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Abstract

The Turén problem for an open ball of radius r centered at the origin in R? consists
in computing the supremum of the integrals of positive definite functions compactly
supported on that ball and taking the value 1 at the origin. Siegel proved, in the 1930s
that this supremum is equal to 2~¢ mutiplied by the Lebesgue measure of the ball and
is reached by a multiple of the self-convolution of the indicator function of the ball of
radius r /2. Several proofs of this result are known and, in this paper, we will provide
anew proof of it based on the notion of “dual Turdn problem”, a related maximization
problem involving positive definite distributions. We provide, in particular, an explicit
construction of the Fourier transform of a maximizer for the dual Turdn problem. This
approach to the problem provides a direct link between certain aspects of the theory of
frames in Fourier analysis and the Turdn problem. In particular, as an intermediary step
needed for our main result, we construct new families of Parseval frames, involving
Bessel functions, on the interval [0, 1].

Keywords Positive definite functions and distributions - Fourier frames - Bessel
functions

Mathematics Subject Classification 43A45 - 42C15

1 Introduction

Consider a symmetric open set U C R4 ie.0 € U and —x € U whenever x € U.
The Turdn problem associated with U consists in computing the supremum of the
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integrals |, y 1(x)dx, where h is a continuous, positive definite function with support
contained in U and satisfying #(0) = 1. The corresponding supremum is called the
Turdn constant of U. The name of the problem originates from a discussion between
Turdn and Steckin [24] in the 1970s, but, already in the 1930s, Siegel [23] had solved
the particular case of the problem where U is a ball, by showing that its Turdn constant
is2~4|U|, where |- | denotes the Lebes gue measure. If, in addition to being symmetric,
U is also assumed to be convex, there is a natural candidate for a maximizer for the
Turdn, namely the function

F=1VIT xv * qv, (1)

where V = % U = {x/2, x € U} and where g is defined by g(x) = g(—x) for any
function g on R?. Since the Fourier transform of f is f = V|7 gyl = 0, fis
positive definite and satisfies f(0) = 1. Note that f is not compactly supported in U,
but it is a limit of positive definite, compactly supported functions in U with value 1 at
the origin (see Definition 1). A symmetric, convex open set U is called a Turdn domain
if its Turdn constant is 2~ |U| = |V| and if it is achieved by the function f defined
above. As far as we know, no example of symmetric, convex open set which is not a
Turdn domain is known. More recently, the Turdn problem has been investigated for
particular domains in RY [2,3, 12, 17] and also in the setting of other l.c.a. groups [13,
15, 16, 18, 21]. We refer the reader to Révész’s paper [21] for an historical perspective
on the Turdn problem and its extensions to various settings.

In this paper, we will be mostly interested in the problem where U is a ball. In
addition to the proof given by Siegel in [23], Gorbachev [12], as well as Kolountzakis
and Révész [17], provided alternate proofs for the case of the ball. Our main goal
in this paper is to provide yet a different proof for this result, which involves the
concept of “dual Turdn problem”. To define this last problem in the case of B(0, r),
the ball of radius r centered at 0 in RY, we need to consider the class of positive definite
distributions on R¥. Note that the distributional Fourier transform of a positive definite
distribution S in R¢, F(S), is a positive tempered measure x by the Bochner-Schwartz
theorem (see [22]). The dual Turdn problem consists then in maximizing the quantity
D(S) := n({0}), where u = F(S), over the collection of positive definite distributions
on RY equal to the Dirac mass 8o on B(0, r). It turns out that a maximizer for this
problem, 7, exists and we will give an explicit formula for its Fourier transform
F(T). If f; is the function given in (1) with V. = B(0,r/2), we will show that
the convolution equation f, s 7, = 1 holds on R?. This last equation essentially
characterizes maximizers for both the Turdn problem and its dual and Siegel’s result
will easily follow from it once we find the explicit form of F (7).

The paper is organized as follows. In Sect. 2, we define the notion of Turdn max-
imizer and that of dual Turdn maximizer for an arbitrary bounded symmetric open
subset of RY and discuss some of their properties. In Sect. 3, we make a connection
between the problem of constructing a dual Turdn maximizer for U and the problem
of constructing Parseval Fourier frames for the space L>(V) if U =V — V and V is
open. We specialize to the case where U is a ball centered at the origin in Sect. 4 and
find a possible candidate for a dual Turdn maximizer. Using spherical harmonics, we
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show that proving that our candidate is actually a Turdn maximizer is equivalent to
proving that certain collections of functions built using Bessel functions are Parseval
frames for some L2-spaces. This last result is proved in Sect. 5 and, in Sect. 6, we
prove in particular, that, for d > 2, the dual Turdn maximizer for the ball that we
constructed cannot be a locally bounded, complex measure on R?.

2 The Turan Problem and Its Dual
We will start by introducing some notations and some basic definitions and facts. If

h € L'(R?), the Lebesgue space of integrable functions on R, we define its Fourier
transform by the formula

Fh)E) = hE) = fd e 2T p(x)dx, £ eR9.
R

This definition can be extended to the whole space S’(R?) of tempered distributions
with the mapping F : S'(RY) — S’(R?) being bijective (see [22]). Recall that
a continuous function f : RY + C is positive definite (abbr. “p.d.”) if, for any
XlyovnyXm € RY and any &1, ..., &, € C, we have

Z fi—x)) &&= 0.
ij=1

Bochner’s theorem states that if f is a continuous p.d. function on R¢, then f can be
represented as the integral

ﬂm=fewﬁm@xer,
Rd

for some bounded, positive Borel measure ; on R? (i.e. f is the inverse Fourier
transform of the measure 1). Note that this implies, in particular, that

If] < £(0), xeRY
For the remaining part of this section, we will assume that U is an open symmetric
subset of R? and that U is bounded. We will denote by A(U) the collection of con-

tinuous p.d. functions on R? compactly supported in U and satisfying £(0) = 1. The
Turan problem for U consists thus in computing the number

Tra(U) :== sup / h(x)dx,
he A(U) JRY

which is called the Turdn constant of U.
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Definition 1 A continuous function f : R — C is called a Turdn maximizer for U
if fis p.d. with f(0) =1, fRd f(x)dx = Tpa(U) and there exists a sequence ( f},)
of functions in A(U) such that f, — f in S'(R%).

Note that the sequence ( f;;) in the previous definition satisfies
/ fu(x)dx — f f(x)dx = Tra(U),
R4 R4

by applying the convergence of the sequence (f,,) in S’(R?) to a test function identi-
cally equal to 1 on a neighborhood of U.

If V¢ RY is open, let Cg°(V) denote the space of complex valued, infinitely
differentiable functions defined on R? and compactly supported in V. Recall that a
distribution S on R? is called positive definite if, for every ¢ € Cce (R?), we have the
inequality

(S, p*x¢) >0.

