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Abstract

For p € [2, 00), we consider the L”? — L? boundedness of a Nikodym maximal
function associated to a one-parameter family of tubes in R?*! whose directions are
determined by a non-degenerate curve y in R?. These operators arise in the analysis of
maximal averages over space curves. The main theorem generalises the known results
ford = 2 and d = 3 to general dimensions. The key ingredient is an induction scheme
motivated by recent work of Ko-Lee-Oh.

Keywords Nikodym maximal functions - Induction on degeneracy - Fractional
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1 Introduction
Consider a C* non-degenerate curve y : [ :=[—1, 1] — R In other words,

det (y(l)(s) y(d)(s)) #0 forallsel.

The curve y defines a one-parameter family of directions in R¢*!. For0 < § < 1 and
s € I, consider a §-tube in R4t in the direction of (y(s) )T, defined as

Ts(s) := {(y,1) € R x I : |y —1y(s)| < &)
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and the corresponding averaging operator

Agg(x, s) g(x —y, t)dydr, for x € RY (1)

T 1)

whenever g € L lloc (RY*1). Our goal is to investigate the L? boundedness properties
of the Nikodym maximal function

Ny g(x) = SH?IAgg(x, s)I. @
s€

The main result is as follows.

Theorem 1 Let y : I — R? be a non-degenerate curve. There exists Ca,y > 0 such
that

INY Nl 2 a1y 2ty < Ca,y(log8™ D2 forall0 < § < 1.

By interpolating with the trivial bound at L°°, we estimate the L? operator norm for
the maximal function as O ((log §~1Hd/ry for 2 < p < oo. This is sharp in the sense
that the L? operator norm has polynomial blowup in §~! for 1 < p < 2 (see Sect.5).
The resultis new for d > 4. The theorem also slightly strengthens the known estimates
ford = 2 and d = 3 (see [7, Lemma 1.4] and [1, Proposition 5.5], respectively) by
improving the dependence on .

The operator J\/Sy is a variant of the classical Nikodym maximal function considered
in [2]. The main difference lies in the dimensional setup of the problem: by the above
definition, ./\fay maps functions on R9*! to functions on RY, whereas the classical
operator considered in [2] is a mapping between functions on the same Euclidean
space.

Maximal functions of the form (2) naturally arise in the study of local smoothing
problems for averaging operators associated to y, as first observed in Mockenhaupt-
Seeger-Sogge [7]. In [7, Lemma 1.4] estimates for /\fay were obtained for d = 2. The
d = 3 case was later considered in [1, Propostion 5.5], in relation to the problem of
bounding the helical maximal function. The averages Ag are also closely related to
the restricted X-ray transforms considered in [4, 5, 8].

The proof scheme is outlined as follows: First, oscillations are introduced into
the problem, followed by a fractional Sobolev embedding to dominate the maximal
function by a Fourier integral operator (see Proposition 2). This allows us to fully access
orthogonality in the subsequent decomposition. While the application of Sobolev
embedding in this context is standard, the use of the fractional variant introduced
here constitutes a novel element compared to the previous works [1, 7].

Next, the desired Fourier integral estimates are established through an induction
scheme based on a parameter N, measuring the degree of non-degeneracy of the
curve. This induction method conceals the intricacies of the root analysis detailed in
[1], marking a significant departure from the previous cases of d = 2 and d = 3.
The motivation for this induction approach stems from [6], where a (more complex)
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induction argument is employed to investigate the local smoothing problem associated
to averages along curves in R?.

The base case for induction is essentially straightforward. In the induction step, the
operator is divided into two parts: one where the induction hypothesis with parameter
N — 1 can be applied, and the other where the support of the resulting symbol ensures
the existence of precisely one roots = o (£) forthemap s — (y V=1 (s), &). This root
generates a degenerate cone I', and now a decomposition is performed with respect
to the distance to I'. The most singular component is directly bounded in L2. To
effectively bound the remaining segments, a further decomposition on the curve is
performed, followed by rescaling arguments, and a final verification that the symbols
we end up with are amenable to another application of the induction hypothesis.

Outline of the Paper
This paper is structured as follows:

e In Sect. 3, we reduce the proof of Theorem 1 to Proposition 3 via fractional Sobolev
embedding.

e In Sect.4, we present the inductive proof of Proposition 3.

e In Sect.5, we discuss the sharpness of Theorem 1.

e In Sect. 6, we state an anisotropic extension of Theorem 1 and briefly discuss its
proof.

2 Notational Conventions

Foraset E R", we denote its characteristic function by XE- leen f e LYR") we
let either f or F(f) denote its Fourier transform and f or F~1(f) denote its inverse
Fourier transform, which are normalised as follows:

fe) = /R e ) dr, fe) = /R ) dx,

Form € L*(R"), we denote by m(%ax) the Fourier multiplier operator defined by
its action on g € S(R) as

Fm(9:)8)(§) :=mE)F()(§)  fork e R".

Finally, given two non-negative real numbers A, B, and a list of parameters
My, ..., M,, the notation A Sp,...m, B or A = Opyy.. m, (B) signifies that
A < CB for some constant C = Cyp, .. m, > 0 depending only on the parameters
M, ..., M,.In addition, A ~ s, .. m, B is used to signify that both A <y,
and B <M| M, A hold.

