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Abstract

Let G be a locally compact unimodular group, let 1 < p < oo, let ¢ € L®(G)
and assume that the Fourier multiplier My associated with ¢ is bounded on the non-
commutative LP-space L”(VN(G)). Then My: LP(VN(G)) — LP(VN(G)) is
separating (that is, {a*b = ab* = 0} = {My(a)*My(b) = My(a)My(b)* = 0} for
any a, b € L?(VN(G))) if and only if there exists ¢ € C and a continuous character
¥ : G — C such that ¢ = ¢ locally almost everywhere. This provides a charac-
terization of isometric Fourier multipliers on L” (V N(G)), when p # 2. Next, let
be a o-finite measure space, let ¢ € L>®($?) and assume that the Schur multiplier
associated with ¢ is bounded on the Schatten space S” (L%(Q)). We prove that this
multiplier is separating if and only if there exist a constant ¢ € C and two unitaries
a, B € L*°(2) such that ¢ (s, 1) = ca(s)B(t) a.e. on Q2. This provides a characteri-
zation of isometric Schur multipliers on S?” (L*(R2)), when p # 2.
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1 Introduction

Let I" be a locally compact abelian group, let 1 < p #2 <ooandlet7: L? (") —
L?(T") be a bounded Fourier multiplier. A classical theorem going back to Parrott [27]
and Strichartz [33] asserts that 7" is an isometry if and only there exists ¢ € C, with
lc] = 1,and u € T" such that T = ct,. Here 7,,: LP(I') — LP(T") is the translation
operator defined by 7, (f) = f(- — u).

In the last decade, Fourier multipliers on noncommutative L”-spaces associated
with group von Neumann algebras emerged as a major topic in noncommutative anal-
ysis, with applications to approximation properties of operator algebras, to singular
integrals and Calderon-Zygmund operators, as well as to noncommutative probabil-
ity and quantum information. See in particular [2, 9, 16, 17, 20, 25, 26]. It therefore
became a natural issue to understand the structure of isometric Fourier multipliers in
the noncommutative framework. Indeed, the original motivation for this work was to
extend the Parrott-Strichartz theorem to this setting.

To be more specific, let G be a locally compact group, let V N (G) denote its group
von Neumann algebra and let 1: L' (G) — V N(G) be the contractive representation
associated with the left regular representation of G. Assume that G is unimodular.
This ensures that the Plancherel weight g on V N (G) is actually a normal semifinite
faithful trace. Forany 1 < p < oo, let L?(V N(G)) be the noncommutative L”-space
associated with (VN (G), tg). A Fourier multiplier 7: L?(VN(G)) — LP?(VN(G))
is an operator of the form

T(f) =r@)),

where ¢ is a fixed element of L*>°(G) and f lies in a suitable dense subspace of L' (G).
We set T = T in this case. See the beginning of Sect. 3 for more details.

We generalize the Parrott-Strichartz theorem by showing the following result, in
which VN (G) plays therole of ' and T = {z € C : |z| = 1}: If p # 2, a Fourier
multiplier 74 : LP?(VN(G)) — LP(VN(G)) is an isometry if and only if there exists
¢ € T and a continuous character ¢: G — T such that ¢ = cy locally almost
everywhere.

We actually consider the more general class of separating Fourier multipliers.
Following [22], we say that an operator 7 : L? (M) — L?(M) acting on some non-
commutative L”-space L? (M) is separating if for any disjoint a, b € L (M) (that is,
a*b = ab* = 0), the images T (a), T (b) are disjoint as well. It is well-known that if
p # 2, any isometry on L” (M) — LP (M) is separating. This follows from Yeadon’s
characterization of isometries on noncommutative L? spaces [36] (see also [22]). We
prove that for any 1 < p < oo (including the case p = 2), a Fourier multiplier 7 on
L?(V N(G)) is separating if and only if there exists ¢ € C and a continuous character
¥ : G — T such that ¢ = cy locally almost everywhere.

The above two characterizations theorems are established in Sect. 3. Section 4
provides complements on Fourier multipliers.

Section 5 is devoted to Schur multipliers acting on Schatten classes. Let (€2, u)
be a o -finite measure space, let ¢ € L>®($?) and let Ty denote the associated Schur
multiplier acting on the Hilbert-Schmidt space S 2(L%(Q)) (see below for details). Let
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1 < p < oo and assume that Ty is bounded on the Schatten space S? (L3(2)). We
show that Ty: SP(L*(R)) — SP(L*()) is separating if and only if there exist a
constant ¢ € C and two unitaries «, 8 € L°°(R2) such that ¢ (s, 1) = ca(s)B(¢) a.e.
on Q2. In the case when p # 2, this provides a characterization of isometric Schur
multipliers on S”(L?(2)).

2 Preliminaries on Separating Maps

Let M be a semifinite von Neumann algebra equipped with a normal semifinite faithful
trace t. Assume that M C B(H) acts on some Hilbert space H. Let LO(M) denote the
x-algebra of all closed, densely defined (possibly unbounded) operators on H, which
are t-measurable. For any 1 < p < oo, the noncommutative L?-space L7 (M),
associated with (M, ), can be defined as

LP(M) == {x € L'(M) : 7(Ix|?) < oo}.

1
Let ||x]l, := ©(|x|”)? for any x € L?(M). Then L? (M) equipped with | - ||, is
a Banach space. We let L°°(M) := M for convenience and we let ||.||» denote the
operator norm. For any 1 < p < oo, let p’ = % be the conjugate index of p. For

any x € LP(M) and y € Lf’,(/\/l), the product xy belongs to L' (M) and |t (xy)| <
Xl pllyll . We further have an isometric identification L”(M)* ~ L7 (M) for the
duality pairing given by

(y,x) =t(xy), xeLP(M), ye L’ (M).

Welet L” (M) denote the cone of positive elements of L” (M). The reader is referred
to [29] and the references therein for details on the algebraic operations on LO(./\/I),
the construction of L” (M), and for further properties.

We mention that if M = B(H) for some Hilbert space H, then the usual trace
tr: B(H)™ — [0, oo] is a normal semifinite faithful one and the resulting noncom-
mutative LP-spaces associated with (B(H), tr) are the Schatten classes S? (H).

We say that a, b € LO(M) are disjoint if a*h = ab* = 0. We say that a bounded
operator T': LP(M) — LP(M), 1 < p < oo, is separating if whenever a,b €
LP (M) are disjoint then 7' (a) and T (b) are disjoint as well.

A Jordan x-homomorphism on a von Neumann algebra M is alinearmap J : M —
M that satisfies J(a®) = J(a)* and J(a*) = J(a)*, for every a € M. It is clear
that a Jordan *-homomorphism is positive, i.e. if a € M™ then J(a) € M™. We
warn the reader that Jordan *-homomorphisms are not always x-homomorphisms. For
example, the transposition map on matrices is a Jordan s-homomorphism.

However we have the following lemma, in which part (1) follows from the identity
(a + b)? = a® + b* + (ab + ba) and part (2) is given by [18, 10.5.22(iii)].

Lemma 2.1 Let J : M — M be a Jordan *-homomorphism.

(1) Foralla,b € M, we have J(ab + ba) = J(a)J(b) + J(b)J (a).
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2) Ifa, b € M satisfy ab = ba, then we have J(ab) = J(a)J (D).

We also record the following properties for further use. Here a map J: M — M
is called normal if it is weak*-continuous.

Lemma2.2 Let J: M — M be a normal Jordan x-homomorphism.

(1) The kernel ker(J) is a w*-closed ideal of M.
(2) If (ei); is a bounded net of M such that e; — 0 and e} — 0 in the strong operator
topology, then J(e;) — 0 in the strong operator topology.

Proof (1) Let J: M — M be a normal Jordan *-homomorphism. A well-known
theorem asserts that there exist two von Neumann algebras M, M>, a von Neumann

algebra embedding M 3 My € M, a normal x-homomorphism 7: M — M,
and a normal anti x-homomorphism o: M — M3, such that J(a) = n(a) ® o(a)
for all a € M. (See [32, Theorem 3.3] or [11, Corollary 7.4.9.] for this result.) Then
ker(J) = ker(;r) Nker(o), hence ker(J) is a weak™-closed ideal.

(2) Let (e;); be a bounded net of M such that e; — 0 and e — 0 strongly. Writing
(eFeitIn) = (ei¢lein), we see that (efe;|n) — 0 for all £, n € H. Since (e]e;);
is bounded, this implies that ef¢; — 0 in the weak*-topology of M. Consequently,
m(efe;) — 0 weakly. Writing (e |? = (m(efei)¢|¢), we deduce that 7w (e;) — 0
strongly. Likewise, using ;e instead of e ¢;, we have that o (¢;) — 0 strongly. Thus,
J(e;) — O strongly. O

The next statement plays a fundamental role in the study of separating maps. It was
established independently in [22] and [14].