A positive Borel measure on R? is called tempered if it defines a tempered distribution.
This will be the case if and only if

1
/Rd I+ ey M =
for some integer m > 0. By the Bochner-Schwartz theorem, a distribution on RY is
positive definite if and only if it is tempered and its distributional Fourier transform is
a positive tempered measure. (See [8, 20, 22] for more details.)
If S is a positive definite distribution on R9, we define the density of S to be the
number

1 dj2 —en||?
D(S) = lim, <S,e e >

e—0

Note that, if 7(S) = u > 0, we have

lim <S, e/ e—f”Hz) = lim [ e TEPEducE) = po)),
e—0t e—~>0t Jrd

using the Lebesgue dominated convergence theorem, showing that D(S) = w({0}).
We will denote by A(U) the collection of positive definite distributions on R¢ which
are equal to the Dirac mass at the origin, g, on U. The dual Turdn problem for U
consists then in computing the number

Tra(U) := sup D(S).
SeAW)

An element T of A(U) such that D(T) = TR,; (U) is call a dual Turdn maximizer
for U. We point out that, if » € A(U) and S € A(U), the convolution product / * S
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is well-defined as a tempered distribution since # has compact support. Furthermore,
h = S is positive definite since, letting u = F(S), we have

FhxS)=hS=hdu,

and hdy is a positive, tempered measure. The following result shows that 7 % S is
actually a continuous positive definite function bounded by 1 and, in particular, that
h du is a bounded measure.

Proposition 1 Suppose that U C R? is a bounded symmetric set. Let h € A(U) and
S € A(U), then the convolution product h* S is a continuous positive definite function

satisfying
I(h* $)(x) <1, xeRe
Furthermore, we have the inequality

(f h(x) dx) D) <1, heAWU),S e AU). 2)
U

Proof If S € A(U), we can write S in the form S = 8y + R, where R is supported
in the set R? \ U. Since & is compactly supported in U, there exists € > 0 such that
supp(h) + B(0,2¢€) C U and, in particular, 2 % R = 0 on the ball B(0, €). Thus,

hxS=h+hxR=h on B(,¢).

Let v € C(‘)’O(Rd) with ¢ > 0, supported in the ball B(0, 1) and satisfying
fRd ¥ (x)dx = 1. Since 1} is a continuous p.d. function, we have |1ﬁ($)| < 1}(0) =1
for & € RY. Define

V) =nY@x), n=1.
Then,
/H%d W) (@) dx =1 and supp (W ) © B0, 2/n).
If N > 0 is fixed, the Lebesgue dominated convergence theorem shows that
/ESN hE)duE) = /M 9% h(§) d(€)

= lim [ (& /n) > h(E) du(E)

e Jig|=N
Jim fR [V E/m)? h(E) dpu(§) = lim (h+ S, Y * Pn)

= lim G, Y 5 ) = h(0) = 1,

IA
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using the fact that the sequence (¥, * v/, is an approximate identity in the last line.
Letting N — oo and applying the Lebesgue monotone convergence theorem, we
obtain that

f A& du@) < 1.
]Rd

This implies that 4 * S is a continuous p.d. function with (& % §)(0) < 1, which, in
turn, yields the inequality |4 s S| < 1 on R?. We have also

D(hS) = /{0} h(&) du(€) = h(0) p(0) = /R h(@& du() < 1,

yielding the inequality (2). O

Corollary2 Let U C R? be a bounded symmetric set. Suppose that f is a continuous
p.d. function on R satisfying f(0) = 1 and that there exists a sequence (h,) in A(U)
such that h, — f in 8'(RY). If there exists T € A(U) such that f*T =1onR4
then f is a Turdn maximizer and T is a dual Turdn maximizer for U. Furthermore,
we have the identity

Tga(U) Tpa (U) = 1. (3)
Proof We have F(f *T) = fdu = 8o, where © = F(T). Hence,

D(f *T) = £(0) u({0}) = 1,

yielding

(/ f(X)dX> D(T) =1, “)
U

Choosing ¥ € S(RY) identically equal to 1 on a neigborhood of U, we have
[ =t vy~ (.00 = [ seoax
U U
which shows, in particular, that fU f(x)dx < Tpa(U). If h € A(U), we have

</ h(x)dx) D(T) <1
U

by Proposition 1, which shows that Tpa (U) < D)~ = fU f(x)dx. Hence,
/i y Jx)dx = Tpa(U) and f is a Turdn maximizer for U. Finally, by Proposition 1

again, we have
(/ f(x)dx> D(S) <1
U
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for all § € A(U), with equality when S = T. We conclude that 7 must be a dual
Turdn maximizer for U and thus also, using (4), that the identity (3) holds. O

When dealing with the particular case where U is a ball centered at 0, we can assume,
for simplicity, that U = B(0, 2). Consider now the function f defined by the formula

f=1BI"" x5 * s, (5)

where B = B(0, 1) = {x € R?, |x| < 1}, and the functions f, defined by a similar
formula with B replaced by B, = B(0,1 — 1/n) for n > 2. Then, each f, is a
p.d. function compactly supported in U = B(0,2) with f,(0) = 1, i.e. each f;
belongs to A(U). Furthermore, it is easily checked that f, — f uniformly on R¢ and
thus also in S’ (R?). Using Corollary 2, we obtain thus the following.

Corollary 3 If f is the function defined by (5) and, if there exists T € A (B(0, 2)) such
that f « T = 1 onRY, then f is a Turdn maximizer and T is a dual Turdn maximizer
for B(0, 2).

We now state the main result of this paper which involves a measure constructed
using certain Bessel functions. (See (14) for the definition of the Bessel function J,,,
ifv >0,

Theorem 4 Suppose that d > 2 and let f be the p.d. function defined in (5). Let u be
the positive measure defined on R? by the formula

L +y ! (6)
n = 0 Oy /27
1B1™" " = oy app i P T

where, ift > 0, oy denotes the (d — 1)-dimensional surface measure on the sphere of
radius t and (y,),>1 denotes the sequence of positive zeros of the Bessel function Jq 2
written in increasing order. Then, | defines a tempered distribution. Furthermore,

T .= 1(;L) belongs to A (B(0, 2)) and sansﬁes f*xT =1on R9. In pamcular T
isa dual Turdn maximizer for B(0, 2) and ’ERd (B(0,2)) = n({0}) = B

As an immediate consequence of the previous theorem, of Corollary 2 and Corollary 3,
we obtain the value of the Turdn constant for the ball B (0, 2), first obtained by Siegel
[23].

Corollary 5 Under the same assumptions as in the previous theorem, f is a Turdn
maximizer for B(0, 2) and Tpa (B(0,2)) = |B|.

Because of the statements given in Corollary 2 and Corollary 3, in order to prove
Theorem 4, we only need to show that the measure w in the previous theorem is
tempered and that 7 := F~!(u) belongs to A (B(0,2)) and satisfies f*xT =1on
R, This is the main difficulty in the proof of this theorem and it will be our main
focus in the next two sections.

