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Abstract

We establish the uniform boundedness of oscillatory singular integral operators on L”
spaces for C* phases and Holder class singular kernels. Our main result improves
and unifies several existing L” results for oscillatory singular integrals.
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1 Introduction

Both oscillatory and singular integrals have played very important roles in the history
of harmonic analysis. Oscillatory singular integrals, as a hybrid between the two, have
attracted a considerable amount of interest in the past few decades. In this paper we
shall focus our attention on the L? theory for oscillatory singular integral operators.
The kernel of such an operator is given by the product of an oscillatory factor e/ ® )
and a Calder6n-Zygmund type kernel function K (x, y). More precisesly, we define

To.x by

To.x f(x) = po. f FPEK (x, y) F(3)dy. (1)

n

The phase function ® is assumed to be real-valued. In [11], for any Calderén-Zygmund
kernel K (x, y) which is smooth away from A = {(x, x) : x € R"}, Phong and Stein
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established the uniform L” boundedness for all 7¢ x with @ being in the family
of bilinear forms. Subsequently in [12], for any Calderon—-Zygmund kernel K (x, y)
whichis C! on R” x R\ A, Ricci and Stein proved the L? boundedness of To, k forall
polynomial phase functions ®(x, y) = P(x, y), with the bound on || Tp ||, » being
uniform as long as a cap is placed on deg(P). Their result can be stated as follows.

Theorem 1.1 ([12]) Letn € N and P(x, y) be a real-valued polynomial in x, y € R".
Suppose that there is an A > 0 such that K (x, y) satisfies

|K(x, y)| = ; )
lx =y
K(-,) € CH(R" x R"\A) and
VK )|+ VK ()] £ — o G)
lx — y|r+!
forall (x,y) € (R" x R"M\A;
1Tl 2@y 2@y < A )
where
Tof @ =ps. [ K@ f0y. ©)
Then, for 1 < p < oo, there exists a C,, > 0 such that
ITp.k fllLrry < Cpll fllLr e (6)

forall f € LP(R"). The constant C, may depend on p,n, A and deg(P) but is
independent of the coefficients of P.

Oscillatory singular integral operators with general C* phase functions were stud-
ied in [9] where, among other things, the L? boundedness was obtained under a
“finite-type” phase function condition, both of which are described below.

Definition 1.1 Let (xq, yg) € R" x R"” and ®(x, y) be C* in an open set containing
(x0, y0). ® is said to be of finite type at (xo, yo) if there exist two multi-indices
o, B € (NU {0})" such that |¢|, |8] > 1 and

aot+/3

O
—F(x0, 0.
YT (x0, yo) #

Theorem 1.2 ([9]) Let ¢ € Ci°(R" x R") and @1 (x, y), ..., Ppu(x,y) be C* such
m

that, for every (uy, ..., uy) € "1, Z u;j®;(x,y) is of finite type at every point in
j=1
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(supp(@))NA. Let K (x, y) satisfy (2), (3) and (4). Then, for 1 < p < oo, the operators
m

T;.0, ok are uniformly bounded on LP (R") for all ®(x,y) = Z uj®;(x,y) where
j=1
reRand (uy, ..., uy) € S" L

For any polynomial phase function P(x, y), if it has at least one nonzero term
ao,/g)c"‘y‘3 with min{|«|, |8} > 1, then the L? boundedness of the corresponding
oscillatory singular integral operators is covered by Theorem 1.2. Otherwise one has
P(x,y) = g(x)+h(y),in which case the L” boundedness follows from |Tp x|, =

1To, k. p-

On tﬁepother hand, it has been well-known that Calderén-Zygmund singular inte-
grals are bounded on L7 spaces even when the C'! assumption and the bounds for VK
in (3) are replaced by the following weaker Holder type condition:

There exists a § > 0 such that

Alx — x|
— Y|+ |x" = ypnte
whenever |x — x'| < (1/2) max{|x — y|, |x’ — y|}, and
Aly =y')°
=yl =y
whenever |y — y'| < (1/2) max{|x — y|, |x — y'[}.

