t . We will
show that the desired estimate does hold for that example and indeed for a class of
examples satisfying some hypotheses involving a log-concavity condition.
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1 Introduction

Let d ≥ 2. Let γ : I → R
d be a Cd curve defined on an interval I . The restriction of

the Fourier transform of f to γ is given by

f̂ (γ (t)) =
∫
Rd

e−i〈x,γ (t)〉 f (x)dx
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for Schwartz functions f ∈ S(Rd). We are interested in the L p − Lq estimate of the
restriction of the Fourier transform:

(∫
I

∣∣ f̂ (γ (t))
∣∣q dt

)1/q

≤ C‖ f ‖L p(Rd ), (1)

and for what p − q range the estimate holds. The trivial estimate is the L1 − L∞
estimate. The critical line for the p − q range is 1

q = d(d+1)
2

1
p′ , q > d2+d+2

d2+d
, where

p′ is the Hölder conjugate exponent of p. (See [1].)
We are also interested in the conditions on γ that allows the L p − Lq estimate

to hold on the critical line. The simplest case is γ (t) = (t, t2
2! , . . . ,

td
d! ). Zygmund

[18] and Hörmander [13] showed that (1) holds on the critical line for d = 2 and
Drury [11] showed the corresponding result for d ≥ 3. Christ [8] proved partial
results for more general curves, and Bak et al. [4] showed that the estimate (1) holds
if γ is nondegenerate. Now consider a curve of simple type of the form γ (t) =
(t, t2

2! , . . . ,
td−1

(d−1)! , φ(t)) where φ is a Cd function. In this case, (1) may fail if γ is
degenerate, unless we replace the Euclidean arclength measure by the affine arclength
measure. Let w(t) be a weight function defined by

w(t) = |τγ (t)| 2
d2+d

where τγ = det(γ ′ γ ′′ . . . γ (d)) is a torsion of γ . The affine arclength measure is
given by w(t)dt . Thus, we will replace the estimate (1) by

(∫
I

∣∣∣ f̂ (γ (t))
∣∣∣q w(t) dt

)1/q

≤ C‖ f ‖L p(Rd ). (2)

Furthermore, even though (2) fails at the endpoint p = q = d2+d+2
d2+d

, the restricted
strong type (p, q) may hold:

(∫
I

∣∣ f̂ (γ (t))
∣∣q w(t) dt

)1/q

≤ C‖ f ‖L p,1(Rd ). (3)

Bak et al. [3] showed that (2) holds for curves satisfying some conditions on the
critical line, and in [5], they showed the endpoint estimate (3) holds when φ is any
polynomial, where C = CN depends only on the upper bound N on the degree of the
polynomial. Also, Bak and Ham [2] showed the corresponding endpoint estimate for
certain complex curves γ (z) ∈ C

d of simple type. For more cases, see also [10], [16]
and [17].

In this paper, we extend the result in [3] to the endpoint estimate, i.e., (3) holds for
some curves that satisfy some hypotheses involving a certain log-concavity condition.
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Theorem 1.1 Suppose d ≥ 2. Let γ ∈ Cd(I ) be of the form

γ (t) =
(
t,
t2

2! , . . . ,
td−1

(d − 1)! , φ(t)

)

defined on I = (0, 1). Suppose that φ(d) is positive and increasing on I . Suppose that
there exists δ > 0 such that φ(d) is log-concave on (0, δ), i.e.,

φ(d)(λx1 + (1 − λ)x2) ≥ [φ(d)(x1)]λ[φ(d)(x2)]1−λ (4)

for all λ ∈ [0, 1] and x1, x2 ∈ (0, δ). Then, for pd = (d2 + d + 2)/(d2 + d), there is
a constant C < ∞, depending only on d, such that for all f ∈ L pd ,1(Rd),

(∫
I

∣∣ f̂ (γ (t))
∣∣pd w(t) dt

)1/pd
≤ C‖ f ‖L pd ,1(Rd ). (5)

The paper is organized as follows. In Sect. 2, we establish a lower bound for a
Jacobian related to an offspring curve. In Sect. 3, we collect some useful results on
interpolation spaces. Section 4 is devoted to the proof of Theorem 1.1. In Sect. 5, we
provide some relevant examples.

We will use the notation A � B to mean that A ≤ CB for some constant C
depending only on d. And A ≈ B means A � B and B � A.

2 A Lower Bound for a Certain Jacobian

In this section, we establish the lower bound for a certain Jacobian, which plays an
important role to prove Theorem 1.1. Before formulating this result, we introduce
some notation before presenting the crucial proposition needed to prove Theorem 1.1.

For d ≥ 2 and x = (x1, . . . , xd) ∈ R
d , let V (x) denote the determinant of the

Vandermonde matrix:

Vd(x) =
∏

1≤i< j≤d

(x j − xi ).

For 0 ≤ t = t1 ≤ · · · ≤ td , let hi = ti − t1. Then, 0 = h1 ≤ · · · ≤ hd and ti = t + hi .
Also, define

v(h) = Vd(h) =
∏

1≤i< j≤d

(h j − hi ).

If γ : [0, 1] → R
d and if 0 < t < 1 − hd , define

�(t, h) =
d∑

i=1

γ (t + hi ),
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which is called an offspring curve of γ for each fixed h. Let Jφ(t, h) be the Jacobian
determinant of �:

Jφ(t, h) = det

(
∂�

∂t
,

∂�

∂h1
, . . . ,

∂�

∂hd

)
.

