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Abstract

We prove M-regularity for a class of pseudodifferential operators in ultradifferentiable
classes defined on the torus T"*" which are globally C* hypoelliptic. The same
property is also valid for certain perturbations of these operators by lower order terms.
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Global hypoellipticity with loss of derivatives - Lower order perturbations
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1 Introduction and Statement of the Results

The question that motivates this work is the following: let P be a linear partial dif-
ferential operator with coefficients in C“’(']I‘N ), where TV denotes the N-dimensional
torus, and suppose that P is globally C* hypoelliptic in TV. Is P globally Gevrey
hypoelliptic in TVN? When P = Py(D) has constant coefficients the answer is pos-
itive thanks to the Greenfield-Wallach conditions. If it is not the case, then we have
some partial results as in the work of Himonas and Petronilho [6] which proves the
following.
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Theorem 1.1 For (¢, x) € T" V" let P = P(t, D;, Dy) be a linear partial differential
operator with coefficients in C* (T™) and suppose that P is globally C* hypoelliptic
in T"™ If u € D'(T"™™), Pu € G*(T"™™), and (t,x,t,0) ¢ W Fy(u), where
(t, x) € T"" 1 € R™\{0}, and if Ker P C G*(T™ ™), then u € G*(T"").

Here we are denoting by G* (TN ) the space of the s-Gevrey functions for some
fixed s > 1. We also recall that Petronilho [8] improved the last result by proving
that the condition ker P C G* (’]I‘”J””) is superfluous in the statement of Theorem 1.1.
Also, Albanese and Jornet [ 1] generalized the Petronilho’s result to the ultradifferential
frame.

Open question 1: Does Theorem 1 hold true in more general classes of operators
such as pseudodifferential operators in ultradifferentiable classes defined on the torus?

We also are concerned with a very natural problem: the stability of hypoelliptic
operators, i.e., we are going to study the stability of hypoellipticity under lower-
order perturbations. Concernig this question let us recall some results in the literature
about perturbations by lower order terms. Firstly we mention the work by Dickinson,
Gramchev and Yoshino in [3] where they considered perturbations of smooth vector
fields on TV (constant if N > 3) by zero order smooth classical pseudodifferential
operators.

In [9] Parmeggiani studied the problem of perturbations of C* hypoelliptic opera-
tors by lower order terms. He proved that hypoellipticity with a finite loss of derivatives
of alinear partial differential operator P, along with its formal adjoint P*, is stable under
perturbations by lower order linear partial differential operators whose order depends
on the loss of derivatives, see Theorem 2.3 of [9]. In [11] Parenti and Parmeggiani
proved a stability result that streamlines and generalizes that of Parmeggiani described
above.

In the analytic setup, Chinni and Cordaro, see [2], introduced a new theory about
analytic pseudodifferential operators on the N-dimensional torus T . One question
analyzed by them is the following: assuming that P (x, D) is a linear partial differential
operator defined on TV with real-analytic coefficients, that P(x, D) is e-subelliptic
for some € > 0 and that P(x, D) is globally analytic hypoelliptic on TV they ask
when is it true that P (x, D) remains globally analytic hypoelliptic when one adds to
it an analytic pseudodifferential operator on TV of order less than .

Ferra and Petronilho [4], inspired by the work of Chinni and Cordaro, introduced a
new class of smooth pseudodifferential operators on the torus and used it to show that
perturbations by lower order terms do not destroy the global hypoellipticity of certain
systems of pseudodifferential operators.

We now mention that recently Ferra, Petronilho and Victor [5] generalized Chinni
and Cordaro, [2], for ultradifferentiable pseudodifferential operators defined on the
torus, in particular they proved the following result (for more detais about the notation
see Sect.2):

Theorem 1.2 Let A = {a;(x, D)};fl:1 be a system of pseudodifferential operators
in @Q:(TN) that is globally M-hypoelliptic with loss of r > 0 derivatives. If B =

{bj(x, D)}T:1 is a system of pseudodifferential operators in ’Dé\f (TN), witht < o —r,
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then the system C={cj(x, D) = aj(x, D) + b;(x, D)}T:1 in D{J\f (TN is globally
M-hypoelliptic.

This result motivates the following

Open question 2: For j = 1, if we replace the hypothesis of global M-
hypoellipticity with loss of derivatives in Theorem 1.2, (see [5]), by global C*°
hypoellipticity or by global C* hypoellipticity with loss of derivatives what kind
of results we will get?

Motivated by the results and by the open questions cited above we work on the
problem of M-regularity of solutions u € C*° (T" x T™) of perturbations of globally
hypoelliptic pseudodifferential operators a(t, D;, D,), where (t, x) € T""". Here
we need to replace the condition (¢, x, 7, 0) ¢ W F,(u), where (¢,x) € T"™, 1t ¢
R™\{0}, givenin [6] and in [8], by an appropriate one for the ultradifferentiable classes.
More precisely we will prove the following (see Sect.2 for the definition of 54 (1)).