K (x,y) = K&, p)| <
(Jx

(N

IK (x,y) = K(x, y)| <
(Jx

In a recent paper [2], the results of Ricci and Stein in Theorem 1.1 were extended
to allow K (x, y) to be such a Holder class kernel.

Theorem 1.3 ([2]) Let P(x, y) be a real-valued polynomial. Let K (x, y) be a Holder
class Calderon-Zygmund kernel, i.e. there exist §, A > 0 such that K (x, y) satisfies
(2), (7) and (4). Then, for 1 < p < oo, there exists a C, > 0 such that

1Tp & fllLr@ny < Cpll fllLr@n (8)

forall f € LP(R"). The constant Cp, may depend on p,n,§, A and deg(P) but is
independent of the coefficients of P.

See also [1, 6].
We now state the main result of this paper in which not only the kernels K (x, y)
are allowed to be in the Holder class, but the phase functions can be fairly general.

Theorem 1.4 Let U be an open set in R™ and G be a compact subset of U. Let
D(x,y,u) € CPR" x R" x U) and ¢(x,y) € CT(R" x R") such that, for every
ue U, ©(-, -,u) is of finite type at every point in (supp(¢)) N A. Let K(x,y) be
a Holder class Calderon-Zygmund kernel, i.e. there exist 5, A > 0 such that K (x, y)
satisfies (2), (7) and (4). Then, for 1 < p < oo, there exists a C, > 0 such that

1Tho, ok fllLr@ny < Cpll fllLr @ 9
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forall f € LP(R"), A € R and u € G. The constant C,, may depend on
p,n,m,s8, A, ¢ and G but is independent of . and u.

REMARKS.

(i) It is a well-known fact that the conclusion of Theorems 1.2 and 1.4 can fail if the
“finite type" assumption for the phase functions is dropped [8, 9, 16].

(ii) The phase functions in Theorem 1.2 are subsumed in the family of phase functions
in Theorem 1.4 as one can simply let U = R"\{0}, G = $"~! and

(D()C, yJ") =u- (q)l(x?y)v“wq)m(-xv )’))

(iii) By (2), it is easy to see that Theorem 1.4 continues to hold if the smooth cut-off
function ¢ (x, y) is replaced by, say, xp(x — y), where B is the unit ball in R".
(iv) The conclusion of Theorem 1.4 remains valid in the more general context of
weighted spaces L” (R", w(x)dx) with Muckenhoupt A, weights. See Theorem 4.2.
(v) It follows from Theorem 1.4 that the operators Ty, yx are uniformly bounded on
L? spaces for . € R and u# € G if the phase function ®(x, y, u) is real-analytic in
R" x R" x U, where U is an open subset of R (i.e. m is taken to be 1) and G is a
compact subset of U (see Theorem 5.1). It would be interesting to know whether the
same holds for m > 1.

In the rest of the paper we shalluse A < B (A 2 B)tomeanthat A < ¢B (A > ¢B)
for a certain constant ¢ whose actual value is not essential for the relevant arguments
to work. We shall also use A ~ B to mean “A < Band B < A”.

2 Avan der Corput type lemma

A version of the classical van der Corput’s lemma can be stated as follows.

Lemma 2.1 ([14]) Let ¢ be a real-valued Ckﬁmction onla, b] satisfying |¢>(k) X)) =1
for every x € [a, b]. Suppose that k > 2, or that k = 1 and ¢’ is monotone on [a, b].
Then there exists a positive constant cy, such that, for every ¥ € C'([a, b)),

b
f POy (x)dx

a

b
< ck|x|—”"(|w(b)| +/ |¢/(x>|dx) (10)

holds for all A € R. The constant cy is independent of A, a, b, ¢ and .

The following lemma, which is in the spirit of Lemma 2.1, is needed in our proof
of Theorem 1.4.

