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Abstract

We study approximation properties of multivariate periodic functions from weighted
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operators. The class of such operators includes classical interpolation and sampling
operators, Kantorovich-type operators, scaling expansions associated with wavelet
constructions, and others. We obtain the rate of convergence of the corresponding
sparse grid methods in weighted Wiener norms as well as analogues of the Littlewood—
Paley-type characterizations in terms of families of quasi-interpolation operators.
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1 Introduction

In many applied problems one needs to approximate high-dimensional functions in
smooth function spaces. As it is known from previous research, traditional numerical
methods such as the interpolation with tensor product grids suffer from the so-called
“curse of dimensionality”. In other words, the computation time of such methods
grows dramatically with the number of variables and the problem becomes intractable
already for mild dimensions. One of the means to overcome these obstacles is to employ
different sparse grids approximation methods and to impose additional assumption
on smoothness. Typically, one assumes that a function belongs to a certain mixed
smoothness Sobolev or Besov space (see, e.g., [0, 17]).

In this paper, we consider approximation methods that are based on generalized
sparse grids (see, e.g., [0, 26]). Recall that for given parameters T € [—oo, 1),n € N,
and a family of univariate operators ¥ = (¥;);ez,, a sparse grid approximation
method is defined as follows:

d

Blr= 3w o =T1(v-7i.). (1

jEA®,T) i=1
where

A, T) = {k eZ4 ¢ k| = Tlkloo < (1 — T)n}

and Y denotes the univariate operator Y; acting on functions in the variable x; and
Y_1 = 0. The most well studied case of the family Y is the classical Lagrange inter-
polation operators I = (/) jez, given by

2/=11
LHw=27 3 f(x)D; (x—xf).
k=—27"1
where x,{ = 27/’—1‘1 andD;(x) = 5:_]2—]‘171 '™ is the Dirichlet kernel. The correspond-

ing sparse grid for a given level n is then

I'n,T) = U Tj, x - xTLj,,
JjeAm,T)

where 7; = {xj : k=—=2/,...,2/ —1},ie, P/ f(y) = f(y) forally e ['(n, T)
and f € C(T¢). Here, the case T = —o0 corresponds to the interpolation on the full
tensor grid; the case T = 0 represents interpolation on the Smolyak grid, which is also
called the regular sparse grid (see [46], see also [17, Ch. 5]); and the case 0 < T < 1
resembles the so-called energy-norm based sparse grids (see [6, 24]).
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One of the important characteristics of a sparse grid is its cardinality. Note that (see,
e.g., [26])

2", if0<T <1,
2npd=l  if T =0,

1-T
2(”/‘1)”, if T <0,
2dn. ifT =—

cardT'(n, T) < Z 2kl <

< (1.2)
keA(T,n)

and the same upper bound holds for the number of frequencies of the polynomial
PI _rf- Thus, the most interesting cases for approximation with the algorithm PI T is
when 0 < T < 1 since in this case, for the number of elements needed to construct the
corresponding algorithm, there is no exponential growth with the dimension d. Let us
consider this case in more detail.

Approximation properties of the operators PI have been mainly studied in the
case T = 0, which corresponds to the class1cal Smolyak grids (see, e.g., [1, 2, 8,
12, 27, 45, 47-49]; see also the book [17, Ch. 4 and Ch. 5]). As an example, we
mention the following L, -error estimates for the Smolyak algorithm Pn{0 in the case
of approximation of functions from the Sobolev space W (T?) of dominating mixed
smoothness o > 0 (see, e.g., [45] and [17, Chapters 4 and 5]):if | < p, g < oo and
o > max{l/p, 1/2}, then

d-1
p! 27y if p>gq,

su = ’ = 1.3

erIV’Va 1 = ooz, cray iz—<a—1/p+1/q>n, if g > p, (13

where U W‘I"7 denotes the unit ball in the space W‘;‘, (Td). Similar estimates (for T = 0)
in the weighted Wiener spaces (or Korobov spaces) were obtained in [11, 27, 47].

In the case 0 < T < 1, the approximations by operators Pl .7 have been mostly
investigated for functions from the so-called generalized mixed smoothness (or hybrid
smoothness) Sobolev space

d
HOP (M) = { f e Lo(Th) = Y [T+ kD> (0 + kD | Fh)1> < 0ot

kezd j=1

where the parameter 8 governs for the isotropic smoothness, whereas « reflects the
smoothness in the dominating mixed sense. Herewith, the approximation error is esti-
mated in the metric of the classical isotropic Sobolev space H? (T¢) = H®%Y(T4),
see, e.g., [0, 7,24, 25]. In particular, we mention a general result obtained in the recent
paper [25]:lete > 0,8 >0,y — B < o, & + g > % Then, for all f € H*#(T?)
and n € N, one has

If - PnI,Tf“HV(Td) S QI(”)”f”Hwﬂ(Td)y (1.4)
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where!

~(a—(—p)—@T—(y—p) &=k )n_d=1
Q](l’l):z( dT)nz’T
2~ (@—(r=pnn T

A IV

d 5
o]

R
which again shows the importance of the case 0 < 7' < Va;ﬂ < 1, cf (1.2).

Along with the classical interpolation operators I = (/) jez, one also considers
the family of the partial sums of Fourier series (see, e.g., [1, 2, 13]), families of
convolution type operators (see, e.g., [45, 54]), quasi-interpolation operators based on
scaled B-splines with integer knots (see, e.g., [14—16]).

In this paper, as a family Y in (1.1), we make use of the general quasi-interpolation
operators defined by

2/=11
Qi(fr 918N =277 3" (f*PNDei(x—x)), jeZy, (15
k=—2/"1

where (¢;) jez, is a family of univariate trigonometric polynomials and (¢ i) jez, 18
a family of functions/distributions on T. Note that in the non-periodic case approxi-
mation properties of operators of such type in various function spaces (classical and
weighted L, Sobolev, Besov, Wiener) have been studied, for example, in the works
[21, 29, 30, 38, 39]. It worths noting that the operators (1.5) can be successfully
employed in such applied problems, where the data contains some noise and the func-
tional information is provided by other means than point evaluation (averages, divided
differences, etc.), see, e.g., [10, 56].

In the periodic case, an analog of estimate (1.3) for any o > 0 has been recently
established in [32] for the approximation processes Pn% with Q = (Q;) ez, defined
by (1.5). The corresponding proof is essentially based on the results from [35],
where under different compatibility conditions on (¢;) jez, and (¢ i) jez,» L p-error of
approximation by the operators Q ; were obtained. Similar results in weighted Wiener
spaces and L, (T) have been derived in [28, 34], correspondingly.