,,,,,,,,,,

.....
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3 Initial Reductions and Sobolev Embedding
3.1 Initial Reductions
Let I :=[—1,1]and y: I — R< be a non-degenerate curve, as in Sect. 1. We begin

by replacing the classical averaging operators by Fourier integral operators. Given
a e L®[R? x I x I), consider

Ala, y1g(x,s) == / / YO g s, ) Fi(9)(E, 1)dEdr for g € SR,
1 JRA
3)

where F, (g)(&, t) denotes F, (g( -, 1)) (§), the Fourier transform of g in x only. Define
the associated maximal operator

Nla, ylg(x,s) := SUI;IA[a, y1g(x, s)l.
s€

Choose a function ¥ € C2°(R) with supp ¥ € [—1, 1] such that its inverse
Fourier transform 1} is non-negative and 1/Vf(y) > 1 whenever |y| < 1. Let ¥; be a

non-negative smooth function that satisfies x;j(x) = 1 forall x € I and x;(x) =0
when x ¢ [—2, 2]. Define

as(,s, 1) ==Y @IEN X1 (s) X1 (D). “)

Let Ks denote the kernel of the averaging operator A(}; defined in (1). In particular,

1

Ks(x,s, 1) := WXT(;@)(X, 1).

By integral formula for the inverse Fourier transform and a change of variable,

KGros.n) S [ 07O ae, s ds.
R4
Thus, the pointwise estimate

|AY g(x, 5)| Sa | Alas, y1g(x, s)|

holds. It is therefore enough to bound the operator Aas, v].
We now perform an endpoint Sobolev embedding to replace the L$° norm in the
maximal function with an L2 norm. Here we write

172
Dy Ala, = (1+=82) " Ala, v
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where a and y are as above and (1 + 4/ —832) /2 s the fractional differential operator
in s with multiplier (1 + lo)1/2.

Proposition 2 For a nondegenerate curve y : I — R%, 0 < 8 < 1 and as as defined
in (4), we have

INTas. v1gll 2@y < Nog 812D Alas, y1gll 2 @a+ty + gl 2 @a+)

forall g € S(RYT).
Proof Let i : R — [0, 1]satisfy ¥ (o) = 1forallo € (=C8~!',Cs§ VY and 5 (0) =0

when o ¢ (—2C8~!,2C87"). The constant C is chosen large enough to satisfy the
requirements of the forthcoming argument. Defining

Amainlas, y1:= %(}0s) o Alas, y]  and  Aexlas. y1:= Alas, y1 — Amainlas. v1,

where the multiplier operator x (ll.as) is defined in Sect. 2, it suffices to prove

I Amainlas, Y18l 2 poe@ix ) S llog 81215 Alas, y1gll p2garty,  (5)
I Aerelas, vl L2 oo ra sy S 1812 @a+t) ©)

forall g € S(RI*1).
To prove (5), fix g € S(R*1) and write

Amainlas, y1g(x. s) = 71(+dy) o Dy Alas, y1g(x,s)  for (x,5) e RY x I,
where 31(0) = (1 + |o))"'/? (o). Temporarily fix x € R?. The above expres-
sion can be written as a convolution product in s variable between F; ! (%) and

D Alas, y1g(x, -). Using Young’s inequality, Plancherel’s theorem and by noting
that the L norm of % is O(|log§|'/?), we obtain

| Amainlas, ¥1g(x, )z S llogdl' D5 Alas, y1g(x, )l 2m)-

Combining Fubini’s theorem with the above estimate for each x € R?, we obtain (5).
To prove (6), write

-1
Aerelas, y1g = (1 + _352> o (1 + —852) o(l— X)(llas) o Alas, y1g
= 72(19s) o %3(19s) o Alas, y1g
where
7200) = A+ loD'A = @) and F3(0) := (1 + oD — F(o)'/?
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for o € R. Note that (1 4 |o|)~' (1 — %())!/? has uniformly bounded L? norm (in
8). Thus, an application of Young’s convolution inequality gives

IMerlas. v1g@. iz S 173(10) o Alas, Y1g(x, M2y forx € R
Integrating in x using Fubini’s theorem,
[ Aerrlas, y]g”L}%Lg"(Rde) S ||)Z3(,1*3s) o Alas, )/]g||L2(Rd+1)-

By Plancherel’s theorem, the quantity on the right can be estimated from above by L?
norm of the function Be[as, ¥, x3]1g, where

Benlas, v, 1315 (€, 0) = /1 bs (. 0, ) Fa(g) €. 1)dr
for
bs(§,0,1) == 13(0) / e OsHY©ED g5 (g, 5, 1)ds. (7
1

By Minkowski’s integral inequality, Plancherel’s theorem and Cauchy—Schwarz in the
t variable,

I1Berrlas, v, X31gll 2ty S 1bsll e 12 i scrxry 181 L2axr-

Thus, the proof of (6) boils down to the estimate ||bs (&, -, )| L2 (R) < 1 uniformly in
(£,1) e R? x 1. Since || < 67! and C is large,

lo +1(y'(s),6)| ~ |o| whenever (£,5,1) €suppas, o € supp X3.

Noting the easy estimate |8§6 as(&,s,1)| Sp 1forall B e N, we apply integration-by-
parts to estimate the oscillatory integral in (7). In particular,

bs(E,0,1) = On (1 + o)D) (1 eRYxTand N > 1.