Lemma2.2 Let ¢ € C*°(R") be real-valued and € C°(R"). Let M > 0, k € N

and o € (NU{0})" such that || = k. Suppose that |38¢/9xP (x)| < M holds for all
|Bl =k + 1 and x € Vi, where V, is defined by

Va = {.X eR": diSf(X, supp(w)) < a||3“¢/8x“||Loo(supp(1/,))}
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fora > 0. Let

Wlot = W llze@n +  sup /waocwv)ldt.

xeRn yeSn—1

Then there exists a ¢ > 0 such that

—e(1+1/k)

Fox) dx (1)

0x®

/ Py (x)dx

< c(a*”||w||o,1>|x|*8/"f

Va

foralla,e € (0, 1] and ) € R. The constant ¢ may depend on M, « (and thus k) but
is otherwise independent of a, ¢, A, ¥ and ¢.

The above lemma is a refined version of Lemma 3.2 of [10]. We shall sketch its
proof below where our focus will primarily be on providing the necessary details for
the current incarnation.

Proof Without loss of generality we may assume that
[{0%¢/9x* = 0} N supp(¥)| = 0.

Let A > 1 be a suitably chosen constant which depends on M, n and « only, and let
r(x) = A7 3%$/dx%(x)| whenever it is nonzero. By applying the Vitali covering
procedure, there exist x1, x2, ... € {0%¢p/dx* # 0} N supp(yr) such that

{0%p/0x“ # 0} Nsupp(y) C U B(xj,rj/2) wherer; = r(x;), (12)
J
{B(x;, rj/lo)}j=1,2,... are pairwise disjoint. (13)

It follows from our selection of A and a packing argument of Sogge and Stein in [13]
(see also [14]) that, for each j, there exists a v; € S"—1 such that

10%¢ /0x* (y)] ~ rj: (14)
[T RIOIAT (15)
forall y € B(x;, r;) and
> XBajp S (16)
J

Thus, there exists a partition of unity {n;(x)}j=1,2,... such that each n; is supported in
B(xj, rj), Zj nj(x)=1forx e Uj B(xj,rj/2), and

990, /0xP) < r P (17)
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for all 8 € (NU {0})".
Fory = (y1,y2,...y0) € R", let y = (y2, ..., yu). For each j, let I'; denote an
orthogonal linear transformation on R" such that I';((1,0,...,0)) = v;. Then by

(15), for |y| < r;,

k

‘ﬁ(‘ﬁ(xj‘f‘rj()’))) 2T (18)
1

When k > 2, by using (18), Lemma 2.1 and (17), we have

/ ety (x)nj (x)dx
B(xj,rj)

<
[¥l<r;
< G~ /H (h/f(x,» T3 = 152, 90m; @ + T = 1512, 5)))
yi=rj
=15
“/,
(r2 ‘V‘Z)I/Z

S Illo, ()~ (19)

G R
/ MO ONy (x; + T () (xj + T (0))dyr |d

—03-5P)' 2

(V08 + T 0o+ 500 05

ay1

For k = 1, one cannot use Lemma 2.1 because the monotonicity of the first derivative
of ¢(x; +T'j(y)) in y; is not known. Fortunately we have the following upper bound
for the corresponding second derivative:

82
‘3_))2(¢(Xj +T,000)| =1 - V2 + ;00 < M
1

for |y| < r;j, which allows us to use integration by parts and (15) to get

/ M@y (x)n; (x)dx
B(xj rj

'/ /(r LN ( iAq>(x_,-+I‘_,-(y))> Y+ 00n;(xj + Fj(y))dyldy
I§l<rj J—2-15P)172 Y1 (iM)0/3y1(p(xj +T'j(y)))

11
S W lloa (alr )=,

which is just (19) for the case k = 1.
Trivially we have

S v lloar]. (20)

‘/ POy (xyn; (x)dx
B()Cj rj)

Birkhauser
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By (19)-(20), for every j and every ¢ € (0, 1],

S Wl ~e ke @1

‘ / POy () (x)dx
B(Xj, rj)

By (21), (14) and (16), for every a € (0, 1],

=

' / Py (x)dx
Rn

/ POy (x)n; (x)dx
B(Xj, rj)