Theorem 1.3 Leta(t, D;, Dy) € ’D{J\: (T xT"), o € R, be an M-ultradifferentiable
pseudodifferential operator of order o € R that is globally C* hypoelliptic on T™ x
T". Then there exists r € R depending on a(t, D;, Dy) such that for every M-
ultradifferentiable pseudodifferential operator b(t, x, Dy, D) € CDQ:[, (T™ x T") of
order ' < o —r — 1 the following holds: if u € C°(T™ x T") is such that

[a(t, Dy, Dy) + b(t, x, Dy, D)lu = f € Epq (T x T (1.1)

and (t, 0) ¢ srq(u) for every t € R™\0O, thenu € Epq (T x TT).

Also we have the following application which allow us to consider solutions
u € D' (T" x T™) in Theorem 1.3 instead of smooth solution if the initial operator
a(t, Dy, D) is globally hypoelliptic with loss of derivatives.

Theorem 1.4 Leta(t, D;, D,) € @Qj(']l‘m xT"), o € R, be an M-ultradifferentiable
pseudodifferential operator of order ¢ € R that is globally C*® hypoelliptic on T" "
with loss of R derivatives and let b(x,t, Dy, D;) € Dg\j (T™ x T"), ¢’ € R, be an
M -ultradifferentiable pseudodifferential operator of order ' < o — R — 2. Also
suppose that u € D'(TVN) satisfy

la(t, Dy, Dy) + b(x,t, Dy, D)lu = f € Epq (T"H). (1.2)

Assuming that (t,0) ¢ saq(u) for every t € R™ \ {0} we conclude that u €
Eng (T ),

Before proceeding, we would like to make a few comments about the Theorems
1.3 and 1.4. In Theorem 1.3, assuming that b(¢, x, D;, D) is identically equal to
zero we can replace the hypothesis u € C®°(T™ x T") by u € D'(T™ x T") since
Em (T x T") € C*®(T™ x T"). Thereby, we answer positively to the open ques-
tion 1. Concerning the open question 2, in Theorem 1.3, we consider the case that
the operator a(t, D;, Dy) is globally C* hypoelliptic and prove that all solutions
u € C*® (T" x T™) of certains perturbations of operator a(¢, D;, D,) are M-regular,
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ie., u € Ep (T x T"), provided that (7,0) ¢ saq(u) for every T € R™\{0}.
While in Theorem 1.4 we consider the case that operator a(t, Dy, D) is globally C*°
hypoelliptic with loss of derivatives and as an application of Theorem 1.3 we show
that all solutions u € D’ (T" x T™) of certain perturbations of operator a (¢, D;, Dy)
are M-regular, i.e., u € Epq (T x T"), provided that (z,0) ¢ saq(u) for every
T e R™\ {0}

We also would like to point out that in the case b = 0 the Theorem 1.4 is a simple
consequence of Theorem 1.3 since global C* hypoellipticity with loss of derivatives
implies global C* hypoellipticity. Finally, we call attention to the fact that in Theorem
1.3 the order of the perturbation operator b(z, x, D;, Dy)isc’ < o +r — 1, where r is
not explicit because it comes from a Functional Analysis result whereas in Theorem
1.4 the order of the operator b(z, x, Dy, Dy)isc’ < o+ R—1and R is well determined
because it is the loss of derivatives of the hypoelicity of the operator a(¢, D;, Dy).

The paper is structured as follows. In Sect. 2 we recall the basic definitions
and results about ultradifferentiable functions and the more important facts on an
ultradifferentiable pseudodifferential operators. In Sect. 3 we prove some important
inequalities about smooth pseudodifferential operators on the torus. In Sect. 4 we
present some technical results about the condition (7, 0) ¢ s ¢ («) that will be used in
the proof of our main theorems. In Sect. 5 we prove Theorem 1.3 and finally, in Sect.
6, we present the proof of Theorem 1.4.

2 Basic Results

In this section we present the basic definitions and results that will be used throughout
this text. We denote by TV the N-dimensional torus.

2.1 Ultradifferentiable Functions

We say that a sequence of positive real numbers M = {m,},cz, is a weight sequence
if it satisfies the following properties:

m0=m1=1, (2.1)
my < mp_ymus1, Y €N, 2.2)
1
. T+E
sup (m”" )’ <H, withH > 1. 2.3)
j.keN \ M jm

We recall that a weight sequence M = {m, },cz. is called quasianalytic if

o
mi—1
>l

m
=1 "k

If the sum if finite, then M = {m,,},¢z, is called anon-quasianalytic weight sequence.
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Definition 2.1 Let M = {m;},cz, be a weight sequence. We say that a function
f e C*® (']TN ) is periodic ultradifferentiable of class { M} if there exist constants
C, h > 0 such that

|D” f(x)| < Chmyg lalt, Vx e TV, Va e ZIY .

The space of the periodic ultradifferentiable functions of class { M} will be denoted
by Eam (TN ) This class is also known as the space of the periodic ultradifferentiable
functions of Roumieu type. The space D’M (TN ) is the topological dual of €4 (TN )

When m,, = n!*~! we recover the Gevrey (periodic) functions, in particular for s = 1
we have the space of periodic analytic functions.

