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Abstract
We establish Fourier extension estimates for compact subsets of the hyperbolic hyper-
boloid in three dimensions via polynomial partitioning.
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1 Introduction

In this article, we establish Fourier extension estimates for compact subsets of the
hyperbolic, or one-sheeted, hyperboloid in three dimensions. This surface may be
defined as the set of points (7, &) € R x R? satisfying the relation 2 = 1 + 512 — 522.

Setting ¢ (£) := /1 + &} — &7 and Q := {€ € R? : 1 +&] — &7 > 0}, we may restrict

our attention to the graph

Xo={(@@).§):§ Q)

We aim to adapt the polynomial partitioning method of Guth [5] to obtain extension
estimates for a bounded subset of ¥ near (1, 0), which we denote by ¥;. Use of the
parabolic scalings P, (7, &) := (r~27,r71'€) in Guth’s argument presents an imme-
diate obstacle here, as hyperboloids are not invariant under such transformations. To
overcome this minor issue, we will simultaneously prove extension estimates for all
parabolic rescalings of ¥; with constants uniform in the scaling parameter. Toward
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that end, let U := {& : |&| < 80/10}, where 89 > 0O is a small constant to be chosen
later, and for each r € (0, 1], let ¢, (&) := r~2(¢(r&) — 1) and

X, = {(¢r(5).8) : § € U}

Each X, is the image of X1 N {(7, &) : &€ € rU} under the parabolic scaling P, and
the ‘—1" in ¢, just makes X, converge to the hyperbolic paraboloid X := {(%(512 -
522), &) :& e U} asr — 0. We associate to X, the extension operator

Ef(t,x) = f e2ﬂi(1,x)'(¢r(§)-f)f(s)dé—_
U

Theorem 1.1 Ifg > 13/4and p > (q/2), then &, : LP(U) — L(R?) with operator
norm bounded uniformly in r.

Remark 1.2 The bilinear and bilinear-to-linear theories for £ appear in a separate
article [1] of Stovall, Oliveira e Silva, and the author. Using the bilinear machinery
and Theorem 1.1, boundedness of £, on the parabolic scaling line p = (¢/2)" (for
q > 13/4) can also be proved. See [1, Remark 5.2], as well as [8], [9], and [6] for
arguments of this type.

Theorem 1.1 can be compared to several recent developments in the restric-
tion/extension theory for hyperbolic surfaces in three dimensions. Cho and Lee [3]
generalized Guth’s argument in [5] to the hyperbolic paraboloid, proving strong type
(p, q) extension estimates in the range ¢ > 13/4, p > gq. Later work of Kim [6] and
Stovall [8] brought those estimates to the scaling line p = (¢/2)’. (Letting r — 0 and
applying Fatou’s lemma, Theorem 1.1 reproves the off-scaling extension estimates for
the hyperbolic paraboloid.) Recently, Buschenhenke—Miiller—Vargas [2] and Guo—Oh
[4] independently obtained extension estimates for all smooth compact surfaces in R?
with negative Gaussian curvature using polynomial partitioning. In particular, Theo-
rem 1.1 is now (essentially) a special case of their results, which were announced after
the completion of the arXiv preprint version of the present article.

The rest of the article is organized as follows: In Sect. 2, we adapt the notion of
‘broad points’ in [5] to the hyperbolic hyperboloid, motivating our definition through
the geometry of the surface. In Sect. 3, we use Kim’s argument in [6] to reduce Theorem
1.1 to Theorem 2.1, an estimate on the contribution to &, from broad points. Finally, in
Sect. 4, the heart of the article, we prove Theorem 2.1 using polynomial partitioning
as in [5].

Notation and Terminology As is standard, we write A < B or A = O(B) if there
exists a constant C > 0 such that A < CB. Generally, an implicit constant is not
allowed to depend on any parameters present in the article. In particular, constants
never depend on the parabolic scaling parameter r. There are exceptions: In Sect. 4,
constants may depend on the exponent ¢ from Theorems 2.1 and 4.1. To highlight
dependence on a parameter s, we will sometimes write <, in place of <. Likewise,
we write ¢ < 1 to mean that c is sufficiently small, and we use subscripts to indicate
dependence on parameters. A number § is ‘dyadic’ if § = 2/ for some j € Z, and an
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interval [ is ‘dyadic’ if I = k27, (k + 1)2j) for some j, k € Z. If u, v are geometric
objects that form an angle, such as two lines or a vector and a plane, then Z(u, v)
denotes the measure of their (smallest) angle. Finally, ‘hyperboloid’ always means the
hyperbolic (one-sheeted) hyperboloid.