_ _ —e(1+1/k
< A lloa =6 %a™) S r R @
J

_ B 80[(]5()6) —e(1+1/k)
S (1 llo.a|x = a ")/ Py > XBlxj.arp () Jdx
R” X 7
_ _ aa¢(x) —e(1+1/k)
S @ ot [ |50 dx.
V, X

3 Proof of Theorem 1.4

Fork € N,r > Oanda € R¥ let By(a,r) = {x € R : |x —a| < r}. For any
function F'(x, y) defined on a product space R"! x R"2, where x € R"! and y € R"2,
and multi-indices @ € (NU {0})"!, B € (NU {0})"2, we let

we OF 5 3PF
DYF =g DaF =555
The same goes for functions defined on more general product spaces R"! x - - - x R,
Let K (x, y) be a Holder class Calderén-Zygmund kernel. Clearly, the three prop-
erties (2), (7) and (4) of K(x,y) remain intact under the translation (x,y) —
(x — ¢, y—¢) for any ¢ € R". This observation, together with the compactness
of supp(¢) and G, allows the proof of Theorem 1.4 to be reduced to the task of
establishing the following:

Proposition 3.1 Suppose that ®(x, y, u) is C* in an open neighborhood of the origin
in R" x R" x R™ and there are two nonzero multi-indices ag, Bo € (N U {0})" such
that

D*DP®(0,0,0) 0. (22)

Birkhauser
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Then there exists an ro > 0 such that for every p € (1,00) and every ¢ €
C§°(B2n (0, 1)), the operator

Too ok © f — pov. / FPEIOK (2, y)p(e. ) £ ()dy

Rn
is uniformly bounded on L? (R"™) for A > 2 and u € B, (0, ro).

Proof Let X > 2, kg = |ag| and Iy = |Bo|. Without loss of generality we may assume
that

D®DE®(0,0,0) =0 (23)
for all |B] < lp. By using a transformation (x, y) — (I'(x), I'(y)) where I is an
orthogonal transformation, if necessary, we may also assume that 8y = (lo, 0, ..., 0).
Let

F(x,y,z,u) = D{°®(z, x,u) — D{°®(z, y, u).

Then
3/ F
—j(O, 0,0,0)=0
ay;
forO0 < j <ly—1and
b
I’ 0,0,0,0) #0.
ay

By the Malgrange preparation theorem [4], there exist an ryp > 0 and C*° functions
ag(x,y,z,u), ..., ay—1(x,y,z,u) on I" x 1" x " x I'" and c(x,y,z,u) on
I" x I x I" x I'"", where I = (—4rq, 4r9), such that

F(x,y,z,u) =c(x,y,z,u)

) (O 4 a1 (6, 7, 2,0y - ao(x, 5, 2, w)) (24)

and |c(x, y,z,u)| 2 1 for (x,y,z,u) € I" x I"" x I" x I".

Letn € Cy°(R" xR") suchthat0 < n(x, y) < Ifor(x,y) € R"xR";n(x,y) =1
for |(x, y)| < 1/2; and n(x,y) = 0 for |[(x,y)] > 1. Fort > 0, let n;(x,y) =
172 (x /1, y/1).

Also, let & € C*°(IR") be nonnegative such that 0 (x) = 0O for |[x| <4 and0(x) = 1
for |x| > 8. Let No = 6(2n + Dkolo, p = N, ' and

Hy(x,y) = g y) M= (X — v,y —w)K (v, w)d(A* (v — w))dvdw

J()  Jrexre

Birkhauser
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where J(n) = / n(x, y)dxdy 2 1.

R}lan
When H, (x, y) # 0, there exists a (v, w) € R” x R” such that [v — w| > 417"
and |[(x, y) — (v, w)| < A~". Thus,
2.7 < v —wl/2 < |x — y| < 3]v —wl|/2.
By (2),

lp(x, ¥
[Hy(x, M| S WXDH, ooy (I = y). (25)

Similarly, one can show that, for all x, y € R",
1 e ot + IHCL o S 202, (26)
We now decompose 7.0, ok as the sum of three operators:
Lo ok f =T1f+DTf +T3f (27)
where
T = [ e £y, o8)

T f (x) = /R eMPEIINK (x, )AL (x — y)e(x, y) — Hy(x, )] f()dy.
(29)
T3 f (x) = p.v. /R ePPEIOK (x, ) (1= 0P (x — y))e(x, y) f(y)dy.  (30)
It follows from (25) that
1711l 1 gy £ ey + 1Tl Loo@®n)— Loo Ry S In(R). (31
On the other hand, we have
TET £ () = /R L(x, ) f()dy
where

L(x,y) = f eHOERITEI) Hy (2, x) Hy (2, y)dz.