The goal of the present work is to establish analogues of error estimate (1.4)
for sparse grid approximation methods constructed using general quasi-interpolation
operators. Comparing our findings with the previously known results, we stress
two important differences. Firstly, we build the approximation schemes using quasi-
interpolation operators (1.5) rather than the classical interpolation operators (/;) jez,
constructed using the Dirichlet kernel and the values of a function at sets of equidistant
interpolation nodes as in [7, 24, 25]. Secondly, we work with a more general scale
of spaces, namely with the weighted Wiener spaces Ag’ﬂ (T?) rather than with the
Sobolev spaces H*#(T?), which correspond to the case p = 2. We would like to
stress that possibility to vary the family (¢;) jez, allows us to prove the results under
essentiality less restrictive conditions on the parameters « and .

The paper is organized as follows. In Sect. 2 we introduce basic notations, define
isotropic, mixed, and hybrid weighted Wiener spaces and general quasi-interpolation

! Note that there are typos in formula (21) and related estimates in [25]. See also [24, Lemma 8].
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operators. Section 3 is devoted to auxiliary results. In particular, we prove the following
useful estimate

1 = Qi(fe 01 @D army S 27 ™7 fllagcm,s

see Lemma 3.1. In Sect. 4 we establish our main tools, the so-called “discrete”
Littlewood-Paley type characterizations. In Sect. 5 we prove our main results: we
consider approximation in the isotropic Wiener space Ag (T) (in Subsect. 5.1) and in
the mixed Wiener spaces AZ,mix (T9) (in Subsect. 5.2). In Subsect. 5.3 we discuss the
sharpness of the obtained results. In Sect. 6 we consider the specific sets of parame-
ters, where our main results (Theorems 5.1 and 5.3) provide the most effective error
estimates with respect to the approximation rate and the number of degrees of freedom.

2 Weighted Wiener Spaces and Quasi-interpolation Operators
2.1 Basic Notation

In what follows, Z¢ = {x € Z? : x; > 0,i =1,...,d} and TY = R?/27Z4 is the

d-dimensional torus. Further, for vectors x = (x1,...,x4) and k = (kq, ..., kg) in
R4, we denote (x, k) = x1kj + - - - + xgkyq.

If j e 24, we set |jli = Y 4_ jis 1jloo = maxt_, ji, and 2/ = (271, ..., 2J0).
Forl < p < oo, p’isgivenby%—}—# =1.Forl < p,q < oo, weseto,, =

(1),

If f € Li(T%), then

Fk)=Q@m)~? /T , fx)e  ®¥ax, kezd,

denotes the k-th Fourier coefficient of f. As usual, the convolution of integrable
functions f and g is given by

(f *)(x) = 2m)™* /T fx—ngar.
By Tjd, Jj € 24, we denote the following set of trigonometric polynomials:
Tjd = span {ei(k’x) tkeDj x--x Djd},
where
D; =[-2/"1 27" nz.

Let D = C®°(T) be the space of infinitely differentiable functions on T. The linear
space of periodic distributions (continuous linear functionals on D) is denoted by D’.
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It is known (see, e.g., [44, p. 144]) that any periodic distribution ¢ can be expanded
in a weakly convergent (in D’) Fourier series

P) = Pk)e*,

keZ

where the sequence ($(k)) % has at most polynomial growth.

Throughout the paper, we use the notation A < B, with A, B > 0, for the estimate
A < C B, where C is a positive constant independent of the essential variables in A
and B (usually, f, j,andn).If A < B and B < A simultaneously, we write A < B
and say that A is equivalent to B. For two function spaces X and Y, we will use the
notation ¥ — X if ¥ C X and ||f|lx < || f|ly forall f € Y. The unit ball in some
normed vector space X is denoted by U X.

2.2 Weighted Wiener Spaces

We will employ the following function spaces with the parameters «, 8 € R, and
0<g <oco.

e The periodic (isotropic) Wiener space Ag (T?) is the collection of all f € L;(T¢)
such that

1/q
1y ey = | D A+ RDIF@IT | <0, g < oo,
keZd
||f||/Agc(Td) := sup (1 + k)| f (k)| < o0, g = o0.
kezd

In the case @ = 0, we use the following standard notation A, (T¢) = Ag (T9).

. . . . d . . d
° Tﬁeé)erlodlc (mixed) Wiener space A‘;’mix (T%) is the collection of all f € L(T¢)
such that

d 1/q
Wy oy = SO TTa+ 1k Fkye <00, ¢ < o0,
* kezd j=1
d
I Wy epay = sup [T+ kD fk)] < 00, g = o0.
00, mix ke

j=1

e The periodic (hybrid) Wiener space Ag’ﬂ (T?) is the collection of all f € L;(T¢)
such that

d 1/q
SOTTa+ ke + kD?P 1 f1 ] < oo, g < oo,

keZd j=1

A

ahrdy T
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d

LW oy 2= 00 [T+ DL+ 1DPLFld) ] < 00, g = oc.
o kezd ;_
j=1

Remark2.1 (i) Itis easy to see that forany « > O and 1 < ¢ < oo, the following
embeddings hold:

AZ(TY) > A2 (T < A%(TY).

g, mix

(i) Note that the isotropic Wiener space A‘(}‘ (T?) coincides with the corresponding

periodic Sobolev space H*(T?) in the case ¢ = 2. The same holds for the mixed
or hybrid Wiener spaces.

(iii) For more information about the weighted Wiener spaces Ag’ﬁ (T?), see papers
[5, 19, 20, 40, 41, 43].

(iv) Note that according to the terminology suggested by H. Feichtinger, the spaces
Af;’ﬂ (T9) can be also called Fourier-Wermer spaces, see [55] for the motivation.

As usual, for f € Ll('I[‘d), we define the diadic blocks 8 (f), k € 74, by

() = Y e ®,
kePy

where
Pr = P, x -+ x Py,
Pi={teZ:2/7" <|¢| <2/} for j > 0,and Py = {0}.

Recall that for all f € L p(']I‘d), 1 < p < o0, the Littlewood-Paley decomposition
reads as follows

f= 8.

d
LeZ

The next lemma is a simple consequence of the definition of the space Ag’ﬁ (T%).