Now we state certain results that we need below. For its proofs or more results on
weight sequences we refer the reader to Komatsu [7], Pilipovi¢ [10], Ferra et al. [5]
and to the references in these papers.

Proposition 2.2 If M = {m,},en is a weight sequence then we have the following
properties:

() my = 1foralln € Z4;

(ii) the sequence {m,l/ "N is increasing;

(i) mjmg <mjqx forall j, k € Zy;

@iv) for each k € 7, we can find a constant Ay > 1 such that

Mk + 0! < Al mun!, Ve Zy . (2.4)

Remark 2.3 1t follows from item (i) of Proposition 2.2 that ¢ (T") contains the
space of all periodic analytic functions C* (']TN ) since |a|! < mq)|a|! foralla € Zﬁ .

Also, there is a characterization of the space of ultradifferentiable functions in terms
of the Fourier transform. Recall that for u € D’M (']I‘N ) we define

1
@mN

i) = (1w, e79) € e 2V

Theorem 2.4 Let M = {my}nez, be a weight sequence. A function ¢ € C™ (TN)
belongs to Enmq (TN) if and only if there exists C, h > 0 such that

9| < C inf _man! ) VEezN. 2.5)
nezy \ (1 + [E])"

Moreover, if {CS}EGZN is a sequence such that (2.5) holds true with C¢ in place of

@ (&), then there exists an unique function ¢ € Egq (TN) such that (&) = Cg for all
£eZVN.

The latter result motivates us to introduce the following (see also [2], Sect. 3)
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Definition 2.5 Given u € D'y, (T"), we denote by s () the complementary set of
every & € RY \ 0 such that there exist C,» > 0 and an open cone I' ¢ RV \ 0
containing &q satisfying

a(®)] < C inf MmN e e z¥ A 2.6)
neZy \ (1 + &))"

2.2 Pseudodifferential Operators

Here we present the basic properties of the pseudodifferential operators which we
work with in this text. The discrete symbol of a continuous and linear operator A :
C®(TN) — C>(TV) is the function a : TV x Z¥ — C defined by a(x, n) =
e~ A (ei(x"7>) and we shall use the notation A = a(x, D) and call a(x, D) a
pseudodifferential operator. If ¢ € C*°(T") then by linearity and continuity we have

a, Dyp(x) = Y atx, D) (¢58) o) = Y ¢ “Fax, )PE) € C=(TY),

gezN gezN

from which one can prove that

(a(x. Dyu)(E) = Y a(& — 1. )i(n). @7

nez

The main object of this work is a specific class of pseudodifferential operators which
was introduced in [5]. There the reader can find the proofs of the statements used in
this section that we did not include here as well as more properties satisfied by these
operators. This class is more appropriate to the ultradifferentiable framework.

Definition 2.6 Let M be a weight sequence and o € R. We say that a continuous and
linear operator a(x, D) : C*(TV) — C*(T") belongs to @{a\;‘ (TN) if its discrete

symbol a(x, &) satisfies one of the following equivalent conditions:

1. There exist positive constants C| and A such that
ID%(x, )| < Cihl miglal!(1+ D7, Vx e TV, n e ZV, a e ZV . (2.8)
2. There exist positive constants Co, hy > 0 such that

Coh&myk!(1 + n))°

AT  VkelZy, (£,n) el (2.9)

@&, | <

We also say that a(x, D) is an M-ultradifferentiable pseudodifferential operator
of order o. Also, if a(x, D) € D{J\f(TN), then one can prove that a(x, D) defines a

continuous and linear operator on & (TV).
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Remark 1In [4] the authors introduced a class of smooth pseudodifferential operators
(of order o) Gp, (TV), o € R, which consists of all operators a(x, D) such that given
o€ Zﬁ, one can find C, > 0 such that

|D%a(x,n)| < Ca(1+1n))°, ¥ neZV, x eTV. (2.10)

Since (2.8) implies (2.10), it is clear that @é\f(’]I‘N ) C Gpo(TV). Also, the oper-
ators belonging to this broader class define a continuous linear operator a(x, D) :
D’ (TN ) — D’ (TN ) More precisely, a(x, D) can be extend to a linear and
continuous operator a(x, D) : H* (TV) — H*~° (T") for every s € R. O

3 Globally Hypoelliptic Operators

In this section we are going to prove some inequalities about globally hypoelliptic
operators in the class Gp, (TV) that will be useful for our main results. Recall that an
operator a(x, D) is globally C* hypoelliptic in TV when the conditions u € D" (T")
and a(x, D)u € C*® (TV) imply u € C* (TV).

In order to deal with perturbations of globally hypoelliptic operators we are going
to state and prove some results. They are basically an extension of the results in [6]
for the pseudodifferential operators.

Lemma3.1 If a(x, D) € Gp,(TN) is a globally hypoelliptic operator in TV then
given £, k € 7, there exist j € Z4 and C > 0 such that

lglle = € (latx, Dygl; + lgly) . Vo e (TV).

In particular, there exist j € Z4 and C > 0 such that
el = € (latx, D)l +ligll_1), Ve e C(TV).