2 Broad Points and the Geometry of the Hyperboloid

In this section, we adapt the notion of ‘broad points’ to the hyperboloid. Informally,
given a function f € L!(U), a point (f,x) € R x R? is ‘broad’ for &, f if there
exist small, well-separated squares 71, 7o € U such that fx;, and fx, contribute
significantly to &, f (¢, x); otherwise (¢, x) is ‘narrow’. To estimate &, f, it suffices to
bound the contributions from broad and narrow points separately. The narrow contri-
bution will be handled by a parabolic rescaling argument, since (morally) its Fourier
transform is supported in a small rectangular cap in X,.. The broad contribution will be
handled by polynomial partitioning, using, in particular, some techniques from bilin-
ear restriction theory. In the latter argument, the precise separation condition imposed
on the squares t1, 7o will be crucial for ensuring that their lifts to X, are appropri-
ately transverse. Our choice of this condition will be motivated by the geometry of the
hyperboloid, which we now describe.

First, the basic symmetries of the hyperboloid are the Lorentz transformations,
linear maps on R x R? that preserve the quadratic form (t, &) +— 72 — 512 + 522.
Concretely, the spatial rotations

Ru(T,8) 1= (&) + 017, &, w15 + ant),  we S, Q2.1

boosts

By(r,8) i= (—vEI + V1 +020, V1 412 —v1, &), veR,  (22)

and dilations

A+ R LD A+
Dy(z,§) :==|1, , ., reR,
(T, 8) <T 5 &1 + 5 & > & + > «‘Ez) €
(2.3)
will be of particular use to us. We define a measure du on X by setting

/ d / (@(8).8) @ 24

gdu:= | g JE)— :

b3 Q #(&)

for g continuous and compactly supported. This measure is Lorentz invariant in the
following sense: If L is a Lorentz transformation and supp g € % and L™ ! (supp g) <

¥, then
/(goL)du =/ gdu.
x )
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We also record the following notation for later use. Given a Lorentz transformation L
and & € @, let

L) == n(L(@(5).§)), (2.5)

where (7, &) := £ is the projection to the spatial coordinates. If L(¢(£),£) € ¥
(equivalently, if e - L(¢(£), £) > 0), then ML(£) = M(L(£)) for any other Lorentz
transformation M. In particular, if V C Q and L(¢(£),£) € X for & € V, then L is
invertible on V with L' (¢) = L=1(¢) for ¢ € L(V).

Second, the (hyperbolic) hyperboloid is doubly ruled. The aforementioned sep-
aration condition will be adapted to this structure: Informally, two small squares
71,72 € U will be ‘separated’ if their lifts to the hyperboloid do not intersect a
common line contained in the surface. While the precise version of this condition will

be stated in Sect. 4, we record a few preparatory details here. The Lorentz norm of
(1,&) € R x R? is defined as

[(z,8)] == /12 — & + &I

It is clearly Lorentz invariant, and if (z, &), (¢/, &’) € Z, then [(z, &) — (z/,&))] =0
if and only if (z, &) and (7', £’) belong to a common line contained X. The latter
property can be checked by using the formulae

(tg)(t) =& +1ETF o 1+ 68 1), (2.6)

which parametrize the lines E g C Y that intersect at (7, £) € X. We also define the
Lorentz separation of €, ¢ € Q as the quantity

distL(§, ¢) == [(@(§). &) — (#(2). O],

which can be viewed as the ‘distance’ between (¢ (£), &) and (¢ (¢), ¢) modulo the
rulings of . Given this definition, a more accurate rendering of our separation require-
ment would be that disty (§,¢) = 1 forall £ € 7; and ¢ € 15. Near the end of this
section, we will prove Lemma 2.2, which relates dist, to some other geometric quan-
tities.

Having described the geometry of the hyperboloid, we turn to defining broad points.
Our first step is to divide each surface X, into caps that lie above special sets which
we call riles. Consider the map ® : R> — R? given by

G114+ 8+ 61+ 6 —&)
Jira+ /148

and, foreachr € (0, 1], let ®,(¢) := rl ®(r&). Recall the constant §y used to define
U, and assume henceforth that &y is dyadic. Given two dyadic numbers §, §’ € (0, §p],

(&) =
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a (8,8, r)-tile is any nonempty set of the form
pi=0(Is xIs)NU,

where Is and Iy are dyadic intervals contained in [—8g, 8g) of length § and &,
respectively. We denote the set of (8, ', r)-tiles by 75 s .. Observe that @ is a dif-
feomorphism near the origin. (Indeed, ® can be viewed as a perturbation of the
map & — %(51 + &,& — &) for & small.) Taking 8o sufficiently small, it is
straightforward to check that || ®, ! ety < 1 uniformly in 7, and consequently that
U C &, ([—80, 80)?) for every r. We also note that for fixed 8, 8', r, the (8, &, r)-tiles
are pairwise disjoint and satisfy

U=U,o.

pe’]:w/’,.

