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Abstract

We establish a family of uncertainty principles for finite linear combinations of Hermite
functions. More precisely, we give a geometric criterion on a subset S C R? ensuring
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estimates how the equivalence constant depends on this degree and on geometric
parameters of S. From these estimates we deduce that the parabolic equation whose
generator is the harmonic oscillator is null-controllable from S. In all our results, the
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1 Introduction

We establish uncertainty relations for functions in the linear span £y of Hermite
functions up to degree N € N. More precisely, we show that their restriction to a
properly chosen subset S C R? has equivalent norm to the function on all of R?
with explicitly spelled out constant. Such estimates bear various names depending on
the area of analysis where they appear. For instance, quantitative unique continuation
estimate, see, e.g., [15, 16], uncertainty principle, see, e.g., [23], or spectral inequality
(in the context of control theory), see, e.g., [14, 15]. It is also closely related to the
notion of vanishing order, see, e.g., [4, 14], and annihilating pairs in Fourier analysis,
see for instance [1, 5, 9].

Our estimate improves upon recent results from [1, 18] in several aspects simulta-
neously:
(1) The set S is allowed to become sparse near infinity and may even have finite

Lebesgue measure,

(i1) the gaps or holesin S are allowed to increase near infinity in a very general manner.
Although this means that S may be quite sparse, we show that there are still constants
do,d; > 0and ¢ € (0, 1) such that for all N € N we have

¢
1f 1172 gy < doe™ 1 fl32(5)  f € En-

Since Ran 1(_ooon+a)(—A + |x|%) = Ey, this is a so-called spectral inequality for
the harmonic oscillator —A + |x|?. An important feature here is that the exponent is
sublinear in N. This allows for an application to null-controllability for the Hermite
semigroup, see Sect. 3. For general lower semibounded, self-adjoint operators H on
L?, such spectral inequalities take the form

e
17122 < doe®™ 1 £1225). f € oot (HD),

with constants dy, d; > 0 and ¢ € (0, 1) depending on the subset S of the domain
under consideration. If such an inequality holds, we call the set S efficient (for H).
Note that if a set S is not efficient in this sense, this does a priori not imply that the
corresponding parabolic equation is not null-controllable from S.

While our results belong to the realm of harmonic analysis, they have a number
of applications in various areas of the theory of partial differential equations and
operators. In this paper, we focus on just one of the applications and present it in
Sect. 3, namely the above mentioned null-controllability for the parabolic harmonic
oscillator evolution. A wider range of applications in control theory will be presented
in a forthcoming project.

Two questions arising from earlier papers triggered our research:

Fast Decay of Hermite Functions

For the heat equation on R it has recently been established independently in [7]
and [26] that a sensor set S ensures null-controllability if and only if it is thick in
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Table 1 Geometric criteria for efficient sets

Operator Domain Spectral type Efficient set

—A Bounded Purely discrete Necessarily bounded, finite measure

—A+x? R4 Purely discrete Necessarily unbounded, may have finite measure
—A R4 Purely continuous Necessarily unbounded, infinite measure

the sense of Definition 2.2. In [1] it was shown that thickness is sufficient for the
null-controllability of the Hermite semigroup. However, the quadratic potential of the
harmonic oscillator enforces fast decay of any eigenfunction. This begs the following
question: Is it possible to control the Hermite semigroup from a sensor set S that has
finite measure?

Reconciling Phenomena on Bounded and Unbounded Domains

On bounded domains any set of positive Lebesgue measure can serve as a sensor or
control set for observability or null-controllability, respectively, of the heat equation.
As mentioned above, for the heat equation on R? this is no longer the case: It can be
controlled from a set S if and only if S is a thick set (thus excluding finite measure
sets).

Note that the generator of the heat equation, that is, the Laplacian with suitable
boundary conditions, has purely discrete spectrum if the domain is bounded while it
has purely continuous spectrum on R?. Thus one wonders how much this spectral
dichotomy has to do with the different criteria for null-controllability.

Table 1 juxtaposes necessary geometric criteria for efficient sets. The second row
for the harmonic oscillator already contains some of the results we prove.

The above raises the following natural question: Can one develop a better under-
standing of both ‘extremal cases’ by studying interpolating models? The harmonic
oscillator may serve as such an interpolating model: On the one hand it is defined on
the whole of R9 but, on the other hand, it exhibits purely discrete spectrum. Thus, it
shares properties with both the Laplacian on bounded and unbounded domains. We
make this intuition more precise at the end of Sect. 7.1.