Proof We consider in C*° (']TN ) the locally convex, metrizable topology defined by
the seminorms

gl i = laGx, D)gll; + gl Yo e C(TY),j ez ke,

where ||-]|; denotes the usual Sobolev norm on TN . Since a(x, D) is globally hypoel-
liptic, C*® (’]I‘N ) endowed with this topology becomes a Fréchet. By the open mapping

theorem, this topology must coincide with the standard one in C*° (TN ), whence the
result. O
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4 About the Condition (7, 0) ¢ saq(u)

In view of our main result Theorem 1.3 we shall denote from now on the N -dimensional
torus by TV = T}* x T% and in the next result we recall that |||, , s € R, stands for
the usual Sobolev norm in the space H* (’]TN )

Proposition 4.1 Suppose that f € Ep(T™ x T"). Given s € R, there exist constants
C, h > 0 such that

H(l + |Ax|l/2)ka < Ch*mgk!, V k € Z,.
)
Proof Since f € Eaq (TV), there exist constants Co, ho > 0 such that

D;*Dﬁf(r,x)‘ < Con Pl gripi el + 1BDY, Vi€ T x e T @ € 2}, B € VL.

We know that given ¢ = (¢1,...,¢y) € ZN and ¢ € 7, there exist y =
W1,---,¥N) € Zﬁ such that |y| = ¢ and |7 < ¢?|¢7|, where ¢ = +/N. By
using this fact for N = n + m and putting ¢ = (7, ..., T, &1, ..., &) = (7, &) and
o=, Vm)and B = (VYm+1s - - -» Ym+n), we obtain the following: givent € Z™,

¢ eZ'"andq € Z,, there exist oy € Z and B, € Z' such that |ay| + |84 = g and
(r, )17 < ¢ |agh],

where ¢ > 0 does not depend on either (z, &) or g. Now we take p € N such that
p > |s| and we obtain that

[+ 18072k
s

<fariaa il = ¥ asieonavie® |feof

TeZM E€7
A 2
= Y AHIEOD T A4 (@ R g
TeM E€Tl
A 2
= Y A+I@an (A + I oD e g))
TeZm el
pt+k+m-+n 2
k oA
< X awiwop (Y (P e o g
TeZm el Jj=0 J
pt+k+m-+n 2
k+m+n S Bill 2
< cpFhtmen N (1+|(r,s>|>—2"—2m( > <p+ , >r°‘/§ﬁ/ f(r,é))
TeTM EeTn =0 J ‘ ‘ ) ‘
p+k+m+n — 2
= cprktmin§n <1+|(r,s>|)—2”‘2’”( <”+k+_’”+”> D?’Df"f(r,@).
€M T =0 J
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Since
b fr )| < L / DY £, x| drdx
B (Zﬂ)m+" Tm T
loej 4181
< Cohy Py g1 (1| + 18!
= Coh{m !,
and since {my,},cy is increasing (recall Proposition 2.2 item (iii) and that m; = 1),

if we set Cy = Pt (1 + ho)Ptmincg 2cemm gern (L +1(, £))72" 2™ then it
follows that

2
fa+iatg]

2
pHk+m+n
k .
< ekt 30 <1+|<r,s>>—2”—2m( 3 (” - +.m+”)cOhg)m,~j!>

TeZm EeTn Jj=0 J

< PTG A h)P PN T A 1@ OD T Mk (p A kA m )
TelM E€Tl

= CL0+ ho) mpsismrn(p + Kk +m +n)!

and the proof follows since the last inequalities and (2.4) show that
[a+1a:02 | < cntm,
s

for some C, h > 0.
We need one more auxiliary result to prove our main theorem.
Lemma 4.2 Suppose that u € C* (T™ x T") satisfy the following conditions:

1. (7,0) & spq(u) for every T € R™ \ 0.
2. There exist constants Cq, ho > 0 such that H(l + |Ax|1/2)ku”0 < Cohgmkk!for
everyk € Z,.

Then u € Epq(TV).
Proof We first consider

A={(r,& eR" xR" :|t| = 1,& = 0}.

By using that (7, 0) ¢ sq(u) for every |t| = 1 and the compactness of A, it follows
that there exist open cones I'y, ..., 'y C R+ suchthat A C Ty U...UT} and there
exist constants C, & > 0 such that

li(z,£)| < C inf <M> V(r,&) e (Z" x Z") N (I U...UTy).
pezy \ (1 +|(z, &)DP
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Note that if Z" x 7" C I'1 U ... U I' the result is proved. Otherwise, since A is
compact, R"™\ (I'; U ... UTY) is closed and they are disjoint, we have that

0<a=d(AR"™\(T1U...UTY)

andthen (7,&) € I'1U. ..Uy wheneverd((z, &), A) < a.Ifc > Osatisfy 1 — 1i2c2 <
% then
(r,6) € "7t > clE| = d((1.£), A) <o 4.1)