Now we formulate the following proposition, which provides the lower bound of
Jacobian of the offspring curve. (See also Proposition 2.1 in [3] and Proposition 3.5
in [9].)

Proposition 2.1 Let Jφ(t, h) be defined as above, where

γ (t) = (t, t2
2! , . . . ,

td−1

(d−1)! , φ(t)) satisfies the condition in Theorem 1.1. Then, for t ∈
[0, δ), h ∈ (0, δ)d−1, and t + hd < δ,

Jφ(t, h) ≥ Cd v(h)

[ d∏
i=1

φ(d)(t + hd)

]1/d
(6)

for some constant Cd which depends only on d.

Before embarking on the proof of Proposition 2.1, we need some definitions and
lemmas from [3].

Lemma 2.2 (Lemma 2.2 in [3]) Fix λ ∈ (0, 1). Define some intervals (ai , bi ) by

ai < bi f or i = 1, . . . , N and bi ≤ ai+1 f or i = 1, . . . , N − 1.

Suppose also that for m = 1, . . . , M, and for s ∈ R
N , vm(s) is a function having one

of the three following forms:

vm(s) =

⎧⎪⎨
⎪⎩
s j − si for some 1 ≤ i < j ≤ N ,

di − si for some d j ≥ b j ,

si − ci for some c j ≤ a j .

Suppose that λn ∈ (0, 1) and λn ≤ λ for n = 1, . . . , N. Let RN (a, b, λ) be the
region of all s = (s1, . . . , sN ) ∈ R

N satisfying (1 − λn)an + λnbn ≤ sn ≤ bn for
n = 1, . . . , N. Then

∫
RN (a,b,λ)

M∏
m=1

vm(s) dsN . . . ds1 ≥ C(M, λ)N
∫ b1

a1
. . .

∫ bN

aN

M∏
m=1

vm(s) dsN . . . ds1.

(7)

Now, we define a function ζd(t; h) recursively:

ζ2(t; h2) = χ[0,h2](t) (8)
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For d ≥ 3 and t ≤ hd , define

Rd−1(t, h) = {x ∈ R
d−1 : 0 ≤ x1 ≤ min(t, h2),

hi ≤ xi ≤ hi+1, i = 2, . . . , d − 2

max(t, hd−1) ≤ xd−1 ≤ hd},
(9)

and define

ζd(t; h) =
∫
Rd−1(t,h)

ζd−1(t − u1; u2, . . . , ud−1) du1 . . . dud−1 (10)

if t ≤ hd , and ζd(t; h) = 0 if t > hd .
Consider a function J̃ dφ (s) : Rd → R defined by

J̃ dφ (s) = det(γ ′(s1) . . . γ ′(sd)). (11)

Notice that γ ′(si ) = (1, si , . . . , (si )d−2/(d − 2)!, φ′(si )).
Observe that by simple calculation,

J̃ dφ (t, t + h2, . . . , t + hd) = Jφ(t, h).

Lemma 2.3 (Lemma 2.3 in [3]) Let ζd and J̃ dφ (t) be defined by (8), (10), and (11) with
s1 ≤ · · · ≤ sd . Then

J̃ dφ (s) =
∫ sd

s1
ζd(u − s1; s2 − s1, . . . , sd − sd−1)φ

(d)(u) du.

Lemma 2.4 Suppose that φ(d) is log-concave on (0, δ) and 0 = h1 ≤ h2 ≤ · · · ≤ hd .
Then,

[ d∏
i=1

φ(d)(t + hi )

]1/d
≤ φ(d)(Hd(t, h)) (12)

where t + hi ∈ (0, δ) for i = 1, . . . , d and Hd(t, h) = 1
d

∑d
i=1(t + hi ) ∈ [t, t + hd ].

Proof Let β(t) = − log[φ(d)(t)]. Then, β is convex on (0, δ). Therefore, by Jensen’s
inequality,

1

d

d∑
i=1

β(ti ) ≥ β

(
1

d

d∑
i=1

ti

)

where ti ∈ (0, δ) for i = 1, . . . , d. It follows that

exp

[
1

d

d∑
i=1

β(ti )

]
≥ exp

[
β

(
1

d

d∑
i=1

ti

)]
,
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which implies

d∏
i=1

[
exp

(
β(ti )

)]1/d
≥ exp

[
β

(
1

d

d∑
i=1

ti

)]
.

Namely,

d∏
i=1

[
exp

(
− log[φ(d)(ti )]

)]1/d
≥ exp

(
− log

[
φ(d)

(
1

d

d∑
i=1

ti

)])
,

which implies

d∏
i=1

[φ(d)(ti )]1/d ≤ φ(d)

(
1

d

d∑
i=1

ti

)
.

If we put t1 = t and ti = t + hi , we get

[ d∏
i=1

φ(d)(t + hi )

]1/d
≤ φ(d)(Hd(t, h)).

�
Proof of Proposition 2.1 We adapt the proof of Proposition 2.1 in [3].
Wewill use both notations ti and t+hi , where ti = t+hi for 0 = h1 ≤ h2 ≤ · · · ≤ hd .

Jφ(t, h) = J̃ dφ (t, t + h2, . . . , t + hd)

=
∫ t+hd

t
ζd(u − t; h) φ(d)(u) du

≥
∫ t+hd

Hd (t,h)

ζd(u − t; h) φ(d)(u) du.