Proposition 2.3 [22, Remark 3.3 and Proposition 3.11] Let 1 < p < oo. A bounded
operator T: LP(M) — LP(M) is separating if and only if there exist a normal
Jordan x-homomorphism J: M — M, a partial isometry w € M, and a positive
operator B affiliated with M, which verify the following conditions:

(a) T(a) =wBJ(a), foralla e M N LP(M);
(b) w*w = J(1) = s(B);
(c) every spectral projection of B commutes with J(a), for all a € M.

Here s(B) denotes the support of B. Furthermore, the triple (w, B, J) is unique.
It was shown by Yeadon [36] that all isometries on L? (M), p # 2, are separating

and have the above mentioned factorisation. For this reason, for T as above, we refer
to (w, B, J) as the Yeadon triple of T'.

Lemma24 LetT: LP (M) — LP(M) be a separating map and let (w, B, J) denote
its Yeadon triple. If T has dense range, then J(1) = 1 and w is a unitary.

Proof The proof is an easy modification of [24, Remark 3.2]. O

Lemma2.5 Let1 < p,g < o0. Let T: LP(M) + L4(M) — LP(M) + L1(M)
and assume that T : LP (M) — LP(M) and T : L4(M) — L1(M) are bounded. If
T:LP(M) — LP(M) is separating, then T : LY(M) — L9(M) is separating as
well.
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Proof Let £ := {¢ € M : eisaprojection withz(e) < o00}. Suppose that
T:LP(M) — LP(M) is separating. Since, £ C LP (M) N L9(M), the operator
T: L1(M) — L1(M) also preserves disjointness on £. By [22, Remark 3.12 (i)],
T:L1(M) — L9(M) is separating. O

3 A Characterization of Separating Fourier Multipliers

Let G be a locally compact group with left Haar measure n defined on the o -algebra
of Borel sets. We will write ds for du(s). Denote by A the left regular representation
of G defined by

A G — B(L*(G)); [h(s)f1() = f(s™ ).

The left regular representation A determines a representation of L'(G) also denoted
by A and defined by

A LNG) — B(L*(G)), A(gn=g=*n,

for all g € LY(G) and n € L?(G). Here, the convolution is g * n(t) =
J 8()n(s~'t)ds. We have that A(g) = [,; g(s)A(s) ds, where the operator integral
is understood in the strong operator sense.

For any function g: G — C, we let

=gt and  g*(r) =g,

forallr € G.

We denote by e the unit element of G. Also for any Borel set A € G, we let x4
denote the indicator function of A.

Let VN(G) € B(L*(G)) be the von Neumann algebra generated by {A(s) : s €
G). This coincides with the von Neumann algebra generated by {1(g) : g € L'(G)}.
When G is abelian, we have VN (G) ~ L°°(6), where G is the dual group of G.

We let (-] -) denote the inner product on L?(G). The Fourier algebra of the group
G is defined as

AG) =1{0.()¢Im) : &, € LY (G)} € Cy(G).

This is a Banach algebra for the pointwise product and the norm defined, for any
¥ € A(G), by

I lla) = inf{liZ (12102},

where the infimum runs over all ¢, n € L?(G) such that ¥ = (A(-)¢|n). We note for
further use that equivalently, we can write A(G) = {¢ %1 : ¢, n € L>(G)}.

Birkhauser



5 Page6of 27 Journal of Fourier Analysis and Applications (2024) 30:5

We recall that A(G)* >~ V N(G) isometrically for the duality pairing given by
(M), ) =v(s), V¥ eAG), seGC. (3.1
Assume that G is unimodular. We will use the so-called Plancherel trace
76 : VN(G)T — [0, 4+00],

for which we refer to [35, Sect. VIL.3] (see also [3]). We note that 7 is a normal semifi-
nite faithful trace. This allows to consider the noncommutative L?-spaces L” (VN (G))
associated with tg. We recall that if G is discrete then G is unimodular and ¢ is nor-
malised. Also, if G is abelian then G is unimodular and L” (VN (G)) = L? (6), where
G denotes the dual group of G.

It is well-known that for any g € L'(G) N L*(G), A(g) € L*(VN(G)) with
IX(g)]l2 = ligll2 (see e.g. [3, Sect. 6.1]). Consequently, the restriction of X to LY(G)n
L?(G) extends to an isometry from L?(G) into L%(V N(G)). It turns out that the latter
is onto, which yields a unitary identification

L2 (VN(G)) ~ L*(G). (3.2)

Using the notation U : L*(G) — L%(VN(G)) for the above unitary mapping, we
have

w6 (U (U (n) =/G§(t)77(t)dt, t,n € L*(G). (3-3)

Since Ll(VN(G))* ~ V N(G), we have an isometric identification
A(G) ~ L"(VN(G)).

It is not hard to deduce from (3.1) and (3.3) that this identification is given by the
mapping A(G) — LY (VN(G)) taking ¢ x i to Ux(ﬁ)UA(E), forall ¢,n € L%(G).
Details are left to the reader.

Let C.(G) denote the space of continuous and compactly supported functions on
G. Welet C.(G) % C.(G) denote the linear span of f * f>, where f, f> € C.(G). It
is well-known that

A(Ce(G) % C.(G)) € L' (VN(G)) N VN(G),

and that 1(C.(G) * C(G)) is dense in L”(VN(G)), for all 1 < p < oo. For a
proof, we refer to [7, Proposition 3.4] for the case p = 1, and to [5, Proposition
4.7] for the other cases. We also note that since C.(G) * C.(G) is dense in L1 (G),
A(CC(G) * CC(G)) is weak*-dense in VN (G).

Lemma 3.1 Suppose that K € G is a compact set. There is a function ¥ € A(G)
such that ¥ (s) = w(K), forall s € K.
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Proof For a proof, we refer to [19, Proposition 2.3.2.]. O

Some of the formulations of the main results in this article are easier when the
group G is o-compact, meaning that G is the countable union of compact subsets. The
following well-known lemma relates this property with other countability properties
that the group G can have. We provide a proof for the sake of completeness.

Lemma 3.2 Let G be a locally compact group. Then the following implications hold:
G is second countable —> G is o-compact <= the Haar measure of G is o -finite.

Moreover, the remaining implication is false. That is, there exists a (o -)compact group
which is not second countable.

Proof If G is second countable, then by definition, its topology admits a countable
basis. Since G is locally compact, this basis can be chosen to consist of relatively
compact sets Oy, k > 1. Thus,

G=Jo=Jon

keN keN

so G is o-compact.

Next, we show that for the Haar measure w, o-compactness and o-finiteness are
equivalent. Recall [8, Proposition 2.4] that G admits an open, closed, o-compact
subgroup Gy. Thus, G = Uyey yGy for some subset ¥ C G representing the left
cosets, where the union is disjoint. We claim that Y can be chosen at most countable
if and only if G is o-compact, if and only if the Haar measure is o-finite. Indeed,
if ¥ is at most countable, as yGq is o-compact for all y € Y, G is o-compact. If
G is o-compact, say G = |J, cyy Kn With compact K, then @ (K,) < oo for any
n € N, hence G is o-finite. Finally, suppose that G is o-finite, say G = (J,,cyy Hn
with u(H,) < oo for any n € N. According to [8, Proposition 2.22], the fact that
w(H,) is finite implies that ¥,, := {y € Y : H, N yGo # @} is at most countable.
Thus, Y :={y € Y : GNyGo = U,en(Ha N yGo) # B} = U, ey Ya is also at
most countable. But clearly, Y’ =Y.

Finally, for the last statement, it suffices to take the compact non first countable
group G = TR, O

In the sequel we use the space L°°(G). Its definition requires some care. When
G is o-compact, L°°(G) is defined in the usual way. But when G is not o -compact,
by the above Lemma 3.2, the left Haar measure p is not o-finite. In this case, if we
define L>(G) in the usual way, the duality of L!(G) and L>(G) may break down.
As it is explained in [8, Sect. 2.3], it is possible to salvage this duality by modifying
the definition of L°°(G) as follows. A set E C G is called locally Borel if E N F
is Borel whenever F is Borel and w(F) < oco. A locally Borel set is locally null if
W(EN F) =0 whenever F is Borel and (F) < oco. A function f: G — Cis locally
measurable if £~!(A) is locally Borel for every Borel set A C C. A property is true
locally almost everywhere if it is true except on a locally null set.
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With these definitions in hand, let L>°(G) be the space of all locally measurable
functions ¢: G — C that are bounded except on a locally null set, modulo the
functions that are zero locally almost everywhere. Then L°°(G) is a Banach space
with the norm

[l = inf {c 2@ ()| < c locally almost everywhere}.