Let us briefly mention the geometry underlying these definitions. The map & was
created with the following property in mind: If £ C R? is a vertical or horizontal
line that intersects . L), then ®,(¢) is a line that lifts to a line contained in X,.
Thus, each tile lifts to a quadrilateral (in fact, nearly rectangular) cap bounded by four
lines. We can think of the collection {75 5 ,}s5.5 as a dyadic grid adapted to X,. A
more precise geometric description of ® will appear in Lemma 2.3 at the end of this
section.

Now, let K > 6, "bea large dyadic constant. As suggested above, we will analyze
contributions to &£, from square-like sets 7. The (K -1 k-1 r)-tiles will function as
these basic pieces. However, controlling contributions from longer rectangle-like sets
will also be essential. (As we will see, a collection of non-separated squares T must
cluster around a line.) For each dyadic number § € [K =1, 801, let

RISJ‘ = TK*I,S,r U %,K*l,r
and also set

Rr = U Rg’r.
se[K—1,80]

Elements of R, resemble rectangles of dimensions K ~1 % & and slope approximately
1 or —1. We are now ready to define broad points. Given f € L'(U) and o € (0, 1],
we say that (¢, x) € R x R? is a-broad for &, f if

max |& fo(t, X)| < al& f (2, x)],
PER,
where f, := fx,. The a-broad part of &, f is defined as

E f(t,x) if (¢, x) is a-broad for &, f,
0 otherwise.

Bry, & f(t, x) := {
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In the next section, we will reduce Theorem 1.1 to the following estimate on the broad
part:

Theorem 2.1 For every 0 < ¢ < 1, there exists a constant C, depending only on ¢,
such that if K = 2[3‘101’ then

12/13, . 1/13
I Brg—s & fllL1348g) < CeR°IIf I Bl

forallr € (0, 1], R > 1, and balls Bg of radius R.

To conclude this section, we present two geometric lemmas. We will need the
following notation: For £ € €, let ng denote the lines in R? parametrized by

(E@0 =& +1(0+ &, 618 £6©)). @7

Geometrically, th are the projections to the spatial coordinates of the lines Z(j; ).6)
defined in (2.6).

Lemma 2.2 Forall§,¢ € U, we have

(a) dist(§, ¢ U L;) SdistL(§.6) S 16 — ¢l
(b) distr(£, )% ~ [(V2¢(E) (VP (&) — VP(D)), V(&) — V(D).
Proof (a) Let & be the intersection of KE_ and E;‘. An easy calculation shows that

4([;7, E;,) > 1foralln, n" € U. (Infact, the lines are nearly orthogonal.) In particular,

the law of sines implies that &’ € CU for some constant C. Let L := B, R, as defined
in (2.1) and (2.2), with

vi={y,

w::( (ORI )
Jira J1vg

Then L(¢(¢),¢) = (1,0). Let n := z(é) and i’ := L(&’), using the notation from
(2.5). Since v and w, are very small, L is essentially a perturbation of the identity. It
is easy to check that L(¢(£), &) € X forall £ € CU, provided & is sufficiently small,

and thus L is invertible on CU . Additionally, we have the bound ||Z71 o TCU)) <1
Combining these facts, we see that

dist(€, €) < 1€ = &1 < In—n'l. (2.8)

Since L preserves the hyperboloid and is linear, it must permute the lines contained
in the surface. Therefore, since L is close to the identity,

Z(zj) =07 =R, 1),
L) = ¢,
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which implies that {n’} = R(1, 1) ne,. Then, since n € Ion and Z(R(1, 1), ) > 1,
it follows that |n — n’| < dist(n, R(1, 1)). Thus, by (2.8), we have dist(§, Ezr) <

dist(n, R(1, 1)) < |n1 — n2]. A similar argument shows that dist(&, E;) < In1 + n2l.
Hence,

dist(&, z; U ¢;) = min{dist(§, o), dist(g, €)}

</In? —n3l
SVIL—o()l
~ (@G, n) — (1,0)]
= disty (§, ),

where the last step used the Lorentz invariance of the Lorentz norm. The second

inequality in (a) can be proved in a similar (but easier) fashion. (It also follows from

part (b), using the Cauchy—Schwarz inequality and bounds on the derivatives of ¢.)
(b) A straightforward computation shows that the right-hand side of (b) is equal to

+EDEPQ) — 010(E) + 2615(—620 () + L9 (E)(E1 ()
—06E) + (1 +E) (=520 (1) + 02 (6))*].