The equality follows from Lemma 2.3 and the inequality follows from nonnegativ-
ity. Since φ(d) is increasing,

Jφ(t, h) ≥ φ(d)(Hd(t, h))

∫ t+hd

Hd (t,h)

ζd(u − t; h) du. (13)

We will show that

∫ t+hd

Hd (t,h)

ζd(u − t; h) du ≥ cd v(h). (14)
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To show (14), we will use induction on d ≥ 2.
It is easy to verify for the case d = 2 that the (14) holds with cd = 1/2. Suppose that
(14) holds for d − 1 ≥ 2. Consider a function π such that

π(d)(u) = χ{u≥t̄}(u)

where t̄ = 1
d (t1 + · · · + td). Observe that

∂t1 . . . ∂td−1 J̃
d
φ (t1, . . . , td) = (−1)d+1 det(γ ′′(t1) . . . γ ′′(td−1))

= (−1)d+1 J̃ d−1
φ′ (t1, . . . , td−1).

Since J̃ dφ (t) = 0 if ti = ti+1, we get

J̃ dφ (t1, . . . , td)

= (−1)d−1
∫ t2

t1
. . .

∫ td

td−1

∂s1 . . . ∂sd−1 J̃
d
φ (s1, . . . , sd−1, td) dsd−1 . . . ds1

=
∫ t2

t1
. . .

∫ td

td−1

J̃ d−1
φ′ (s1, . . . , sd−1) dsd−1 . . . ds1. (15)

By applying (15) and Lemma 2.3, we get

∫ t+hd

Hd (t,h)

ζd(u − t; h) du = J̃ dπ (t1, . . . , td)

=
∫ t2

t1
. . .

∫ td

td−1

∫ sd−1

s1
χ{u≥t̄}(u)

× ζd−1(u − s1; s2 − s1, . . . , sd−1 − sd−2) du dsd−1 . . . ds1.

Let λi = d−i
d . Note that if si ≥ λi ti + (1− λi )ti+1, then s̄ = 1

d−1 (s1 + · · · + sd−1) ≥
1
d (t1 + · · · + td) = t̄, so χ{u≥t̄}(u) ≥ χ{u≥s̄}(u). Therefore,

∫ t+hd

Hd (t,h)

ζd(u − t; h) du

≥
∫ t2

λ1t1+(1−λ1)t2
. . .

∫ td

λd−1td−1+(1−λd−1)td

∫ sd−1

s1
χ{u≥s̄}(u)

× ζd−1(u − s1; s2 − s1, . . . , sd−1 − sd−2) du dsd−1 . . . ds1. (16)

By the induction hypotheses, we get the inequality

∫ sd−1

s1
χ{u≥s̄}(u)ζd−1(u − s1; s2 − s1, . . . , sd−1 − sd−2) du

≥ cd−1Vd−1(s1, . . . , sd−1). (17)
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By (16) and (17), we have

∫ t+hd

Hd (t,h)

ζd(u − t; h) du

≥ cd−1

∫ t2

λ1t1+(1−λ1)t2
. . .

∫ td

λd−1td−1+(1−λd−1)td
Vd−1(s1, . . . , sd−1) ds1 . . . dsd−1.

Using the fact that Vd−1 is of the form
∏

vm(t) in Lemma 2.2, and

Vd(t1, . . . , td) = (d − 1)!
∫ t2

t1
. . .

∫ td

td−1

Vd−1(s1, . . . , sd−1) dsd−1 . . . ds1,

we get the inequality (14) (see [3, p. 9]). If we apply (12) and (14) to (13), we obtain
(6). �

3 Preliminaries on Interpolation Space

In this section, we provide some definitions and lemmas established in [5], which are
needed to prove Theorem 1.1. Let X̄ = (X0, X1) be a compatible couple of quasi-
normed spaces X0 and X1, i.e., both X0 and X1 are continuously embedded in the
same topological vector space.We can define both the K -functional on X0+X1, given
by

K ( f , t, X̄) = inf
f = f0+ f1

(‖ f0‖X0 + t‖ f1‖X1),

and the J -functional on X0 ∩ X1, given by

J ( f , t, X̄) = max(‖ f ‖X0 , t‖ f ‖X1).

For 0 < θ < 1, let the interpolation space X̄θ,q be a subspace of X0 + X1, where

‖ f ‖X̄θ,q
=

⎧⎪⎪⎨
⎪⎪⎩

( ∑
n∈Z

[2−nθK ( f , 2n, X̄)]q
)1/q

1 ≤ q < ∞,

sup
n∈Z

2−nθK ( f , 2n, X̄) q = ∞

is finite. Then, X0 ∩ X1 is dense in X̄θ,q when 1 ≤ q < ∞, so we can give an
equivalent norm ‖ · ‖X̄θ,q;J on X̄θ,q by

‖ f ‖X̄θ,q;J = inf

(∑
n∈Z

[2−nθ J ( fn, 2
n, X̄)]q

)1/q

,
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where the infimum is taken over f = ∑
fn and fn ∈ X0 ∩ X1, with convergence

in X0 + X1. Note that ‖ · ‖X̄θ,q
and ‖ · ‖X̄θ,q;J are equivalent when 0 < θ < 1. (For

details, see Theorem 3.11.3 in [6].)
To present some lemmas, we introduce some definitions. Let 0 < r ≤ 1. For a

quasi-normed space X, its norm is called r − convex if there exists a constant C > 0
such that

∥∥∥
n∑

i=1

xi
∥∥∥
X

≤ C

(
n∑

i=1

‖xi‖rX
)1/r

for any finite xi ∈ X . Kalton [14] and Stein et al. [15] showed that the Lorentz space
Lr ,∞ is r − convex for 0 < r < 1.
For a quasi-normed space X, let �

p
s (X) be a sequence space whose element { fn} is

X-valued and satisfies

(∑
n∈Z

2nsp‖ fn‖p
X

)1/p

< ∞.