We note that for any 1 < p < 0o, any f € L?(G) has a o-finite support hence for
all ¢ € L™°(G), ¢ f is a well-defined element of L7 (G).

One may therefore define fG ¢f forall ¢ € L®°(G) and all f € L'(G) and
this duality pairing yields an isometric identification L>°(G) ~ L'(G)*. When G is
o-compact, L>°(G) defined as above coincides with the usual one.

Definition 3.3 Forany ¢ € L°°(G),let My: A(C.(G)*C.(G)) — VN(G) be defined
by

My (f) :=2@f). [ €Cc(G)*Ce(G).

Forany 1 < p < oo, we say that My is abounded Fourier multiplier on L” (V N (G)) if
the above map extends to a bounded operator (still denoted by) My : L?(VN(G)) —
L?(V N(G)). In the sequel we abbreviate this by saying that “My: L (VN(G)) —
L?(VN(G)) is a bounded Fourier multiplier".

Likewise, if p = oo, we say that My is a bounded Fourier multiplier on VN (G)
if the above map extends to a bounded weak*-continuous operator My: VN(G) —
VN(G).

Let 1 < p < oo. We recall from [3, Sect. 6.1] that if My: LP(VN(G)) —
LP(V N(G)) is abounded Fourier multiplier, then My : L” (VN (G)) — L” (VN(G))
is a bounded Fourier multiplier as well, where p’ is the conjugate index of p. More-
over, My: LP (VN(G)) — LP(VN(G)) is a bounded Fourier multiplier, and this
operator is actually the adjoint of My : L (VN (G)) — LP(VN(G)).

Thanks to (3.2), we have that for any ¢ € L*(G), My: LY VN(G)) —
L*(VN(G)) is a bounded Fourier multiplier, with

IMy: LA (VN(G)) —> L2 (VNG| = 9|l L>()- (3.4)

Indeed, let us denote as before by Uy : L>(G) — L?*(VN(G)) the unitary mapping
taking any f € L'(G) N L%(G) to A(f), see (3.2). Let 7: L>®°(G) — B(L%*(G))
be defined by [ ($)](f) = ¢f, for all ¢ € L°(G) and all f € L?*(G). Then
7 is an isometry. Since for any ¢ € L*(G), Uyn(¢)U; coincides with My on
C.(G)*C:(G), we obtain that My is a bounded Fourier multiplier on L*(VN(G)) and
that My : L%(VN(G)) — L*(VN(G)) coincides with Ut (¢)U;. Since U, (U
is an isometry, the equality (3.4) follows. (See also [3, Lemma 6.5].) It follows from
above that a Fourier multiplier M : L?>(VN(G)) — L*(VN(G)) satisfies

My(Us () = Us(pf),  f € L*G).
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Remark 3.4 If ¢, ¢ € L°°(G) are such that My, and My, coincide on A(C.(G) *
C.(G)), then by (3.4), the operator My,_y, = My, — My,: L2(VN(G)) —
L2(VN(G)) is equal to 0, hence ¢; = ¢ locally almost everywhere.

For the rest of this section, we fix a net (f;);es in C.(G) * C.(G) such that f; > 0
and |, ¢ Ji(s)ds = 1foralli € I, the supports of f;’s are contained in some compact
neighborhood V; of e where the net (V;);¢, is decreasing, and [),; Vi = {e}. We set
e; := A(fi). Then for all i € I, we have

ei € L'"(VN(G))NVN(G) and leillvn) < 1.

Lemma 3.5 We both have e; — 1 and e} — 1 in the strong operator topology.

Proof Let ¢ € L?(G). Since each f; is non-negative and L'-normalized, we have

i) =€l =| [ s e —o af <[ 01000 =l dr

Since A(t) — 1 ast — e in the strong operator topology, the assumptions on ( fi)ic;
ensure that the right hand-side tends to 0, when i — oo. Hence ||e; (¢) — ¢ || 2(G) — 0.

This shows that ¢; — 1 strongly. Since e} = A(f;*) and the f;* have the same
features as the f;, we also have that e — 1 strongly. O

We let C,(G) be the space of bounded and continuous functions on G.
The following lemma shows that the definition of bounded Fourier multipliers
VN(G) — VN(G) considered in this paper coincide with the one in [6].

Lemma3.6 Let ¢ € L°°(G) and assume that My is a bounded Fourier multiplier on
V N(G). Then there exists v € Cp(G) such that ¢ =  locally almost everywhere,
and

My (A(s)) = Y (s)A(s), s€G.

Proof Assume that My: VN(G) — VN(G) is a bounded Fourier multiplier. Let us
show that for any s € G,

My (A(s)) € Span{A(s)}. 3.5)

Fix s € G. Foralli € I, AMs)e;, = fG fi®)A(st)dt, hence My(A(s)e;)) =
f G ®(st) fi(1)A(st) dt, where these integrals are defined in the strong operator topol-
ogy. Therefore, for all ¢ € A(G), we have

(Mg (X(s)ei), ) =/G¢(St)ﬁ(t)</\(st),<ﬂ) dt=/G¢(st)fi(t)<ﬂ(Sr)dt.

Let ¢ € A(G) such that ¢(s) = 0. From the above, we have
(Mg (A(s)ei), p)| < ||¢||oo/Gﬁ(t)|<ﬂ(st) —@(s)ldr.
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Since ¢ is continuous, the right hand-side of the above inequality tends to zero
when i — o00. Moreover by Lemma 3.5, A(s)e; — X(s) in the strong opera-
tor topology. Since (e;)ic; is bounded, this implies that A(s)e; — A(s) in the
weak™-topology. Therefore, My (A(s)e;) — Mg (A(s)) in the weak™-topology. Hence,
(Mg (A(s)e), ) — (Mg(A(s)), ). We obtain that (My(A(s)),¢) = 0. Hence,
My(A(s)) € {@ : ¢(s) = 0} in the duality A(G)* >~ VN (G). Since Span{i(s)}1 =
{o : p(s) = 0}, we deduce (3.5).

Let v: G — C be the unique function such that for all s € G, My(A(s)) =
¥ (s)A(s). The pre-adjoint A(G) — A(G) of My is the pointwise multiplication by
Y. According to the comment following [6, 1.1. Definition], the function v is therefore
continuous.

Next, we show that ¢ = 1 locally almost everywhere. For any f € C.(G) %
C.(G), we have A(f) = f ¢ S @A) dt. This SOT-integral is absolutely convergent
in VN (G), hence

M¢()»(f))=/Gf(t)M¢(k(t))dt

- fG FOU 00 dr
= My ((f).

This implies that My = My on C.(G) * C.(G), and the result follows by Remark 3.4.
For the regularity of G needed in the proof of [6, 1.1. Definition], we refer to [19,
Theorem 2.3.8 p. 53]. See also the discussion following [3, Definition 6.3]. O

Let T denote the unit circle of C. A homomorphism ¢: G — T is called a character.
We let Hom (G, T) denote the collection of all characters on G. There is a natural
isomorphism between Hom (G, T) and H om([(f—G], T), where [G, G] denotes the
commutator subgroup of G [13, (23.8) Theorem p. 358-359]. When G is a perfect
group,i.e.[G, G] = G, the only character on G is the trivial one, thatis, Hom (G, T) =
{1}. Examples of perfect groups include non-abelian simple groups and the special
linear groups SL,(K), for a fixed field K.

The following is the main result of this section. In view of this theorem and the
observation above, we see that there are groups with relatively few separating Fourier
multipliers.

Theorem 3.7 Assume that G is a locally compact unimodular o -compact group, let
1 < p <ooandlet p € L*(G). The following are equivalent.

(i) The mapping My is a bounded Fourier multiplier on L? (V N (G)), and the operator
Mgy: LP(VN(G)) — LP(VN(G)) is separating.

(ii) There exist a constant ¢ € C and a continuous character ¥ : G — T such that
¢ = cyr almost everywhere.

The proof will be given after a series of intermediate results.