Indeed, suppose that (7, £) € §”1" ! and |7| > c|£|.Since £ = O and |7|>+|£]*> =1
ensure that (7, £) is already an element of A we can suppose that £ # 0. So we have
that

el < P =1- 5P,

which in turn implies that

2
67 <
Thus
2
2 2 ¢
=1- 1-— =
H §P > 1= s =T
and then
2 2
=1- 1 - < —. 42
€] R v 4.2)
Since |7| < 1, we obtain from (4.2) that
o2
e L 4.3)

If o = ﬁ then (79, 0) € A and from (4.2) and (4.3) we obtain that

2
d((z, &), A)? < |(tr,&) — (10,0)]* = [t — > + |&]* = r—|Z—| + &2
1 2 o2 , o 2
<<1—m>‘[ +7=(1—|T|) +7§Ol,

which proves (4.1). Now let (7, &) € Z™ x Z", |t| > c|§|.If A = m and (', &) =
Az, &) then (7/, &) € ™"V and |t/ > c|&’|, so (7/, &’) € A. Hence there exists
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j €{1,...,k} such that (z/,&") € I'; and since the latter is a cone, we obtain that
(7, &) € I'j, from which we conclude that
iz, &)| < C inf (M) V(r.&) e (Z" x Z"), |t| > clE].(4.4)
T e \(L+ |(z, 8P )] ’ 7

Our objective now is to extend (4.4) for every (t, §) € Z™ x Z", so we have to prove
that

li(z, &) < C inf

hPm,p!
PELy

m) V(1r.8) € (Z" xZ") . |t| < cl£].(4.5)

If (r,&) € Z™ x Z" is such that |t| < c|é| and p € Z. Then
(@& = [t + 1617 < A+ o)l
which yields
I+ 1@HD < A+ A+ 2EDP < L+ P21+ gD
From this inequality and our hypothesis we obtain the following:

(1 + 1, ©DP iz, &)| < 1+ )PP+ |EDP |i(z, &)
12
<a+or[ > a+iEnlac. g

t'eZm &' el

= (1 +o|a+ |Ax|“2)PuH0

14
< Co ((1 + c)l/zho) mp!

and since p € Z. is arbitrary, we conclude that

) (140" ho)” m p!
li(r,8)| < CoplenZi ( (14 |(z, &P .

By increasing C and 4 if necessary we obtain (4.5). O

Now we are able to prove our main result of this work.

5 Proof of Theorem 1.3

Proof We first use Lemma 3.1: since we are assuming that a(¢, D;, Dy) is globally
hypoelliptic in T x T", there exists j € Z such that
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[a+1aatDk) < c (Ha(r, Di, DO+ 1841 ] 4 [0+ |Ax|1/2>"uH7l) VkeEZy.
In particular, if we take
r=j+o, 5.1)
then for every k € Zy

[+ 1aa02)k

L)

(5.2)

, =€ (Ha(h Dy, D)1+ 18:1 3

+ |+ 18k
r—o

Now we observe that if P = a(t, D;, Dy) + b(¢t, x, D;, D) then

att, D1, DO + 18012

= |+ 180" a0, i, Dou
r—o

r—o

)
r—o

= |a+iad D pu| 4|+ 18D b, 5 D Do
r—o

so from (5.2) we obtain

[+ 1k < c(

+a+iad k) ) (53)

(18202 P+ |+ 18 b x Dy Do+

forevery k € Z. . Letus estimate now the term || (1 + AV (2, x, D;, Dy)u ||r_a.
It follows from (2.9) that there exist constants C, & > 0 such that

ChEmik!(1 + | (z, £)))°
(1+[(z/, EHE

(' &, 1.8)| <  VYkeZi,t,T el EE el

5.4)

If wedenote v = (14+|A.|Y2)*b(t, x, D;, Dy)u, then keeping in mind that z, T/ € Z™
and &, &’ € Z" in the all the sums below we have by (2.7) that

W2y =Y A +1@ O |o. &)
T.§

— 2
S BN [C]) e ((1 + gDk (b, %, D, Do) (@, 6)|
7.6

2

=Y A+I@en* \(1 +IENE Y b -7 g —&. 7 & &)
T, 28

Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:3 Page 130f21 3

N 2
=2 A+IEOD 2 (YA +le -1+ 18D bE — 7 g — €. 7 )Nla . £))
7§ v

k

2

sZ(lJr\(r,é)\)z’_z"(ZZ( )<1+|s &I lbe 7 g 7 €Nl €)1)
7,§ & j=0

SO

vl — < (Z A+, eD> >
.6

l

k
(ZZ( )<1+|s ENIEN b — 1 & — & T E)lac, sn))
=07.¢

By the Minkowisky inequality for integrals the right side of the last inequality can be
majored by

k

k 2
Z()(Z(IH(I )i ZU(Z(H@ EDIIE b -7 g =& 7 )l s>|) ) :

Jj=0 L3

=(4)

Now it follows from the Cauchy-Schwarz inequality that

@ = (Y a+iE-g Db -7 5~ €. 7. 8))

‘[/,E/
=(B)
(X P be -7 & — g 7 llac’ §)12). (5.5)
T/vél

We choose g € Nsuchthat|o’| < g and it‘follows from (5.4), from Peetre’s inequality,
(2.4), (2.3) and the inequality (2)! < 22/ j1? that