Outline

The rest of this paper is organized as follows: Our main results are given in Sect. 2,
where we also compare our results to previous ones. An application in control theory
for the Hermite semigroup is spelled out in Sect. 3. Thereafter, in Sect. 4, we state
our core result, Theorem 4.3. Section 5 collects technical ingredients from previous
papers for the proof of Theorem 4.3, which is given in Sect. 6. Theorems 2.1 and 2.7
are then deduced in Sect. 7.
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2 Main Results and Discussion

We denote by Ex, N € N, the space spanned by the Hermite functions of degree at
most N, that is linear combinations of functions

d
Oy (¥) = [ [ oy (). @ =(ar.....00) €N§, x=(x1.....x4) € R,
j=1
with || < N. Here,

k k
_ED e d 2 N
NETINZC
denotes the kth standard Hermite function. Moreover, for p > 0 and k € (pZ)¢ we

denote by A, (k) =k + (—p/2, p/2)¢ the cube with sides of length p centered at k.
A particular case of our general result reads as follows.

(1) =

Theorem 2.1 Let S C RY be measurable satisfying

IS A, (k)] 1+1k| d
—_— >y forall k € (pZ) 2.1
[Ap (k)|
with some fixed g € [0, 1), p > 0, and y € (0, 1).
Then, there is a universal constant K > 1 such that for every N € N we have

Y )Kd5/2+ﬂ(l+p)2N(l+ﬂ>/2

111225, = 3( 757 11220, forall feéy. (22)

For S to be an efficient set, we need that the exponent of N is smaller than one. The
latter is obviously satisfied with the hypothesis 8 < 1. However, our more general
result in Sect. 4 shows that (2.2) holds for all 8 > 0.

The case B = 0 in (2.1) corresponds essentially to so-called thick sets:

Definition 2.2 (Thick set) Let y € (0, 1] and p > 0. A measurable set S C RY is
called (y, p)-thick if |SN A,(x)| = y|Ap(x)| forall x € R4,

If S is a thick set, an uncertainty principle for Hermite functions was established in
[1, Theorem 2.1 (iii)]. Hence, our Theorem 2.1 covers and extends this result.
However, [1, Theorem 2.1 (ii)] also considers sets S that are not thick, but satisfy

N B, R
lim inf w > 0. 2.3)
R—0o0 |B(0, R)|

In this case [1] obtains an uncertainty relation with exponent linear in N, which is
not enough for control theory. By contrast, our result with 8 € (0, 1) gives a class of
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efficient sets S satisfying

.. 1SN B, R)]
liminf —— =

R—oo  |B(0, R)| 24)

In order to demonstrate this, we give an easy example.

Example 2.3 Let B,y € (0,1), p = 1, and set

1
S = U Ark(k) with ry = Ey(lﬂk‘ﬁ)/d.
kezd

Then, S satisfies

SNA,k
BOAWOL ik foran & e 29,
|A, (k)]

so that the hypotheses of Theorem 2.1 are satisfied, and we obtain

5 ,y 4Kd7/2N(1+/3)/2 )
1£1725) = 3(22) 1/ 172y forall f e én.
Note that (1 4+ 8)/2 < 1, while on the other hand, the set S has finite measure since
y € (0, 1), so that (2.4) holds.

Remark 2.4 In a recent parallel development, null-controllability of the (time depen-
dent) Schrodinger equation with quadratic potential has been studied in [11] and [17].
To the best of our knowledge, our Theorem 2.1 is the first result that treats efficient
sets for the harmonic oscillator from which the corresponding Schrodinger equation
is not null-controllable. Indeed, in [17, Theorem 2.2] it has been shown that condition
(2.3) is equivalent to the exact null-controllability of the Schrodinger equation with
quadratic potential in dimension d = 1. A similar condition is necessary in dimension
d > 2, see [17, Theorem 2.4].

We have already given an example of an efficient set for the harmonic oscillator
with finite measure. In view of Table 1, we now show that a bounded set can not be
an efficient set for the harmonic oscillator; see also [20, Section 4.2.3]. For simplicity,
we here only consider the one-dimensional case. Note however, that this does not yet
prove that null-controllability of the Hermite semigroup is impossible from a bounded
control set.

Example 2.5 LetM > Oand S = [—M, M]. Assume thatforall N € N the uncertainty
relation

£ 172 < Ce" MU f72s) [ €EN, 25)

holds with some non-negative function 4 and constants C, C’ > 0 independent from
N.
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Consider fy(x) = xNe=W/2 Then fn € En and it is easy to calculate that

1
IV 2y =T (N +3) and Ifx0a < vam?,

where I" denotes the Gamma function. Plugging these into (2.5), we derive
F(N + l) < JACeChNI+2NlogM Ny ¢ .
2 —_ K

Using Stirling’s formula for I', this can only hold if #(N) > N log N for large N and,
in particular, 4 can not be of the form A(N) = N £ with B < 1. This also shows that
[1, Theorem 2.1 (i)] is best possible in this situation.

Remark 2.6 In dimension d > 2, a similar argument with the function fy(x) =
xj.ve"’”z/z, Jj € {l,...,d}, shows that a set can not be efficient if it has bounded
intersection with any hyperplane.

In [18], the authors studied the case where the density of the set S is considered
not with respect to a fixed scale p, but rather a variable one p = p(x), which is even
allowed to grow sublinearly. Our technique allows to recover this result, while getting
rid of some technical assumptions on p(x). More importantly, we cover again cases
where the density of S decays at infinity. In order to put the corresponding result into
the context of [18, Theorem 2.1], we slightly change the geometry from cubes to balls.