Lemma3.8 Let M be a semifinite von Neumann algebra. Let (x;); be a net in M N
L% (M) with sup lxjlloc < 00. If[lxjll2 — O, then x; — 0 in the weak*-topology of
M.
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Proof Take y € L'(M) N L%(M). We have that

Iy, x) 1 < lyll2llxjll2 = 0,

and therefore (y, x;) — 0. Since L'(M) N L?>(M) is dense in L' (M) and (x;); is
bounded in M, this implies that (y, x;) — 0, forall y € LY(M). That is, xj — Oin
the weak*-topology of M. O

In the following lemma, G is not necessarily o -compact.

Lemma3.9 Let¢ € L°°(G). Assume that the Fourier multiplier M : L3(VN(G)) —
LZ(VN (G)) is separating and non-zero.

(1) For any compact K C G, the restriction ¢|g is non-zero almost everywhere on
K.

(2) The operator My : L2(VN(G)) = L2(VN(G)) has dense range.

(3) Forany compact K C G, there exists a continuous function ®: K — C such that
¢k = © almost everywhere on K.

Proof (1) Let K be a compact subset of G. Set Ng(¢) := {s € K : ¢(s) = 0}. We
show that Nk (¢) has measure zero. Assume on the contrary that Ng (¢) has positive
measure. We show that there exists agp € K such that for any open neighbourhood V
of ag, L(Ng(¢) N V) > 0. Assume on the contrary that for any a € K there is an
open neighbourhood of a, V,, such that u(Ng (¢) N V,) = 0. Since K is compact and
{Va}aek covers K, there is a finite subcover {Vaj }’}:1 that covers K as well. Now,
note that

Nk (@) = (N (@) N (V] Va))) = u(Uj_ (Nk (@) N Va)))

<> Nk ()N Vi) =0,

j=1

which contradicts the fact that w(Ng (¢)) > 0.

Let (U;)ics be a net of neighbourhoods of e, the unit element of G, directed by
inclusion, with N;c;U; = {e}. Then for all i € I, we have u(agU; N Nk (¢)) > 0 and
we may define

1
/’li =
u(apU; N Nk (¢))

XU; XNk (¢) (@0 *).

For any i € I, we have that ; > 0, fh,- =1,and h; € LI(G) N L2(G). Moreover,
supp(h;) = U; ﬂa(;]NK (¢) and therefore, ﬂie] supp(h;) = {e} and ¢hi(a61 ) =0,
foralli e 1.

Let (w, B, J) be the Yeadon triple of My: L2(VN(G)) — L*(VN(G)). For
any i € I, let g = )L(hi(ao_1 ). We have that &; € L2(VN(G)) N VN(G)
and ||&;|lvy) = 1. By Proposition 2.3(a), My(e;) = wBJ(g;). Also, My(g;) =

A(¢hi(a(;l-)) = A(0) = 0. Therefore, wBJ(¢;) = 0. We now apply Proposition
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2.3(b). Since w*w = s(B), we have BJ(g;) = w*wBJ(¢g;), hence BJ(g;) = O.
Further 0 < J(g) < J(1) = s(B), hence J(&;) is valued in ker(B)L. Hence the
equality BJ (¢;) = 0 implies that J(g;) = 0, that is ¢; € ker(J). By Lemma 2.2(1),
this implies that for any g € L'(G) and any i € I, we have A(g)¢; € ker(J).

Now, for any f € LY (G)n L2(G), let g = f(-ap). We have

M@ = Mg xhilag' ) =rglag ) xhi) = h(f xhi).

Since || f*hi — fll2 = 0, wehave [[A(f *hi) —=A() .2y n(G)) — 0, by (3.2). Note
that,

IACS s hidlloo < If *hillt < W fIlAille = 11f 1l

Hence by Lemma 3.8, A(f * h;) — A(f), in the weak*-topology of V N(G). Since
ker(J) is weak*-closed, by Lemma 2.2(1), we obtain that A(f) belongs to ker(J).
Finally since the space {A(f) : f € LY(G)Nn L2(G)} is weak™-dense in VN (G), we
deduce that ker(J) = VN (G). Hence My = 0, which is a contradiction.

(2) Consider any F € C.(G) % C.(G). This function has compact support, say
K € G.Set Ns = {s € K : |¢(s)] < &}, forall § > 0. By part (1), ¢ # 0
almost everywhere on K, hence we have lims_.o u(Ns) = 0. For any § > 0, set
gs 1= ¢_1XN§F~ Since ¢_1XN§ € L*®(G), we have g5 € L'(G) N L*(G). Hence,

A(gs) is well-defined, A(gs) € L>(VN(G)) N VN(G) and

My(A(gs)) = /cﬁ(t)ga(t))»(t)dt = A(xne F).
Therefore, A(F) — My (A(gs)) = A(xns F), and we have that

IA(F) — Mg (A(gs)l2 = IA(Gxns F)ll2 = llxw, Fli2,

by (3.2). Since u(Ns) — 0, when § — O, this implies that lims_.q ||A(F) —
My (A(gs5))ll2 = 0. Hence, A(F) € ran(My). By density of A(C.(G) * C.(G)) in
L2(VN(G)), this implies that the range of My is dense in L2(VN(G)).

(3) Let w* My be the operator taking any a € L2 (VN(G)) to w*Mg(a). According
to [23, Remark 4.2], w*My is positive, that is, it maps L2(VN(G))" into itself.
We use a modification of the argument in [3, Lemma 6.10]. For all g € C.(G),
A(g**g) € L2 (VN(G))T.Hence, w* My(A(g**g)) € L>(VN(G))*. Consequently,

(M (1(8™ % )¢ [w(0)) = 0,
for all ¢ € L?(G). The calculation in the proof of [3, Lemma 6.10] shows that
(Mg (1 (g™ % )¢ Iw(0)) = /G /Gmg(s)qs(t‘ls) (A(r—1s>;|w(;)) dsd.

Birkhauser



Journal of Fourier Analysis and Applications (2024) 30:5 Page130f27 5

This implies that for all ¢ € L?(G), the function s — ¢ (s) (A(s)¢|w(?)) is positive
definite in the sense of [35, Definition VII.3.20].

By polarization, this implies that for all ¢, ¢’ € L>(G), s — ¢(s) (k(s){ |w(§’)) is
a linear combination of positive definite functions. By part (2) and Lemma 2.4, wis a
unitary. Hence the above actually shows that forall ¢, n € L? (G),s — ¢(s) (A(s)CIn)
is a linear combination of positive definite functions. By the definition of A(G), this
means that for all v € A(G), ¢ is alinear combination of positive definite functions.
By [35, Corollary 3.22] and its proof, this implies that for all v € A(G), ¢ is locally
almost everywhere equal to a continuous function.

Let K € G be a compact set with w(K) > 0. By Lemma 3.1, there is ¥ € A(G)
suchthat |y > 0.Now, (¢1) | is almost everywhere equal to a continuous function.
Hence, ¢ |k is almost everywhere equal to a continuous function. O

Remark 3.10 Note that if G is o -compact, the above lemma implies thatif ¢ € L°°(G)
is such that My : L2(VN(G)) — L3(VN(G)) is separating, then ¢ is almost every-
where equal to a continuous function.

In the next statement, we use the net (¢;);<; defined before Lemma 3.5.

Lemma3.11 Let¢ € Cp(G) and consider the Fourier multiplier M : L2 (VN(G)) =
L2(VN(G)). We have the following convergences in the strong operator topology of
VN(G).

(1) Foralls € G, My(A(s)e;) —> ¢ (s)A(s).
(2) Foralls € G, My(A(s)e?) —> ¢(s)A(s).
(3) Foralls € G, My(eir(s)e;) —— ¢ (s)A(s).

Proof (1) By Lemma 3.5, it is enough to show that for all s € G, My (A(s)e;) —
@ (s)L(s)e; converges to 0 in V N(G). Using the assumptions on ( f;);es, and the fact
that ¢ is continuous, we have that

| Mo ()ed) = d)A0)e] o, = | /G @G0 D50 = ) [iDs0) di|
< 1660 =610 dt — 0.

This proves the result.

(2)Foralli € I,wehave,el.2 =Afixfi), fixfi =0, fG(f,-*f,-)(s)d(s) =1,and
supp(fi * f;) < supp(f;)-supp(f;). Hence using f; * f; instead of f;, the convergence
in (2) can be shown exactly in the same way as in (1).