We can also define a function space bp
s (X; dw), where w is a weight function and X

is Lorentz space on an interval I , such that f ∈ bp
s (X; dw) implies {χWw,n f }n∈Z ∈

�
p
s (X), i.e.,

‖ f ‖bps (X;dw) =
(∑
n∈Z

2nsp‖χWw,n f ‖p
X

)1/p

< ∞,

where Ww,n = {t ∈ I : 2n ≤ w(t) < 2n+1}.
Then, by definition, bp

1/p(L
p; dw) = L p(I ; dw).

Now, we state some lemmas that will be helpful in proving Theorem 1.1.

Lemma 3.1 (Lemma A.3 in [5]) Let 0 < r ≤ 1 and V be an r − convex space. For
i = 1, . . . , n, let

X̄ i = (Xi
0, X

i
1)

be couples of compatible quasi-normed spaces and let M be an n-linear operator
defined on

∏n
i=1(X

i
0 ∩ Xi

1) with values in V. Suppose that

‖M( f1, . . . , fn)‖V ≤
n∏

i=1

‖ fi‖1−θi

Xi
0

‖ fi‖θi

Xi
1
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for 0 < θi < 1 for all i . Then there is C > 0 such that for all ( f1, . . . , fn) ∈∏n
i=1(X

i
0 ∩ Xi

1),

‖M( f1, . . . , fn)‖V ≤
n∏

i=1

‖ fi‖X̄ i
θi ,r

and M extends to a bounded operator on
∏n

i=1 X̄
i
θi ,r

.

Lemma 3.2 (Theorem 1.3 in [5]) For i = 1, . . . , n and c1, . . . , cn ∈ R, c1 �= ci for
i = 2, . . . , n. Let 0 < r ≤ 1, and X̄ = (X0, X1) be a couple of compatible complete
quasi-normed spaces. Let V be an r − convex space andM be an n-linear operator
defined on X0 + X1 and w be a weight function. Suppose

‖M[ f1, . . . , fn]‖V ≤ ‖ f1‖brc1 (X1;dw)

n∏
i=2

‖ fi‖brci (X0;dw).

Then,

‖M[ f1, . . . , fn]‖V �
n∏

i=1

‖ fi‖bnrc
(
X̄ 1

n ,nr
;dw
)

where c = 1
n

∑n
i=1 ci .

Lemma 3.3 (Lemma A.4 in [5]) Let 0 < p ≤ ∞, s0, s1 ∈ R, and 0 < θ < 1. Let
(X0, X1) be a compatible couple of quasi-normed spaces. If p ≤ q ≤ ∞, then there
is the continuous embedding

�
p
s ((X0, X1)θ,q) ↪→ (�

p
s0(X0), �

p
s1(X1))θ,q

for s = (1 − θ)s0 + θs1.

In fact, bp
s (X) is a retract of l ps (X). Define r : l ps (X) → bp

s (X) by r({ fn}) =∑
n∈ZWw,n fn and i : bp

s (X) → l ps (X) by [i( f )]n = Ww,n f . Then, r ◦ i is the
identity operator on bp

s (X). Therefore, Lemma 3.3 implies that there is the continuous
embedding

bp
s ((X0, X1)θ,q) ↪→ (bp

s0(X0), b
p
s1(X1))θ,q

under the hypotheses of Lemma 3.3.

4 Proof of Theorem 1.1

The interval I = (0, 1) can be decomposed into (0, δ) ∪ [δ, 1). Since φ(d) is positive
and increasing on I , γ (t) is nondegenerate if t ∈ [δ, 1) for any 0 < δ < 1. Then,
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by Theorem 1.4 in [4], Theorem 1.1 holds on [δ, 1). Therefore, it is enough to show
that Theorem 1.1 holds on (0, δ), if γ satisfies the log-concavity property (4) for some
δ > 0 and φ(d) is positive and increasing on (0, δ). Let qd = p′

d = d2+d+2
2 and

I = (0, δ).

Definition 4.1 Let C be a class of γ (t), defined on I , given by γ (t)

= (t, t2
2! , . . . ,

td−1

(d−1)! , φ(t)), for which φ ∈ Cd(I ), and φ(d) is positive, increasing
and log-concave on I .

Consider the adjoint operator Tw given by

Twg(x) =
∫
I
e−i〈x,γ (t)〉g(t)w(t) dt,

and define C by

C = sup
γ∈C

sup
‖g‖Lqd (I ;dw)≤1

‖Twg‖∗∗
Lqd ,∞ (18)

where ‖ f ‖∗∗
Lqd ,∞ = supt>0 t

1/qd f ∗∗(t) with f ∗∗ is the maximal function of nonin-
creasing rearrangment of f .

The proof is an adaptation of the Proof of Theorem 4.2 in [5]. We will prove
an L2-estimate and an (Lqd , Lqd ,∞)-estimate for some d-linear operator M which
will be constructed from Tw, and using a technique introduced in [7] with these two
estimates, we will get a suitable estimate for the Lqd/d,∞ norm of M. Then, we can
get an estimate for a multi-linear operator M̃ using Lemmas 3.1–3.3 and we can show
that C is bounded by some constant depending only on d.