Theorem 2.7 Let p: R — (0, 00) be any function that satisfies
p(x) < RO+ xP)'7" forall x R

with R > 0 and ¢ € (0, 1]. Suppose that S C R? is a measurable set with

S0 B p()| _
B p()] -~

for some fixed o« € [0, ¢) and y € (0, 1).
Then, there is a universal constant K > 1 such that for all N € N we have

yl'Hx'a forall x e R?

) y K1+ad(ll+3a)/2(1+R)2N1*%Ta )
141725, = 3(202) 1 oy [ € En.

The previous theorem extends the main result of [18] in the following sense: We do
not assume that p is %—Lipschitz and we allow a certain subexponential decay of the
density of the set S. In addition, our p does not need to be bounded away from zero.
Note also that [18] studies the case where p is merely continuous, but only for certain
choices of y and R. This case is also covered by our result. Moreover, the constant in
Theorem 2.7 is explicit in all parameters.

Both our Theorems 2.1 and 2.7 are particular cases of a more general result, The-
orem 4.3. How to derive these two theorems from the general result is discussed in
Sect. 7.
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3 Application to Null-Controllability

In this section we show how to derive null-controllability of the parabolic evolution
driven by the harmonic oscillator. The shortest route to arrive at this claim is to spell
out a criterion for observability that we take from [21]. It was inspired by previous
similar results, see, e.g., [2, 24].

Theorem 3.1 ([21, Theorem 2.8]) Let H be a non-negative, self-adjoint operator on
LZ(Rd), and let S C R4 be measurable. Assume that there are do > 0, d; > 0and
¢ € (0, 1) such that for all » > 0 and all ¢ € L*(R?) we have

¢
(o0 (@I < doe™™ [1(—o0 11 (@172 s, 3.1

Then, forall T > 0 and all ¢ € L2(RY) we have the observability estimate

—HT 2<C2 r —Ht |2 d
”e (p” —_ obs 0 ||e (p||L2(S) tv

where Cops satisfies

1
C1d 4\
Caps = K12 exp (C3 (T—1{> ) with Ky =2dy+1.  (32)

Here, Cy, Ca, C3 > 0 are constants depending only on ¢.

By canonical arguments, see, e.g., [3, 5, 25, 27], the conclusion of the theorem
implies that for any initial value g € L>(R?) and any positive time 7' we can find a
control function u € LZ(R" x [0, T']) such that the mild solution to

¢+ Hp =15u, ¢(0) =g, (3-3)

satisfies ¢(T) = 0. This is called null-controllability of the parabolic equation (3.3).
The above theorem also implies that in this case the so-called control cost, that is

T
Cr = sup min{||u||Lz(RdX[0’TD):e*”T¢0+/O e*(T*””lsu(z)dz:o},

lloll=1
satisfies
Cr < Cobs
with Cops as in (3.2).
We apply this now to the Harmonic oscillator H = —A + |x|?, where

Ranl_oo;j(H) =&y for 2N +d <A <2(N+1)+d.

In this case, Theorems 2.1 and 2.7 imply the following result.
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Theorem 3.2 Let H = —A + |x|? denote the harmonic oscillator and let S C R be
a measurable subset such that

(a) thereexist p >0, B €[0,1)andy € (0, 1) with

SO A

1+[k|# d
>y forall k € (pZ)
[Ap (k)]

or
(b) there exist R > 0,¢e € (0,1],x € [0,¢), y € (0,1) and p: R? — (0, 00) with

p(x) < RA + x>)'T° forall x e RY

and

IS0 BG PO iy

> forall x e RY.
|B(x, p(x))]

Then the parabolic equation (3.3) is null-controllable.

Example 3.3 Assume that S is as in (b) for some ¢ € (0, 1] with « = ¢/2. Then (3.1)
holds with ¢ =1 —¢/4,dy = 1, and

14
di = K*d"(1 + R)> log(ﬁ).
The upper bound (3.2) for the observability constant then becomes

Cc% <

obs —

C]3C2 C3K8/8d28/6(1 +R)8/8
exp( KL R

In the particular situation & = 1, this gives

c% <

obs —

3¢ C3K3d*(1 + R)®
exp( T3 ),

which agrees (up to constants) with the observability constant we get if S is as in (a)
with § = 1/2 [where the parameter R in (b) corresponds to the parameter p in (a)].

4 A Reduction Argument and the General Theorem

In the proofs an interplay between global and local properties of elements of £y plays
a crucial role. Hence, it is natural to decompose the unbounded domain R4 into a
collection of subsets. Throughout this section, let (Q)rec 7 be any finite or countably
infinite family of measurable subsets Oy C R and « > 1 such that

RO o =0 and Y 19,0 =k forall xeR”. @1
ke keJ
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In other words, such a family of subsets gives an essential covering of R with « being
an upper bound for the number of overlaps between the Q.