Before getting to that, we should mention an interesting property of any measure
which is the Fourier transform of an element in the class fl(U ), (where U is any
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symmetric bounded open set) and thus also of the measure associated with any dual
Turdn maximizer for U. This property is related to the notion of Beurling density of
a positive Borel measure on R¢ which we now define. If z € RY and R > 0, let
Ir (z) denote the (closed) cube centered a z with side length R. If i is a positive Borel
measure on R, we define the upper and lower Beurling density of u, denoted by
D7 (u) and D~ () respectively, to be the quantities

I 1
D (u) = limsup sup —M( Rd(Z)) and D~ (u) = liminf inf —M( Rd(Z)) .
R—00 zeRd k=00 zerd R

The Beurling density of 1, denoted by D (), is say to exist if the two densities above
are equal and, in that case, we let D(u) = DT (1) = D~ (u). We will need the
following result which can be found in [9, Proposition 6.2]. Note that the measures
of the form F(S), where S € A(U ), must be translation-bounded (see (9)) as we will
show in Proposition 9.

Proposition 6 Let i be a positive, translation-bounded measure on R? such that, for
some r > 0, we have F~' () = 8y on the ball B(0, r). Then, D(uw) exists and is
equal to 1.

By definition, any distribution in A(U) must be equal to §p on some neighborhood of
0 and the following result follows immediately.

Corollary7 If T € /I(U) and p = F(T), then D(u) exists and is equal to 1.

We now go back to the problem of constructing the distribution 7" in Theorem 4 and
proving the properties of 7 mentioned there.

Before studying more specifically the case where U is a ball, we consider the more
general case where the set U has the form U = V — V, where V is a bounded, open
subset of R?. We explore some connections between the collection A(U ) and frame
theory in the next section. These will used when proving our main result, Theorem 4,
by applying them to the set U = B(0,2) = B — B, where B = B(0, 1).

3 The Connection with Fourier Frames

A countable collection of vectors {h;} in a separable Hilbert H is called a frame if
there exist two positive constants C, D such that

CIRI> <) I k) < D|hI?, heH.
k

The frame is called a Parseval frame if C = D = 1. In that case, any & € H admits
the expansion

h=7 " (h hi)hy
k
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in terms of the Parseval frame system, which generalizes the corresponding expansion
in terms of an orthonormal basis for H. We refer the reader to [6] for an overview
of frames and their properties in various settings. Let V C R be a bounded, open
set. The Hilbert space of interest for us will be L?(V). A collection of exponentials
{e2Tix, o, where A C R is a discrete set, is called a Fourier frame for L*>(V) if
their restrictions to V form a frame for L?(V). This is thus equivalent to having

Clnl3 <) 1P < DAl3. feL*(V),
rEA

for some positive constants C, D, where || ||% = f |h(x)|?dx. Introducing the mea-
sure ;1 = Y, O, where 8, is the Dirac mass at A, we can rewrite the frame
inequalities in the form

Chl3 < fRd lhE)>duE) < D|hI3, he L2(V). 7

This last formulation of the frame inequalities suggests to extend the definition of
Fourier frames to arbitrary Borel measures x on R? by using the inequalities in (7).
Thus, we will say that the collection of exponentials {¢>"/*¥}, _p4 forms a continuous
Fourier frame with respect to pu for L2(V) if the inequalities in (7) hold for some
C,D > 0.1Inthe case C = D = 1, we use the term continuous Parseval Fourier
frame (with respect to w). (See [1, 11] for more details about continuous frames and
frames associated with measures.) The main result of this section shows that the Fourier
tranforms of the elements of A(U), where U = V — V, are exactly the positive Borel
measures on R associated with continuous Parseval Fourier frames for L2(V). Before
stating it, we need some preliminary results. Note that we use the notation A — B for
theset{a — b, ae€ A, ,be Bland A —bfor{a —b, a € A},if A, B c R4 and
b € R?. The sets A + B and A + b are defined in a similar way.

Lemma8 Let V C RY be a bounded, open set and consider the bounded, symmetric
opensetU =V — V. Then, given a test function ¢ € Ci°(U), there exist finitely many
sequences (go,i)kzl and (wli)kzl in C(C)’O(V), where 1 < i < m, such that Z:":l go,i *
Vi — ¢ in CU) ask — oo.

Proof We first show that given any z € U, there exists € > 0 such that our claim is true
forany ¢ € Cgo (U) whose support is contained in B(z, €). Indeed, sinceU =V —V,
z € V — x¢ for some xg € V and since V — xq is open, there exists € > 0 such that
B(z,€) C V —x¢. If ¢ is supported in B(z, €), then d,, * ¢ is supported in V. Let
p € Cy° (B(0, 1)) with p > 0 and fB p(x)dx = 1. Define the approximation of the
identity p € CSO(B(O, 1/k)) for k > 1 by

pe(x) =k p(xk), xeR
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Then standard arguments show that 8y, * ¢ * px — 8y, * ¢ in C§°(V) as k — oo and
thus

—_~

¢ = lim (8, %) % oy * 1) = lim (81 §) % (B, * /)
k— 00 k— o0

in C°(U) since 8y, * ¢ and &y, * px, for k large enough, both belong to C3°(V).
The case of a general function ¢ € C5°(U) follows from the above using a standard
partition of unity argument. O

If a positive Borel measure u satisfies the second inequality in (7), i.e. the so-called
Bessel inequality

/Rd AP du€) < D kI3, h e LAV), ®)

then p must be translation-bounded, i.e. there exists a constant C > 0 such that
w(B+&) <C forall &£ € RY, 9)

which implies, in particular, that © must be tempered. We will prove this in the next
proposition as well as other useful facts deduced from the assumption (8). Before
doing so, we remark that the Bessel condition (8) always holds if @ is a bounded
measure since

fRd A du©) < 113, n®) < [RIF VIR, b e LXWV),

a fact which we will be using in the next section.

Proposition 9 Let u be a positive Borel measure satisfying the Bessel condition (8) in

L2(V). Then,

(a) w is translation-bounded and, in particular, | is tempered.

(b) Let R = .7-'_1(,u). Then, for any h € L2(V), we have R x h € leoc(Rd) and, if
K C R% is any compact set, the mapping L*(V) — L*(K) : h — R hl|g is
bounded.

(c) We have the identity

/B<R £ ) () g0 dx = /R W& EE) du(®). forany h.g € LA(V).

Proof To prove (a), choose h # 0 ir} L?(V) as well as a point &) € R? with 2a :=
|h(§0)|2 > 0 and r > 0 such that |h(;§)|2 > a if |& — &y| < r. Then, applying the
inequality (8) to the function e2mi=80)x p(x), where n € R? is arbitrary, we have

apn(B(n,r) =a / 1du(§)

[§—nl<r
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< [ iteo+ =P an© < DInE n R,

from which (9) easily follows.