Define a d-linear operator M by

M[g1, . . . , gd ](x) =
d∏

i=1

Twgi (x)

=
∫
I d
e
−i

〈
x,

d∑
i=1

γ (ti )

〉
d∏

i=1

[gi (ti )w(ti )] dt1 . . . dtd .

Let I d =⋃ Eπ where

Eπ = {(t1, . . . , td) ∈ I d : tπ(1) ≤ · · · ≤ tπ(d)}

and π is the permutation on d. Then, without loss of generality, we can assume
t1 ≤ · · · ≤ td so that the operator M is defined on E = E1 := {(t1, . . . , td) ∈ I d :
t1 ≤ · · · ≤ td}. Therefore, redefine the operator M by

M[g1, . . . , gd ](x) =
∫
E
e−i〈x,�(t,h)〉G(t, h)W (t, h) dtdh
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whereG(t, h) =∏d
i=1 gi (t+hi ),W (t, h) =∏d

i=1 w(t+hi ), h ∈ I d−1, and t+hd <

δ. Divide E into Fk, k ∈ Z, where

Fk = {(t, t + h2, . . . , t + hd) ∈ E : 2−(k+1) < v(h) ≤ 2−k},

and define

Mk[g1, . . . , gd ](x) =
∫
Fk
e−i〈x,�(t,h)〉G(t, h)W (t, h) dtdh. (19)

We will obtain an upper bound forMk .
L2 − estimate By the change of variables �(t, h) → y, Plancherel’s theorem,

and the change of variables y → �(t, h), we get

‖Mk[g1, . . . , gd ]‖22 �
∫
Fk

|G(t, h)W (t, h)|2 Jφ(t, h)−1 dtdh.

Observe that Jφ(t, h) is nonzero on Fk . Then, by [9], the change of variables�(t, h) →
y is at most d!-to-one, so we can use the change of variables without any problem.

Since � ∈ C, Proposition 2.1 holds, so we get the inequality

Jφ(t, h) ≥ Cd v(h)

[ d∏
i=1

φ(d)(t + hd)

]1/d
(20)

for some Cd > 0, which depends only on d. By (20) and the definition of w, we get

‖Mk[g1, . . . , gd ]‖22 �
∫
Fk

|G(t, h)W (t, h)|2v(h)−1W (t, h)(d+1)/2 dt dh.

It is known (Lemma 1 of [12]) that the sublevel set estimate for v(h) is

|{h ∈ R
d−1 : v(h) ≤ c}| � c2/d .

Taking c = 2−k , we get

‖Mk[g1, . . . , gd ]‖22 � 2k
d−2
d

∫
Fk

|G(t, h)[W (t, h)] (3−d)
4 |2 dt dh. (21)

Also, we can get the following inequality,

[ ∫
Fk

|G(t, h)[W (t, h)] (3−d)
4 |2 dtdh

]1/2
≤ ‖g jw

3−d
4 ‖2

∏
i �= j

‖giw 3−d
4 ‖∞
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for any j = 1, . . . , d. Complex interpolation and (21) lead to

‖Mk[g1, . . . , gd ]‖2 � 2k
d−2
2d

d∏
i=1

‖giw 3−d
4 ‖ri

with
∑d

i=1 r
−1
i = 1

2 . Finally, putting ri = 2d, we obtain

‖Mk[g1, . . . , gd ]‖2 � 2k
d−2
2d

d∏
i=1

‖giw 3−d
4 ‖2d . (22)

(Lqd ,Lqd,∞) − estimate Fix h and let Ih = (0, δ−hd). Observe that�(·, h) ∈ C.
Then,

∥∥∥∥
∫
Ih
e−i〈·,�h(t)〉g(t)w�(t) dt

∥∥∥∥
Lqd ,∞

≤ C‖g‖Lqd (Ih;dw)

with w�(t) = |τ�(t)| 2
d2+d . Furthermore, observe that if wε(t) ≤ w(t), then we can

write wε(t) = ε(t)w(t) with 0 ≤ ε ≤ 1 and

∥∥∥∥
∫
Ih
e−i〈·,γ (t)〉g(t)wε(t) dt

∥∥∥∥
Lqd ,∞

=
∥∥∥∥
∫
Ih
e−i〈·,γ (t)〉g(t)ε(t)w(t) dt

∥∥∥∥
Lqd ,∞

� C
[ ∫

Ih
|g(t)ε(t)|qdw(t) dt

]1/qd

≤ C
[ ∫

Ih
|g(t)|qd ε(t)w(t) dt

]1/qd

= C
[ ∫

Ih
|g(t)|qdwε(t) dt

]1/qd
. (23)

Also, for
∑d

i=1 εi = 1, letwε,h(t) =∏d
i=1 w(t +hi )εi . Then, by the positivity of φ(d)

and Jensen’s inequality for a convex function − log,

− log

(
d∑

i=1

φ(d)(t + hi )

)
≤ − log

(∑
εiφ

(d)(t + hi )∑
εi

)

≤
d∑

i=1

εi

(
− log(φ(d)(t + hi ))

)

= − log

( d∏
i=1

φ(d)(t + hi )
εi

)
, (24)

so we get wε,h ≤ w� .
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By (23) and (24), we get

∥∥∥∥
∫
Ih
e−i〈·,�h(t)〉g(t)wε,h(t) dt

∥∥∥∥
Lqd ,∞

� C
[ ∫

Ih
|g(t)|qdwε,h(t) dt

]1/qd
.