In view of the strong localization of eigenfunctions induced by the quadratic poten-
tial of the harmonic oscillator, one expects that most of the mass of some f € Ey will
be concentrated in a ball centered at the origin. However, the radius of the ball will
depend on the degree N. This is spelled out in the following two lemmas. The first is
taken from [1] and formulates the exponential decay of Hermite functions in terms of
a weighted L2-estimate.

Lemma 4.1 ([1, Proposition 3.3]) For all f € Ey we have

2
el 175 oy < 22NN £125 -

With this at hand it is possible to spell out a concentration statement, making the
above discussed intuition precise. The corresponding result is similar to one in [1].

Lemma4.2 (cf. [1, Lemma 3.2]) Let N € N. Then, with the constant C = 32d(1 +
J1og k) the subset J. == {k € J: Qr N B(0, CNY?) £ @} satisfies

1
D 102, = g1 22gey forall f €&y,
keJL.E
Proof For f € Ey and s > 0, we have by Lemma 4.1 that

—|-12/64d || /64d £)2
le™ /OO ) 7

2
”f”Lz(Rd\B(O,S)) (Rd\B(O,S))

—52/32d 7 2(d+1 2
< eV /ROAEDEN £, o

From this we easily see that

1
2 2 . 1/2
1ALy = 3o 1 Ii2@ay I s 2 CN /2,

Moreover, if k € ._708, then Q N B(O, CN‘/Z) = (). Hence,

1
§ : 2 2 2
”f”Lz(Qk) S K”f||L2(Rd\B(O,CN1/2)) S Z”f”LZ(Rd)
keJE

The above then motivates the following general hypothesis on the covering.

Hypothesis (Hy) Let (Qk)kes be finite or countably infinite giving an essential cov-
ering of R? with overlap at most « as in (4.1). For fixed N € N, let

Joe = Je(N) = f{k € J: Qx N B0, CN'/?) # @)

with C = 32d(1 + /logk). For each k € J., we suppose that

Birkhauser
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(1) Qr is non-empty, convex, open, and contained in a hyperrectangle with sides of
length [ = (I, (1) A l,gd)) € (0, c0)? parallel to the coordinate axes;
(ii) there is a linear leeCtiOIl U R4 — R4 with

WL Q)]
(diam W (Q)d —

for some n > 0 independent of k € 7.,
>iii) we have ||lx|1 = l(l) -4 l,gd) < DNU=9/2 for some ¢ € (0, 1] and D > 0
independent of k € jc

Our general result now reads as follows. Its proof is postponed to the end of Sect. 6.

Theorem 4.3 With fixed N € N assume Hypothesis (Hx). Moreover, let S C RY be
measurable satisfying

S0 Okl _

T y N forall ke J, 4.2)

with some fixed « > 0 and y € (0, 1).
Then, every f € Ey satisfies

ny )7(800e«/3D(D+1)+10g(4/(1/2))Nl(sa)/z

3
||f||L2(S) (m ||f||iZ(Rd)v (43)

where t; denotes the Lebesgue measure of the Euclidean unit ball in R?.

Remark 4.4 (a) Examples for families (Q)xe 7 satistying (i)—(iii) of Hypothesis (Hy)
are discussed in Sect. 7.

(b) Let us emphasize that n and D in conditions (ii) and (iii), respectively, need to
be uniform in k € 7.

(c) The constants 1 and D introduced in conditions (ii) and (iii) above are formally
allowed to depend on N. However, in all applications we have in mind this will not be
the case. Consequently, the constant in (4.3) then depends on N only by the explicit
power law N!'~"2 . In this case the relevant exponent satisfies 1 — &% < lifand

onlyifa < e.

5 The Local Estimate and Good Covering Sets

On a bounded domain the following local estimate is sufficient to derive the type of
uncertainty relation we are aiming at. It goes back to Nazarov [22] and Kovrijkine
[12, 13]. It is implicitly contained in several recent works such as [8, Sect. 5], [26],
[1, Sect. 3.3.3], [18], and [6, Lemma 3.5]. We rely here on the formulation in the last
mentioned reference.
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Lemma5.1 ([6,Lemma 3.5]) Let N € N, f € Ey, and let Q C RY be a non-empty
bounded convex open set that is contained in a hyperrectangle with sides of length
1 € (0, 00)? parallel to coordinate axes.

Then, for every measurable set o C Q and every linear bijection ¥ : R? — R4
we have

V()] ARy +1
12 = 257 qameiant) Wi
with
ML ap 1r@l,

” f||L2(Q) 72€Q+Dy

where D := B(0, 41D x ... x B(0, 4l(d)) C €4 denotes the polydisc of radius 4l
centered at the origin.

Remark 5.2 1t is worth to note that the quantity M in the above lemma automatically
satisfies M > 1. Moreover, the bijection W can be chosen to optimize the right-hand
side of

V(| ol ()l

diam W(Q))4 ~ |Q| (diam W(Q))?’ G-

cf. [6, Remark 3.6] and also Sect. 7.
The proof of [6, Lemma 3.5] also shows that

W (Q)| < dry(diam ¥ (Q))".