It is evident that the required L estimate for by follows from this rapid decay, com-
pleting the proof of (6). O

Proposition 2 reduces the analysis to estimating the operator D;.A[as, ¥ ]. We begin by

dyadically decomposing the frequency space. Suppose 77, B € C2°(R) are the classical
Littlewood—Paley functions such that

suppn S {reR:[r| <2}, suppBC{reR:1/2<|r| <2} ()
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and

nr)+ > B(r/a)=1 forallr €R.

re2N

For A e {0} U2Y, introduce the dyadic symbols

as(, s, On(§)  ifA=0,

A ——
GE D= e s g i e 2.

Theorem 1 is a consequence of the following result.

Proposition 3 Let 1 € {0} U2YN and 0 < § < 1. Then,
1D Alaf, Y1l 2 ety 2Rty Say (log2+ 1)@=V,

Proof (Proposition 3 = Theorem 1) Let 7, 8 € C °(R) be two non-negative
functions such that 7(r) = 1 for r € supp n, B(r) = 1 for r € supp B and

i)+ Y B/ <1 forallr R,
re2N

For g € S(RY+1), define

v |i(iad) s ifa=0,
B(1Yac/al)g ifa=>1.

It is clear from the definitions that S)SA[ag‘, ylg = SS.A[ag, y1g”. By Plancherel’s

theorem and the support properties of the a§‘, we have

2
D5 Alas, 1gl}agany Sa D |DsAla}, 1t |2 gas, -
re{0}u2N

Applying Proposition 3 for each A and observing that a§ = 0 when 7! <4 A, we
obtain

D5 Alas, Y1glpgary Say D, (Gog@+ ) gM 7 gan,
refoyul: a<s!

Sa.y (ogs ) gl T gas)-
Combining the above inequality with Proposition 2, we deduce Theorem 1. O

The multiplier associated to ’DSA[ag, y ] is a bounded function and so the A = 0 case
of Proposition 3 is immediate. More interesting cases arise when A € 2.
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4 The Proof of Proposition 3
4.1 Setting Up the Induction Scheme
Fix A € 2N, We begin with few basic definitions.

Definition4 Let 1 < L < d. Define &(B, L) to be the collection of all curves
y : I — R? such that for all s € I, we have

I¥liceaqy <B  and  |[[]det (yV(s) -+ y B (s)) = B~ ©)

where the determinant is interpreted as the square root of the sum of squares of its
L x L minors.

Definition5 Let 1 < L <dandy € &(B,L). Asymbola € C3¥(RY x I x I) is
said to be of type (A, A, L) with respect to y if the following hold:

1. There exists a constant C = C(A, B) > 1, independent of A, such that

supp; a € {§ e R? : Ci < |&] < 2CA}.

2. |afa($,s,t)| SJﬁ‘A 1for0 < B <3dand (§,s,t) € supp a.
3. The inner product estimate

L
A7El < D 1y (s). ) < AlEl holds for all (£, 5) € suppg s a. (10)

i=1
Proposition 3 is consequence of the following result.

Proposition6 Fix 1 < L <d, y € &(B, L) and let a be a symbol of type (7, A, L)
with respect to y. Then,

I1DsAla, ¥ 1 2 ety 2 @att) Sa,p.a (oga)ED/2,

In view of (10), it is clear that Proposition 3 corresponds to the case L = d of
Proposition 6.

Proposition 6 is proved by inducting on L. Given an arbitrary symbola € C37 (R4 x
I x I) and a smooth curve y, we present here a general argument which will be used
repeatedly through the induction process in order to obtain favourable norm bounds
for the Fourier integral operator O;.Ala, y]. Forg € S (Rd), we aim for the estimate

195 Ala, y1gll 2ma+ty Sa,8,a 181l 2@ty (11)
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By applying Plancherel’s theorem and the Cauchy—Schwarz inequality,

I1DsAla, y1gl17gast, = fR (1 + |0 Fx.s(Ala, y19)[* (0, §)dédo

S IIAla, y1gll L2 @a+1)

‘(1 +,/—032)Ala, y1g

LZ(RdJrl)
< IlAla, Y1817 ga+1,

+ H,/—a‘?A[a, vlg

Since the Hilbert transform is bounded on L2,

I Ala, V]g||L2(Rd+1).
LZ(Rd+1)

5 ”85-/4[61’ )/]g”LZ(RcHl).

H —03 Ala, y1g
LZ(Rd-H)

Thus, to prove (11), it suffices to show that there exists A > 1 such that
logAla, ¥l 2esy s p2arty Sapa AZTD2 fore=0,1.

Applying Plancherel’s theorem and the Cauchy—Schwarz inequality,

AL, 7181 s, ~a f[ fR BlalF ()¢ DF@E Nded:

< /H;{ BLAIF ) E 20 1) &l 2 dE.

where B[a] is the operator that integrates (in ¢’ variable) functions against the kernel
Klal. 1", 0) = f MO D 5,1, s, Dds. (12)
1

At this point, note that d5.4[a, y]g can be expressed as A[05a, y]g, with a symbol
0a(E, 5, 1) = 1(y'(s), E)a(E, s, 1) + dsa(&, s,1) for (§,5,1) e R x I x I.
Applying Schur’s test, we see that (11) is a consequence of the estimates

sup KI5l ', Illpi ey Sapa A7 fore=0,1,  (13)
(§.1")esupp; axI

completing the discussion.
The first application of this reduction is the following lemma.

Lemma 7 (Base case) Proposition 6 holds when L = 1.