By shrinking the support of ¢ if necessary, we may apply Lemma 2.2 with e = (3y) !
to get

IL(x, y)| < A7YGR0 (1A, (- xYHy (-, ) 1lo.1) x10.2001 (1% D X10.2701 (1Y)

) Birkhduser
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x / IDS°®(z, x,u) — D D(z, y, u)|~ kot D/Ckolo) g, (32)
lzl<2ro

By using (24), (26), (32), (ko + 1)/(3kolp) < 1 and the lemma on page 182 of [12],
for every x € R",

f |L(x, y)|dy 5 )\‘—1/(3/(0[0))\’(2714-1),0 / / (f yi()
R" lz|<2rg J|3|<2r9 [y11=2r9
i —(ko+1)/(3kolo)
tag—1(x, ¥, 2, Wy + - +aolx, §,z,u) dy1>d&dz
< 2~ 1/(6kolo) (33)
Similary, we have
/|L@mWﬁ5A”“W“ (34)
]Rn
for all y € R”. It follows from (33)—(34) that
” T] ||L2(R”)~>L2(R”) 5 )\._1/(12](010) . (35)
By interpolating between (31) and (35) we obtain
I3l Loy Lony S ()T =2/P1 = (=11=2/pD/(2klo) < (36)

forl < p < o0.
To treat the term 75 f, first we observe that

IK (x, OLL (x — y)eo(x, y) — Hy(x, )| S lox, y)| x

/R P (VY w)|K (e, ORP (x — ) = K (v, w3 (v — w))|dvdw

nX n

< lo(x, y>|[/]R g TR0y = w)|K (x, y) — K (v, w)|[§ (0 (x — y)dvdw
ll>< n

+/1.§" - M-p(x —v,y —w)|K (v, w)||9()¢’(x — ) =P (v — w))!dvdw],

Let the above two integrals be denoted by /;(x, y) and I>(x, y), respectively. For
I (x, y) to be nonzero, there must exist v, w € R” suchthat |[x —v| < A7°, |y—w| <
A~P, while [x — y| > 417°. Thus, |[v — w| > 2A7? and |v — w| & |x — y|. It follows
from (7) that

|K(X,)’)_K(v7w)|f|K(xay)_K(U,y)|+|K(U’y)_K(U’w)|
x —vf® ly —w|’
A U L ) e (R R T )

) Birkhduser
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AP X, 00 (X = YD)
~ lx — y|n+8 ’

which implies that

AP Yian—r . 00y (Ix = ¥])
|x — y|n+6

11 (x, IS (37

For I>(x, y) to be nonzero, there must exist v, w € R” such that |[x — v| < A7,
ly — w| < A™°, while

max{|x — y|, [v—w|} > 417"
and
min{|x — y|, |[v — w|} < 817",
Thus, [x — y| & |[v — w| and
207 < |x =yl = 10A77,
which together imply that

Xi2a—r, 10a—r1(1x — ¥

[ (x, »)| S P (38)
lx — vl
By (37)—(398),
dx dx
I T2l Lp @ry—s Lo e 5rﬂ‘*f —+f S1(39)
D= LoED x|=dr—n |x]1H? 2a—p<|x|<10r—e |X|"

Now T3 f is the only term left to be treated. For any & € R",let Oy, = h+ (A~PI)"
and Qy = h+ (OA~P1)" where I = (—1/2,1/2]. Let ¢pg(x, u) = ngJ(x, x, u) for
B € (NU {0})" and define the polynomial P, ,(x, y) by