In particular, the parameter n in condition (ii) of the covering always satisfies the upper
bound n < dt,.

Throughout the remainder of this section, for fixed N € N we assume Hypothe-
sis (Hy). Given a non-zero f € &y, let

M= Y& o) (52)
120 ze@i+Da,

denote the normalized supremum from the local estimate in Lemma 5.1 corresponding
to Q. We do not know how to guarantee an upper bound on My for all k, but for
‘sufficiently many’ k. In order to make this precise, we first recall the Bernstein-type
inequalities for functions in Ey first established in [1, Proposition 4.3 (ii)] and later
reproduced in a slightly different form in [6, Proposition B.1].

Lemma 5.3 ([6, Proposition B.1]) Given § > 0, every function f € Ey satisfies
1 Cp(m, N)
2 N0 ey < = f 2y forall meNo

lee|=m
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with

Cg(m,N) = (25)2mee/52(m!)262m/5_

The parameter 6 > 0 will be chosen appropriately depending on N later on, see (6.5).
We use the by now well-established approach of localizing the Bernstein-type
inequality on so-called good Qy, which is a modification of ideas introduced by Kovri-
jkine [12, 13] and used in many works thereafter. We rely on the form presented in [6,
Sect. 3.3]:
We say that Qy for k € J is good with respect to f € Ey if

Lo 2 m+1 Cp(m, N) 2
D o,y = 2" T f I g, forall m e N,

|la|=m
and we call Qy bad otherwise. It is then not difficult to show that
2 1 2
> Wiy = 51152y (5.3)
k: Q bad

see [6, Sect. 3.3]; in particular, good Qj exist. Moreover, for each such bounded Qy
there is a point x; € Qj with

122
aa{ < 2m+l C , N 1/2 (Qk)
0% f (xi)| = (kCp(m, N)) “Jon

forallm € Ngandalla € Ng with |a| = m, see [6, Eq. (3.9)]. Using Taylor expansion
around xj, we now extract from the proof of [6, Proposition 3.1] the following result.

Lemma 5.4 Let Qi be good. Then, the quantity My in (5.2) satisfies

My < 2ic1/? Z Cp(m, N)

meNy

1/2(10||lk||1)m
m! ’

where |lglly =17 + - + 1.

6 Proof of Theorem 4.3

Throughout this section we assume for some fixed N Hypothesis (Hn). We need to
find sufficiently many good elements Q with k € 7. This is ensured by the following
lemma and its corollary.

Lemma 6.1 Given f € L*(R?), let 71, J>, ... C J be such that

DM a0y S VillFIGagay with o= v;<1. 6.1)

ke]jc JjeN

Birkhauser
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Then,
1
2 2 : 2
”f”L2(]Rd) S 1 — o ||f||L2(Qk)
kemjeNJf

Proof Subadditivity and (6.1) imply

Yo M gy S D0 2 I Waipy = D Vil FlGa g

keUjen ij jeN ke gt jeN

Passing to complements gives

Yo WGy = DM gy = 2o 11520, = (=) fIIZ gy,
keMjen Jj keg kereij

which proves the claim. O

We apply a simple version of this lemma considering only two subsets of the index
set J, namely

Je = {k: Qr good} and J. = {k: Qx N B(0, CN'/?) # ¢}, 6.2)

In view of Lemma 4.2 and inequality (5.3), the hypotheses of Lemma 6.1 are satisfied.
This leads to the following corollary.

Corollary 6.2 Given f € Ey and J., T, C J as in (6.2), we have

11 2@ay <4 D 120
keJ-NTy

In particular, we have J. N Jy # ¥, unless f = 0.
We are now in position to give the proof of our main result.

Proof of Theorem 4.3 In light of properties (i) and (ii) in Hypothesis (Hy), the local
estimate in Lemma 5.1 and identity (5.1) yield

log M,
nlS N Okl ) l§g2k+l

with a; = 12(—
1 12200,m) Z @I F 172, %= 2 2adrg1 0]

for k € J., where My is as in (5.2). By Corollary 6.2 we then have

(I}% G )1 oy =4 D @l flagy =41 f s (63)

€
¢ keJ.NT,

Birkhauser
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Using assumption (4.2) on the set S, we have

/2 log My,
UVN )4 log2 +1

24dt,

a > 12( forall k € J,. (6.4)

Moreover, condition (iii) of Hypothesis (Hy) gives ||lk]|1 < DNU=®/%forallk € 7,.
Using Lemma 5.4 and the definition of Cg(m, N) from Lemma 5.3, we therefore get
forall k € J. N J, that