If we put G(t, h)
W (t, h)

wε,h(t)
instead of g(t), then

∥∥∥∥
∫
Ih
e−i〈·,�h(t)〉G(t, h)W (t, h) dt

∥∥∥∥
Lqd ,∞

� C
[ ∫

Ih

∣∣∣∣∣G(t, h)
W (t, h)

wε,h(t)

∣∣∣∣∣
qd

wε,h(t) dt

]1/qd
.

(25)

So we have

∥∥∥∥Mk[g1, . . . , gd ]
∥∥∥∥
Lqd ,∞

=
∥∥∥∥
∫
Fk
e−i〈x,�(t,h)〉G(t, h)W (t, h) dtdh

∥∥∥∥
Lqd ,∞

≤
∫
H

∥∥∥∥
∫
Ih
e−i〈x,�(t,h)〉G(t, h)W (t, h) dt

∥∥∥∥
Lqd ,∞

dh

� C
∫
H

[ ∫
Ih

∥∥∥∥G(t, h)
W (t, h)

wε,h(t)

∣∣∣∣
qd

wε,h(t) dt

]1/qd
dh

where H = {(h1, . . . , hd) ∈ I d : 0 = h1 ≤ h2 · · · ≤ hd , 2−(k+1) < v(h) ≤ 2−k}
and the last expression is bounded by

C
∫
H

[ ∫
Ih

∣∣∣∣g1(t)w(t)
1− εi

pd

d∏
i=2

gi (t + hd)w(t + hd)
1− εi

pd

∣∣∣∣
qd

dt

]1/qd
dh

where p′
d = qd . Since H is a subset of Fk , the sublevel set estimate of v(h) gives

|H | � 2−2k/d . Since q ′
d = pd , we get

∥∥∥∥Mk[g1, . . . , gd ]
∥∥∥∥
Lqd ,∞

� C
∫
H

[ ∫
Ih

∣∣∣∣g1(t)w(t)
1− ε1

pd

∣∣∣∣
qd
dt

]1/qd

×
d∏

i=2

‖gi (· + hd)w(· + hd)
1− εi

pd ‖∞ dh

� 2−2k/dC‖g1w1− ε1
pd ‖qd

d∏
i=2

‖giw1− εi
pd ‖∞.
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By symmetry,

∥∥∥∥Mk[g1, . . . , gd ]
∥∥∥∥
Lqd ,∞

� 2−2k/dC
d∏

i=1

‖giw1− εi
pd ‖si (26)

where
∑d

i=1 εi = 1 and
∑d

i=1
1

si
= 1

qd
.

Estimate on the Lqd/d,∞ norm of M Fix y > 0 and define Gy = {x :
|M[g1, . . . , gd ](x)| > 2y}. Then, for any constant K ,

|Gy | ≤ y−2
∥∥∥∥
∑
2k≤K

Mk[g1, . . . , gd ]
∥∥∥∥
2

2
+ y−qd

∥∥∥∥
∑
2k>K

Mk[g1, . . . , gd ]
∥∥∥∥
qd

qd ,∞
.

By (22) and (26), we obtain

|Gy | � y−2K (d−2)/d
d∏

i=1

‖giw 3−d
4 ‖22d + y−qd K−2qd/dCqd

d∏
i=1

‖giw1− εi
pd ‖qdsi .

If we choose K appropriately so that

y−2K (d−2)/d
d∏

i=1

‖giw 3−d
4 ‖22d = y−qd K−2qd/dCqd

d∏
i=1

‖giw1− εi
pd ‖qdsi ,

which means

K
d−2+2qd

d = y2−qdCqd
d∏

i=1

‖giw1− εi
pd ‖qdsi

d∏
i=1

‖giw 3−d
4 ‖−2

2d ,

then we obtain

y|Gy |
d−2+2qd
(d+2)qd � C d−2

d+2

d∏
i=1

‖giw 3−d
4 ‖

4
d+2
2d

d∏
i=1

‖giw1− εi
pd ‖

d−2
d+2
si .

Since d−2+2qd
(d+2)qd

= d
qd
, we get

‖M[g1, . . . , gd ]‖ qd
d ,∞ � C d−2

d+2

d∏
i=1

‖giw 3−d
4 ‖

4
d+2
2d

d∏
i=1

‖giw1− εi
pd ‖

d−2
d+2
si

= C d−2
d+2

d∏
i=1

‖giw 3−d
4 ‖

4
d+2
2d

d∏
i=1

‖giw1− εi
pd ‖

d−2
d+2
si .
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Observe that ‖giw 3−d
4 ‖2d ≈∑k∈Z 2k

3−d
4 ‖χWw,k gi‖2d and

‖giw1− εi
pd ‖si ≈∑k∈Z 2

k(1− εi
pd

)‖χWw,k gi‖si , so we can write

‖M[g1, . . . , gd ]‖ qd
d ,∞ � C d−2

d+2

d∏
i=1

‖gi‖
4

d+2

b13−d
4

(L2d ;dw)

d∏
i=1

‖gi‖
d−2
d+2

b1
1− εi

pd

(Lsi ;dw)
. (27)

Then, by Lemma 3.1 and (27),

‖M[g1, . . . , gd ]‖ qd
d ,∞ � C d−2

d+2

d∏
i=1

‖gi‖X̄ i
d−2
d+2 ,1

(28)

where X̄ i
d−2
d+2 ,1

= (b13−d
4

(L2d; dw), b1
1− εi

pd

(Lsi ; dw)
)
d−2
d+2 ,1.