Birkhauser
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Proof Choose a curve y and a symbol a that satisfies the assumptions of Proposition 6
with L = 1. Inparticular, a is of type (A, A, 1) withrespect to y and as a consequence,

[(¥'(s), €)l ~a & holds for (£, 5) € suppg ; a.

Following the previous discussion, we wish to obtain good decay estimates for the
function K [9{a] with ¢ = 0, 1. Integrating-by-parts in (12) and using Definition 5 ii),
we have

IK[0'al(E, ¢/, 1) Sapn A (L4t =AY fore=0,land N > 1.

Clearly, these decay estimates imply the required bounds (13) with A = A. Conse-
quently, we obtain (11) with the implicit constant depending only on A, B and d.
O

Lemma 7 addresses the base case of Proposition 6. It remains to establish the inductive
step.

Proposition 8 Suppose the statement of Proposition 6 is true for L = N — 1. Then it
is also true for L = N.

Proposition 6, and therefore Theorem 1, follow from Proposition 8 and Lemma 7. For
the remainder of the section we present the proof of Proposition 8, which is broken
into steps.

4.2 Initial Decomposition
To begin the proof of Proposition 8, let ¥ and a be chosen to satisfy the assumptions

of the Proposition 6 with L = N. We apply a natural division of the symbol a. Let
H : R4t — R be defined as the product

N—-1
HEs) =[] n(A2" (v D), )
i=1

where A’ is large constant which will be chosen depending only on A, B and N. Here
n is as defined in (8). Note that

0P H (&, 5)| Spap 1 for (&, s) € supp; ; a and B € NU {0}.
Furthermore, (10) holds for the pair (y,a(l — H)) with A replaced with A" and
L = N — 1. Thus, a(l — H) is a symbol of type (A, A, N — 1) with respect to y.
Applying the induction hypothesis, we deduce the desired estimate for the part of the

operator corresponding to the symbol a(1 — H).
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Since (10) holds with L = N in supp a by assumption, the inequalities
10A)7Hg] < [y ™). 6)1 < Alg], (14)

N—-1
D 1y D). 6) < 1071047 g| (15)

i=1

also hold for all (§, s) € supp; ; aH, provided A’ is chosen large enough depending
on N and A. Henceforth, for simplicity, we write a in place of a H and therefore work
with the stronger assumptions (14) and (15) on the support of @. An application of the
implicit function theorem now shows that for any & € supp; a, there exists o (§) € 1
with

(yN¥ Voo, &) =0. (16)

The strategy now involves a decomposition of the symbol away from the most
degenerate regions in R?*1. Set

N-1

G 9) =) leg' Ay oo ®), &)YV +65%s — o ©)I7,
i=1

where the constant g = g9(A, B) will be chosen small enough to satisfy the forthcom-
ing requirements of the proof. The function G should be interpreted as the function
measuring the distance of (§, s) from the co-dimension N surface

F:={¢s)eRx1:(yPoo(),E)=0forl <i<N—1land|s—o(&)|=0}.

We now decompose the (£, s)-space dyadically away from I'. Suppose 711, 81 €
C2°(R) are chosen such that

suppn; S {r e R: |r| <4}, suppB1 C{reR:1/4 <|r| <4} (17)

and
mr)+ Y p2 ) =1 forallreR.
neN
Set
eINGE, s ifn =0,
65,0 = a5 | (&:2) (18)

Bi(ei2 A NG(§,5)) ifn>1,
where 1 will be chosen small enough (depending on &g) to satisfy the forthcoming
requirements of the proof. Observe that a = a° + Y nen @ and this automatically

induces a similar decomposition for the Fourier integral operator D Ala, y].
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Since
|G, s)| = OB,d(eo_z) forall (§, s) € suppg ; a, 19)

the symbols a” are trivially zero except for O 4 g (log A) many values of n. Thus, by
Plancherel’s theorem,

DALY a".ylg =Y 1D Ald", ¥ 1812 gas,

n>0 LZ(Rd+1) n>0
2
Sa.p llog Al max|DsAla”", y1gll 2 garry.  (20)
In light of the above, it remains to bound the fractional operator ®;.A[a", y] for
different values of n. The case of n = 0 is dealt with by the following lemma.

Lemma9

2541, 71 Sapal. @1

Lz(Rd+|)~>L2(Rd+l)
Next lemma addresses the case of all other values of n.

Lemma 10 For anyn > 1, we have
1D Ala", Y1l 2 @a+1) 2w+ 1y Sa,B.a log )N D72, (22)
Assuming Lemmas 9 and 10 for now, we plug (21), (22) into (20) and obtain
1DsAla, y1gll 2re+1y Sa.p.a Qog )N V2| g |l 2 gary.
This concludes the proof of Proposition 8.

Rest of the section is dedicated to the proofs of the two key lemmas (Lemmas 9
and 10).

4.3 Proof of Lemma 9

To prove Lemma 9, we do not appeal to the induction hypothesis but directly estimate
the operator.

Proof of Lemma 9 In view of discussions around (11) and (13), it suffices to show

IK[0a®1(E, ¢, 1) Sapa AP VN fori=0,1and (¢,7/,1) e RY x I x I.
(23)

Indeed, (23) implies (13) with a = a° and A = A/ which in turn gives (21) as
discussed above.
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The estimate (23) for ¢ = 0 is immediate from (12) as the supp, a®&, -, ) is
contained in an interval of length O4 (A ~!/V) for any fixed & € R?. By (12) again,
the case « = 1 becomes evident once we verify the estimates

1V (), E) + 195 @) (&, 5, 0| Sapa AN for (£,5,1) € supp a®.