IODN(I—S)/Z m
M <212y Cam, Ny 2 LN

]
meNy n:
_ 2K1/Zee/(252)e«/2N+d/8 Z (ZOSDN(l—s)/Z)m,
meNy
where § > 0 is still to be chosen. We do this as
§ = (40DNU=9/2) 71 (6.5)

so that

My < 4% exp(800e D> N'~¢ + 40DN'=9/2/2N + d) 66

< 4ic'/? exp(800e/dD(D + 1)N' /%) '

and, thus,

log My < log(4x'/?) + 800ev/d D(D + 1)N'~¢/2
< (800ev/dD(D + 1) + log(4k /) N1 =¢/2

for all k € J. N Jg. Combining the latter with (6.4), we arrive at

ny >7(800eﬁD(D+1)+1og(4K1/2))1\/1<£")/2

ay > 12(
24dty

forallk € J. N Jg,

where we have taken into account the fact that /(24dt;) < 1/24 < 1 by Remark 5.2
and that 1 + 4/log2 < 7. In view of (6.3), this proves the claim. O

Remark 6.3 (a) It is worth to note that one may get a slightly sharper estimate in (6.6)
by
My < 4k'/? exp(800e D> N'=¢ +40D~/d + 2N'~¢/%).

This might be interesting in situations with small D, cf. the discussion at the end of
Sect. 7.1.

(b) The only obstacle to extend the main result to an L”-setting is a corresponding
variant of the Bernstein inequality or a suitable replacement thereof.
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7 Proof of Theorems 2.1 and 2.7

In this section we discuss several examples satisfying Hypothesis (Hy) from Sect. 4
and thereby deduce Theorems 2.1 and 2.7 from our general result Theorem 4.3. In
what follows, K > 1 denotes a universal constant that can change from line to line.

7.1 Proof of Theorem 2.1

Our first example addresses the situation of Theorem 2.1 with Qr = A, (k) = k +
(—p/2,p/2)%, p > 0. Here, we clearly have J = (pZ)¢ and x = 1, thus C =
32d. With Wy in condition (ii) being the identity, we have n = 1/d%/?. Taking into
account the asymptotic formula 7y ~ (2mwe/d)?/? //d7, weinfer that 24dty /n < K9.
Moreover, it is easy to see that [y = (p, ..., p) satisfies ||lx]} = dp = DN° with
D :=dp. Hence, (A, (k))re 7 satisfies Hypothesis (Hy) for every N € N. Note here
that both D and n are independent of N.
It is also not hard to verify that

k
=< inf |x| <CNY? forall ke J. C (pZ)°.
2 xeA, (k)

Here the first inequality follows from the definition of A, (k) while the second follows
from the definition of 7. Finally, using these estimate, we calculate

J/1+\k|f‘ > (yzﬂ)1+(\k\/2)f‘ . (yzﬁ)1+cf‘1vﬁ/2 - (y2(2C)ﬁ)Nf‘/2.

The claim in Theorem 2.1 now follows from Theorem 4.3 witha = 8, & = 1, and y
replaced by y2(2c)5. The simple estimate

2-(20)? - 7(800ev/dD(D + 1) + log(4)) < Kd***P(1 + p)?

then provides us with the particular constant in (2.2). O

Comparison of the Harmonic Oscillator and the Pure Laplacian

Here we discuss in what sense one may regard the harmonic oscillator as an interpo-
lating model. To this end, consider H; = —A + t|x|? forz > 0 and let S C R be as
in Theorem 2.1. It is then easy to see that

H=H =t"2u"'Hu,
where U/ : L?(R?) — L*(R?) is the unitary transformation defined by
UNx) =B Fa ), x e R
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In particular,
Z/l_lg € Ranl_, ,-1/2,(H) forall g e Ranl(_oxj(H)).

Clearly, lgll2Rre) = ||u_lg||L2(Rd) and |Igllz25) = ||Z/{_lg||L2(fl/4s)- Moreover, a
simple calculation shows that 7!/4S satisfies the geometric hypotheses from Theo-
rem 2.1 with p replaced by #!/4p. Thus, using a slightly sharper estimate in the proof
of Theorem 4.3, see Remark 6.3, the proof of Theorem 2.1 applied to 2/~ g and !/4§
yields

5 Y Kdﬁ(1+d2p211/2+d3/2pxl/2)z—ﬂ/zxﬂ/2 5
181325, = 3(07) 1813 gy

Here we see that the exponent on the right-hand side explodes as + — 0 if 8 > O.
On the other hand, if 8 = 0, then the limit as t — 0 reproduces the known result
[12, 13] for the Laplacian with thick sets. This makes the intuition spelled out in the
introduction that the harmonic oscillator may serve as an interpolating model more
precise.

7.2 Proof of Theorem 2.7

In contrast to the result we have verified in the preceding subsection, the proof of
Theorem 2.7 starts with the construction of the family (Qy)xe 7. as the family is not
given in the formulation of the theorem. To this end, we use the following version of
the well-known Besicovitch covering theorem.