Lemma2.2 Let0 < g <00, a >0, and let B € R be such that « + B > 0. Then

1/q
a,B mdy _ dy . - q(alk|i+Blkloo) q
AGPY) = 1 € LiT) 1 1yt g .—( 2,, 290k ||5k(f)HAq(Td)) <o
keZf

with the usual modification in the case ¢ = o0 in the sense of equivalent norms.
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2.3 Quasi-interpolation Operators

Consider a family of general univariate quasi-interpolation operators Q = (Q;) ez,
given by

. mk
=5

Qi(f.0;. T =271 3 (fx e (x —x]). xf

keD j
where (¢;) jez, is a family of univariate trigonometric polynomials in le, (@) ez,
is a family of functions/distributions, and the convolution f * ¢; is defined in some
suitable way for any j € Z.

Below, we assume that the following conditions on (¢;) jez, and (¢;) jez, hold:
e The growth condition of order N > 0 for the Fourier coefficients of ¢;:

15:(0)] < Cg(1+1277¢)) forall £eZ, jeZ,. .1
o The uniform boundedness condition for the Fourier coefficients of ¢;:
|9;(0)| <C, forall £e€Z, jeZy. (2.2)
e The compatibility condition of order s > 0 for ¢; and ¢;:
11— G303 < Cpzsl277eP forall LeDj, jeZ. 2.3)

Let us consider two important classes of quasi-interpolation operators and examine
the above conditions.

Example 2.3 Quasi-interpolation sampling operators are defined by
Si(froN@) =273 " [ Y a i f ) e —x), @24
keD; \|v|sm
where a, j € C, r, € Zy, and ¢; € T/'. Note that S;(f, ¢;) = Q;(f, ¢;, §;) with
aj (x) — Z av’ja(rl))(x _ X‘{) ~ Z Z av’j(ig)ruefi(x‘{ eiéx.
lv|<m LeZ \|vI<m

One can see that condition (2.1) with N = max|,|<, r, is satisfied if

sup E 2" a,, ;| < oo
J€L+ v]<m
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and condition (2.3) with s > 0 is fulfilled if

‘1 ~ G50 Y @iV <27 el forall e Dy, jelZy.

[v|<m

(i) A particular example of (2.4) is the classical Lagrange interpolation operator

LiHx) =277 3" fa)D(x —x), 2.5)

kEDj

where

Dj(x) — Z ei[x

teD;

is the Dirichlet kernel. Note that 1;(f) = S;(f,¢;) withg; =D;,m =0,ap ; =1,
and ro = 0. In this case it is easy to see that conditions (2.1)—(2.3) are fulfilled for
N =0and any s > 0.

(ii) As an example of quasi-interpolation operators that are generated by an average
sampling instead of the exact samples of f, we consider

Aj(N)x) =277 3" 0 (HE)D(x — x)). 2.6)
kEDj
where
1
Ai(f)x) = Z(f (x— ;T—,) +2f(x)+f<x+%)>.

We have that Aj(f) = Qj(f, O, 651) with (pj(x) = Dj(x) and g'b'j(x) ~
ey, c0S2 (2%) ¢l and conditions (2.1)~(2.3) are fulfilled with N = 0 and s = 2.
Note that the operators of such type are used in applications, for example, in order to
reduce noise contribution (see, e.g., [56]).

(iii) At the same time if in (2.6), we replace the Dirichlet kernel D; by

2Jj+1

D=3 ﬁeim’

LeD; cos?

then condition (2.3) will hold for arbitrary s > 0.
(iv) We also consider the following type of operators:

Bi(foone) =271 3 (£ (wf) + a2 (xf) + 0272 17 () ) Dy (x = ).
keD;
27

Birkhauser
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We have that Bj(f,(pj) = Qj(f,(/)j,g’b{j) ifgoj = Dj and
$ij(x) = 8(x) +a2778 (x) + b2 8" (x).

It is not difficult to see that if » 7~ 0, then condition (2.1) holds with N = 2. At the
same time if a # 0, then compatibility condition (2.3) holds with s = 1. Note that in
the non-periodic case operators of type (2.7) have been studied, e.g., in [4, 33].

Example 2.4 Kantorovich-type operators are defined by

201 a2

Ki(fr o =3 —

keD;

t—i—x,{)dtgoj (x —x,{), (2.8)

712]"

where o > 1 and as above ¢; € 7;. It is clear that by taking ¢;(x) =
2/te X[fnz—_/—a’ng—j—a](.x), i.e., the mnormalized characteristic function of
(727777, 727777, we have that K ; (f, ¢;) = Q;(f. ¢;, ;). Next, since

sing2=/=9¢

: , Lel,
w27/ 79¢

30 =

it is not difficult to see that (2.1) holds for N = 0. Concerning condition (2.3), we
have that in this case it has the following form:

sin2 =7k

L= G~ ‘§|2_1k|5, Vk € Dj, VjeZy. (2.9)

(i) If ¢; = D}, we have that (2.9) holds for s = 2.
(ii) At the same time, for

oy _ nz—j—de ilx
(pj(x)_Dj(x)_ Z me s
KEDI'

condition (2.9) holds for any s > 0.

Note that in recent years, the Kantorovich type operators (2.8) have been intensively
studied in many works, see, e.g., [3, 9, 10, 33, 36, 38] in the non-periodic case and
[28, 34, 35] in the periodic case. It is worth noting that operators of this type have
several advantages over the interpolation and sampling operators. Particularly, using
the averages of a function instead of the sampled values f (x,i) allows to deal with
discontinues signals and to reduce the so-called time-jitter errors, which is an important
issue in digital image processing.
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3 Auxiliary Results

For j € Z4 and ¢ € L1(T), we define the following amalgam-type norm:
I/p
Wz, = sup [ Do WE+2wIP | if 1<p<oo
€P7 \ ez

and

Nz, = 1¥laem if p=oo.

Lemma3.1 Ler1 < g < 00,0 <y <, andlet (¢)) jez., and (§;) jez.,. be such that
¢j € D'(T)and ¢; € ’le for each j € 7. Suppose conditions (2.1), (2.2), and (2.3)
are fulfilled with N > 0 and s > 0. Further suppose that

() a>N+1/q ifg#1anda > N ifqg =1or
(i) N =0andsup;cz, ¢, I3, < oo

Then, for all f € AG(T) and j € Z., we have

1f = Qi(f 1 0js &)l aymy S 277 ™| fllag . 3.1

Proof The proof of the lemma under conditions in (i) can be found in [34, Remark 7].
In what follows, we prove (3.1) assuming that condition (i7) holds. We consider only
the case 1 < g < 0o. The case ¢ = 0o can be treated similarly. First we show that

1Q;(f>@js @l aremy S WFlaxcry- (3.2

Indeed, using the representation

0;(f. 013D = Y @0 |27 Y (Fxdp e it | eits

@GDJ' kGDJ’
~ o~ —j 2=t i
=Y @O Y Fg;m2T Y e | e
LeDj veZ keD;