1
Pouey)= Y ( Y. p Pt = —x)ﬂ).
1=|Bl=No—1 " la|=No—|B|-1
Thus, forany 2 € R", x € QF, y € Qp, and |u| < ro,
No
D (x, yo ) = (e, x, 1) + Phae o OIS S x =yl Jx — Mo

J=1

) Birkhduser
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Forany f € L”(R") and any h € R", we have supp(73(x ¢, f)) € Q} and thus,

T3(xo, /)(x) = P HOT, i (x0, /()

N(
< ikl_(No_j)p/ |f(y)|dy'
=1 On |-x - y|n7j
(40)

where I?(x, y) = K(x, y)(l — 0\ (x — y)e(x, y). Itis easy to verify that (2), (7)
and (4) are all satisfied by K (-, -) uniformly in A. By (40) and Theorem 1.3,

No
173 (Geon HllLr@n S (1 - ZAHNO*Wf
|

<1050 |x["=

) X I xo, fllLr@m

Jj=1
Slixon fllLe@ny- 41
By
P
T3 f17 =] > xo:T3(xo,f)
he(\—r)zZ"
p/r
< > xo ( > |T3<thf>|P)§ > Ts(xg, I
he(A—P)Z" he(A—P)Z" he(A—P)Z"

and (41), we get
1730 L Rmy— Lo @y S 1 (42)
for 1 < p < oo. It follows from (27), (36), (39) and (42) that
1T, ok lLr Y- Lo @R S 1

forl < p < oo. O

4 Extension to LP spaces with A, weights

As pointed earlier, the conclusions of Theorem 1.4 continue to hold when the spaces
LP(R", dx) is replaced by the weighted spaces L”(R", wdx) as long as w is in the
class A, [7] whose definition is given below:

Definition 4.1 Let p € (1, o0). A nonnegative, locally integrable function w(-) on R"
is said to be in the Muckenhoupt weight class A, (R") if there exists a constant C > 0

such that
(i / w(y)dy) (i / w(y)—”“’—“dy)p_1 <c 43)
101 Jo 101 Jo B

Birkhauser



Journal of Fourier Analysis and Applications (2022) 28:86 Page 130of 16 86

holds for all cubes Q in R”. The smallest such constant C in (43) is the corresponding
A, constant of w.

Let

1/p
I fllpw= </R If(X)Ipw(X)dx> ,

and
LP(R", wdx) = {f : | fllp,w < 00}.

We shall need the following result due to Coifman and Fefferman:

Theorem 4.1 ([3]) For each p € (1, 00) and each w € A,(R"), there exists av €
(0, 1) such that w't’ e A, (R™). Both v and the A, constant of w' depend onn, p
and the A, constant of w only.

We shall now state the weighted version of Theorem 1.4 and give a brief sketch of
its proof while leaving out most of the technical details.

Theorem 4.2 Let U be an open set in R™ and G be a compact subset of U. Let
®(x,y,u) € CP°R"xR" x U) and p(x, y) € Cg°(R" x R") be such that, for every
ue U, ©(-, -,u) is of finite type at every point in (supp(¢)) N A. Let K(x,y) be
a Holder class Calderon-Zygmund kernel, i.e. there exist 5, A > 0 such that K (x, y)
satisfies (2), (7) and (4). Let p € (1, 00) and w € A,(R"). Then there exists a positive
constant Cp, y, such that

ITro, ok fllpw = Cpwll fllpw (44)

forall f € LP(R", wdx), A € Rand u € G. The constant C, , may depend on
p.n,m,8,A, ¢, Gand A, the constant of w, but is independent of A and u.