To prove (b), note that if the inequality (8) holds for all functions in L2(V), it also
does for all functions in L2(V +a),ifa € R9, since translation of a function by a does
not affect the modulus of its Fourier transform. Furthermore, the inequality means that
the linear mapping LZ(V +a)) —> LZ(M) : h > his bounded and it is easily checked
that its adjoint applied to a function G € L?(u) is the restriction of the distribution
F~YG dp) to the set V + a. Since the adjoint operator is also bounded, it follows
that F~1(G du) belongs to L2(V + a) for any a € R4 and thus to LIQOC(R‘Z). (See
[10] for more details and extensions of these ideas to other spaces of functions and
distributions.) In particular, if R is the distribution F -1 (nw)and h € L?(V), we have
Rxh=F""(hdp) € L} (R?) with the mapping L>(V) — L>(K) : h — R h|y
being bounded for any compact set K C R?. This proves (b). Finally, if ¢ € Coo(V),
we have the identity

fB(Rw)(x)mdx=<R*¢,¢>=(@du,5>=/Rd $©12du), (10)

by definition of the Fourier transform of a tempered distribution. If &7 € L>(V),
consider a sequence (¢,) in C5°(V) with ¢, — h in L2(V). Standard approximation
arguments show that we can replace ¢ by 4 in the Eq. (10) and the identity in (c) easily
follows. O

We now prove the main result in this section.

Theorem 10 Let V C RY be a bounded, open set and consider the bounded, symmetric
open set U =V — V. Let ju be a positive Borel measure on RY. Then, the following
are equivalent.

(a) w istempered and R = f_l(u) € A(U).
(b) We have the identity

/ |h<x>|2dx=f hEPduE), heLX(V).
\% R4

(c) wisatempered measure and, letting R = F~'(w), we have the identity R«h = h
on'V forany h € L>(V).
(d) wis atempered measure and, letting R = f_l(u), we have the identity

/ |h(x)|2dx:/ (Rxh)(x)h(x)dx, he L*V).
1% 1%

Proof Suppose that (a) holds and let ¢ € C3°(V). Using the fact that the test function
@ * ¢ is supported in U and that R = §p on U, we have

/V (P dx = (¢ % $)(O0) = (60, ¢ % §)

Birkhauser
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= (R.¢x@) = (1, 191") = /R @@ Pdu@.  AD

This shows that the identity in (b) holds if 7 = ¢ € C{°(V) and the general case
follows by a standard approximation argument. Conversely, if (b) holds, we have also

[ it = [ s@i©aue. sherw) (12)

using the polarization identity. By Proposition 9, u is tempered and, if R = F~!(n)
and ¢, ¥ € Cg°(V), we have thus

w0 = [ o T@dr= [ 56 7©du® = F ¢ <

If ¢ € C3°(U), the previous identity together with Lemma 8 imply that (5o, ¢) =

(R, ¢),

which shows that R = §p on U. Hence, R = &g on U, which yields (a). If (b) holds,
w is tempered by part (a) of Proposition 9 and we canlet R = F~!(u). Leth L3(V)
and let ¥ € C3°(V). Using the identity (12), we have then

(Rxh. %) = (hdu, §) =/Rd fz(é)%du(s)=/v 7o) T d

which shows that (c) holds. Conversely, if (c) holds and ¢ € C5°(V'), we have

fvlllf(X)lde=fV(R*1/f)(X)de= (R* Y, ¥)

— (fdu ) = f 9 ©)R du@),
]Rd

showing that (11) holds. This yields (b) using an approximation argument . Finally,
(c) clearly implies (d) and, if (d) holds, the operator S : L2(V) = L3(V) : h —
R * h|y — h, which is bounded and self-adjoint, satisfies (Sh,h) = O for all h €
L?(V). Hence S = 0 and (c) holds. This proves our claim. m]

4 Construction of a Dual Turan Maximizer for the Ball

We now go back to the problem of constructing a p.d. distribution 7' € A(B(0,2))
satisfying f « T = 1 on RY, where f = |B|~! x5 * 55 and B = B(0, 1). In one
dimension, this problem is easily solved. Indeed, in that case,

1
fx) = 3 X=1,n * x=1,) @) = A — [x/2]) x(—2,2(x), x €R,
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and we can take 7 to be the “Dirac train” T = ), _, 8 which belongs to fl((—Z, 2))
since T = §g on (—2, 2) and T = % > kez 8k/2 = 0. This yields the well-known fact
that 7 ((—2, 2)) = 2 and, of course, that ’j'R((—Z, 2)) = 1/2 for the dual problem.

In the following, we will thus assume that d > 2. Letting © = F(T') and taking
Fourier transforms in the equation f % 7 = 1, we obtain

IBI""|7p1°du = 89 on RY, (13)

in the Fourier domain. Since x5 (0) = | B|, this last identity is equivalent to the proper-
ties that 0 is an isolated point of the support of i with = | B|~! 8y on a neighborhood
of 0 and that the set supp(w) \ {0} is contained in the set {§ € R?, %p(€) = 0}. Now,
in dimension d, the function xp is given explicitly by the formula

X&) = EI7 Jp@rlE]). & eRY
(see [25]), where, for v > 0, J, is the Bessel function defined by

00 )k ( )2k+v

H00 = Z KTw+k+1)

(14)

We refer the reader to the books [7, 19, 26] for detailed accounts of classical properties
and various applications of Bessel functions. In particular, it is well-known that the
function J;,> admits an infinite number of positive zeros 0 < y; < y2 < -+ < ¥y <

--. Let $9~! denote the unit sphere in R? and o the usual surface measure on S9!,
Since f and thus also f are radial functions, it is clear that if a measure . satisfies the
identity (13), so is the radial measure /& defined by

) =f Sdu, ¢ e Co®Y,
Rd

where C.(IRY) denotes the space of continuous functions with compact support on R?
and

. 1
06 = /S o(&l 1) doi(r), & eR.

Assuming thus that y is radial and supported in the set {0} U {€ € R, {p(£) = 0},
it follows that, for some coefficients ¢,, > 0, 4 must have the form

w = codo + Z Cp Oy, /27 (15)

n>1

where {y,,},>1 is the sequence of positive zeros of the function J;/, written in increas-
ing order and o; denotes the standard (d — 1)-dimensional surface measure on the
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sphere of radius 7. The inverse Fourier transform of the measure o; also has an explicit
expression in term of a Bessel function which is given by the formula:

F N o) =27 12 x| 7924 Jy 01 2rtlx]), x € RY.