(3) We argue as in (1). Let s € G. Since ¢; — 1 in the strong operator topology
and (e;);ey is bounded, e;L(s)e; — A(s) in the strong operator topology. Hence we
only need to show that My (e;A(s)e;) — ¢ (s)e;A(s)e; converges to 0 in VN (G). We
have that

[ My (eir(s)ei) — p(s)eir(s)ei||
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= Hf / ¢(rst)ﬁ(r)ﬁ(t))»(rst)drdt—/ / qs(s)ﬁ(r)ﬁ(t)x(rst)drdtH
GJG GJG 00
5/G/Gkb(rsl)—¢(s)|f,-(r)f,-(t)drdtmo,

again using the assumptions on (f;);es, and the fact that ¢ is continuous. O

Proof (ii) = (i): We may assume that ¢ = 1 and that ¢ = ¥, i.e. ¢ is a continuous
character. Any character is positive definite and maps e to 1. Hence according to [6,
Proposition 4.2] and [28, Proposition 3.6], My is a bounded Fourier multiplier on
VN(G), with [[Mg: VN(G) — VN(G)| = [My(D)|leoc = |¢(e)] = 1. According
to [3, Lemma 6.4 and Lemma 6.6], My is therefore a bounded Fourier multiplier on
LP(VN(G)) and

[Mg: LP(VN(G)) — LP(VN(G)| < IMy: VN(G) —> VN(G)||.
Thus,
Mg: LP(VN(G)) — LP(VN(G))| < 1. (3.6)
Since ¢! is also a continuous character, the above argument shows as well that
[My-1: LP(VN(G)) — LP(VN(G))|| < 1. 3.7
For any f € C.(G) x C.(G), we have

Myt My () = My O ) = 2" d ) = A(f).

Similarly, My My-1(A(f)) = A(f). Hence My and My-1 are inverse to each other. It
therefore follows from (3.6) and (3.7) that My: LP(VN(G)) — LP(VN(G)) is an
isometry.

If p # 2, it follows from [36] (see also [22]) that My: LP(VN(G)) —

LP(VN(G)) is separating. If p = 2, consider any 1 < g # 2 < oco. The above rea-
soning shows that My : LY(VN(G)) — L9(V N(G)) is separating. Applying Lemma
2.5, we deduce that the operator My : L3(VN(G)) = L*(VN(G)) is separating.
(i) = (ii): We assume that My: LP(VN(G)) — LP(VN(G)) is separating. By
Lemma 2.5, My : L2 (VN(G)) = L2 (VN(G)) is separating as well. Let (w, B, J)
be its Yeadon triple. We may assume that M, is non-zero. Then by Lemma 3.9(2),
My : L*(VN(G)) — L?*(VN(G)) has dense range. It then follows from Lemma 2.4
that w is a unitary and J (1) = 1. According to Remark 3.10, ¢ is almost everywhere
equal to a continuous function. Replacing ¢ by this function, we may now assume that
¢ € Cp(G).

For any s € G we have, by Lemma 3.11 and Lemma 2.1(1),

$(s) (L(s) + A(s)) = lim Mg <ejx(s)ej + )»(s)e;)
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= lim wBJ (ej)x(s)ej +)\(s)e?>

j—o00

jlirr;o wB(J(e;)J (M(s)ej) + J(A(s)ej) ] (e)))

lim (Mg (ej)J (M(s)ej) + My(M(s)ej)J (¢))),
J—>00
where the limit is taken in the strong operator topology.

By Lemma 3.5, A(s)e; — A(s) and (A(s)e;)* — A(s)* strongly. Hence by Lemma
2.2(2), J(A(s)ej) — J(A(s)) strongly. By Lemma 3.11(1), My(e;) — ¢ (e) strongly.
Since (My(e;)) jer is bounded, we deduce that My (e;)J (A(s)ej) — ¢ (e)J (A(s))
strongly. Similarly, My (A(s)e;)J (ej) — ¢ (s)A(s)J (1) = ¢ (s)A(s) strongly. It there-
fore follows from the previous calculation that ¢ (s) (A(s) + A(s)) = ¢ (e)J (A(s)) +
P (s)A(s), thatis, ¢ (s)A(s) = P (e)J (A(s)).

Since ¢ is non-zero, this implies that ¢ (¢) # 0. Set ¥ := ¢ (e) . It follows from
the above that

J(A(s)) = Y (s)A(s), s eG. (3.8)

We now show that 1 is a character. Let s, t € G and recall that A(st) = A(s)A(z). On
the one hand, we have that J(A(st)) = ¥ (st)A(st). On the other hand, we have that
J (NI (A1) = Y ()Y (1)A(st).

If st = ts, then A(s)A(f) = A(¢)A(s), hence by Lemma 2.1(2), we have that
J(A(st)) = J(A(s)A(2)) = J(A(s))J(A(t)). Hence, ¥ (st) = ¥ (s)yr(¢). Assume now
that st # ts. By Lemma 2.1(1), we have

JA()A@) + 1(DA(s)) = J(A ()T (A @) + (A1) T (A(s)).
Therefore,

U (sOA(st) + Y (As)A(ts) = Y ()Y (OA(st) + Y ()P (s)A(rs).

Since A(st) and A(¢s) are linearly independent, the above identity implies that i (st) =
Y (s)¥(t). This proves that ¥ is a character and therefore, ¢ = ¢(e)y is a scalar
multiple of a character, as requested. O

Let us now give a variant of Theorem 3.7 in the general case when G is not assumed
to be o-compact (see also Remark 3.16). We need the following lemma.

Lemma3.12 Let hy, hy: G — C be two locally measurable functions. The functions
h1 and hy are locally almost everywhere equal if and only if for any compact set
K C G, hi|g = ha|k, almost everywhere.

Proof Itis enough to show thatif £ C G is locally Borel, then E is locally null if (and
only if) E N K has measure 0 for any compact set K € G. Assume this property. By
[8, Proposition 2.4], G has an open, closed and o-compact subgroup, Go. Let Y be
a subset of G that contains exactly one element of each of the left cosets of G¢. Set
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Ey := ENyGoforany y € Y. Since Gy is o-compact, yG is o-compact as well. It
then follows that (Ey) = 0, for all y € Y. Recall from the end of [8, Sect. 2.3] that
E is locally null if and only if u(Ey) = 0, for every y € Y. Hence, E is locally null.

O

Corollary 3.13 Let G be locally compact unimodular. Let 1 < p < oo and let ¢ €
L*°(G). The following are equivalent.

(i) Themapping My is a bounded Fourier multiplier on L¥ (V N (G)), and the operator
My: LP(VN(G)) — LP(VN(G)) is separating.

(ii) There exist a constant co € C and a continuous character v : G — T such that
¢ = co¥ locally almost everywhere.

Proof The proof of the implication “(ii) = (i)" in Theorem 3.7 applies to the non
o-compact case, so we only need to prove that (i) implies (ii).

Assume that My: LP(VN(G)) — LP(V N(G)) is separating. As in the proof of
Theorem 3.7, we may assume that p = 2 and that My is non-zero. We claim that

d¢ € Cp(G) such that ¢ = ¢, locally almost everywhere. (3.9)
To prove this, first note that we may assume that the net ( f;);<; defined prior to Lemma
3.5 has the following property: there exists a compact neighbourhood Ky of the unit
e such that for all i, supp(f;) € Ko. Let L C G be compact. Let
K = KoLKoKo = {strq : (s,t,r,q) € Ko x L x Ko x Kop}.
This is acompact set hence by Lemma 3.9(3) there is a continuous function ® : K — C

such that ® = ¢|x almost everywhere. The proof of Lemma 3.11 shows that for all
s € L, we have the following convergences in the strong operator topology:

My(A(s)ei) — D(s)A(s), M¢(A(s)el-2) — O(s)A(s), and My (eir(s)e;) — P(s)A(s).
(3.10)

In particular, (take L = {e}) we obtain the existence of ¢y € C such that
My(ei) — co,

in the strong operator topology.

Let (w, B, J) be the Yeadon triple of M. The argument in the proof of Theorem
3.7 and the convergence properties (3.10) show that for any L, K, ® as above we have

coJ(A(s)) = P(s)A(s), foralls € L. 3.11)

By Lemma 3.9(1), this implies that ¢y # 0.

It follows from the above that for all s € G, J(A(s)) is proportional to A(s). We
therefore have a necessarily unique

F:G— C; J(s)) =F(s)\(s), foralls € G.
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Moreover, for any L, K, ® as above, we have
_ -1
F|L =y CD|L.

This implies that F' is continuous. To prove this, fix so € G and apply the above with
a compact neighbourhood L of sg. Then the continuity of ®: K — C implies the
continuity of F|;, and hence the continuity of F at sy.

Set ¢ := coF. Again for L, K, ® as above we obtain that ¢|x = ¢|k, almost
everywhere. By Lemma 3.9, this implies that ¢ = ¢, locally almost everywhere.
Hence (3.9) is proved.

