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Abstract
This paper is concerned with the oscillatory singular integral operator T defined by

To f(x) =p.v. /R fx— y)weiQ(\yl)dy’

[y]"

where Q(1) = >, ., ait“ is a real-valued polynomial on R, €2 is a homogenous
function of degree zero on R” with mean value zero on the unit sphere $”~!. Under
the assumption of that @ € H L(s"=1), the authors show that Ty is bounded on the
weighted Lebesgue spaces L?(w) forl < p < coandw € A~§(R+) with the uniform
bound only depending on m, the number of monomials in polynomial Q, not on the
degree of Q as in the previous results. This result is new even in the case w = 1, which
can also be regarded as an improvement and generalization of the result obtained by
Guo in [New York J. Math. 23 (2017), 1733-1738].
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1 Introduction

Letn > 2 and S"~! be the unit sphere in R” equipped with the normalized Lebesgue
measure do . Suppose that Q € L'(5"~1) is a homogeneous function of degree zero
on R" and satisfies the cancellation property

/ Q(xNdo(x") =0. (1.1)
sn—1

We consider the oscillatory singular integral operator defined by

Q)

fx —y)dy,
[y]"

Tp f(x) = p.v./ e Py
Rn

where P(x, y) = Z\aH—\ﬁ\sd aq px®yP is areal-valued polynomial on R” x R" with a
fixed degree d € N, which is closely related to harmonic analysis on nilpotent groups
and singular Radon transforms. It follows from [2, 18, 19] thatwhen 2 € C 1 (S”’l), Tp
isboundedon L? (R") for 1 < p < ooand weak type (1, 1) with the bounds depending
on the degree of P and being independent of the coefficients of P. Subsequently, Lu
and Zhang [17] improved the condition @ € C!(S"!) to Q € L9(S"!) for some
1 < g < oo. Afterwards, this result was successively extended the cases of that
Qe Llogt L(s""), BY*(§"~ !y and H'(S"~") in [1, 13, 16].

It should be pointed out that there are the embedding relations among the functions
on §"~1:

cls"™h € LA™ € Llogh L(s"™h, BP(s"H C H(s"H ¢ LI(s".

On the other hand, when P(x,y) = P(y), by a sparse domination, Lacey and
Spencer [14] showed that if Q2 € cl(s" 1, then Tp is bounded on L?(w) for 1 <
p < ooand w € A, the Muckenhoupt class, with the bound depending on the degree
of P, being independent of the coefficients of P. Ding and Liu [4] considered the
following oscillatory singular integral operator

Tif(x) = p.v. / eiQ“'y‘)Mf(x — y)dy,
R [y|"

which is a generalization of the strongly singular convolution operator studied firstly
by Fefferman in [9], where O, () = Z2§ks d aerk is a real-valued polynomial on R

and A = (A2, - -+, Ag) € R4~! and showed that when € H!(5"~!), T} is bounded
on L?(R") for 1 < p < oo with bound depending on the degree of Q,, not on the
coefficients 1. Moreover, for the following oscillatory Hilbert transform

Hof(x) = p.v./ 20 F(x — t)% (1.2)
R
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with Q(1) = 3, axt®, where a; € R and ay is a positive integer for each
1 < k < m, Guo [12] proved that for a fixed m € N,

Ho fll2 < Cull fll2,

with C,, is a constant that depends only on m, the number of monomials in Q, but not
on any ai Or o.

Inspired by the results above, we will study the following oscillatory singular inte-
gral operators

Tof(x) = p.v. f eiQ('y')%f(x — y)dy, (1.3)
Rn

with Q(t) = D <4<, at** being as in (1.2).
In order to state our result, we first recall some relevant definitions and notation.

Definition 1.1 ( [5]) Suppose that w(z) > 0 and w € Ll (Ry).For 1 < p < o0, we

loc
say that w € A, (R4) if there is a constant C > 0 such that for any interval / C R,

p—1
<|1|1/w(r)dr> <|I|1/a)(r)1/(p1)dr> <C < oo.
1 1

If there is a constant C > 0 such that
Mw(r) < Cw(r) for ae. relRy,

where M w denotes the standard Hardy-Littlewood maximal function of w on R, then
wesay w € A1 (Ry).

Definition 1.2 ( [6]) If w(x) = vi(|x])v2(jx])' 7, where either v; € Aj (Ry)is
decreasing or vi2 € Ai(Ry),i=1,2,thenwesay w € A, (Ry).