It is easy to see that |0y (ao)(é S, Sam AN To estimate the remaining term, note
that forany 1 <i < N, we have

iy oo (), &) Sapy AMTTVNand s —o (&) Sap ATV

for (&,5) € Supp; al. Using Taylor’s theorem,

N-1o _ j—1 _ N-1
V@81 = DD oo @, o= TEN . pig L= IC)]
j=1

(= D! (N — D!

Sapa MY
for (§,5) € SUppg a, as required. Thus, we obtain (23) and consequently (21). O

4.4 Further Decomposition

In order to prove Lemma 10 we must introduce a further decomposition of the symbol.
Let ¢ € C°(R) be chosen such that supp ¢ € [—1, 1] and Zvez (- —v) =1.For
n € Nand v € Z, consider the symbol

a"V(E, s 1) =", 5,002V (s = 5,0)) (24)
where s, ,, := 2"A~!/Ny_ Observe that the original symbol is recovered as the sum
Clog() Clog(»)
a= Yy a"=d"+ Y Y a", (25)
n=0 n=1 veZ

where C is a constant that depends only on A, B. The following lemma records a basic
property of the localised symbols, which is useful later in the proof.

Lemma 11 Lern > 1,v € Zand p := 2"A"YN. For any (&,s) € suppg ; a™’, we
have

=

—1
PNy D(s), € ~a.p.a E] ~ A (26)
1

i

Proof The upper bound in (26) is easier to prove than the lower bound and follows
from a similar argument. Consequently, we will focus only on the lower bound.
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Fix n > 1 and v € Z. Recall from the definitions that

N-—1
e /4= Y leg" W Ny D 0o @), £)Y VD 4 ey o7 s — 0 (8D < 4y
i=1

27
forall (§, s) € suppg ; @™ ". Fixing &, we now consider two cases depending on which
terms of the above sum dominate.

Case 1 Suppose (8()81_1 p)/4 < |s — o (&)]. By the Mean Value Theorem, there exists
s« € I between s and o (&) such that

(YN ), 8) — (N Voo@). &) = (y V(s ) (s — 0 ().
Combining this with (14) and (16), we deduce that |(y V=D (s), £)| =4 A(eoe; ' p).
This gives the lower bound in (26).

Case 2 Suppose Case 1 fails. Using (27), we can find 1 < iy < N — 2 such that
eneok(er )V < [(y 0 o0 (8), £)] < 2Veoh(er )V TP, (28)
with cy = (4N)~N, whilst |s — o ()| < eoe; ' p and

y D oo (€), &) < 2Veor(e; ' o)V forallip <i < N — 1.

By Taylor’s theorem,
1y (s), )= (y @ 0 0 (£), £)]
S Z 2N8(1)+l710)\,(81_1,0)N7l(El_lp)1710 + B)\(gosl_lp)N710
i=ip+1

< (eneo/2)M(ey  p)N o, (29)

provided the constant &g is chosen small enough depending on B and N. Combining
(28) and (29), we deduce that

(). 6)] ~e Ay ')V forall s € supp, @™,

which implies the lower bound in (26). O
In view of (25), we restrict our attention to . A[a™", y] for fixed n € Nand v € Z.

Before proceeding to its analysis, we make the following elementary observation about
the size of p := 2"A~!/N From the definition (17) of 81, note that

e17/4<p?G@E.s) for (£.5) € suppg, d”.
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Combining this with (19), we deduce that p = OB,d(sleal). Thus, by choosing &
small enough (depending on €y, B, d), we can assume that

p<B (30)

In the following subsections, the norm bounds for the operator D .A[a™", y] are
obtained using the induction hypothesis via a method of rescaling.

4.5 Rescaling for the Curve
In this subsection, we introduce the rescaling map in a generic setup and describe its
basic properties which will play a crucial role in the proof of Lemma 10.
Fory € 6(B, N) and s, € I, let
V¥ = spanfy V(so), .y M (so)).

o

Using (9), note that dim VX{Y = N.For0 < p < 1, define a linear operator Tg]:” p such
that

1Y, (y060) = o'y ) fori<i<N (31)

and

Txﬁpv =pVv  forve (VS]:/)L.

It is clear that TYIX p 1s a well-defined map such that

T )M <e o7V 32)

Supposing [s, — p, o + p] C I, we define the rescaled curve

Yy ) = (TN )" (50 + ps) — ¥ (s0)).

For simplicity, we introduce the notation

-T .
T := Tsﬁp, T* := (Tslov’p) and 7 := VSI(:],/O' (33)

The following lemma verifies nondegeneracy assumptions for the rescaled curve.

Lemma 12 For0 < p < B~ qnd y € &(B, N), the rescaled curve y as in (33) lies
in G(B1, N — 1) where By depends only on B and N.

A key feature of Lemma 12 is that the parameter B; is independent of p.