= > GO D Fe+2wgie+2p |,

teD; WEZ
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condition (2.2), and Holder’s inequality, we derive

. - N
Zf(€+2’u)¢j(2+2’u)‘

10 (f+ 05 TPy oy < D A+ 10D
q
teD; HeZ

/

q/q
< DA+ Y AFC+ 27 w1 | Y1+ 27w
LeD; MEL WEZ

!

q/q
S sup | Do1G €+l | 11y ) S TN -
teD; \ 27, q q

which gives (3.2).
Now, we prove inequality (3.1). Let

@) =Y floet.

kEDj
Applying (3.2), we obtain
s — Qj(fvﬁl’j,aj)”Ag(']r)
S =tillar ey + 11 = Qs @i @M ar my + 11Q (f = 1.9 G a7 ()
SIf= tj”Aﬁ;(’]I‘) +115 — Q) vj, a/')”A}I’(T)
S 277D fllageny + Mt = Qs 075 G ay my- (3.3)

Next, using inequality (2.3), we get

ltj = Qj(tj @i @Pllarny = | D (1= @3(0F; (k) fkye™

keD; Aj(T)
) - 1/q
S ( doa+ Ikl)quZJkI“’If(k)l")
kEDj

1/q
< 2‘”( Yo+ |k|)“—<“‘y”q(1+"")aq'f(k)'q)

kEDj
< 27T £ g ). (3.4)
Finally, combining (3.4) and (3.3), we arrive at (3.1). O

Remark 3.2 With regard to (i) and (ii) in Lemma 3.1, we note that the condi-
tion (7) can be applied to the operators S;(f, ¢;) in Example 2.3. Condition (i),
unlike condition (i), allows any parameter &« > y and is especially beneficial for
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the Kantorovich type operators K;(f, ¢;), see Example 2.4. Indeed, for ¢;(x) =
27 1 paimo pa—i—a1(X) ~ D peg TR S sinm2 7L itx | we have

72-7=0¢
) 1/q'
171+ sinm2 0270+ u)|?
sup |j@; A 3 T sup — — < X
jez, AT en, \ | w2 @+ W)

in the case 1 < ¢’ < oo. The case ¢’ = oo is clear.
We will need the following Bernstein inequality.

Lemma3.3 Let 1l < g < oo, minfa, o + 8 —y} > 0, and £ € Zf{_. Then, for any
fe 7}", we have

1 g ey < QB |
Proof The proof is similar to the proof of Lemma 2.10 in [7]. O
Lemma3.4 (See[7]) Leta > 0, B € R, ¢ = min(a, @ + B) > 0, and
Y (k) = alkl + Blkloo. k€ ZS.
Then the inequality
V() < Y (k') —elk’ -kl
holds for all k, k' e Zi with k' > k componentwise.

Lemma3.5 LetT < 1,r <t,andt > 0. Then, foralln € N,

t—r—T— r)d— nog_1
Z 2 = {2 ((l r)n T> Iz % 3.5)
k¢Am,T) 2- <%
and
d—1
wp 2otk < [27(TTTE s (3.6)
k¢Am,T) D B G T <™

Proof Estimate (3.5) can be found in the proof of [31, Theorem 4]. Estimate (3.6)
can be proved by standard arguments using the method of Lagrange multipliers and
Kuhn-Tacker conditions. O
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4 Littlewood-Paley Type Characterizations
Proposition4.1 Let 1 < g < oo, ¢ > 0, 8 € R a+ 8 > 0, and let Q =
(Q;(C,9j,©))) jez., where (¢})jez, and (§}) ez, be such that ¢; € D'(T) and

@j € le foreach j € Z.. Suppose conditions (2.1), (2.2), and (2.3) are satisfied with
the parameters N > 0 and s > max(«a + B, «). Assume also that

(i) min(e + B,a) > N + 1/q or
(i) N =0andsup,.z, |3; Iz, ) < oo

Then every function f € Ag’ﬂ (T?) can be represented by the series

=0, @.1)

jezd
which converges unconditionally in AZ"’S (T with 0 < & < « and satisfies
. . 0 g 1/a
( AR D (f)nAq(Td)) Syt pay- 4.2)
jeZi

Proof Step 1 First we prove the proposition assuming that the condition in (i) holds.
Let f € AZP(T?) and j € ZZ. We have

fo) =) 8 NHx), (4.3)

Lezd

where we set §j¢(f) =0for j +4£ € 74\ Zfl,_. In light of (4.3), we get

S NH@1< Y 09 (8j1e()) @)l

Lezd

and, therefore,

1S P layerey < Y 108 87420H) la, croy- (4.4)
Lezd

In what follows, for simplicity we consider only the case ¢ < oc. The case ¢ = 00
can be treated similarly. Multiplying by 2¢1/11+A1/le and taking £,-norm on both sides
of (4.4), we obtain
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1/q
< Z 24(“|J\1+ﬁ\]|oc)||nQ(f)||A (’]I‘d))

jezd

1/q
<y ( Y 20 EB € (55 ()Y (W)) 4.5)

Lez4 ]EZd
)IEED DENCHEED DD BIGHE TS
ezd-t —hi<ti<—1 tdezd-1 ti=—1

where £ = (0g, ..., €0), k=2,...,d.
Consider the sum S;. Denoting

=1 ]_[(Qll LD k=2,....d

where Qiji is the univariate operator Q ; (-, ¢j;, ¢;;) acting on functions in the variable
X;, we obtain

1/q
=y Y ( > aalliBlibo (gl — @)y d<6,+4(f>)||A (W))

tezd-1 —ji=ti<—1 " jezd

( + ) v

Y Y O¥ (Z 2SAIINQ)  — D11 )
be{ 1,0} gdezd—t —j1=ti<—1 * jezd

(4.6)

where I is the identity operator. Taking into account that Q;(r, ¢, §) = ¢ * @ * t
for any trigonometric polynomial € le_l and using condition (2.3) and Bernstein’s
inequality, we derive that

AR (N d(8,+e(f)>||A )
jezd
q

a*
< Z 2q(a|J|l+ﬂJoo_S]1)H n d(5,+e(f))

8 S‘

jezd Aq(T?)