Definition 1.3 ([5]) For 1 < p < oo, we denote
Apy(Ry) = {a)(x) — w(x]) : 0(t) > 0, (1) € Lie(Ry)and 0?(1) € A,,(R+)} .

Let A{) (R™) be the weight class defined by using all n-dimensional cubes with sides
parallel to coordinate axes. In what follows, for p € (1, c0), any measurable function
f and any weight @, we define

1/p
I fllLr @) = (/R If(X)Ipw(X)dX> .
Thus the weighted L? spaces associate to the weight w is defined by

L? (R”, a)(x)dx) = {f NfllLr) < OO}
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It follows from [5] that A, (Ry) € A, (Ry). Also, if w(t) € A, (Ry), then
we know from [6] that the Hardy-Littlewood maximal function M is bounded on
L? (R", w(|x])dx). Thus,ifw(t) € A, (Ry), thenw(|x]) € A, (R"), where A, (R")
is the Muckenhoupt weight (see [10] for the definition). Let Af, =A » N Af, and
Al =A,nAL

Next, we recall the definition of the Hardy space H' (S~ 1).

Definition 1.4
H'(S" ) = {sz e L' 19l sy < oo},
where

sup
O<r<l

“Q”HI(S"’I) =

[, 20)R0 0o )

Ll(sn—l) .
Here P, ( y' ) denotes the Poisson kernel on $”~! defined by

1—r2

Py (¥) 0<r<landx',y es" !

= |rx/ _ y/|n ’
See [3, 7] or [11] for the properties of H! (S~ !).
Now we can formulate our main result as follows.

Theorem 1.5 Let m € N, Tg be given as in (1.3). Suppose that Q € H'(S" 1) and
satisfies (1.1). Then for 1 < p < oo and w € A;(RJF), To is bounded on L? ().
Moreover, there is a constant C, o, > 0, which depends only on m, the number of
monomials in Q, and the weight w, not on the degree of Q, such that forall f € LP(w)

” TQfHLp(w) < Cino 120 gm0y 1f | Lo (o) - (1.4)

Remark 1.6 We remark that the bounds in previous results depended on the degree of
the polynomial phases and one of our result depends only on the number of monomials
in the polynomial phase, which is more precise and is new even for @ = 1. Moreover,
comparing with the result of [12], our result presents three novelties: (i) extend to the
higher dimension cases; (ii) relax the range of p from p =2to 1 < p < oo; (iii) give
a weighted version.

The rest of this paper is organized as follows. In Sect. 2 we will recall some auxiliary
lemmas, which will be used in our arguments. The proof of our main result will be
given in Sect. 3. We remark that the main ideas in our arguments are taken from [12,
15].
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2 Preliminaries

In this section, we recall some auxiliary facts and lemmas, which will be used in our
arguments.

Lemma 2.1 (van der Corput [20]) Suppose that ¢ is real-valued and smooth in (a, b),
and that |¢(k)(t)| > 1 for all t € (a, b). Then the inequality

b
/ e—ik(b(t)dt
a

< CilA T

holds when
(1) k> 2,or
(ii) k = 1 and ¢’ is monotonic.
The bound Cy is a constant that depends only on k, but not on any a, b, ¢, and A.

We define the singular integral operator T by

Q(y)
n oyt

Tof(x) = p-V-/R Jfx = y)dy,

and the corresponding maximal operator by

s

T5f(x) = sup | T&f (%)

where

Q
tafw=[ S0 ra-ndy. exo

|y|>e |Y|n

Lemma2.2 ([8]) Let 1 < p < oo, S satisfies (1.1). Suppose that @ € H' (")

and w € A fy (Ry). Then both Tg and T are bounded on LP (w). Moreover, there is
the constant C,, > 0, which depends only on the weight w, such that

1T fllLr @) 1T flILr@) < Colll g1 g1yl fllLr@)-

Lemma2.3 ( [6]) For y € S"!, define the direction Hardy-Littlewood maximal
operator by

1 [ ,
My f(x) = sup7/ |f (x —ty")| dt.
r>07" Jo

Thenfor1 < p <ocoand w € Ap (Ry),
My fllrw) < Coll flliLrw), Y f € LP(w)

with C,, independent of y'.
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3 Proof of Theorem 1.5