Birkhauser



4 Page160f 25 Journal of Fourier Analysis and Applications (2024) 30:4

Proof of Lemma 12 We begin by verifying the first part of (9) for the curve y. From
the definition, we see that 7 (s) = p' T~y @ (59 + ps) for any i € N. Combining
this identity with (9) and (32), we deduce that

= Op(p) whenever N +1 <i <2d. (34)

@) ‘
L (1)

|7
Let 1 <i < N. By Taylor’s theorem, (31) and (32), we have

70s) = p ZT P60 )E

/ =i

5 - Op(IT~ 1 pN+h

= Z J/(J)(So) —5i + 080 (39)

Combining (35) with (9), we obtain uniform size estimates for 7 ) (s) when 1 < i <
N. Together with (34), this implies

17l c2a¢ry Sp 1. (36)
It remains to verify the second part in (9) for the curve y and L = N — 1. In view
of (36), it suffices to obtain a lower bound for the determinant of the d x N matrix

whose columns vectors are formed by ()7(i>(s))1§i5 n for s € I. Observe that using
the multilinearity of the determinant and elementary column operations, (35) gives

|det ()7(1)(5) J7(1‘/)(5))| - |det (y(l)(S()) V(N)(So))| + 05(p).

By the hypothesis of the lemma, p is small enough so that the above identity combined
with (9) gives the estimate

|det (7D (s) --- 7M(s))| = 2B)~".

Now, an application of (36) (in particular, |)7(N ) ()| <p 1) completes the proof of (9)
fory =y, L = N — 1 and B replaced with a new constant B. O

The rescaling map TYIX , can be used to introduce a rescaling for the operators we
are interested in. This is done in the next subsection.

4.6 Rescaling for the Operator

To introduce the operator rescaling, we begin by considering a Schwartz function
u:R— R.Lets, € I and 0 < p < 1. Direct computations give

[(1+ —ag)l/zu](so +09)=p""2[ (0 + —33)1/21;]@),
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where 1 (s) := u(s, + ps). Thus,

1/2
(=)

2

/|<p+ lo)! 2 F (@) (0) 2 do
L2(R) R

< / (1 + o)) 2 F, (@) (0)Pdo
R

12 |12
=H(1+ —02)

(37)

L2(R) -

For an arbitrary symbola € C 2d (Rd xIxI)andy € &(B, N),recall the definition
of Ala, y] from (3). Temporarily fixing x € R?, set

u(s) = Ala, ylg(x,s) and  Ala, ylg(x,s) = Ala, y1g(x, 5o + ps). (38)

By combining (37) for each x € R? with Fubini’s theorem,

172 .
1DsAla, y1gll 2ratty S H(l + —352> Ala, vlg (39)
LZ(R‘H'])
We claim that for (x, s) € R?*!, the identity
Ala, ylg(x,s) = |det T*|'/? Ala, 718(T " 'x, 5) (40)

holds with T, y as in (33), symbol
a&,s, 1) :=a(T*€, t,s0 + ps)
and input function g defined by
Fe@ (€ 1) 1= |det T2V OO0 F (0)(T*¢, 1),

_ Verifying (40) is just a matter of unwinding the definitions. First, we expand
Ala, y1g(x, s) using (38) as the oscillatory integral

/ ei(x—f(V(So+/>S)—V(So)),E)a(%-’ 50+ ps, t)eil()’(so)f)]:x (9)(&, r)dédr.
Rdx T
Applying change of variables § — T*&, the above expression can be written as

|det T*|'/2 /Rd i TV (T e 0 + ps, 1) Fe(3)(T*E, 1)dedr
X
= |det T*|'/(Ald, 719)(T'x, 5), (41)
proving the claim (40).
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Fixn € N, v € Z and recall the definitions of a”" and s, from Sect.4.4. Consider
the rescaling map 7 as defined in Sect.4.5 for

So =Spy and p= 2m "N,

Furthermore, consider the operator rescaling as in (40) for a« = a™". In this setup, we
record some of the basic properties of how T* (as defined in (33)) interacts with a.

Lemma 13 The rescaling map T* satisfies the estimate
p~VIEl Sap IT*E1 S N5l forall & € suppg a. 42)

Proof Fix 1 < i < N.From the definition of T, we have

(v ). §) = /(T 7y D (sun), €) = o (v D (), T¥6). (43)
Fix & € supp; a so that, by the definition of the rescaled symbol, 7* & € supp; a™".
Using Lemma 11 wheni < N — 1 and the Cauchy—Schwarz inequality (or (14)) when
i = N, we obtain

[y (sn), T Sap V' [¥IT*E forl<i<N.

Combining this with (43), we deduce that

1y D (sn0), € Sap PV IT*EL (44)

On the other hand, if v € (VsI,Y U)J- is a unit vector, one can argue as in (43) to have

(v, €)= |p" (v, T*E)| < |T*§| (45)

where the fact p < 1 has been used. Combining (44), (45) and (9), we obtain the lower
bound in (42). The upper bound follows from (32). O

The following lemma now verifies how rescaling improves the type condition of the
symbol.

Lemma 14 The rescaled symbol @ is of type (p™ A, A1, N —1) with respect to 7, where
Ay depends only on A, B and N.