S D 20D % 85 e DI, e @.7)
]eZd
< 7 s=—a)tiq Z 261(Ot|1-1-€1e1\1-1-/3\J|cc)”,7 d(‘SJH(f))”A e
jezd
< 9 (s—max(a+B.a))tiq Z 2!1(01\1+131€||1+/3|J+K181|oc)||,7 d(81+€(f))||

A(T%’
]GZd

) Birkhduser
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where in the last inequality we use the estimates
[Floo = 1J + Lieiloo +1€1€1]00 = |j + L1100 — €1 inthecase =0
and
[jloo > |j + £1€1]oo inthecase B <O.

Next, combining (4.6) and (4.7) and using the fact that Z£1<_1 2(s—max(e+p.a)l
00, we obtain

S1

A

1/q
j loo) 117 €
> (qu“"”l*ﬁ“ % G, /d+ed<f)>||gq(Td)) :

dezd-t " jezd

(4.8)

Now, we consider the sum 5. Similar to (4.6), we have

. . 1/q
5= ¥ ( T aselileelile o} Q},,l)n?g(5,+e<f)>||iq(w))

Yezd-1 iz=1 " jezd

IA

) ) 1/q
Z Z Z ( Z zq(auh+ﬂmm>||(Q}]+b_I)U%(ajﬂ(f))\ﬂqm)) .

be(—1.0) gdezd-1 ti==1 " jezd

(4.9)

Choosing ¢ such that N + 1/q’ < ¢ < min(«, o + B) and applying Lemma 3.1(i),
Bernstein’s inequality, and Lemma 3.4, we obtain for £; > 0 that

3 patelih it gl — I)nfg(éjw(f))“iqmrd)

ic7d
JELL

@jli+Bliloo=5iD 1,2 (5. q
< Y 2aelithlilo=t 54 @M.

‘ 0 )
JEZs

S TR Gl

= (4.10)
JEZ4

< n—q(min(a,a+p)—¢)¢) qalj+ie+Blj+eieiloo) 1,2 (5. q
<2 Z 2 1% Gire DI )
JEZL
—q(min(a,a+p)—¢)¢ q@jli+Blile) |, @
<2 o2 I

- 7d
JEZL

) Birkhduser
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A similar estimate clearly holds for £; = —1. Thus, combining (4.9) and (4.10) and
taking into account that 3, 2~ (min(@atH=0 < 0o, we get

. . 1/q
<Y (Z 2q<a'1'1+ﬂf°°>||nj%21(8j1,jz+z2,‘..,jd+ed<f))||Zq(w)) (4.11)

dezd-1 " jezd

In the next step, collecting (4.5), (4.8), and (4.11) implies

. . 1/q
< Z 2Q(G|J|1+ﬁ|l|oo)”an(f)Hiq(Td))

jezd
(@ljli+811oo) | Q. . )"
o 00 . .
SED DI DB [ ICT ST ,d+zd(f>>||Aq(W)> :
ezd-t " jezd
Then, repeating the above procedure for the parameters ¢, . .., £4, we prove (4.2) by
Lemma 2.2.

Step 2 Let us prove representation (4.1). Applying Lemma 3.3 (here without loss
of generality, we can assume that min(« + B, @) > 0), Holder’s inequality, and (4.2),
we obtain

> g gt oy

kezd
S D 2F KA 2 ()| g, e
keZi
— Z n—(@—a)lkl ,za\k\1+/3\k\oo”nkQ(f)”Aq(Td) @12
kezd '
1/q' 1/q
< Z 0—q =)kl Z 2q(a|k|1+ﬁ|k|OO)”nkQ(f)”,qqq(’]rd)
kezd kezd
S ”f”AZ’ﬁ(Td).
Therefore, ) kezd 1 ,?' (f) converges unconditionally in Ag’ﬁ (Td).
Now we show that for any trigonometric polynomial g,
g= ) i) (4.13)

d
keZ
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It is clear that it suffices to verify (4.13) for ¢ (x) = %) with arbitrary j € /i By
the triangle inequality, we have

= > g

kezd Az’ @d)
4.14
<li- X e+ Y el P
keZd, |k|oo<m AT kezd lkloomm
= I1(m) + I(m).
We obviously have that
Ir(m) =0 for m large enough. (4.15)
Since
m
Y Q-0 D=0, i=1...m
ki=0
we obtain

d
> w=[]a
i=1

kezd | lkloo<m
Thus, for any j € (=2m—1, 2’"‘1)”1 N Z4, we have
d . .
Yoo e =] mGn@m eV .
keZd, |kloo<m i=l1

Using this and conditions (2.1), (2.2), (2.3), we find

d
Iy(m) = '1 — [T @mGd@n G

i=1

' d v—1

=1 =@ (DEn G + Y [ ] 8 G)8nGi) (1= @)% (G0))
v=2i=1

d
Sl = @G| S27 Yol = 0 as m— o0, (4.16)

v=1 v=1

Therefore, combining (4.14), (4.15), and (4.16), we arrive at (4.13).
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The rest of the proof is quite standard. Denote F := ZkeZi nkQ (f). Using (4.13),
we have for every trigonometric polynomial g that

F—g=> nf(f-9

kezd
with convergence in Ag’ﬂ(']l‘d). Hence, by (4.12), we derive
”F - f”Ag’ﬁ(T‘]) =< ”F - g”Ag'ﬁ(Td) + ”g - f”Ag'ﬁ(Td) 5 ”f - g”A‘;vﬁ(Td)'

Choosing g close enough to f yields | F — f”Ag,,S < ¢ for all ¢ > 0 and hence
|F — f”Ag’ﬁ(Td) = 0, which implies (4.1).

By the same scheme, using Lemma 3.1 (ii), the proof of the proposition under
condition (ii) also follows. O

(T)

We will also need the following modification of inequality (4.2).

Lemmad4.2 Let f € Ay (']I‘d), 1 <qg<p<=<oo andl <6 < oo. Under conditions
of Proposition 4.1, there exists a constant C = C(«, B, q,0,d) > 0 such that

1/0
Ol jli+B1ileo) | € 6
( 2.2 Inj <f>||Aq(Td))
jezd

11y ; 176
e Z 29((a+§—;)|1‘1+ﬁ‘1|oc)”8], (f)”ip('ﬂ‘d)) 4.17)

jezd
whenever the sum in the right-hand side is finite.

Proof First, repeating the same procedure as in the proof of Step 1 of Proposition 4.1,
we obtain

. . 1/6
Z 20(@ljli+B1jlo0) ”nj('z(f)”iq('ﬂ‘d)>

- _7d
JEZ4

. 1o
< ( Z 29(0!|]|1+/‘3|J\oo)”(gj(f)”QA (’]I‘d)) )
q

jeZi
Then, applying the inequality

1_ 1y
185 (P, ey S 297 P VIN8; () ey

which easily follows from Holder’s inequality and the fact that spec§;(f) C Pj, x

X Py, Pj={eZ: 271 < |e| <2/}, we arrive at (4.17). o
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A reverse statement to Proposition 4.1 is written as follows.