Using polar coordinates, we write the integral in (1.3) as

To f(x) =/ sz(y’)foo M&Q@mda(y). (3.1
0

sn—1

Employing the ideas in [12], we will split R = (0, oo) into different intervals and
show that for all but finitely many of these intervals, there always exists a monomial
which “dominates” the polynomial Q. Hence we assume that | < a1 < -+ < oy.
Denote by d the degree of the polynomial Q, thatis, d = «y,. Let A = 21/d Define
by € Z such that

abe < lag| < AbetL,

We define a few bad scales. For 1 < ki < kp < m, define

51(3221 (k1, ko) = {l €Z:27% ngA“kzl < 2C0 akz)»“"zl

S ‘akl )\'Olkll

} . 32
Here Cp := 219" Notice that [ satisfies

—2—dCyo+ by, — by, < (Olkl —Otkz)l <dCp+ by, — by, +2.

Hence 51(3(21 (k1, k2) is a connected set whose cardinality is smaller than 4d Cy. Define

c

— 0
good T U £bad (k],kz)
k17#ka

Then, the set Eg()))od has at most m? connected components, each of which has a

monomial “dominated” Q. Similarly, we define

Ly ko) =1 ez:27%

Qs (ozk2 — 1) akzkakzl < ‘Olkl (Olkl — 1) aklkakll‘

b

<200

g, (o, — 1) ag, A%!

(3.3)
Moreover,

(GO (n (V)] (0
L) = U Lygy K1,k2), and  Loood = Lygng \ Ly -
k1#ka

Analogously, Lgo0d has at most m* connected components, in each of which both
Q and Q" are “dominated” by a monomial.
Case 1. Bad scales: For bad scales, suppose that we are working on the collection

of bad scales /31(3221 (k1, kp) for some ki and kj, since the arguments can be given
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similarly for Ebad (k1, ko) with the same bound. Let ¥y be a nonnegative smooth
bump function supported on [A~!, 4?] such that

S w =Y o (%) =1, Vi #£0.
leZ leZ

Thus, we may define
00 (x —1 N
THf(x) = / 20" fo %awﬂw,md;da@’).
sn—

Recall that the cardinality of 51()221 (k1, kp) is at most 4dCy. Now we divide the

set ﬁt()g)d (k1, k2) into subsets of continuous elements such that each subset contains
exactly d elements and there may be an exception which can be treated in the same
way. Therefore, we obtain

Yo THf)

1Ly, (ki.ka)

< ¥ [ e |/ x—tyl%( )fﬂd(y)

0
1LY (ki ka)

§4CO§/ |/ f o=y |wo< >|| o (y)

5400/ !/ [/ (e =1) ’l§w°<xl)|r|

Alo+d+2

<ico [ @O [, 1F )| fdon)
g Ao~ 1]
<4Co ™ fs 20| My fx)de(y)

<6aco [ |20)| My fdo ).

By Lemma 2.3, we get

> ths| =6sco [ 1R00] Ml do )

34
1eLY (ki ,ka) (3-4)

LP(w)
< Cmoll &l Il f Il Lr ),
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where C,, 4, only depends on m and .

Case 2. Good scales: For the good scales, suppose we are working on one con-
nected component of Lgo0d, and for each integer / in such a component, we assume
that ax, t*1 dominates Q(¢) in the sense of (3.2), that is,

‘akl A%l | > 2Co

/1
ay A ‘ for every k| # ki,
and ag, ok, (ozk2 — 1) 1“2 =2 dominates Q" (¢) in the sense of (3.3), that is,

> 26

Ak, Oty (ak2 — 1) Akl

i oy (aké - 1) A1 for every kb # ka.

Let us call such a set Lgo0q (k1, k2). Under this assumption, we have the estimates
10()] < 2ag, 1% | and |Q"(1)] ‘aklt“kl —2‘ (3.5)

forevery t € [A'=2, AT with! € Lgooa (k1, k2). Recall that A = 2!/¢ is the smallest
scale that we will work with. This scale is only visible when a;¢¢ dominates. When
some other monomial dominates, at such a small scale, our polynomial will not have
enough room to see the oscillation. Define A, := 2!/, We choose this scale because
the monomial g, t**1 dominates. Let

Opp ()= Y. ).

lecgaod (k1,k2)

Notice that here we join all the small scales from Lgo04 (k1, k2) to form a larger
scale. Next we will apply a new partition of unity to the function ®g, x,.

Now let wék') be a nonnegative smooth bump function supported on [A,:II, Ail]
such that

t
Z wl(/k])(t) =1 for every ¢t > 0, with wl(/k])(t) = wék‘) <—> .