Also, we can find the continuous embedding

b1 4
d+2

3−d
4 + d−2

d+2 (1− εi
pd

)

(
(L2d , Lsi ) d−2

d+2 ,1; dw

)

↪→
(
b13−d

4
(L2d; dw), b1

1− εi
pd

(Lsi ; dw)

)
d−2
d+2 ,1

by Lemma 3.3 with bp
s instead of l ps . Therefore, if we define

ai = 3 − d

d + 2
+ d − 2

d + 2

(
1 − εi

pd

)

and

1

bi
= 4

d + 2
· 1

2d
+ d − 2

d + 2
· 1

si
,

we get (L2d , Lsi ) d−2
d+2 ,1 = Lbi ,1 and

‖M[g1, . . . , gd ]‖ qd
d ,∞ � C d−2

d+2

d∏
i=1

‖gi‖b1ai (Lbi ,1;dw), (29)

where
∑d

i=1 ai =∑d
i=1

1

bi
= d

qd
.

Now, define a multi-linear operator M̃ by

M̃[g1, . . . , gn] =
n∏

i=1

Twgi (x).
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for n > qd . Let r = qd
n < 1. Then, as we stated in Sect. 4, Lr ,∞ is an r − convex

space. We may write

M̃[g1, . . . , gn] = M[g1, . . . , gd ]
n∏

i=d+1

Twgi (x)

and by Hölder’s inequality, it follows

‖M̃[g1, . . . , gn]‖Lr ,∞ � ‖M[g1, . . . , gd ]‖Lqd /d,∞
n∏

i=d+1

‖Twgi (x)‖Lqd ,∞ . (30)

Observe that if we put gi = g and ai = 1
bi

= 1
qd

for all i = 1, . . . , d in (29), we get

‖Twg‖Lqd ,∞ � C
d−2

d2+2d ‖g‖b11/qd (Lqd ,1;dw). (31)

By applying (29) and (31) to (30), and by using the generalized geometric means
inequality, we get

‖M̃[g1, . . . , gn]‖Lr ,∞

� C d−2
d+2

d∏
i=1

‖gi‖b1ai (Lbi ,1;dw)

n∏
i=d+1

C
d−2

d2+2d ‖gi‖b11/qd (Lqd ,1;dw)

= C
d−2
d+2+ d−2

d2+2d
(n−d)‖g1‖b1a1 (Lb1,1;dw)‖g2‖b1a2 (Lb2,1;dw)

×
d∏

i=3

‖gi‖b1ai (Lbi ,1;dw)

n∏
i=d+1

‖gi‖b11/qd (Lqd ,1;dw)

� C
(d−2)n
d2+2d ‖g1‖b1a1 (Lb1,1;dw)‖g2‖b1a2 (Lb2,1;dw)

×
n∏

i=3

‖gi‖
d−2
n−2

b1ai (L
bi ,1;dw)

‖gi‖
n−d
n−2

b11/qd
(Lqd ,1;dw)

, (32)

where
∑d

i=1 ai =∑d
i=1

1

bi
= d

qd
.

We will choose ai and bi appropriately to get a upper bound of M̃. Recall that ai
depends on εi and bi depends on si . Let η > 0 be small enough and let

1

si
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1

dqd
− η(d + 2)

n − 1

n − 2
, i = 1,

1

dqd
+ η

d + 2

n − 2
, i = 2,

1

dqd
+ η

d + 2

d − 2
, 3 ≤ i ≤ d.
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Then,

1

bi
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1

qd
− η(d − 2)

n − 1

n − 2
, i = 1,

1

qd
+ η

d − 2

n − 2
, i = 2,

1

qd
+ η, 3 ≤ i ≤ d

and it is easy to check that
∑d

i=1
1

bi
= d

qd
. Moreover, we get

1

b2
= d − 2

n − 2

1

b3
+ n − d

n − 2

1

qd
.

Therefore, applying Lemma 3.1 in (32) allows us to get

‖M̃[g1, . . . , gn]‖Lr ,∞ � C
(d−2)n
d2+2d ‖g1‖b1a1 (Lb1,1;dw)‖g2‖b1a2 (Lb2,1;dw)

×
n∏

i=3

‖gi‖Ȳ n−d
n−2 ,1

where Ȳ n−d
n−2 ,1 = (

b1a3(L
b3,1; dw), b11/qd (L

qd ,1; dw)
)
n−d
n−2 ,1. By Lemma 3.3, there is a

continuous embedding

b1c3

(
(Lb3,1, Lqd ,1) n−d

n−2 ,1; dw

)
= b1c3(L

b2,1; dw) ↪→ Ȳ n−d
n−2 ,1

where c3 = d − 2

n − 2
a3 + n − d

n − 2

1

qd
. We put c1 = a1 and c2 = a2 and choose ε1, ε2, and

ε3 properly so that c1, c2, and c3 are all different. Then,

‖M̃[g1, . . . , gn]‖Lr ,∞ � C
(d−2)n
d2+2d ‖g1‖b1c1 (Lb1,1;dw)‖g2‖b1c2 (Lb2,1;dw)

×
n∏

i=3

‖gi‖b1c3 (Lb2,1;dw)

� C
(d−2)n
d2+2d ‖g1‖brc1 (Lb1,r ;dw)‖g2‖brc2 (Lb2,r ;dw)

×
n∏

i=3

‖gi‖brc3 (Lb2,r ;dw).
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Note that the last inequality comes from the trivial embedding. If we apply Lemma
3.2 to the last expression, we get

‖M̃[g1, . . . , gn]‖Lr ,∞ � C
(d−2)n
d2+2d

n∏
i=1

‖gi‖bnrc (Z̄ 1
n ,nr

;dw)

where c = 1
n

∑n
i=1 ci and Z̄ 1

n ,nr = (Lb2,r , Lb1,r ) 1
n ,nr .