Proposition4.3 Leta >0, e R a4+ 8> 0,1 < g < oo, and let (fj)jeZi{ be such
that fj € Tjd and

1/q

Z 2‘1(“\]\1+ﬁ|]|oo)”fj”(iq(Td) < 00.
jezd

Suppose that the series jezd fj converges to a function f in A (T?). Then f €

Ag’ﬁ(']I‘d) and moreover, there is a constant C = C(a, B, q, d) such that

1/q

”f”AZ'ﬂ(Td) <C Z 2q(a|]|1+ﬂljlo°)”fj”,qqq('ﬂ'd)
jeZi

Proof The proposition can be proved repeating step by step the proof of Proposition 3.4
in [7]. For completeness we present a detailed proof.
For £ € Zi, we write f as the series

f=> furj

jezd

with fey; :=0for j +4 € 72\ Zi. Using the triangle inequality and taking into
account that 8¢ (fg4j) = Ofor j ¢ 7%, we obtain

Ag(T?)

[CACRIIWEES H > Selfer)

IA

D el ferpla ey < Y I ferjlla, ey

jezd jezd
This inequality together with Lemma 3.4 yields

2a|€|]+ﬂlelm”(Sl(f)”Aq(’]l‘d) < Z o~ minfe,a+B} 1 .2a|€+j||+f3|e+j\oo||fl+j||Aq(Td)'

- _7d
JEZ4
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Then, by Minkowski’s inequality, we obtain
1/q

Z zfi(oc|€\1+5|l\oo)||5e(f)||f14q(Td)
tezd
1/q
< Z o= min{e,a+B}1j 1 Z 2‘1("“e+j|‘+ﬂ|e+j|°°)||f€+j||q (Td
jEZi eEZi
1/q

< q(e|€]1+B1€lco) q
s>z el era)
tezd

Thus, Lemma 2.2 concludes the proof.

O

Propositions 4.1 and 4.3 suggest the following useful necessary and sufficient con-
ditions for f € AZ‘ﬁ (T?) to be represented as f = > jezd an( f). This generalizes

Theorem 3.6 in [7].

Theorem4.4 [et 1 < g < oo, a > 0, B e Ra+ B > 0, and let Q =
(Qj(C,9j,9))jez,, where (¢;)jcz, and (¢;) ez, be such that ¢; € D'(T) and
@j € ’2}1 foreach j € Z. Suppose conditions (2.1), (2.2), and (2.3) are satisfied with

parameters N > 0 and s > max(« + B, «). Assume also that

(i) min(a + B, @) > N +1/q" or
(i) N =0andsup;cz, 19117, (v < oo

Then a function f belongs to Ag’ﬂ (T%) if and only if it can be represented by

the series (4.1) converging unconditionally in Ag’ﬂ (T%) with @ < « and satisfy-

j g(@ljh+Blileo) | n € q ;
ing Zjezi 2 ||77j (f)”Aq(Td) < 00. Moreover, the norm ”f”Ag'ﬁ(Td) is

equivalent to the norm

1/q
+ — q@jh+Blils) |, @ q
L0 et gy = ( Y2 InS (f)||Aq(Td)> :

ic7d
JELY

5 Error Estimates

In this section, we obtain estimates for the error of approximation by quasi-

interpolation operators

Pn?Tz Z an, neN, T <,
JeA@®,T)
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where
A, T) = (k € Z4 : |kli = Tlkloo < (1 = T)n).

In what follows, we distinguish between approximation of a function f € A%’ﬁ (T%)
in the isotropic space AZ (T9) (Theorem 5.1) and in the mixed space A;/,mix(']I‘d)
(Theorem 5.3) since we use slightly different ingredients in the corresponding proofs.

Recall that
(:-7)
opo=———) .
P.q qa 1),

5.1 Error Estimates in AZ(’]I“’)

Theorem5.1 Let 1 < p,g < o0, aa >0, B ER vy >0y —B <a—opy
andlet Q = (Q;(-, ¢, ;) jez,, where §; € D'(T) and ¢; € le foreach j € 7.
Suppose conditions (2.1), (2.2), and (2.3) are satisfied with parameters N > 0 and
s > max(a + B, ). Assume also that

(i) min(e + B,a) > N+ 1/p’ or
(i) N =0andsup;cz, ¢; ”Xq/,,-(T) < 0.

Then, for all f € A%P(T?) and n € N, we have

0
1S = P2 Flag ey < CRWIFN e o 5.1)
where

d—1 1
- —y—0pq—((a—0p H)T—(y— Pl L — -4 —
(@B —0p—(@=0p ) T~r=B) §=¢ ) (@-1)(1 P, Y=b 1 -,
Qn) = a=0pg
2*(014’,3*)/*(717,51)” T < v—B
’ ®—0pgq’

and the constant C does not depend on f and n.

Remark 5.2 (i) In the case p = ¢ = 2 and Q = (I}) ez, , where [; is the Lagrange
interpolation operator defined in (1.3), Theorem 5.1 was proved in [25], see also [7]
and [24]. For similar results in the case p = ¢ =2,y =T = 0,and Q = (K;) jez, ,
where K; is defined in (2.8), see [32]. (ii) Under conditions of Theorem 5.1 with
1 < g <2and y = 0, by the Hausdorff-Young inequality, estimate (5.1) implies that

1S = B2l cny < CRONS N g (5.2)

We can further extend this result considering a more general Pitt’s inequality [23, 52,
53]

||f||Lg(’]1‘d) s ”f”Ag(’]rd)s 1 <g=<&=<o0, (5.3)
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where ”f”L;I('ﬂ‘d) = (fw | £ (x)|¢|x|"dx)"/¢ under the suitable conditions on £ and 7.
In particular, using [22, (5.4)] we have

1S = P2 flliecray < CRMISN yo oy (54)

for& > 2, max(q,q’) <&, andy =d(1 — é - é). Taking & = ¢’ we see that (5.4)
coincides with (5.2).

(iii) It is clear that the case y — B = a — 0, 4 is degenerate since then we have
Q2 (n) = 1 and hence the right-hand side of (5.1) does not tend to zero.