Since My, = My, the argument at the end of the proof of Theorem 3.7 shows that

Yi=cy 1(/) is a character. O

Remark 3.14 1t follows from the proof of the implication “(ii) = (i)" in Theorem
3.7 that for any continuous character v: G — T and any 1 < p < oo, the Fourier
multiplier My, : LP(VN(G)) — L?(V N(G)) is an onto isometry. It therefore follows
from Corollary 3.13 that if ¢ € L°°(G) \ {0} is such that My: LP(VN(G)) —
L?(V N(G)) is bounded and separating, then || M || _1M¢, is an onto isometry.

Corollary 3.15 Let1 < p #2 < coandletp € L°°(G). Thefollowing are equivalent.

(i) The mapping My is a bounded Fourier multiplieron L? (V N (G)), and the operator
Mgy: LP(VN(G)) — LP(VN(G)) is an isometry.
(ii) There exists § € T such that §¢ is locally almost everywhere equal to a continuous
character.

Proof It follows from the proof of the implication “(ii) = (i)" in Theorem 3.7 that
for any continuous character : G — T, My, : L?(VN(G)) — L?(VN(G)) is an
isometry. Thus, (ii) implies (i). Conversely, assume (i). Since p # 2, any isometry
on LP(V N(G)) is separating, by [36] (see also [22]). Hence by Corollary 3.13, there
exist ¢ € C and a continuous character ¥ : G — T such that ¢ = ¢y locally almost
everywhere. Then My = cMy, hence ||[My| = |c|||My|l, hence |c| = 1. This yields
(i), with 8 = ¢~ L. o

Note that Corollary 3.15 is not true in the case p = 2. Indeed, let ¢ € L*®°(G). It
follows from the discussion following (3.2) that M : L2 (VN(G)) = LEVN(G))
is an isometry if and only if [¢| = 1 locally almost everywhere. Yet in general, plenty
of these isometric Fourier multipliers are not separating. See Sect. 4 for more on this.

Remark 3.16 Corollary 3.13 may be wrong if one replaces “locally almost everywhere"
by “almost everywhere" in (ii). Indeed as in [8, Sect. 2.3], take G = R x Rgjs, where
the second factor is equipped with the discrete topology. Consider ¥ = {0} x Ryisc
which is a closed subset of G, hence Borel, and set ¢ = xy. For any compact set
K C G, wehave u(K NY) = 0, by [8, Proposition 2.22]. Hence ¢|x = 0 almost
everywhere. By Lemma 3.12, this implies that ¢ = 0 locally almost everywhere. Thus
¢ satisfies the properties of Corollary 3.13, with My = 0.

However by [8, Proposition 2.22] again, {s € G : ¢(s) # 0} = Y has infinite
Haar measure, hence ¢ is not almost everywhere equal to 0. Consequently, ¢ cannot
be almost everywhere equal to a constant times a continuous character.
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Remark 3.17 In the case when G is discrete, continuity on G is automatic and two
locally almost everywhere equal functions are equal. Therefore, in the statement of
Corollary 3.13, we can replace part (ii) by the following slightly simpler statement:
there exist ¢ € C and a character ¢ : G — C such that ¢ = cy.

Remark 3.18 De Canniere and Haagerup [6] defined Fourier multipliers on VN (G),
including the case when G is not unimodular. Let ¢ € C,(G) and assume that ¢
induces a Fourier multiplier My : VN (G) — V N(G) in the sense of [6, Proposition
1.2]. Assume that My, is separating. If G is unimodular, then My : LZ(VN(G)) —
L*(VN(G)) is separating by [22, Lemma 3.9]. Hence, by Corollary 3.13, ¢ is a
multiple of a character.

However, in the general case of a non-unimodular locally compact group, the
description of separating Fourier multipliers on V N (G) is open.

Remark 3.19 Let I be a locally compact abelian group. Let G = T be its dual group
and recall that L°(I") = VN(G).Let1 < p < oco.Foranyu € I',lett,: LP(T") —
LP(T") be the translation operator defined by t,(f) = f(- — u), for all f € L?(T).
Note that if we regard u € T" as a character u: G — T, then the associated Fourier
multiplier M, : L?(I') — LP?(I") coincides with t,,.

Let T: LP(I') — LP(I") be a bounded operator. Then 7" commutes with transla-
tions, thatis, T o7, = 7, 0 T forall u € T, if and only if 7 is a Fourier multiplier
(see e.g. [21, Chapter 4]). Hence Corollary 3.15 implies the following:

*) If p # 2, an isometry T: LP(I') — LP(I") commutes with translations if and
only if there exists c € T and u € T such that T = ct,.

This statement is a classical result due to Parrott [27] and Strichartz [33] and Corollary
3.15 should be regarded as a generalization of the latter.

We note that the two papers [27, 33] show (x) in the case when I" is not necessarily
abelian. If I" is non-abelian, the statement (x) is not related to Corollary 3.15.

4 Completely Positive and Completely Isometric Fourier Multipliers

In this section, we complement the characterizations of separating and isometric L?-
Fourier multipliers from Sect. 3 with further information. Throughout this section, we
assume that G is a unimodular locally compact group.

Let M be a semifinite von Neumann algebra equipped with a normal semifinite
faithful trace t. For any n > 1, we equip M, (M) with tr, ® 7, where tr, is the
usual trace on M,. For any 1 < p < oo, the resulting noncommutative L”-space
LP (M, (M)) can be naturally identified (at the algebraic level) with the space of all
n x n matrices [x;;]1<; j<n With entries x;; belonging to L (M).

Let T: LP(M) — LP(M) be a bounded operator. For any n > 1, let
T,: LP(M,(M)) — LP(M,(M)) be defined by Tn([xij]) = [T(x;;)], for all
[xijli<i, j<n in LP(M,(M)). Following usual terminology, we say that 7 is com-
pletely positive if 7}, is positive for all n > 1. Likewise, we say that T is a complete
contraction if ||7,|| < 1 for all » > 1 and that T is a complete isometry if T}, is an
isometry for alln > 1.
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Let ¢v: G — T be a continuous character. Then ¥ is positive definite hence by
[6, Proposition 4.2], the Fourier multiplier My: VN(G) — VN(G) is completely
positive. The proof of the implication “(ii) = (i)" in Theorem 3.7 actually shows
that My : LP(VN(G)) — LP(VN(G)) is a complete contraction forall 1 < p <
0o, and then that My, : LP(VN(G)) — LP(VN(G)) is a complete isometry for all
1 < p < oco. As a consequence of Corollary 3.13, we therefore obtain the following
complement to Remark 3.14.

Corollary4.1 Let 1 < p < o0 and let ¢ € L*°(G) \ {0}. Assume that
Mgy: LP(VN(G)) — LP(VN(G)) is bounded and separating. Then ||M¢||’1M¢
is a complete isometry.

Remark4.2 Let1 < p < coandlet¢ € L°°(G)\ {0} such that My: L?(VN(G)) —
L?(V N(G))isbounded and separating. Let (w, B, J) be the Yeadon triple of the latter
operator. According to Corollary 4.1 and [15, Theorem 3.2], J is a -homomorphism.

We can make this statement more precise, as follows. Applying Corollary 3.13, let
¢ € Clety: G — T be the continuous character such that ¢ = ¢y locally almost
everywhere. Then J: VN(G) — VN(G) is the L°-Fourier multiplier associated
with r, ¢ = |[Myg|, B =|c|-1and w = cle|~1 - 1. The easy verification is left to the
reader.

Lemma4.3 Letl < p < ooandletp € L*°(G). If My is a bounded Fourier multiplier
on LP(VN(G)) and My: L?(VN(G)) — LP?(V N(G)) is an isometry, then |¢p| = 1
locally almost everywhere.

Proof The case p = 2 follows from the paragraph preceding Remark 3.16. Assume
that 1 < p # 2 < oo. By Corollary 3.13, there exist a constant ¢ € C and a
continuous character ¢v: G — T such that ¢ = ¢ locally almost everywhere. We
noticed before Corollary 4.1 that My, is a complete isometry. Since cMy, = My is also
an isometry, we must have that |c| = 1. Hence, |¢| = |c{| = || = 1 locally almost
everywhere. O

We have the following partial converse of Lemma 4.3.

Proposition4.4 Let ¢ € L°°(G) such that |¢| = 1 locally almost everywhere, let
1 < p < ooandassumethatMy: LP(VN(G)) — LP(V N(G)) is a bounded Fourier
multiplier. If My is completely positive, then ¢ coincides locally almost everywhere
with a continuous character ¥ : G — T.