Taking (formally) the inverse Fourier transform of both sides of (15), we obtain an
expansion of the form

F N w)y =do+ Y dnlxI™ " Japp1(lxlya) on RY, (16)

n>1

for some constants d,,, n > 0. In order to determine the values of these constants, we
notice that, if we define ¥(x) = 1 and

() = X172 Ty ni(xlyn), no> 1,

we have
—AYo=0, and — Ay, =y, VY, forn=>1,
on RY and thus also on B. Furthermore, If 7 € R? and |z|] = 1, we clearly have
L% {gbo(rz)}|r:1 = 0. Also, using the identity
a4 7V @)} ==x"" Jup(x) (17)
dx v = v+1 s

where v > 0, we have, forn > 1,

d

=7 {V_d/2+1 Jap—1(yn V)}

C;ir {Vn(r2)}

r=1 r=1

dp-1 d -
=P o= dappi )

r=1

d/2 _
1 )" T2y )

r=

Let erad(B) denote the subspace of L%(B) consisting of radial functions. It is well
known that the collections of radial eigenfunctions of the operator —A on B satisfy-
ing the Neumann boundary condition % = 0 on the boundary d B form a complete
orthogonal system for erad(B), and that collection coincides precisely with the restric-
tions of the functions in the collection {,},>0 defined above to the ball B. Another
way to obtain this result is to reduce it to a one dimensional problem. The fact that the
system defined above is an orthonormal basis for erad(B) is easily seen to be equiva-
lent to the one-dimensional system {¢, },>¢ being an orthonormal basis for Lz((O, 1)),

where
d—1
do(r)=r 2 and ¢,(r) = /r Japp—1(yur) forn > 1.
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A proof that this last collection forms an orthonormal basis for L2((0, 1)) can be found
in [14].
Thus, for any g € erad(B), we have the expansion

1
g§= 18] </B g(x)dx)

7d/2+1J _
+2 ( / g(x) [x[ 742+ Jd/21<|x|yn)dx) ] a1 ) g
n>1 B ”Wn”z

with

1
IYnll3 = / X172 g o1 (1x1yn)? dx = 61(0) /0 Japp—1(ry)*rdr
B
27.[(1/2 1 5
- Jim_ dr, > 1.
Fda Jo dp—1ryn) rdr, n =

The integral in the last identity can be expressed in terms of the values of the function
Jay2—1 at the number y;, using the following lemma. (This lemma might be a known
result in the theory of Bessel functions, but, as we could not find it in the litterature,
we provide a proof here for completeness.)

Lemma 11 Ifv >0, o > 0 and J,4+1(o) = 0, we have the identity

! 2 1 2
TG rdr =2 1@
0

Proof Note that the function y(r) = J,(ar) is solution of the differential equation

(Vy/)’+(ot2r—;) y=0, r>0,

and, multiplying both sides of this equation by 2 r y’ yields

d d

— {(r y’)z} + @2 rr =) — {yz} =0, r>0.

dr dr
Integrating both sides on the interval [0, 1], we obtain

1 1
[(r y/)2 + (@%r? —v?) y2]0 - / 202 yz(r) rdr =0.
0

Note that (r y’)2 + (@?r? —?) y2 vanishes at r = 0. Indeed this is clear if v = 0
and, if v > 0, this follows from the fact that y(0) = 0. Hence, the previous identity
can be written as

1
/ 202 yz(r) rdr = y/(l)2 + (ot2 — vz) y(l)z.
0
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Since y(r) = J,(ar), we have thus
1
/ 20 Jy(ar)? rdr = o® J)(@)? + (@ —v?) Jy(@)?. (19)
0
Now using the identity,

d
E {r—v Jv(r)} =—r"’ Jog1(r),

we have thus
—vr VT L) e I = =Y T ()
which implies that
0=—Jyt1(@) = —v Jy(@) +a Jj(@).

Substituting into (19) yields

1
2[ |Ju(ar) > rdr = |Jy(@)]?,
0

proving our claim. O

We can thus write (18) in the form

1
$= 15 </B g(x)dX)

r(d/2) _ x| =42 Ja a1 (1x] )
+— D / g 1x 7 Japom i (xlyn)d i
T n>1 B |Ja/2—1 ()|
(20)
forany g € Lfad(B), where the series converges in L?(B). Since 61(0) = ﬁ(”d—l;/zz) and
|B| = %, this is, of course, equivalent to having

1
his) =d (/ h(ry rd=! dr)
0

1
_ _ s
+2 Z (/ h(r)r—d/2+1 Japp—1(ynt) rd 1a'r) 5
n=1 O |Jaj2—1(vn)|

—AI2H gy 1 ()

21
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for any h satisfying

1
/0 R r¢V dr < . (22)

where the convergence is in the weighted L2-space L>((0, 1), 7?~!) defined using the
integral in (22). Replacing h(s) by p(s) := h(s) s% in (21), we can easily see that
this last expansion formula is also equivalent to the expansion

! d-1 d-1
p(s) =d (/ pr)yr2 dr> s 2
0

12 5

s Jap—1(5Yn)

+2) (/ p(r)r”zfd/z_1<ynr>dr> DR (23
n>1 |Jaj2—1(n)|

valid for p in the unweighted L2((0, 1)) space. Going back to the problem of identi-
fying the coefficients d,,, n > 0, in (16), we note that, if the expansion (16) holds on
R<, it must also hold on B, and this suggests to formally expand the radial distribution
8¢ in term of the orthogonal system {v, },>0 on B to obtain these coefficients.

Since we have, for o > 0,

al)

ol = o

a formal application of formula (20) yields the expansion

r n
80 = — 0(0) + (dfz)Zwm Yn)

|B| e a1 )|
_ L, rEm s vt P Japaa ()
|B| ' il I'(d/2)24/>-1 | Jaj—1 ()|

d/2—1 -
_ Lt (Vn/ ) =2 g (lely)
o d/2—1 D)

1Bl @0 n>1 T |Jaj2—1 ()|

on B(0, 1) and thus, taking Fourier tranforms,

1 1 <y}f/2 1) —d/2 (27[)‘1/2 1

w=—=50+ /2
B emdr T L\ n a1l
! S0 + ! 24)
= —00 (o2 /20 -
|B| 2 T Ya a1 )2 T

n>1

Let u be the positive Borel measure defined by formula (24). Our next goal will be
to show that y is a tempered measure and that 7 = F~!(x) belongs to A (B(0, 2))).
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We will show this by proving that the statement in part (b) of Theorem 10 holds if u©
is the measure defined in (24) and V = B, using the fact that B(0,2) = B — B.

In order to achieve this goal, we will need to use the theory of spherical harmonics.
We briefly recall some basic aspects of the theory of these functions. We refer the reader
to the books [4, 25] for more details. Recall that if # > 0 and F is a function on RY, F
is called homogeneous of degree t, if F(ax) = a' F(x) whenever a > 0 and x € R<.
Homogeneous polynomials of degree n which satisfies the Laplace equation Au = 0
on R4 are called solid spherical harmonics of degree m. A spherical harmonic of degree
m is the restriction of a solid spherical harmonics of degree m to the unit sphere S~
It is well known that spherical harmonics of different degrees are orthogonal to each
other with respect to the usual surface measure on $9=1_ Furthermore, if ‘H,,, denotes
the space of spherical harmonic of degree m, then the dimension of H,, is given by

d+m-—1 d+m-—73
m m—2
if n > 2 while dim(Hp) = 1 and dim(H) = d. In the following, we will denote by
a(m) the dimension of H,, and choose, for each m, an orthogonal basis

Ym,lv Ym,2, ey Ym‘a(m),

for H,,. We can assume that the functions Y, ; are real-valued without any loss of
generality. We have thus

/ Yp ko (X) Y 1(x)do1(x) =8mn ks m,n=0, 1<k=<a(m), 1=Il=<a(m).
gd—1

We will need the following result (see [5, p. 58]).