Il
I'eZ )\'kl

k1

-B -B
Take By, € Z such that A, < |akl| <Xy, , we let yx, = By, /ag,. Define

o0 ) d
T f ) = /S 20" /0 F G =) QO 0y 1y (0o ().

We split the sum in I’ into two cases.

Y= n s 3 ny (36

l'eZ U<y, >y,

Birkhauser
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By comparing each term in the first summand, we obtain

Y| =

U'<yiy

Z/ sz(y)f flr— ry»w,’“’(t)@k,kza)—da(y)

I'<yx,

2

U=yy

00 . d
[ a0 [ re=n (90 - 1)y 0o (r)l) .
sn—1 0 t

3.7

It is easy to see that the second term on the right side of (3.7) is controlled by

[/+2

)L] ’ a dt ,
Z /_;‘n 1 /’i| |f(x_ty)||ak1t k1|7d0'(y)

l/< kl

73 —I+1

<3 f 1RO v 17 =0 e o'
ky

yk —I+1
<Z)\,ykl l+l lel 1 /

1
19001 [ 1) o)
leN

= 8/Sn_1 12 ()| My f (x)do (y).

Denote z(t) = Zl’<yk 1/f(kl)(t)cl>k1 k (¢). Thus, the first term on the right side of (3.7)
can be dominated by

dt
[ e/ (o1
sn=1 {teR+:z(1)=1} t
dt
+[ 120 1F (5= 1)| Loy
sn—1 {(teR+:2(1)#1} t

Q Q
p.v./ ();)f(x — y)dy / ({l) flx— }’)d)"
re |V yize [V

i C/s () A;flzftgxzfl+l | (x =) —do(y)

<

=+ sup

e>0

< 1Taf W+ 1370+ C [ 120)| My 5 (o).

In fact, Z,,<yk w(k‘)(t) and @y, 1, (¢) are finite term intersections, the interval end-

point of z(¢#) = 1 is very close to the cutoff point of Zl’<yk w(k')(t). The part of

z(#) # 1 only contains a finite number of bump functions, then it can be controlled by
the direction Hardy-Littlewood maximal operator M.

Birkhauser
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Using the weighted L? boundedness of Tq, T5 and M, (see Lemma 2.2 and
Lemma 2.3), we know that, under the conditions of Theorem 1.5,

k ~
Yoy < CnolQgisny 1 fllirwy. 1< p <00, weAl®Ry).

l’f)’kl LP(w)
(3.8)
The next part we need to bound

oo
(k ) (k
2.0 =2 Itk
>y, LP(w) =1

In order to do it, we notice the pointwise bound
Tere| =8 [ 190 My sede o). (39)
which, together with Lemma 2.3, leads to that for 1 < p < oo, w € A (R,
175 % f e ) < Coll s fllLr@)- (3.10)

Now we need to obtain exponential decay for the L2 bounds of T< '> ;- By Plancherel’s
theorem, we just need to estimate

oo ,Q( Wkt t)+i)»ykl [ dt
SR UGE IR

k
A lQ(l)+ll\ Evj( ]L](I)d}kl kz(t)i‘

We calculate the second order derivative of the phase function:
2y1<1 +21 1 ykl +1 Bkl +ok, [ )
o () )‘ 3 lag [ 71 = 212,

Thus, by van der Corput’s lemma (Lemma 2.1), we obtain
1
o zQ( ' )HAWHW £ 1 dt
/ T 000y DT < 27
0

Therefore, we have

k
1755 (Dllz < ClIRU L s1)2” 0 £l e (3.11)

Birkhauser
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Interpolating between (3.10) with @ = 1 and (3.11), we obtain that for some 6 > 0,

1750, (Dl < CIRA 12 fller for 1< p < oo (3.12)

Also, note that for w € A;(RJF), there is an ¢ > 0 such that w!*¢ € Af,(RJr). Thus
by (3.10), we have

ki)
IIT( 'H(f)lle(wHe) = CollllLrsn-1y 1l Lp @i+e)- (3.13)

Applying the Stein-Weiss interpolation theorem with change of measure (see [21])
between (3.12) and (3.13), we obtain that for | < p < oo, w € Al (R+) and some
o >0,

175 (D v @) < Coll L1127 1 f L0 @)- (3.14)

This, together with (3.4), (3.6) and(3.8), leads to (1.4) and completes the proof of
Theorem 1.5.

Funding Supported by the NNSF of China (Nos. 12171399, 12271041).
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