CHAFT N o (2 + q + 2NN 41§D
T+ I(r =/ § —g)FTFa2N

(B) < > (1+1g—¢&'hY
oy
2 CRH 2N my i on 2+ + 2N+ |(x — 7/, £ — 8D

A+ O Y (+[E—¢E) (+[(r — 7. & —&)2+a+2N

&

CHHF 2N i g ran (2) + g + 2N)!
A+ (-1, & —g)hH+2N

<A+ O Y (A +[E—&DY
T &

o 2 CHITN (Aganh)® ma; 2)))!
<1+ &) r/Z§,(1+|a5 DY T e ey

< (U + 1@ D7 ChT N (Aganh)  ma; (2))! Z

1
I+ -1/ 6 —£HHN

, ) 1
o q+2N 2j L in2
< (14 |(z,&))’ Ch (2HAgonh)™ (mjj jh) TZE, I+ |z -7, —EHHHN "~
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So if we take C12 = Ch?tN Y o and hp =2HA 42N, then

1
T8 (1478
2j ! .
(B) < Cthy’ (1 + (. £))7 (m j)?
and from (5.5) we obtain that

(A) < CIh3! (1 + |(x, ©)1)7 (mj j1)?

(Y12 - =& 7 ellac €H1),
.[/’é-/

which in turn gives that

k
k .
Ioll,—o < C1 Y (J.)hém JJlC), (5.6)
j=0

where

Bl—

(©) = (Z S U+ 1@ oD 2 g K2 — o g € r',g’)\lﬁ(r’,é’Nz) :
r’s T’,é/

Recalling that ¢ € N satisfy |o’| < g, we use again (5.4), the Peetre’s inequality,
(2.4) and (2.3) to obtain the following:

1

220t oraka; CRT N mgpan (@ + 2N + 1 EODT 0\ ?
(©) < (%j%(HKr,sm |g" |2 T4 =7 E—E)iN li(r', &)

1
1 g |\2r—20+20" s 2k-2) Chi* Nmgon(g+2N) ., 2)2
5<§g(l+}(r,$)l) & P e — g e 1A €))

1
2

Chq+2qu+2N (g +2N)! > 2r—20+20" 2U—2i 2)
— 1+ /’ ’ ! J1h /7 I A
(Zs<g i —v.e—enpey ) D e Sl

Chit2Nmy N (g+2N)!

BN we conclude that

Taking C3 =Y, ;

1
©) <G Y (14 ) g P, s’>|2)
&
, . 3
<C Y (14| )T (14 1) Jac, s’)|2>
r/,é/
/ _— . %
=0 Y (1+ @ &)1+ A2k u) (e, s’>|2>

t/,é/
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=C2 |+ 184"

r—o-+o’

Hence (5.6) and the last inequalities show that

H(1+|Ax|l/2)kb(;,x,p,,DX)MHV <C3 Z( >hém11'H(1+|A [1/2yk=i

r—o+o’’
where C3 = C1C,. Hence we can write (for k > 1)

[+ 180 b, x, Dy, Do

r—o

s(|a+iad™al 4Rkl + (D), GT)

r—o+o
where

k—1

(D) =" (ﬁ)hgm,»j! H(l + ATy

r—o+o’

—Z(k i | (1A
j=1

r—o+o’

In order to estimate (D) we first recall the Young’s inequality:

aP bl 1 1
ab< —+—, Va,b>0,—+ —=1.
p q P q

For 1 §j§k—lwechoosep=%andq:%.Thusforanyé €Z"and p >0

J
we have

A+ IEDET = (1 + gD p T p'T

(a+1en pr’)k%" (o 7))
B +
k—j

I

IA

~.|=

k—j k J ok
—Q —p .
r ( +IEI)p+kp

Now foreach j € {I, ...,k — 1} and p; > O that will be chosen later we obtain

[+ 18020

r—o+o’

=Y A+1@ oD 22 4+ g a6
T’vé/

. . k=j\2
aiaet k= S\
S DN IC N i (k’(l+|s>"pj+ipj ! )
r/’sl
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ol k=2 =iy
=23 (4@ Hhr 2ot [(,{’) <1+5|>2kp,2-+<£pj ! ) }u(ns)Iz

T,qg/
2 . _k=j\?2
k=Jj\" 2 12k ||% e 2
() losmtil e (G 7 ) i,

Thus we conclude that

(D) <

K i
hym; (—J> oy |1+ 1801172 u
k r—o+o’

ki

k—1
k! =)
+ ﬁZ = khém,p g 7] P

_*/_Z(k— 1)vh5’"1"f |+ 1801

r—o+o’

= (Dy)

k—1 oy

k-1 ki

+ﬁz (k — j)|Jhémjpj ! ”u”r—a+a’ . (58)
j=1 '
= (D2)
R Nl NS N U et V1 N W
If we take p; = h, m; ST then

k—l
(00 = Y o |+ 180k
]=1

= @+ 180 (5.9)

r—o+o r—o+o’