Proof By (27), it suffices to prove |7} fllpw S I fllpw for j =1,2,3 and 2 > 2.
For T, by (25),

IT1 /1 < An@)Mf,

where M is the Hardy-Littlewood maximal operator. By Theorem 4.1 and the weighted
L? boundedness of M,

IT1f o S ARG F 1yt (45)

for a certain v > 0 (see [5]). By (36) and (45) and a result of Stein and Weiss in [17],
we obtain

IT1f Nl pow < (ln(k))1/(1+U)+|1_2/p|k_(1_|1_2/’7‘)‘)/(12(14_”)]‘010)||f||p w

S lpow
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For T», one can use (37)—(38) to get |T> f| < M f and thus

IT2fllpw S N llpaw-

Finally, for the treament of 73 f, one uses Theorem 3.2 in [2] instead of Theorem 1.3
but otherwise follows the steps in the proof of Theorem 1.4 to arrive at

173/ 1pow S 111w o

5 Real analytic phases

In this section we will show how one can use Theorem 1.4 (and Theorem 4.2) to obtain
the uniform L? boundedness of oscillatory singular integral operators with Holder
class kernels and real-analytic phase functions A® (x, y, u) when the parameter u is
in a compact subset of R.

Theorem 5.1 Let U be an open set in R and G be a compact subset of U. Let ¢(x, y) €
C°(R" x R") and ®(x, y, u) be real-analytic for (x, y) in an open neighborhood
of supp(¢) andu € U. Let K (x, y) be a Holder class Calderon-Zygmund kernel, i.e.

there exist §, A > 0 such that K (x, y) satisfies (2), (7) and (4). Let p € (1, 00) and
w € A,(R"). Then there exists a positive constant C, , such that

||de>,(pkf||p,w =< Cp,w”f”p,w (46)

forall f € LP(R", wdx), » € Rand u € G. The constant Cp, , may depend on
p.n,8,A, ¢, Gandthe A, constant of w, but is independent of A and u.

Proof Without loss of generality we may assume that supp(¢) = B(0,rp), U =
(—2rg, 2r9) and G = [—rg, ro] for some rog > 0. Let

E ={u €[—ro, ro] : ®(-, -, u) fails to have finite type at some point}.
In the case where E = (J, (46) follows from Theorem 4.2.

Suppose that E # (. For each ug € E and 1 < j, k < n, there exists a (xg, yo)
such that all partial derivatives

wpp (PG Y. u0)Y .
{D1D2< T ) a,ﬁe(NU{O})}

vanish at (xo, yp) which, by real-analyticity, implies that

PP(x, y,u0) _
0x 0 yk

forall (x,y) € B(O,rp)and 1 < j, k <n.
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If E has a limit point p, then there exists a sequence {u;};°, in E\{p} such that

lim u; = p.
[—o00
Thus,
P,y u) _
0x0yk N

forall (x,y) € B(0,r9),l e Nand 1 < j, k < n. Again by real-analyticity,

2P (x, y, u) B
3Xjayk B

0

for all (x, y) € B(0, rg), u € (—2r¢p, 2rg) and 1 < j, k < n. Thus, ®(x, y, u) can be
written as ¢ (x, u) + ¥ (v, u) and (46) follows trivially.

Thus we may now assume that E (# ¢J) has no limit points. By using a translation
and shrinking rg if necessary, we may further assume that £ = {0} and

o k k
O (x, y, u) = Z (M_>M

| k
Pt k! u

Since ®( -, -, 0) fails to be of finite type at least at one point while for every u # 0,

. . . I ®(x, y,0)
®(-, -, u) has finite type at every point, there exists a k € N such that Tk
u
1 3/®(x,y,0
has finite type at (0, 0). Let ko be the smallest such k. Then each = % can
J! u
be written as ¢; (x) + ¥ (y) for0 < j < ko — 1 and
ko—1
A,y u) =21 Y (6 () + () + M)W (x, y, u) (47)
j=0
where
1 3 (x, y,0) S (ul RN 3 d(x, v, 0)
Yx,y,u)=——"7""—= . . 48
) = T ko +,Z(j!) o (“48)
J=ko+1
3R, -, 0) . . _ :
Since B T has finite type at (0, 0), by continuity, for 7o > 0 sufficiently
u ———
small and |u| < 7o, ¥(-, -, u) also has finite type at every point of By, (¥p). Let

Foy = HEL W0) gy,

) Birkhduser
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By Theorem 4.2 (after shrinking supp(¢) if necessary) and (47)—(48),

1To0, ok fllpw = 1 Tguk0yw, px fllpw = Cpll fllpow-

O
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