Proposition 7.1 (Besicovitch) If A C R? is a bounded set and B is a family of closed
balls such that each point in A is the center of some ball in BB, then there are at most
countably many balls (By) C B such that

14 < Zlgk < k4.
k

Proof The proof of Besicovitch’s theorem in [19, Theorem 2.7] establishes that the
statement of the proposition holds with K¢ = 16?C,, where C, is chosen such that
the following implication is true: If yq, ..., y, € SY~! are points with |y, — ys| > 1
forall r # s, thenn < Cy.

Since for such points the spherical distance dga—1(y,, ys) of y, and y; can be
bounded from below by

lyr — ys|2

5 ) > arccos(l — 1/2) = /3,

dsa-1(yr, ys) = arccos(l -

itis easy to see that C; can be bounded by the dth power of a universal constant, which
proves the proposition. O

Birkhauser



Journal of Fourier Analysis and Applications (2023) 29:11 Page170f19 11

For given N € Nlet A = B(0, CN'/?), where C = 32d(1 + /log(K4)). It is then
clear that the assumptions of Proposition 7.1 are fulfilled for A and the family of balls
B ={B(x, p(x)): x € A}. This shows that there is a subset Z C N and a collection of

points (yx)xez C A such thatthe balls Oy = B(yk, p(yx)) satisfy |A\Ukez Q| =0.
Setting Qg = R?\ Ukez Ok, the family (Qi)re s, J = ZU{0}, is clearly an essential
covering of R? satisfying

S g, = k¥ =k
keJ

Note that by construction we have Z = {(k € J: Qr N A # W} = J..
It remains to verify that (Qx)re 7 satisfies Hypothesis (Hn): It is easy to see that
(1) is satisfied with Iy = C2p(yr), ..., 2p(¥k)), and

| Okl _ tap(yi)? _u
(diam Q)¢  Qp()? 24

shows that condition (ii) holds with n = 74 /2" , where we have chosen W, as the
identity. In particular, (24dty)/n = 2924d < 48¢. Since y; € A forallk € J. = I,
we have |y;| < CN'/? and consequently

p(y) <2RCNY=972 forall k € ..

Combining this with the identity for /; stated above, we obtain
Il < 2dp(w) < DN, D =4dRC.

This proves condition (iii). Thus, Hypothesis (Hy) is satisfied.

Using again |yx| < CN'/? for k € J., we see that the hypothesis on the set S in
Theorem 2.7 yields

a/2
|Sm le - y]+<CN1/2)oc > (J/1+Ca>N .

1Okl —

We apply Theorem 4.3 with y replaced by y't€“. After adapting the constant K
appropriately, we have k¥ < K9 1+ C* < K1T%q32/2 and D < Rd>/?K . Hence, it
is easy to see that

(1+C*)-7(800evdD(D + 1) + log(dx/?)) < K TegUH3a/2(1 4 R)?

and we thereby obtain the precise constant in (2.7). O

Remark 7.2 Note that the Besicovitch covering theorem holds for more general convex
shapes than just balls, see, e.g., [10, Theorem 1.16], and therefore Theorem 2.7 and
its proof can be adapted accordingly.

Birkhauser



11 Page 180f 19 Journal of Fourier Analysis and Applications (2023) 29:11

Acknowledgements A.D. and A.S. have been partially supported by the DFG grant VE 253/10-1 enti-
tled Quantitative unique continuation properties of elliptic PDEs with variable 2nd order coefficients and
applications in control theory, Anderson localization, and photonics.

Funding Open Access funding enabled and organized by Projekt DEAL.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Beauchard, K., Jaming, P., Pravda-Starov, K.: Spectral estimates for finite combinations of Hermite
functions and null-controllability of hypoelliptic quadratic equations. Stud. Math. 260(1), 1-43 (2021)

2. Beauchard, K., Pravda-Starov, K.: Null-controllability of hypoelliptic quadratic differential equations.
J. Ec. polytech. Math. 5, 1-43 (2018)

3. Coron, J.M.: Control and Nonlinearity. Mathematical Surveys and Monographs, vol. 136. American
Mathematical Society, Providence (2007)

4. Donnelly, H., Fefferman, C.: Nodal sets of eigenfunctions on Riemannian manifolds. Invent. math.
93(1), 161-183 (1988)

5. Egidi, M., Naki¢, 1., Seelmann, A., Téaufer, M., Tautenhahn, M., Veseli¢, I.: Null-controllability and
control cost estimates for the heat equation on unbounded and large bounded domains. In: Kerner,
J., Laasri, H., Mugnolo, D. (eds.) Control Theory of Infinite-Dimensional Systems. Operator Theory:
Advances and Applications, vol. 277, pp. 117-157. Springer, Cham (2020)

6. Egidi, M., Seelmann, A.: An abstract Logvinenko—Sereda type theorem for spectral subspaces. J. Math.
Anal. Appl. 500(1), 32 (2021). (Paper No. 125149)

7. Egidi, M., Veseli¢, I.: Sharp geometric condition for null-controllability of the heat equation on R4
and consistent estimates on the control cost. Arch. Math. (Basel) 111(1), 85-99 (2018)