Proof Since My is completely positive, it follows from [3, Proposition 6.11] that ¢ is
locally almost everywhere equal to a continuous positive definite function. Hence, we
may assume that ¢ is continuous (and positive definite). By [35, Proposition VII.3.21],
there exist a unitary representation ¥ : G — B(H) on a Hilbert space H and a vector
& € H such that

¢(s) = (n(s)§.8), se€C. 4.1
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Since |¢| = 1, we have ¢(e) = 1. Hence it follows from (4.1) that 1 = ¢(e) =
(r(e)€, &) = ||§||%1. Givens € G, applying the Cauchy-Schwarz inequality we obtain

L=1p)] = [(m()& &) < & ullélln = IEIF = 1.

It follows from the equality condition in the Cauchy-Schwarz inequality that there is
Y (s) € C such that w(s)& = ¥ (s)&.
Now, for any s, t € G, on the one hand

T(s1)E =Y (sn)é,

and on the other hand,
()T ()s = w ()Y ()E = Y ()P (§.

Hence, ¥/ (st) = ¥ (s) (7). Finally, ¢(s) = (m(5)§, §) = ¥ ($)II£]|13; = ¥ (s) for all

s € G. Therefore, ¢ =  is a character. m|

When p = 1 and G is assumed to be amenable we can change the assumption of
complete positivity in Proposition 4.4 into mere contractivity.

Proposition 4.5 Let G be an amenable unimodular locally compact group. Let ¢ €
L*°(G) and assume that M LY (VN(G)) — LY (VN(G)) is a contractive Fourier
multiplier. The following are equivalent.

(i) My is an isometry.
(1) |¢| = 1 locally almost everywhere.
(iii) There exist ¢ € T and a continuous character ¥ : G — T such that ¢ = c
locally almost everywhere.

Proof The implication “(i) = (ii)" is established in Lemma 4.3. The implication
“(iii) = (i)" was already discussed several times (see, for example, Remark 3.14).
We now show that “(ii) = (iii)". Since My is a bounded Fourier multiplier on
L' (VN(G)), we may assume that ¢ is continuous, by Lemma 3.6. Further since G
is amenable, symbols of Fourier multipliers on VN (G) coincide with the Fourier-
Stieltjes algebra of G. This classical result is mentioned in [6, p. 456], see also [12,
Theorem 1]. Hence by [7, Lemma 2.14], there exist a unitary representation 7 : G —
B(H) on a Hilbert space H and vectors &, n in H such that

¢(s) =(n(s)§,m), seG, and |&llg =lnllag =1.

Assume (ii). Multiplying ¢ by ¢ (e), we may assume that ¢ (¢) = 1. This implies that
I = (7(e)§,n) = (§ n). Since [|§|lg = lInllz = 1, we deduce that = &. Thus, ¢
satisfies (4.1). The proof of Proposition 4.4 therefore shows that ¢ is a character. O
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5 A Characterization of Separating Schur Multipliers

Let (2, 2, n) be a o-finite measure space. For any f € L2(Q2), let Sp: L2(Q) >
L?(Q) be the bounded operator defined by

[S(W](s) = / f(s,Dh(t)dt, h e L*(Q).
Q

We recall that Sy € S%(L?(2)) and that the mapping f > S r 1S a unitary operator
from L?(22?) onto S?(L%(R2)), see e.g. [30, Theorem VI. 23].

Let ¢ € L®(Q2). According to the above identification L(Q%) ~ SZ(L*(R)),
one may define a bounded operator Ty : S?(L%(Q)) — S?(L*(RQ)) by

Ts(Sp) = Spr,  f € LX(Q). (5.1)

Moreover the norm of this operator is equal to ||¢ || . The operator Ty is called a Schur
multiplier.

Let1 < p < oco. We say that T is a bounded Schur multiplier on the Schatten space
SP(L*(Q)) if the restriction of T, to S”(L?(2)) N S?(L?(£2)) extends to a bounded
operator from SP(L%(S2)) into itself. Schur multipliers as defined in this section go
back at least to Haagerup [10] and Spronk [31].

For any o € L*°(R), we let Mult, € B(L*(Q)) be the multiplication operator
taking h to ah forall h € L?(€2). Then we let

D(Q) = {Multy : « € L¥(Q)}.

This is von Neumann sub-algebra of B(L?(2)), which is isomorphic (as a von Neu-
mann algebra) to L°°(£2). We will use the classical fact that

D(Q) = D(Q), (5.2)

where D(2)’ stands for the commutant of D(£2). In other words, a bounded operator
V: L*(Q) — L*(Q) belongs to D(R) if and only if V o Mult, = Mult, o V for all
a € L*®(Q).

We note that for any « € L°°(2), the mapping x + Mult, o x is a Schur multiplier.
Indeed it coincides with Ty, where the symbol ¢ € L™ (2)is givenby ¢ (s, 1) = a(s).
Likewise, for any g € L°(2), the mapping x — x o Multg is a Schur multiplier,
with symbol ¢ given by ¢ (s, 1) = B(1).

Theorem 5.1 Let ¢ € L®(Q2?) and let 1 < p < oo. The following are equivalent.

(i) The mapping Ty is a bounded Schur multiplier on SP(L3()), and the resulting
operator Ty : SP (L3(Q)) — SP(L2(Q)) is separating.
(ii) There exist a constant ¢ € C and two unitaries a, f € L°°(2) such that

¢(s,t) =ca(s)B(t) foralmostevery (s, t) € Q2.
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(iii) There exist a constant ¢ € C and two unitaries a, § € L°°(2) such that
Tp(x) = cMulty o x o Multg,  x € S*(L*(Q)). (5.3)

Proof (ii) = (iii): Let ¢, &, B as in (ii) and let x € S?(L3(R)). Let f € L*(Q?)
such that x = Sy. Then for all h € L%(Q), we have

[x o Multg (h)](s) =/Qf(s,t)ﬂ(t)h(t)du(t),
hence

[c Mult, o x o Multg(h)](s) = ca(s)/ F(s, OBORE) du(t)
Q

=/Q¢(s,z)f(s,r)h(z)du(r>,

for a.e. s € Q. This shows (5.3).
(iii) = (i): Assume (5.3) for some unitaries o, B € L*°(2). It is plain that Ty
extends to a bounded operator on S” (L*(S2)) and that the identity (5.3) holds true on
SP(L*().

Let x, y € SP(L%()) such that x*y = xy* = 0. Then

(Multa oxo Multﬁ)*(Multa oyo Multﬁ) = Mult:g ox* o Mult;Multy o y o Multg.

Since « is a unitary of L°°(£2), the operator Mult,, is a unitary of B(L*(S2)), hence the
right hand-side of the above equality is equal to Multz ox*yoMultg, hence to 0. Thus
Ty (x)*Ty(y) = 0. Likewise, Ty (x)Ty(y)* = 0. This shows that Ty : SP(L3(Q)) —
SP(L*(2)) is separating.

(i) = (ii): For convenience we let H = L%(Q) throughout this proof. Owing to
Lemma 2.5, we may suppose that p = 2. We let (w, B, J) denote the Yeadon triple
of the separating map T : SZ(H) — S2(H).

We may assume that T is non-zero. Since B(H) is a factor, it follows from [24,
Lemma 4.3] that Ty is 1-1. Applying the definition of Ty, see (5.1), this implies that
¢ # 0 almost everywhere. Applying this definition again, we obtain that T, has dense
range. By Lemma 2.4, we deduce that w is a unitary and that J(1) = 1.

Let w* Ty denote the operator on S2(H) takingany x € § 2(H) to w* Ty (x). Accord-
ing to [32, Theorem 3.3] (see also [11, Corollary 7.4.9.]), there exists a projection
q € B(H) such that x — gJ(x) is a x-homomorphism and x > (1 — ¢)J(x) is an
anti-«-homomorphism. As explained in [23, Remark 4.3], this implies that w*Ty is
valued in

L2(¢B(H)q) & L>((1 — ) B(H)(1 — q)) C S*(H).
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Since T has dense range and w is a unitary, w* Ty has dense range as well. This forces
g to be equal either to 0 or 1. Thus J: B(H) — B(H) is either a x-homomorphism
or an anti-x-homomorphism.