Proposition 12 Let Y, € H,, be any spherical harmonic of degree m. Then

/ TN @) doy (&) = i 2 [T e @ lxD) Yo/ 1xD, x € RY.
gd—

To simplify the notations, we define the functions

Wk () = i" 27 x| 7P g1 Qrlx]) Yok (x /1)), x € RY, (25)

form > 0and 1 < k < a(m). We will also need the following proposition in
which, as before, o; denotes the (d — 1)-dimensional surface measure on the set
1S9 =g eRY, |g] =1}

Proposition 13 Suppose that F € L*(R?) is compactly supported and consider the
function

G(x):/ F(&) e ™€ do, (), x e RY.
1 §d-1
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Then,

Gy =11 " Y k() W (1 %) (26)

m>0 1<k<a(m)

where
cm k(1) = / F(x) W, «(tx)dx.
R4

Furthermore, the series in (26) converges uniformly on R,

Proof First note that, for fixed ¢, the continuous function & F (t&€) defined on gd-1
can be expanded as the series

Fa&) =Y Y cnx®Yur®), Ees

m=>0 1<k<a(m)

which converges in L?(0) and where

Cm k(1) = /Sd_l F(t€) Yy () do1(§), m >0, 1 <k <a(m).
It follows that

6 = [ Fu e am e

i DR DRI fsd-. Y, k(€) €76 doy (8).

m=>0 1<k<a(m)
To show the uniform convergence of this last series, we note that, if M > 1, we have

M
G- Y /SH Yok (8) X7 doy (6)

m=0 1<k<a(m)

=Y /S L Yk (®) T doy (6)

m>M+1 1<k<a(m)

172

<Y Y e

m>M+1 1<k<a(m)

DD

m>M+1 1<k<a(m)

1/2
N\ Y

’

/ Yot (8) 716 dory (£)
Sd—l
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and this last quantity goes to 0 as N — oo since

> 2 |cm,k<r)|2=/sd_l £ 6)1* doy(§) < oo

m=>0 1<k<a(m)

and

2

2. X

m>0 1<k<a(m)

_ / 1T P oy €) = 61(0) < oo,
gd—

/ Yot (8) 27155 dor (&)
Sd—l

We have also, by Proposition 12, that
/ Vo (8) 7178 oy (6) = W 4 (1 x), x € R,
Sd—l
and

emi(t) = / F(t&) Yy 1 (8) doy ()
Sdfl

Sd 1 ]Rd
S 1 0 Sd 1 m,k % d() g

= /"O/ F(rt) </ o 2mitr T Ym,k(é)dm(g)) doy(v) rd=L ar
0 §d-1 gd—1

oo
=/ / F(rr)\ym,k(trr)rd—ldr=/ F(x) W, 1t x)dx,
0 S§d—1 Rd

form > 0and 1 < k < a(m), which completes the proof. O

The next step is now to find conditions equivalent for the identity (b) in Theorem 10
to hold for the measure © defined in (24).

Proposition 14 Let u be the measure in (24). Then, u satisfies (b) in Theorem 10,
i.e. the identity

/ (o P dx =/ h©Rdu@), he lXB),
B R4

if and only if, for any measurable function p on (0, 1) satisfying fol lp(M>ri-tdr <
oo, the following identities hold:
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2

1 1
/ Ip(Pr? dr =d V p(ryritdr
0 0

2
2 fl —d/2+1 d—1
+ —_— r Jajp—1(yur) p(r)r="dr| | (27)

; a1l Lo i
and, for every m > 1,

1

| werrrtar
0
2 ! g
=y —— / P S ) pOy et dr| o (28)

=1 Wap—1r)l= 1Jo

Proof For every integer N > 1, defined the measure
N
1 1
UN = — 80 + Oy, /2
|B] ; 7 Yu a1 ()27
and let Ty = F~! (un). If h € L*>(B), we have, using Proposition 13, that
A N
A 7(0) 1 i
TN*h:F1<hduN>:—+ F (/wnz)
|B] 2 7 Yo 1 Jaj1 () 2 iz

1
= ﬁ L h(x)dx

N
1 Vn d—1
+ (5+)
nX:; T Vn |Jd/2—1()’n)|2 2

XY emk(vn/27) Wk (yx /27)

m=>0
1<k<a(m)

1
= E /B h(x)dx

+Z 29072
= @) a1 ()?
XD k(v /27) Wk (yax /270),

m>0
1<k<a(m)

where

ek (yn)27) = fR ) B /2
1
=/ / h(rt) Wy k(o r t/27) doy (v) ¢~ dr.
0 Sd—l
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Using the fact that 1y, being a bounded measure, satisfies the Bessel condition (8),
we obtain, using part (c) of Proposition 9, that

f 1h(€)* dun(€) = (Ty * h, h)
Rd

yd=2
h(x)dx +
~ 1Bl ‘/ Z(Zﬂ)led/z 1(v)1?
X Z |Cm,k(7/n/277)} .
m=>0
L<k<a(m)

Define, form > 0 and 1 < k < a(m), the function

P i (r) =/ h(rt) Yy i(r)doi(r), 0<r =<1,
gd—1

and note that

1
f|h(x)|2dx=// lh(r))? doy (z) r ' dr

3 f om k2 P4 dr. (29)

m=>0
1<k<a(m)

Also, since dim(Hp) = 1, we can take Yy 1 (1) = 6, (0)~1/2. Hence,

1
/ h(x)dx :/ / h(rt)doi(7) 4= ar
B 0 Jsd-1

1
=61(0)”2f/ h(rt) Yo.1(t)doy(r) r " dr
0 Jsd-1

1
:&1(0)1/2/ ho(r)r~tdr.
0

and

2

1 61(0)

| B

2 1 2 1
h(x)dx‘ = /ho,l(r)rd—ldr =d‘/ ho1(r)rd=Vdr
B 0 0

Furthermore, using the fact that, forr > O and 7 € gd-1,

—d/241

Wy (v 1 T/27) = i™ 2m) %y, A2 i1 (Vn 1) Y (D),
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we have

2

1
// h(rt) U (v r /27) doy (v) r 1 dr
0 Jsd-!