By simple calculation, we get c = 1
qd

and

Z̄ 1
n ,nr = (Lb2,r , Lb1,r ) 1

n ,nr = Lqd ,

since 1
n

1
b1

+ n−1
n

1
b2

= 1
qd
. Therefore, bnrc

(
Z̄ 1

n ,nr ; dw
) = bqd1/qd (L

qd ; dw) = Lqd (dw)

and we obtain

‖M̃[g1, . . . , gn]‖Lr ,∞ � C
(d−2)n
d2+2d

n∏
i=1

‖gi‖Lqd (dw).

If we put g = gi for all i = 1, . . . , n, we get

‖M̃[g1, . . . , gn]‖Lr ,∞ ≈ ‖Twg‖nLqd ,∞ � C
(d−2)n
d2+2d ‖g‖nLqd (dw).

By the definition (18) of C, this leads to C
(d−2)
d2+2d � C, which implies that C is bounded

by some constant depending only on d.
�

5 Some Examples

Now we provide some examples that satisfy the hypotheses of Theorem 1.1. For a
given function φ(d) : (0, δ) → R

+, define ψ : (δ−1,∞) → R by ψ(x) = 1
φ(d)(1/x)

. If

ψ is log-convex, then φ(d) is log-concave. The proof is as follows. If we assume that
ψ is log-convex,

ψ(λx1 + (1 − λ)x2) ≤ [ψ(x1)]λ[ψ(x2)]1−λ.

It follows that

ψ(λ/t1 + (1 − λ)/t2)
−1 ≥ [φ(d)(t1)]λ[φ(d)(t2)]1−λ

where t1 = 1/x1 and t2 = 1/x2. Since function 1/x is convex and ψ−1 is decreasing
on (0,∞), we have

φ(d)(λt1 + (1 − λ)t2) ≥ [φ(d)(t1)]λ[φ(d)(t2)]1−λ
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so φ(d) is log-concave. Therefore, if ψ(x) = ψφ(d) (x) = 1
φ(d)(1/x)

is positive, increas-

ing, and log-convex on (δ−1,∞), then φ(d) satisfies the hypotheses of Theorem 1.1.
Also, for following examples, proving ψ is log-convex is easier than proving φ(d) is
log-concave, so we will give a proof that ψ is positive, increasing, and log-convex.

1. Let φ(t) = e−1/t and t ∈ (0, δ), where δ will be chosen later. Then,

φ(d)(t) = e−1/t
(
a1,d
td+1 + · · · + ad,d

t2d

)

where

ai,d =

⎧⎪⎨
⎪⎩

(−1)d+1d! i = 1

ai−1,d−1 − (d + i − 1)ai,d−1 1 < i < d

1 i = d

.

Then, ψφ(d) (x) = ex
(∑d

i=1 ai,d x
d+i
)−1. Let P(x) =∑d

i=1 ai,d x
d+i . The leading

coefficient of P , P ′, P ′′ are 1, 2d, 2d(2d − 1), respectively. Therefore, if we take δ

small enough, which means x large enough, then P > 0 and PP ′′ ≤ (P ′)2, which
implies that P is log-concave and P−1 is log-convex. So we can check that ψφ(d) (x)

is log-convex and ψφ(d) (x) is positive and increasing for x ∈ (δ−1,∞).

Likewise, for φ(t) = e−1/tm with m ∈ N,

ψφ(d) (x) = ex
m

⎛
⎝(d−1)m∑

i=0

ai x
m+d+i

⎞
⎠

−1

,

where the leading coefficient a(d−1)m = 1 and ai for i = 1, . . . , (d − 1)m − 1 is
determined by d andm. Therefore ψφ(d) (x) is log-convex, positive, and increasing for
x ∈ (δ−1,∞).

2. Let φ2(t) = exp(−e1/t ). Then,

φ
(d)
2 (t) = exp(−e1/t )

[
e1/t

Pd−1(t)

t2d
+ · · · + e(d−1)/t P1(t)

t2d
+ ed/t 1

t2d

]

where the Pi (t) are certain polynomials with degree ≤ i . Therefore,

ψ
φ

(d)
2

(x) = e−ex
[
ex P̃d−1(x) + · · · + e(d−1)x P̃1(x) + edx x2d

]−1

where degree of P̃i ≤ 2d. Let P(x) = ex P̃d−1(x) + · · · + e(d−1)x P̃1(x) + edx x2d . If
x is large enough, then P > 0 and PP ′′ ≤ (P ′)2. (For x large, P acts like edx x2d ).
Therefore, ψ

φ
(d)
2

(x) is log-convex, positive, and increasing if x is large enough.

Observe that (Likewise,) for φn(t) = exp(− exp(. . . (exp(1/t) . . .), ψ
φ

(d)
n

(x) satisfies
the log-convexity for x large enough too.
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