Proof By Lemma 13, it is clear that

supp; @ C (£ € RY 1 €] ~a p p" A}

Since 0 < p < 1 by (30), the estimates |8£€z(§,s, Dl Sp 1for (§,s,1) € supp a
follows from similar derivative estimates for a. Thus, it remains to verify that (10)
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holds for the rescaled setup for L = N — 1, y = ¥ and a = a. Explicitly, we wish to
show

N-1

D 1T (), &) ~ap €| forall £ 5) € supp; ,

i=1
To this end, we recall from Lemma 11 that

N—-1
P Ny (). €)| ~ap A forall (£,5) € supp; , a™". (46)

i=1
However, by unwinding the definition,
FO().8) = p Ty O sn + ps). &) = ' (¥ (s, + ps). T*E).
Thus, by (46) and Lemma 13,

N-1

D UFD (), &) ~ap pN T €| ~ |E| forall (&, 5) € supp; , @,
i=1

which is the required estimate. O

4.7 Proof of Lemma 10

With all the available tools, the operator D.A[a”, y] can be estimated easily forn > 1.

Proof of Lemma 10 Fix n > 1. Temporarily fix v € Z. In view of (39) and (40) for
a = a™", we have

1DsAla™", y1gl 2 a+ty S I1DsAld, V181 2 wa+).- (47)

Suppose E € CZ°(R) is chosen such that supp E C [—4,4], E(r) = 1lwhen|r| <3
and

Y i -ws

VEZ

In view of the support properties of @™V (in particular, (18) and (24)), we have
E(aalelp_l(U(T*S) —spw)) =1 foré € suppg a.

Consequently, recalling the integral expression (41), it is clear that one can replace g
with g"" in (47) where

= E (80_181,0_1(0' o T*(}"ax) - Sn,v)) g

Birkhauser



4 Page20o0f 25 Journal of Fourier Analysis and Applications (2024) 30:4

Now, Lemmas 12 and 14 ensure that the rescaled pair (a, y) satisfy the assumptions

of Proposition 6 with L = N — 1 (note that (30) ensures that p is of the right size, so

Lemma 12 applies). Thus, the statement of the proposition applies and we obtain
I1DsAla, 718" | 2gasty Sap.a (Qog o¥ WY1 || 2 gasn

Sapa Qog )N D2V o g (48)
Thus, the proof of Lemma 10 reduces to summing the above estimates in v without fur-

ther loss in A. Using (25), Plancherel’s theorem and the support properties of symbols
a™’, we combine (48) for different values of v to deduce that

1D, Ala", 181172 gasry Sa D IDsAla™, y1gl}a g,

veZ

rSA,B,d (10g )")N_Z Z”gn’v ”LZ(]R‘J'H)Z'
VeZ

After a change of variable, it is evident that ||g" || . 2ga+1y = 8" " [l L2(ra+1), Where

¢ =7 (eglalp—'(a(,l.ax) _ sn,v)) g
Thus, by another application of the Plancharel’s theorem,

1D, Ala", y1g 172 asry Sa8.a Q0g V7Y 8™ 172 gy
VEZL
Sas.a (og)N gl gar,

concluding the proof. O

In the next section, we discuss the sharpness of the main theorem.

5 Sharpness of the Theorem 1

By acting the maximal function on standard test functions, here we discuss the sharp-
ness of Theorem 1 in two directions: sharpness of the range of p and the operator
norm dependence on log 8.

5.1 Sharpness of the Range of p
Fix p € [1, co) and assume that given any € > 0, we have
ING | p a1y Lo (riy Se 8¢ forall0 <8 < 1. (49)
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Temporarily fix € and 8. Set g5 := xp(0,5). It is easy to show that the §-neighbourhood
of the curve —y is a subset of the super-level set

r e RY:IN gs()] 2 ).
Applying Chebyshev’s inequality and using (49), we have

§8@=D/p <, §d+/p—e

Letting § — 0, we see that p > 2 — €. Letting ¢ — 0, we conclude that p > 2. Thus,
L? operator norm of j\/Sy has polynomial blowup in §~! for p € [1, 2).

5.2 Sharpness of the Operator Norm

Fix 0 < § < 1. Consider two vectors w := (x,0), z := (y,0) € R+ 1t follows
from the definition that

w+Ts(r)Nz+Ts(s) #0
if and only if there exists a¢ € [—1, 1] such that
(x =y +tly(r) —y(s) = 00). (50)

Assuming |y (s)| ~ 1 for all s € [—1, 1], it is also not hard to see that

8d+l

Volpa+1(w 4 T105(r) Nz 4+ T5(s)) ~ T ) =70 ShH

whenever (50) holds.
Fixing (x,r) € RY x I, set fs = Xw+Tys(~ and note that ||f5||L2(Rd+1) ~ 8472,
Fix 0 < k < [log(s™1) ], define

A=y e R IN] fs()] ~ 275
We claim that
|Ag| > 2%ks4,

Indeed, in view of (51), A; contains all points y € R? for which there exist s, r €
[—1, 1] such that (50) holds and |y (s) — y(r)| ~ 2¥§. The latter condition ensures
that the admissible directions y (s) belong to a portion of the curve which is contained
inside a ball of radius ~ 2¥8. Moreover, for a fixed direction y (s), any y € R? that
lies in the §-neighbourhood of the tube x + {t(y (r) — y(s)) : t € [—1, 1]} satisfies
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(50). Therefore, Ay contains the §-neighbourhood of a two-dimensional cone in R4
of diameter ~ 2§, justifying our claim. Thus,

Llog(s™")]
(ogs™8! < D 27 Ak < INY 13 2 sty 12y 15172 g
k=0

Consequently, we see that

ING Il L2 a1y 12ray 2 (logs™")!2,

In view of the above, we may conjecture that (log8~1)!/2 is the sharp L? operator
norm of /\/By. In other words, it is possible that Theorem 1 gives only a partial result
in this direction.