— (2 n)dyn—d-‘rZ

1
/ r= P Jappem—1 (var) ( / L D) Yo k() doy <r)) ri=tar
-

0

2

2

1
= Qm)dy,4+? / P s\ (Yar) B (F) 7 dr
0

It follows thus that

2

1
/ A& dun(€) =d '/ ho1(r) rd=dr
RY 0

N 1 2
2
+) f r= P Japrm—t Gar) hn i () 4 dr
,12:; |Jay2—1(vn)? mg;) 0 [prm=tRrnt s
I<k<a(m)
and, using the Lebesgue monotone convergence theorem, we deduce that
1 2
/ @)1 du) =d V ho(r) '~ dr
R4 0
2 : d/2+1 d—1 ?
+ [P i sGn) )
n; I ay2—1(vn)I? mg 0 [em= AR T
- I<k<a(m)
Using (29), the identity
/ |h<x)|2dx=f €)1 du(), heL*(B)
B R4
is thus equivalent to having
1 1 2
Z / |hm,k(r)|2rd_ldr:d / ho,l(r)rd_ldr
=0 0 0
1<k<a(m)
Z 2 Z : d/24+1 d—1 ?
+ 0 [ re Jaj24m—1Ynr) hn k (r) r="dr|
2 .
— [Ja/2—1(vn)l w0 1o
1<k<a(m)
(30)
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forevery h € L%(B). Choosing h € L?(B) of the form
h(rt) = p(r) Yui(z), 0<r<1, T85!

form > 0and 1 < k < a(m), we deduce from this last identity the infinite number
of Parseval type identities given in (27) and (28) for the space L2((0, 1), r?=1dr)
consisting of the measurable functions p on (0, 1) satisfying fol lp(M?ré=tdr < oc.
Conversely, it is easy to see that the identities (27) and (28) also imply (30), proving
our claim. O
As was mentioned earlier, the identity (27) is a well-known fact about Fourier-Bessel
series. It remains to prove the the identities (28), which will be our task in the next
section.

5 Parseval Frames Involving Bessel Functions

We will prove the identities (28) by induction on m using an approximation argument.
The following lemma will play a key role.

Lemma 15 For any real y > 0 and any integer d > 2, the subspace
. 14 d v . 00
My, = {r ar {r7em}: ¢ ey o, 1)

is dense in L>((0, 1), r?=1).

Proof Let g € L2((0, 1), r~1 dr) satisfy

1

d -

/ T e} g(ryr~'dr =0, forall g € C§°((0,1)).
0 r

This is equivalent to the identity (in the sense of distributions)

d (——
o [grrrr =l =0 on0.1)

which implies that g(r) = C r~4=v+L for some constant C. If C # 0, this implies
that

I I
/ F-2d-2p 42 -1 g, 2/ pmd=2H gy oo
0 0

ord + 2y < 2 and leads to a contradiction. Thus g = 0 and the conclusion follows
from the Hahn—-Banach theorem. O
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Theorem 16 Ifd > 2 is an integer and p € L2((0, 1), rd-1 dr), the identities

o0

1 2
2,d-1 4, _
fo lp()|°r r E

2
= Jaja-1(yn)l
2

1
/ P P Ly () P dr (31)

0

: ; V2 —d/2+1 .
hold for any m > 1, i.e. the collection { T Gl r Jd/2+m_l(y”r)}nzl isa

Parseval frame for LZ((O, 1), rd-1 dr), and this for any m > 1.

Proof We will use induction on m to prove our claim. Our starting point is the known
identity (27) which will help us to prove the case m = 1 of (31). We will use the fact
that, if v > 0, the function y(r) = J,(r) is solution of the differential equation

P2y ) +ry )+ = v y(r) =0, r>0, (32)

and also that it satisfies

d
—{r L)} ==r"" Jyp(r), r>0.
dr

(see [26]). In particular, if y > 0, we have

d

ar r e nf==yr™ hatyr, r>0. (33)

Furthermore, the function z(r) = r~" J,,(r) is solution of the differential equation
rZ’ M +QCv+1D7ZE)+rz(r) =0, r>0. (34)

Let v = d/2 — 1 to simplify the notations and note that the identity (27) is equivalent
to the validity of the expansion, for any p € LZ((O, 1), rd-1 dr),

1 0 2
p =d/ p(ryri~Vdr + —_
0 ; Ak

1
( / pr)r™ Iy (yr) r@! dr) 7Y Ty (yar),
0

where the series converges in L2((0, 1), =1 dr) and thus a also in D’ ((0, 1)). Dif-
ferentiating both sides of the previous expression and using (33) yields the expansion

=2 P |Jv<yn)|2 (/ P hyar) ”‘Hdr) S an)

n=1
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eo]

) 1
=-Y AT (yn /0 pryr" va)rd—ldr) r™ Jur1(yar)

n=1

which holds in D’ ((0, 1)). Letting p = ¢ € C3° ((0, 1)) and z(r) = r~" J,(r), we
have, using (34),

1 1
Yo / 0(r) " Jy(yur) P4 dr = / o) (v ) 2y v, 2 dr
0 0
1
=—y, /0 o) [ ) " (yar) + (d = D2 (yur)] ¥ 2 dr
1
=" /0 o) [1ar = ) + @ = 1) 172 ()|
1 d 1
=¥y / o) {r =1 | dr = / o) r = ) dr
0 r 0
1
=y, /0 @' ) (var) ™ Tyt (yar) r4 7 dr
1
=— / o' )™ Jup1 (ar) 1 dr.
0

It follows thus that

0 1

=Y. 3 (y To07 ( / ¢'(ryr " Ju+1(ynr)rd—1dr> P g1 (var)
n=1 % n

where the series converges in the distributional sense on the interval (0, 1). Applying
this identity to the test function ¢’ (r) r4=1, we obtain thus

l —_—
/0 o' (12 r? dr = (' (r), @' (r) r* 1)

— i ; </1 /( ) -V J ( ) d—ld )
T nGmE \y P
X (F T ), 9 471

or

o0

1
2
/ o' P ritdr =3
0 n=

1
a1 OmP [, ¢ s ar
=1 - n

Using Lemma 15 with y = 0, the case m = 1 of the identity (31) follows easily from
the previous identity by an approximation argument. We now prove the general case
by induction.
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Let us assume that (31) holds for some m > 1. This is to equivalent to having the
expansion

x 1
=) —— L,(V T </1 pryr’ u+m(%nord—1dr)r*” vem (Var)
n=1 v n

where the series converges in L2((0, 1), %=1 dr) and thus also in D’ ((0, 1)). It follows
that the identity

d > !
" => anyhnz (/" p(r)r—”Janomr>rd—ldr)

n=1

d  _,_
x r’" 7 {r=" " Jym (var) }

holds in D’ ((0, 1)) which is equivalent, using (33) to the identity

m d > 1 Y B
" d_r Z [Jv(]/n)]z </ pr)r=" vn Jv+m(J/nV)rd 1dr>

n=1

Ju+m+1 (Yur)-

Now, letting p = ¢ € Cg° ((0, 1)), we will show that

1
/(; (p(r)r—v Yn Jv+m(ynr)rd_1dr
1
=—A ™ (r T @) 1 Jygmat (var) 14 (35)

Starting with the right-hand side of (35), we have

1
— / " (r_m (p(r))/ Y Jogms1 (Yal) rd=1ar
0
1 d )
= / r" o) — {Ju+1n+](ynr)rd+miv7 } dr
0 dr
1
= [ 00 [ a0 1 @ —v = 1) DiaGr) 2
0
It follows that the identity (35) is equivalent to