Proof of Theorem 5.1 First, we consider the case 1 < p < g < oo.
Using the estimate || - [l¢, < || - [l¢,, Proposition 4.1, Lemma 3.3, and Holder’s
inequality, we obtain

IS = B agnsy < W = B2 flLayray

Yo 0%

= < > InFOlayem

AR e, T)

J¢AM,T)
< Y 2y|j‘°°||77]Q(f)||Ap<1rd)
J¢A®N,T)
_ —aljli=B=1)liloonalili+Blileo |, Q
= Y 27l Emlileelh 15 ()4, cray
j¢Am.T)
oo i 1/p'
5( ) 2p<aul+(ﬂm|m>>
JEA(,T)
@lili+B1i150) [ £y11P r
plaljii Jloo
x( > 2 ||n,.<f>||Ap(Td)>
JEA®NT)
(5.5)
Thus, Proposition 4.1 implies
0 B )
@ il
||f—Pn,Tf|IA;<W>s( Yo 2 relihr el ) 11 g -
JEA®N,T)
(5.6)

Next, combining (5.6) and (3.5), we derive (5.1) in the case p > 1. The case p = 1 is
treated similarly using (3.6).

Now, we consider the case 1 < g < p < oco. Since 1/p’ > 1/q’, we can apply the
intermediate estimate in (5.5) with p = ¢ given by

If =P flagen = D0 2V (Do,
JEA®.T)
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Then, using Holder’s inequality, Lemmas 3.5, and 4.2 (note that condition (7) implies
that min(e — 1/g +1/p+ B, a —1/q +1/p) > N + 1/q’), we get

1/p
1f = Pl g = | 30 27 (emmd bl
? q

JEA(R,T)
1/p
% Z ZP((Q—Up.q)|j|1+ﬂ|f|oo)”nJQ(f)”i -
JEAM.T) !
1/p
< pljli+Blile) | s . p
sem| Y2 185 CHIY pay
jeZi

Sj Q(n)”f”A‘;’/S(Td)v (57)

where in the last estimate we have taken into account Lemma 2.2. O

5.2 Error Estimates in AY) i (T%)

Theorem5.3 Letl < p,g <00, BeR y >0,y —-B+opy <a,y+opy<a,
andlet Q = (Q;(-, ¢, ¢}))jez,, where §; € D'(T) and ¢; € lefor each j € 7.
Suppose conditions (2.1), (2.2), and (2.3) are satisfied with parameters N > 0 and
s > max(«a + B, o). Assume also that

(i) min(a + B, o) > N+ 1/p’ or
(ii) N =0andsup;.z, ||$j||;q,‘jm < 0.

Then, for all f € A‘;"B(Td) and n € N, we have

1F = P FlLay vty = CRmin IS (5.8)
where
2*(“*ﬂﬂ/*”ﬁ-q*((“*V*”pvq)TJrﬁ)%)”n(dfl)a,,,q B T -1
Qmix (1) = (@+p ) T amy—0Opq /3_ ’
—(a+B—y—0pg)n -
2 4 P4 , T < m,

where the constant C does not depend on f and n.

Remark 5.4 (i) This result generalizes Theorem 5.1 in [7], which corresponds to the
case p=q =2,T = =0,and Q = (Ij) jez,, where I; is defined in (1.3).
(ii) Using the inequality (see, e.g., [7, Lemma 5.7])

1Al ey SN 1o 2<71 < o0,
AZZ,mi;( d
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we easily obtain that under conditions of Theorem 5.3 withg = 2 and y = % — %,
inequality (5.8) implies the following error estimate:

If— Pn Tf”L (’]I‘d) Clex(n)”f”Aa ls(Td)v 5.9)
where

2 ~(atB=5pr— (@5, T+B) $F r)" @=Dop2 T > b

?2 i = a—0
le(n) 2*(Ot+/3*<?p,r)n, T < _/é’

_—P
a—0op,’

and

~ (1 1 n 1 1
Trr=\2 7, 2 p)y
Comparing inequalities (5.2) and (5.9) with r = ¢’ and 1 < g < 2, we see that (5.9)

provides better approximation order in the case 1 < g <2 < p < oco.

Proof of Theorem 5.3 First, we consider the case 1 < p < g < oo. Using Proposi-
tion 4.3 with

e n?(f). J ¢ AmT),
7700 jeam),

and taking into account that Aq i (T = Al %1y and f — P Tf ZIEZJ fis
we obtain

||f P Tf”AV "ﬂ‘d)

1/p
0
<If = Porfllar ooy S| D0 2N
jeZi
1/p
— —p@=p)jli=pBlilecrp(@ljli+Bljle) 1,2 P .
= > 2 ! 2Pl 17 COU epay (5.10)

JEA(M,T)
1/p

< max 27P@~ WIh=pBlile 2p@ljli+Blileo) 1,2
~ iR 2 Ing O,
JEZ4

S Quix (W71 g
where the last inequality follows from Proposition 4.1.
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Second, let I < g < p < oo. Similarly to the proof of (5.7), using estimates (5.10)
with p = g, Holder’s inequality, and Lemmas 3.5 and 4.2, we have

1f=P2r Flar ooy

1/q
< 2 27V,
JEAn,T)
1—
- (( R ((a—y—o,),q>|j|1+ﬂ|joo)) v
JEAn,T)
q/p\ /4
% ( Z 2P((01*<7,;,q)|j|1+ﬁ|j|oo)”an(f)”Z (’]1“1)) )
JEAM.T) !
, . 1/p
< Quin(m)( Y 27 oA 1 2 ) ) ] (Td))
q
jezd
. . 1/p
< szmix(n)( > 21’(‘”l+ﬁ“'°°>||a,-(f>||’;p(w))
jezd
5 Qmix(”)”f”AZﬂ(Td),
which proves (5.8) for 1 < g < p < oo by Lemma 2.2. O

It is not difficult to see that Theorems 5.1 and 5.3 can also be established for more
general operators

0 _ Q
PE =215,
jerl
where I" is some arbitrary set of indices in Z’i. More precisely, we obtain the following
remarks.

Remark 5.5 Suppose that conditions of Theorem 5.1 hold with I instead of A(n, T).
Then, for all f € Az’ﬂ (Td), we have

/

, . . 1/p
1S = PEFllagney < c( > 2 <<”pvq>'1'+<ﬂ”“'°o>) 1A g8 gy
j¢r

where the constant C does not depend on f and I'.

Remark 5.6 Suppose that conditions of Theorem 5.3 hold with I instead of A(n, T').
Then, forall f € A%” (T9), we have

1S = PESlLay cmty < CRONF N oy
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where
m;;( 2= P@=)ili=pBlilec 1<p<gq<oo,
J
for = 8 (mymap i+l | T
Zzl,,q Y—0p.g)lJh Jloo ,1§q<p500,
Jj¢r

and the constant C does not depend on f and I'.