In the next section, we discuss a generalisation of Theorem 1.

6 Further Extensions

As observed in [1], a stronger version of Theorem 1 which deals with families of
anisotropic tubes is used in actual applications to the proofs of certain geometric
maximal estimates (such as that of the helical maximal function). In this section,
we state the anisotropic extension of Theorem 1 with a brief discussion on how the
argument presented in the article can be adapted for the more general setup.

We begin by introducing the anisotropic tubes using the Frenet frame co-ordinate
system. For s € I, let {e1(s), ..., es(s)} denote the collection of Frenet frame basis
vectors, formed by applying Gram—Schmidt process to the set {y (V(s), ..., y @ (s)}.
Forr = (r1,...,rq) € (0, )¢, we consider a tube in R4t in the direction of y (s),
defined as

Tes) == {0, €R! X I [(y =ty (s), ()| < rjfor 1< j<d}.  (52)

As before, we can introduce the corresponding averaging and maximal operator as

Al g(x,s) = glx — y,t)dydr for (x,s) e RY x I

[T ()] J1es)

and

N g(x) = sup| AL g(x, )| for x € R?

sel

whenever g € L] (R,
By modifying the argument presented in Sects. 3 and 4, the L? boundedness prob-

lem for VY can be resolved under mild hypothesis on r. Our result [3] is as follows.
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Theorem 15 Letr := (r1, ..., rq) € (0, 1)? be chosen such that

r(k_j)/(k_i)rlgj_i)/(k_i) (53)

1/2
rd§~--§r1§r2/ and rj <

forany 1 <i < j <k <d hold. Then, there exists Cyq,,, > 1 such that

||MV ”LZ(RdJrl)_)LZ(Rd) f Cd,)/ (IOg rd_l)d/z.

There are two most interesting cases where Theorem 15 can be applied. These are
whenr = rigo ;= (8,...,8) andr = (8,8%,...,8% for 0 < & < 1. In both cases,
it is clear that r satisfies (53). By applying Theorem 15 in the first case, we recover
Theorem 1 as a consequence.

Discussion on the proof of Theorem 15 In the following discussion, we highlight the
major changes from the arguments presented in this article. A detailed proof can be
found in [3].

From (4), we recall the definition

as(&,s,1) =Y OENK()Xr(t)  for (&, s,0) e R x I x I.

In view of (52), the anisotropic version of a; is defined by the formula

d
ar€,s,0) = [ [V & ;PR i) for (&,5,0) e R x I x I,
j=1

whenever r € (0, 1)4.

By arguing along the lines of Sect. 3, we can reduce the proof of Theorem 15 to
establishing operator norm estimates for the Fourier integral operator D.A[ay, v]. In
particular, it suffices to show that

195 Alar, Y1 2@a+1) - 2 @ity Sy Qogry )l (54)

In Sect. 3, we obtained an equivalent version of (54) for r = rjs, by first dyadically
decomposing the operator and then applying Proposition 3 to each part. The proposi-
tion, in turn, was proved using an induction argument (in particular, via Proposition 6).
In the same way, we can reduce the proof of (54) to a variant of Proposition 6. The
modifications reuired in the proposition to adapt to the anisotropic setup do not alter
the core argument of the proof. Key steps involving the decomposition as described in
Sects. 4.2 and 4.4, and the rescaling as described in Sects. 4.5 and 4.6 remain intact. The
differences mainly come from the description of the class of symbols of our interest.
Recall how the derivative bounds

|8§3a5(§, ;)| Spyal for B € Nand (§, s, t) € supp as (55)

~
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were explicitly used for directly estimating parts of the operator in L? at many stages
in the proof of Proposition 6 (in particular, see the proofs of Lemmas 7 and 9). Con-
sequently, the operator norm of Dg.Alas, y] depends on the upper bound in (55).
Since rescaling of symbols preserves (55), one was able to carry these estimates
unchanged throughout the induction process (see Definition 5). The situation differs
in the anisotropic setup because of two reasons.

Firstly, in contrast to (55), the best attainable L bounds for the derivatives of the
anisotropic symbol are

B
B < 1—[ -1
- - i=1

Note that the expression on the right depends on r and can be extremely large. However,
after applying the decomposition as described in Sects.4.2 and 4.4, improved L
bounds can be attained for the derivatives of each part of the symbol. In view of
this, rather than assuming a uniform control over the C3¢ norm of the symbol, the
anisotropic variant of Proposition 6 includes pointwise bounds for the derivatives of
the symbol expressed in a form that is sensitive to the many decomposition in the
argument.

Secondly, the action of the rescaling map on the symbol a;, significantly alters
its derivative estimates. Thus, the properties listed in Definition 5 to describe the
rescaling-invariant class of symbols that contain as must be modified to accommodate
all symbols you encounter at various stages in the argument in the anisotropic setup.

Apart from the modifications in the symbol class as mentioned above, we also
require additional control over the coefficients r; for the purpose of establishing
acceptable bounds at stages of direct L? estimation. The mild conditions (53) are
introduced for this purpose. The author does not know if these conditions are nec-
essary for obtaining the maximal estimate, but they seem to fit well in the induction
argument. By Combining (53) with the modified description of symbols, we prove the
anisotropic variant of Proposition 6, completing the proof of Theorem 15. O
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