Assume first that J is a x-homomorphism. Recall that J is normal. According to
the description of normal *-homomorphisms (see e.g. [34, Theorem 1V.5.5]), there

2
exist a Hilbert space E and a unitary u: H — H ® E such that

J@)=u*(a®Ig)u, a€ B(H).
2
Here H ® E stands for the Hilbertian tensor product of H and E and we regard

B(H) ® B(E) C B(H & E)

in the usual way. For all x € S2(H), we have Ty(x) = wBJ(x) hence w*Ty(x) =
BJ(x). This implies that

u(w*Ty(x))u™ =uBu*(x ® Ig), x € S%(H). (5.4)
Since B commutes with the range of J, the operator u Bu™ commutes with x ® Ig for
all x € S?(H). Consequently, u Bu* = Iy ® ¢ for some positive operator ¢ acting on
E. Then it follows from (5.4) thatc € § 2(E ) and that

wTy(x) =u*(x @ c)u, x€ S%(H).
Now recall that w*Ty has dense range. The above identity therefore implies that
E = C. Thus ¢ € C\ {0}, u is a unitary of B(H) and w*Ty(x) = cu*xu for all
x € S?(H). Let v = wu*. This is a unitary of B(H) and we obtain that
Ty(x) = cvxu, X € SZ(H).

Let (| -) denote the inner producton H.Forany g, h € H,letg ®h € B(H) denote
the rank one operator taking any & € H to (§|h) g. Then v(g ® h)u = v(g) ® u*(h).
Schur multipliers commute with each other, hence for any § € D(£2), we have

Ty(8x) = 8Tp(x),  x € S*(H).
Thus véxu = Svxu forall § € 12(52) andallx € S2(H). Applying this withx = g Qh
and using the identities §(g ® h) = 6(g) ® h and v(g ® h) = v(g) ® h, we deduce
that v(§(g) ® h)u = §(v(g) ® h)u and hence
v8(g) @ u*(h) =dv(g) u*(h), g, heH,seDE).

Since u* # 0, this implies that v§ = v for all § € D(2). Thus v commutes with
D(L2). According to (5.2), this implies that v € D(L2). Thus there exists a unitary
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a € L°°(2) such that v = Mult,. Likewise there exists a unitary g € L°(2) such
that u = Multg. We therefore obtain the identity (5.3), from which (ii) follows at once.

Assume now that J is an anti x-homomorphism. For any f € L?(Q?), let f €
L%(22%) be defined by f(s,1) = f(t,s), for ae. (s,1) € Q2 Next, if x = Sy, set
=35 7 It is clear that the mapping x — ’x on S2(L%(Q)) extends to a normal anti
x-homomorphism

p: B(H) — B(H).

This mapping is an analog of the transposition map on matrices. Obviously, the com-
position map J o p: B(H) — B(H) is a normal x-homomorphism. Now arguing as
in the *-homomorphism case, we obtain the existence of a constant ¢ € C \ {0} and
of two unitaries «, 8 € L°°(2) such that

Tp(x) = cMulty o 'x o Multg,  x € S2(L*(RQ)).

Since «, B are unitaries, Mult, and Multg are unitaries as well and we have Mult;l =
Multgz and Mult,gl = Multﬁ. Writing ’x = ¢~ 'Multgz o Ty(x) o MultE, we therefore
deduce that x > “x is a Schur multiplier.

Let us show that this is impossible, except if L?(2) has dimension 1. If x > %x is
a Schur multiplier, then there exists ¢g € L%°(2?) such that

do(s,1)g(s)h(t) = h(s)g(z) a.e-(s,t) € Qz, (5.5

for all g,h € LZ(Q). If LZ(Q) has dimension > 2, then there exist Fj, F, € X
such that 0 < u(F)) < 00,0 < u(Fr) < oo and F; N F, = (. The indicator
functions g = xr, and h = xF, belong to L%(Q). Applying (5.5) to these functions,
we obtain that i(s)g(¢) = 0 for almost every (s, ) € F» x Fj. Since h(s)g(t) = 1
for (s,t) € F» x F1 and

(n @ w)(F2 x F1) = n(F)p(Fr) > 0,

we get a contradiction.
Now if we are in the trivial case when L2(2) has dimension 1, then (ii) holds true.
O

Remark 5.2 Let ¢ € L®°(Q%),let 1 < p # 2 < oo and assume that Ty is a bounded
Schur multiplier on S? (L%(S2)). It follows from Theorem 5.1 and [36] that if T is an
isometry, then there exist two unitaries «, 8 € L°°(S2) such that ¢ (s, 1) = a(s)B(¢)
for a.e. (s, 1) € Q2. It is clear that the converse is true. For the discrete case (see the
following remark), this has been proved in [1].

Remark 5.3 Let I be an index set and let (¢;);c; be the standard basis of Z%. Any
X € B(K%) can be represented by a matrix [x;;]; jes defined by x;; = (x(ej)le;) for
all i, j € 1. Of course any finitely supported matrix [x;;]; je; represents an element
of B(H) (actually a finite rank one), and we let ||[x;;]|| , denote the S” (Z%)—norm of
this element.
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Let m = {m;j}; j)e> be a bounded family of complex numbers. If we apply the
definitions of this section to 2 = I equipped with the counting measure, the Schur
multiplier Ty, is defined on finitely supported matrices by

T ([xi51) = [mijxijl.

It therefore follows from Remark 5.2 that the following are equivalent:

(i) There exists 1 < p # 2 < oo such that

0mijxij 1l p = 1lxi 10 p

for all finitely supported matrices [x;;]; jer.
(ii) There exist two families (c;);es and (8;) jes in T such that

mij =a;fj,  forall (i, j) € I*.

We conclude with a characterisation of a particular class of Schur multipliers, the
separating Herz-Schur multipliers. Let G be a locally compact o -compact group (see
Lemma 3.2). Suppose 1 < p < oo. Let ¢ € L°°(G) and define ¢ € L®(G?) by
@(s, 1) = ¢(s~'t). The Schur multiplier T(pH §.= Ty is called a Herz-Schur multiplier
(with symbol ¢).

In [4, Proposition 4.5], it is shown that a Herz-Schur multiplier T(pH S.B (LZ(G)) —
B(L?(G)) with positive definite ¢ such that ¢(e) = 1, is a conjugation with a unitary
if and only if ¢ is a character.

Corollary 5.4 Let1 < p < o0. Let G be a locally compact o -compact group. Let T¢H $
be a bounded Herz-Schur multiplier on SP(L*(G)). Then Tfs is separating if and
only if there exists a continuous character ¥: G — T and ¢ € C such that ¢ = cy
almost everywhere.

Proof If ¢(s) = cr(s) a.e. s € G for some continuous character ¥, then the symbol
¢ of the Schur multiplier satisfies ¢ (s, ) = o) = cp(s™r) = ey 1)y () for
a.e. (s,1) € G2 Since ¥~ and ¢ are clearly unitaries of L°°(G), by Theorem 5.1,
TJS = Ty is separating.

Conversely, assume TWH 5 separating. Then by Theorem 5.1, there are unitaries
«, B € L®(G) and some ¢ € C such that ¢(s~'t) = ca(s)B(¢) for ae. (s, 1) € G2
Let r € G. Then ca(s)B(t) = ¢(s~'t) = @((rs)~'(rt)) = ca(rs)B(rt) for a.e.
(s, 1) € G2. Leaving the trivial case ¢ = 0 aside, we deduce that

B(rt) _ a(s)
B@)  a(rs)

(5.6)

for a.e. (s, 1) € G2. Thus there is some s € G such that (5.6) holds for a.e. € G.

Defining ¥ (r) as the right hand side of (5.6), we then obtain % = Y (r) for a.e.
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t € G. The function ¥ : G — C with this property is necessarily unique. From
Y(e) =1and

B(rirt) _ B(ri(r2t)) B(rat)
B() B(rat)  B(1)

V(riry) = =y (@)Y () (ae.r€G)

we infer that ¥ is a character. Since ¥ is measurable, by [13, Corollary 22.19 p. 346],
it is automatically continuous. From g(rt) = g(t)¥ (r) for a.e. t € G, we infer by
a Fubini argument that there exists some ¢ € G such that this equality holds for a.e.
r € G. Thus, B coincides a.e. with a continuous function. Choosing this continuous
representative for §, we obtain that for every r in G, B(rt) = B(t)y(r) for a.e.
t € G. Since S is continuous, this implies B(rt) = B()y¥(r) for all r,¢ in G. In
particular, we have that 8(r) = B(e)¥(r) for all r € G. Using (5.6), the same
argument as above shows that a(s) = oz(e)lp(s_l) for all s in G. Hence we deduce
that (p(s_lt) = ca(e)ﬁ(e)w(s_lt) for a.e. (s, t) € G2. Therefore, ¢ coincides a.e.
with a multiple of a continuous character. O
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