0=r"" Vn -,v+m (Vnr) rd_l —Vn Jﬁ+m+1()/n’”) rd—v—l

—(d+m—v—=1)Jypmi1 (pur) r"72

or to
7 Y Jogm (Yn?) — 1 ¥ J1£+m+1(7nr) —d+m—v—1)Jymp1(yar) =0,
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forO <r < 1.Sinced +m —v — 1 = v 4+ m + 1, this will follow if we can prove
the identity

rJygm(r) —r J;+m+1(r) —wH+m+1)Jhyyme1(r) =0, r>0.
Since
Toime1(r) = =" [F " o)) = 0 +m) e T (7)) = T4, (),

this last identity can be written as

rJyam(r) —r [—(v +m)r 2 Jogem () + W +m)r—! o) = I (r)]

—wtm+ 1) [(v m) ! Ty () — Ju’+m(r)] —o,
or, after multiplying by r,
P2 T ) 1 T, ) + 12— 0+ m)?] Sy (r) =0

which is exactly the Bessel equation (32) satisfied by J,,4,,. As before, we can deduce
that the identity (31) holds, if m is replaced by m + 1, for functions of the form
p(r)y =r" L% {r_'” (p(r)}, where ¢ € C{°((0, 1)), a collection which is dense in
L?((0, 1), r*~"dr) by Lemma 15 applied to y = m. Again, an approximation argu-
ment shows that (31) holds for all functions in L? ((0, 1), rd-1 dr), which concludes
the proof. O

The previous theorem has, of course, direct counterparts for the space Lfad(B) and the
unweighted space L? ((0, 1)), which we state next.

Corollary 17 Let m > 1 be an integer. Then,

(a) The collection {W% |)c|_""/2"’1 Jd/2+m,1()/,1|x|)}n>l is a Parseval frame
5 >
for Ly (B).

(b) The collection {Wﬂ—%ﬁ Jd/2+m,1(ynr)}n>l is a Parseval frame for
L2 ((0. 1)). )

Although we did not use this fact in the proof, the case m = 1 in Theorem 16 and
in Corollary 17 is also well-known and, in fact, the Parseval frames are orthonormal
bases in this particular case. Indeed, the functions forming the Parseval frame in part
(a) of Corollary 17 are known to the radial eigenfunctions {W, } of the Laplace operator
on B that satisfy the Dirichlet boundary condition W, = 0 on the boundary of B, and
these form an orthonormal basis for erad (B) (see [5]). This can also be easily deduced
from the fact that the collection in part (b) of Corollary 17 for an orthonormal basis
for L? ((0, 1)), as proved in [14].
We now have all the ingredients to prove the main result of this paper.
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Proof of Theorem 4 Since, by construction, the measure 1 in Theorem 4 satisfies f w=
Soor f+T = 1onRY where f = |B|™! xp * xp and T = F~(n), it suffices to
show that T € A(B(0, 2) by Corollary 3. This last property follows immediately from
Theorem 10, Proposition 14, Theorem 16 as well as the known identity (27) for Bessel
functions. O

6 Additional Properties of the Turan Maximizer and Its Dual

In dimension d > 2, although we have an explicit formula for the Fourier transform
of the dual Turdn maximizer 7' we constructed, i.e. the measure  defined in (24), we
don’t have such an explicit expression for T itself. All we known is that 7 = §( on the
ball B(0, 2) and T is thus a measure on that open set. However, the following shows
T has to be “singular” near the sphere of radius 2 centered at O in the sense that it can
not be equal to a measure, i.e. a distribution of order 0, on any ball centered at 0 with
radius 2 + €, € > 0.

Proposition 18 Suppose that d > 2 and let T = F~'(w), where u is the measure
defined in (24). Then, if € > 0, the restriction of T to the ball B(0,2 + €) is not a
(complex) measure.

Proof We will argue by contradiction. Suppose that T = 3o+ p where p is adistribution
supported on the set {x € R, |x| > 2} whose restriction to the open set {x €
R?, |x| < 2 + €} is a complex measure also denoted by p. Let B be the open ball
fx eRY, |x| < 1},1et E = {y € RY, |y| > 2} and define g,(y) = x5(zn—Y) x£(Y).
Note that the convolution p * xp is given a. e. by the function

f(w)=/ xB<w—y>dp<y)=/ m(w—y)xE(y)dp(y):/ () dp(3)
|y|=2 R R

onthe openset {w € R?, |w| < 14€/2}.Since T+ xp = 1, wehave pxxp = 1 —x3
and, in particular, p * xg = 1 a.e. on the set {x € R?, |x| > 1}. Now let z € R¢ with
|z] = 1 and consider a sequence (z;) in R? with 1 < |zn| < 1+€/2suchthatz, — z.

Note that, if |z — y| < 1, we have |z, — y| < 1 and thus xg(y) = 0 = g,(y) for
n large enough. Also, if |z — y| > 1, we have |z, — y| > 1 and thus xp(z, — y) =
0 = g, (y) for n large enough. Finally, if |z — y| = 1, we have |y| < 2 unless y = 2 z.
Indeed, if |y| > 2, we would have

2=yl =zl +1ly—zl=2

which implies that |y| = 2 and that the vectors z and y — z are multiple of each other
yielding y = 2 z. We have thus xg(y) =0 = g,(y)if |z—y| =l and y # 2 z. Since
a locally bounded radial measure cannot give mass to any non-zero point, we have
|p|({2z}) = 0 and we obtain that g, (y) — 0 p-almost everywhere as n — oo. The
Lebesgue dominated convergence theorem then shows that f(z,) — 0asn — oo,
contradicting the fact that f = 1 a. e. on the set {x € R?, |x| > 1}. O

Birkhauser



11 Page 300f31 Journal of Fourier Analysis and Applications (2024) 30:11

It is straightforward to extend our main result to balls centered at the origin with
arbitrary radius or, more generally, to ellipsoidal regions, i.e. the images of the ball
B(0, 2) under an invertible linear transformation of R?. If D is a linear transformation
of R?, we denote by D' its transpose, by det(D) its determinant and, if E C R?, by
D(E) the set {Dx, x € E}.

Theorem 19 Let d > 2 and suppose that D : RY — R? is an invertible linear
transformation. Let U = D(B(0, 2)), let V. = D(B) and let i be the measure defined
in (6). Then,

(a) U is a Turdn domain, i.e. the function f; = vt Xv * Xv is a Turdn maximizer
forU.

(b) The distribution Ty = | det(D)| F~! (M(D’-)) is a dual Turdn maximizer for U,
where

(w(D"). ¢) = fR LoD du@). ¢ e SEY).

Proof Note that
U=D(B(0,2))=D(B—-B)=DB)—DB)=V -V.

Letting f = |B|_1 XB * XB, where B = B(0, 1), we have f; = f(D_1~). Morover,
if (@) is a sequence in A(B(0, 2)) converging to f in &’ Rd) then the sequence
(on(D™ 1 )) is a sequence in A(U ) converging to f1 in &’ (Rd) It is easily checked
that T} € .A(U) and that fl Tl = 8y on RY. Tt follows that fixTy =1on R4 and the
results follows then Corollary 2. O
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