In order to deal with (D) first notice that

k k
(D) = \/EZ Ek ;' zm],OJ :Oj ”u”r7<7+a’

j k=j =D -
i(k——j)!pf ||M||r7(r+o/

_Zi(k—]—l)' i k== D! 1 )§||u|| /
T =20 (k- ) 200 k=1 Y22 rmote

J
k— . .
_NJk—j =D <k_ j
=2y a7 (hz mj G fz) (172 —
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— j (k— k=1 \J
ZZ:Q_ - 222, )k< Jh) lully g4 (5.10)

Since
k—j—1)
Ll A L Y I
(k— !

and (recall Proposition 2.2 (item ii))

k
(k—D! \7 -k 1K
(w=5=m) =0T = () 2= o

we obtain from (5.10) that

EE

k
) Fk! = ek myk!

k—1

1
(D2) < (4 2hae) mk! lull, gy Y 57 < Rsmk! ully—g g s (5.11)
j=1

where h3 = 4+/2hse. From (5.8), (5.9) and (5.11) we have that

(D) = (D) + (D) = (1 + A2

e T REmick! |l — gy -
This last inequality and (5.7) yield

|+ 180" b, x, D, D]
r—o

= G52+ 180D

e T (h’; + h’3‘) k! ull, o 4o ) (5.12)
If hy = max{hy, h3} then
B + h4 < onk
and from (5.12) we conclude, taking C4 = 2C3, that
[t +18: 2 b, x, D Do |

= cu | a+1aaku

o+ k! ||u||,_0+g,). (5.13)
r—o+o

From (5.3), (5.13), the inequality r — o0 + o’ < —1 and supposing that C4 > 1, we
obtain that

Birkhauser



3  Page 180f21 Journal of Fourier Analysis and Applications (2024) 30:3

[+ a2kl

(|

+ Rkt el o ) T H(l + |AX|1/2)"uH71 )

(1 + Ak Py

+ o |+ 1axkul
r—o r—o+o’

< c4c( H(l + IAxll/z)kPuHFU + gkt ully_ g o +2 H(l + \Ax\l/z)kuuil)

= Cs([a+1an D pul - Wmiktiual, oo + 1+ 180 DR] ),

where C5 = 2C4C. Now we can use Proposition 4.1 and we obtain Cg, h5 > 0
such that

|a+1ad"2 Pul < Conbmikt, vk ez,
r—o

so by supposing that C¢ > 1 and considering hg = max {h4, h5} we have

[+ 1802 u] ) = €5 (Combmukt+ Wmukt il r + | 1+ 18215 u] )
= C5((Coh + W) lull, g mkt + |1+ 18212 u] )
< C5Co(2E Nl mekt + (141800 2| )
< C5C62(hlé lutlly — o7 mick! + H(l + lAXll/Z)kqu )
< Cs5Ce2(1 + ||u||r—a+a’)<h]émkk! + H(l + le“/z)kqu )

= c7(h’gmkk!+ H(l n |Ax|1/2)kuH_l>, (5.14)
where C7 = 2C5Ce(1 + |lull, _51,7). Since

2

[+ a0k = YA+ 1@ oD + gy it o)F
.8

<Y A +ED2A + 1EDHlace, ©)F
7.6

2
= |a+1aat2y )
from (5.14) we obtain

1800

=G (h’gmkk! n H(l 1ALV

0), Vk € N.(5.15)

Now we claim thatif Cs > 0and M > 1 satisty Cy = ullgand C7 (& + 75 ) <
1 then

H(l + |Ax|1/2)kuHO < Cy(Mhe)*mik!, Vk € Z,. (5.16)
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The proof of (5.16) will be done by induction on k € Zy. For k = 0, (5.16) is a
consequence of our choice of Cg and for the induction step we first use (5.15) and it
follows from the induction hypothesis that

[+ 18072

L=C (h’gmkk! + Cy(Mhg) " 'my_y (k — 1)!)

my—1(k — 1!
Cy Mk Mhemyk! ’

= Cs(Mhg)*mpk!C7 (

Hence it suffices to prove that C7 ( Cg;/ﬂ + m]{‘,[’}ll(s(r];;,(l!)!) < 1 forevery k € Z,. By

using again that the sequence mk! is increasing and our choices of Cg and M we have

C7< 1 +mk1(k—1)!><c7( 1 +L>
CgM* Mhempk! - CsM* ~ Mhg
< C7 (L + L)
- Cs  Mhg
<1

We now use Lemma 4.2 and the proof is complete. O

6 Proof of Theorem 1.4

Since ’DQ:‘(TN ) C Gp, (TV), see 2.2, in this section we shall prove that when the
operator a(t, D;, D) is globally hypoelliptic with loss of derivatives, then the hypoth-
esisu € C° (T™ x T") of Theorem 1.3 can be dropped. First we recall the notion of
global hypoellipticity with loss of derivatives (see [4]).

Definition 6.1 We say that the an operator a(x, D) € Gp, (TV) is globally hypoel-
liptic with loss of R derivatives if for any distribution u € D'(TV) such that
aj(x,Dyu € H'(TV) for some t € R, we have u € H'T°~R(TV).