5.3 Sharpness

Here, we show that inequalities (5.1) and (5.8) given in Theorems 5.1 and 5.3 are
sharp for specific cases of parameters. Those cases are of special interest since they
provide the best order of approximation and simultaneously are optimal with respect
to the computation time (cf. (1.2)).

Theorem 5.7 (i) Under conditions of Theorem 5.1, if 0 < T < ya;’s we have
sup IS = P2y fll gy ey < 27@HTn G5.11)
FeuA%P (1d)

for sufficiently large n.
B

(ii) Under conditions of Theorem 5.3, if 0 < T < a_Ty we have

sup I f— Pn(,sz”Ay, iy < y—(a+p—y)n
feua%? (1d) "

for sufficiently large n.

Proof In view of Theorems 5.1 and 5.3, it is enough to consider only estimates from
below. We prove only (i). The assertion (ii) can be treated similarly. We follow the
idea of the proof of [7, Theorem 6.7] (see also [18]) taking into account the following
lemma on lower estimates for linear widths (see, e.g., [Theorem 1][50, 51]).

Lemma 5.8 Let L,,+1 be (m + 1)-dimensional subspace in a Banach space X, and let
Byy1(r):={f € Lmt1 : | fllx <r}. Then

)"m(Bm—H(r), X):=inf sup ”f - Amf”X =,
An feByy1(r)

where infimum is taken over all continuous linear operators A,, in X with rank at
most m.

We use this lemma with X = A%(']I‘d) and Lon41 = span {ei’”‘l ck=0,...,2"}.
Let also ng € N be such that rank PnQ—nO,T < 2" (we can always find such ng in view
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of (1.2)). For any f € Lony, we have

I/p
n

11 gt oy = > oretbh ||8k1,0,.4.,0(f)||ip(11~d)
k1=0

1
. /p

< max 2@+B=yki vk s p
< max kZO 181.0....0(OI o,
=

< y(a+p—y)n I f ”Aly,(’]l‘d)'

Thus, by choosing r = 2~ @TA=1)" we get that Byn 1 (r) C UA‘,X,’ﬁ(Td). Using this
embedding and Lemma 5.8, we obtain

sup  If = P, fllancray = hon(Brsi (r), AR (T) = 27,
feuay? ey

which implies (5.11). O
Remark 5.9 Note that the sharpness of Theorem 5.1 under certain natural restrictions
on distributions ¢; inthe case 7 =0, 8 = y = 0,and p = 2 < g < oo follows from
the proof of [32, Theorem 4]. For particular cases of the parameters (mainly for the
casesT =0, p,q € {1,2}, p <q,y €{0, 1}, B = 0), the sharpness of Theorem 5.1
can be also established using general estimates of linear widths (see, e.g., [7, 42]).

6 Effective Error Estimates

6.1 Energy-Norm Based Sparse Grids

Along with the general operators Pn%, in [7] and [15] the authors studied quasi-
interpolation operators

A<s>— Z ’7; >0,

JEA®)

with specific choice of the family Q, where
AE)=tkeZl : (a—0pq—o)kli — (y — B—&)lkloo < E}.

For the reader’s convenience, we reformulate Theorem 5.1 for P AQ@) noting that A(§)

—yﬁg and n = §

corresponds to the set A(n, T) with T = o P —— 2
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Corollary 6.1 Under conditions of Theorem 5.1, if0 < e <y — B <o — 0, 4, then,
forall f € A%’ﬂ('ﬂ‘d) and & € N, we have

If = Py Flagnsy < C25N 1L gar gy,

where the constant C does not depend on f and . In particular, inthe case p = q = 2
andy =0, forall f € H*P(T¢) and &€ € N, we have

I1f = P2 Fllaeray < C278 N Fll o nay-

y—B—¢ o

¥—0p.qg—¢

Proof The proof directly follows from Theorem 5.1 by taking 7 =

Remark 6.2 (i) It follows from the proof of Theorem 5.1 that in the case p = 1, the
assertion of Corollary 6.1 remains true for ¢ = 0.

(ii) Corollary 6.1 extends Theorem 4.1 in [7], cf. [7, Remark 4.4], which corre-
sponds to the case p = g = 2 and Q = (I}) ez, , where I; is defined in (2.5).

6.2 Smolyak Grids

In some special cases of parameters in Theorems 5.1 and 5.3, the Smolyak algorithm,

i.e., the operators Pan with T = 0, provides more effective error estimates with

respect to the number of frequencies than the operators PfT, 0 < T < 1, which

correspond to the energy norm based grids. In particular, applying Theorem 5.1 with

T = 0and 8 = y, we obtain the following corollary about approximation in the space
B (mrd

Ag (T4).

Corollary 6.3 Under conditions of Theorem 5.1, for all f € A‘;’ﬁ(Td) andn € N, we
have

—(a— d—1)(1-1
||f - PnQ»Of”Ag('ﬂ'd) < Cc2 (o O'pﬂ)nn( )( p)”f”A (61)

%vﬂ ("ﬂ‘d) )

where the constant C does not depend on f and n. In particular, if p = q = 2, we
have

an_ =D
If = P2 Naseray < €27 n T | £l gt -

Remark 6.4 (i) By the same arguments as in Remark 5.2(ii), we have that inequal-
ity (6.1) with 1 < g <2 and 8 = 0 implies that

—(a— d-1(a-1
If = P Sl ey < €27 rn PR f e oy,
In particular, if ¢ = 1 and Q = (I}) jez, , the above inequality generalizes [7, The-
orem 5.6] (the case p = 2) and the main results of [27] (the case p = oo, which

corresponds to the Korobov space).
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(ii) It follows from (6.1) and [42, Corollary 4.3 and (1.1)] that in the cases p =

q = land p = 1,g = 2 the Smolyak algorithm Pfo provides optimal in order
approximation among all continuous linear operator of finite rank.

In a similar way, applying Theorem 5.3 with T = g = 0, we get the following

result concerning approximation by Pn% f in the space A;mix(’]l‘d).

.. d
CorZIIary 6.5 Under the conditions of Theorem 5.3, forall f € A}Y;,mix (T*)andn € N,
we have

—(—y— —1
If — Pn(,zOfHAZ_mix(Td) <C2 (a—y—0pgin,(d )Up'q“f”A(;,mix(Td)’

where the constant C does not depend on f and n. In particular, if p = q = 2, we
have

_ P Y < 2—(a—y)n )
If = P&l ay <€ £l vy
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