8. Egidi, M., Veseli¢, 1.: Scale-free unique continuation estimates and Logvinenko—Sereda theorems on
the torus. Ann. Henri Poincaré 21(12), 3757-3790 (2020)

9. Havin, V., Joricke, B.: The Uncertainty Principle in Harmonic Analysis. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), vol. 28. Springer, Berlin (1994)

10. Heinonen, J.: Lectures on Analysis on Metric Spaces. Universitext, Springer, New York (2001)

11. Huang, S., Wang, G., Wang, M.: Observable sets, potentials and Schrodinger equations. Commun.
Math. Phys. 395(3), 1297-1343 (2022)

12. Kovrijkine, O.: Some estimates of Fourier transforms. ProQuest LLC, Ann Arbor, MI, 2000. PhD
Thesis, California Institute of Technology

13. Kovrijkine, O.: Some results related to the Logvinenko—Sereda theorem. Proc. Am. Math. Soc. 129(10),
3037-3047 (2001)

14. Laurent, C., Léautaud, M.: Observability of the heat equation, geometric constants in control theory,
and a conjecture of Luc Miller. Anal. PDE 14(2), 355423 (2021)

15. Le Rousseau, J., Lebeau, G.: On Carleman estimates for elliptic and parabolic operators. Applications
to unique continuation and control of parabolic equations. ESAIM Control Optim. Calc. Var. 18(3),
712-747 (2012)

16. Logunov, A., Malinnikova, E.: Lecture notes on quantitative unique continuation for solutions of second
order elliptic equations. In: Harmonic Analysis and Applications. IAS/Park City Mathematics Series,
vol. 27, pp. 1-34. American Mathematical Society, Providence (2020)

17. Martin, J., Pravda-Starov, K.: Geometric conditions for the exact controllability of fractional free and
harmonic Schrédinger equations. J. Evol. Equ. 21(1), 1059-1087 (2021)

) Birkhduser


http://creativecommons.org/licenses/by/4.0/

Journal of Fourier Analysis and Applications (2023) 29:11 Page190f19 11

18.

19.

20.

21.

22.

24.

25.

26.

27.

Martin, J., Pravda-Starov, K.: Spectral inequalities for combinations of Hermite functions and null-
controllability for evolution equations enjoying Gelfand-Shilov smoothing effects. J. Inst. Math.
Jussieu 1-50 (2022)

Mattila, P.: Geometry of Sets and Measures in Euclidean Spaces. Cambridge Studies in Advanced
Mathematics. Fractals and Rectifiability, vol. 44. Cambridge University Press, Cambridge (1995)
Miller, L.: Unique continuation estimates for sums of semiclassical eigenfunctions and null-
controllability from cones. Preprint: HAL:00411840

Nakic, I., Tdufer, M., Tautenhahn, M., Veseli¢, I.: Sharp estimates and homogenization of the control
cost of the heat equation on large domains. ESAIM Control Optim. Calc. Var. 26, 26 (2020). (Paper
No. 54)

Nazarov, F.L.: Local estimates for exponential polynomials and their applications to inequalities of the
uncertainty principle type. Algebra Anal. 5(4), 3-66 (1993)

. Stollmann, P., Stolz, G.: Lower bounds for Dirichlet Laplacians and uncertainty principles. J. Eur.

Math. Soc. 23(7), 2337-2360 (2021)

Tenenbaum, G., Tucsnak, M.: On the null-controllability of diffusion equations. ESAIM Control Optim.
Calc. Var. 17(4), 1088-1100 (2011)

Tucsnak, M., Weiss, G.: Observation and Control for Operator Semigroups. Birkhduser Advanced
Texts: Basler Lehrbiicher, Birkhduser Verlag, Basel (2009)

Wang, G., Wang, M., Zhang, C., Zhang, Y.: Observable set, observability, interpolation inequality and
spectral inequality for the heat equation in R”. J. Math. Pures Appl. 9(126), 144-194 (2019)

Zuazua, E.: Controllability and observability of partial differential equations: Some results and open
problems. In: Handbook of Differential Equations: Evolutionary Equations, vol. III, pp. 527-621,
Elsevier/North-Holland, Amsterdam (2007)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

) Birkhduser


https://hal.science/hal-00411840

	Uncertainty Principle for Hermite Functions  and Null-Controllability with Sensor Sets of Decaying Density
	Abstract
	1 Introduction
	Fast Decay of Hermite Functions
	Reconciling Phenomena on Bounded and Unbounded Domains
	Outline

	2 Main Results and Discussion
	3 Application to Null-Controllability
	4 A Reduction Argument and the General Theorem
	5 The Local Estimate and Good Covering Sets
	6 Proof of Theorem 4.3
	7 Proof of Theorems 2.1 and 2.7
	7.1 Proof of Theorem 2.1
	Comparison of the Harmonic Oscillator and the Pure Laplacian

	7.2 Proof of Theorem 2.7

	Acknowledgements
	References