The next result improves the information of Lemma 3.1 when the operator is
globally hypoelliptic with loss of derivatives.

Lemma6.2 Let a(x, D) € Gy, (TN) be a globally hypoelliptic pseudodifferential
operator with loss of R > 0 derivatives. If 6’ < o — R then for each t € R there
exists a constant C = C; > 0 such that

lelliro—r < C (llatx, Dyoll; + lull; o), VYo € C¥(TV). (6.1)
Proof For t € R fixed we define the set
F(TN) = {v e H''(TV) s aj(x, Dyv € H'(TY), j = 1. m}
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and we consider the following norm in F; (TV):
Hvlll= vl 16 + llaCx, Dyvll;, Vv € F.

Since (F;(TV), |[|v]|]) is a Banach space then by using the Closed Graph Theorem
one can prove that the inclusion i : F;(TV) — H'*t°~R(TN) is continuous and the
proof is complete. O

Proof of Theorem 1.4 Since a(t, Dy, D;) has order o € R and is globally hypoelliptic
with loss of R > 0 derivatives then a(t, Dy, D;) is globally hypoelliptic on TV. By
using thato’ < 0 — R—2 < o — R, itfollows from Theorem 3.4 in [4] that the operator
a(t, Dy, D) + b(x, t, Dy, D;) has order o and loses R derivatives what guarantees
that it is globally hypoelliptic on TV . Thus we conclude that u € C*(TV).

Now if we take r = R — o + 1 in (6.1), we obtain C > 0 such that

lell; <C (llatx, D)¢llg_g11+ l@lg_ot1407)
< C(latx, D)¢llg_gs1 + ll@l_1), Yo € C®(T™ x T").

Let j € Z be the smallest integer greater than or equal to R — o + 1. Then
lell; < C (latx, Dyl ; + llull—;)

that is precisely the inequality of Lemma 3.1. Now the proof is an easy consequence
of Theorem 1.3, or more specifically, of its proof: from (5.1), if

o/ <o-r—l=0-j—-0—-1l=—j—1<0—-—R-2,

then u € Epq (TV). The proof is complete. o

Acknowledgements Gerson Petronilho was partially supported by Conselho Nacional de Desenvolvimento
Cientifico e Tecnolégico-CNPq, Grant 305868/2019-5 and Sdo Paulo Research Foundation (FAPESP),
Grant 2018/14316-3.

References

1. Albanese, A.A., Jornet, D.: Global regularity in ultradifferentiable classes. Annali di Matematica Pura
ed Applicata 193, 369-387 (2014)

2. Chinni, G., Cordaro, P.D.: On global analytic and Gevrey hypoellipticity on the Torus and the Métivier
inequality. Commun. Partial Differ. Equ. 42, 121-141 (2017)

3. Dickinson, G., Gramchev, T., Yoshino, M.: Perturbations of vector fields on tori: resonant normal forms
and diophantine phenomena. Proc. Edinb. Math. Soc. 45, 731-759 (2002)

4. Ferra, L. A., Petronilho, G.: Perturbations by lower order terms do not destroy the global hypoellipticity
of certain systems of pseudodifferential operators defined on torus. Math. Nachr. 296, 2780-2794
(2023)

5. Ferra, I.A., Petronilho, G., Victor, B.L.: Global M—hypoellipticity, global M —solvability and per-
turbations by lower order ultradifferential pseudodifferential operators. J. Fourier Anal. Appl. 26, 85
(2020)

6. Himonas, A.A., Petronilho, G.: On Gevrey regularity of globally C°° hypoelliptic operators. J. Differ.
Equ. 207, 267-284 (2004)

Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:3 Page210f21 3

7. Komatsu, H.: Ultradistribution I. Structure theorems and a characterization. J. Fac. Sci. Tokyo Sect.
IA Math. 20, 25-105 (1973)
8. Petronilho, G.: On Gevrey solvability and regularity. Math. Nachr. 282(3), 1-12 (2009)
9. Parmeggiani, A.: A remark on the stability of C°°-hypoellipticity under lower-order perturbations. J.
Pseudo-Differ. Oper. Appl. 6, 227-235 (2015)
10. Philipovié, S.: Structural theorems for ultradistributions. Struct. Aspects Differ. Diss. Math. 340, 223—
235 (1995)
11. Parenti, C., Parmeggiani, A.: On the stability of the C°°-hypoellipticity. Proc. Am. Math. Soc. 146(3),
1097-1104 (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

Birkhauser



	On Ultradifferentiable Regularity of Perturbations by Lower Order Terms of Globally Cinfty Hypoelliptic Ultradifferentiable Pseudodifferential Operators
	Abstract
	1 Introduction and Statement of the Results
	2 Basic Results
	2.1 Ultradifferentiable Functions
	2.2 Pseudodifferential Operators

	3 Globally Hypoelliptic Operators
	4 About the Condition (τ,0) -.25ex-.25ex-.25ex-.25exmathfraksmathcalM(u)
	5 Proof of Theorem 1.3
	6 Proof of Theorem 1.4
	Acknowledgements
	References