— (1
PG

The expression inside absolute value signs is equal to

dE +EDEE — 281600 + (1 +EDE+ ¢ (E)p(O[—2(1 + ED)E1L
+ 2815 (8281 + E180) — 2(—1 + EDE ] + ¢ ()1 + EDE] — 28887
+ (-1 +EDHEN.

which, by the relations ¢ ()2 = 1 + &2 — &7 and ¢ (£)? = 1 + ¢ — ¢3, simplifies to

PEPIEIG — £0)2 + () — 11+ 20(E)P () [—E1L1 + 28]
+ ()P E) [P &) — 11,

Thus, by a bit more algebra, the right-hand side of (b) factors as

¢)
$()?

11+ 8181 — &8 — ¢(E)P(O)I51851 — §200 — P (E)P(5) — 1].
We also compute that

disty (€, £)? = 2|1 + &1¢1 — £200 — H(E)P(O)],

and (b) follows. ]
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Let us briefly interpret Lemma 2.2. Part (a) says that points with small Lorentz
separation lie near a common line, while points with large Lorentz separation are
genuinely separated. Part (b) relates Lorentz distance to a measure of ‘transversality’
that naturally arises in bilinear restriction theory (see [7, Theorem 1.1]). Crucially,
whenever £ and ¢ belong to separated squares (as discussed above), the right-hand
side of (b) will be bounded below.

Lemma23 [f§ € U and ¢ = ®'(§), then £f N2U = ®({&1} x R) N 2U and
€ N2U = &R x {&) N2U.

Proof We will only prove the first equality; the second follows in a similar manner.
The proof rests on two claims.
Claim 1. If |€|, |€'| < 1/2 and &' € £}, then e; = ¢; . Consider the lines ¢,

Z;r,, and Zg,. Each one contains &’ and lifts to a line contained in . By elementary
geometry, no three lines in the hyperboloid intersect at a common point. Thus, two of
E;‘, E;,, and Eg, must be identical. Since K;, # EE_, and E; # 2;, as is easy to check,
we conclude that Zz_.“, = E;.

Claim 2. For every & € R?, we have {® (&)} = Z@,O) N Eéz’o). This relation can
be checked directly, using (2.7). It is helpful to reparametrize (2.7) so that the second

coordinates of Eélyo) (t) and Eéz’o) (t) are identically t and —z, respectively.
Now, fix § € U and let ¢ := ®~'(£). Let&’ € £f N2U and ¢ := @71 (&'). Claim

2 implies that & € 5(4;1,0) and ¢’ € E&’O). Hence, by claim 1, we have EEEI’O) = E; =

Z;r, = E:E, 0’ and it follows that {1 = ¢{. Since &’ was arbitrary, we conclude that
1’

z;sz C ®({¢1} x R)NU. The other direction is similar: Let ' € ®({¢;} x R)N2U,

sothat ' = ®(¢y, 1) with (1, 1) € ®~1(Q2U) € Q.Claim2impliesthat&, & € ejm).

Hence, &' € E; by claim 1, and it follows that ®({¢1} x R) N2U C (Z; Nn2U. O

3 Reduction to Theorem 2.1

In this section, we adapt the argument of Kim in [6] to show that Theorem 2.1 implies
Theorem 1.1. The following parabolic rescaling lemma is the main tool required for
this reduction.

Lemma3.1 Ler r € (0,1] be dyadic and let 0 € [0,1]. If (EgllLaBrn <

MIglly ?llgll%, for all s € (0,11, balls Br)z of radius R/2, and g € L®(U), then

140 2

there exists an absolute constant C such that ||E-h|lLagr) < CM(38') 2 4 ||h||é_9
||h||go for all bounded functions h supported in p € T g, provided 8,8 are suffi-
ciently small.

Proof Fix h € L°°(U) supported in p € 75 s . There exists p; € ;5 5.1 such that
rp € pj. By parabolic rescaling, we have

4
4 2
1EhlLaBry =79 €1 hp | La(P, (BR))»
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where h, = h(r~1.) is supported in p;. We assume without loss of generality
that § < & and fix n € p;. We claim that p; lies in the intersection of an O (r§)-
neighborhood of En+ and an O (ré&’)-neighborhood of ¢, . Indeed, let n € pp and set

¢ =® () and ¢’ = &~ (y'). By the definition of (18, r8’, 1)-tile, we have

dist(¢’, ({c1} x Ryn @~ 1)) < rs,
dist(¢’, R x {LhNne ' U)) < ré.

Thus, by Lemma 2.3 and the boundedness of ||V ®|| near the origin, it follows that

dist(n’, £7) < r8,
dist(n’, €;) <rd,

proving the claim.
Now, let L := (D; ByR,,) ! with

8

g»

vi=1,

w::< g __m )
S Jiaw/

A=

using the notation from (2.1)—(2.3). As in the proof of Lemma 2.2, the map B, R,,
sends 7 to the origin and Ef]c to Eoi = R(1, £1) and satisfies || By Ry |l c1 (17 < 1. Thus,
by the claim, By, R, (p1) lies in an O(r§) x O(ré§’) rectangle with slope 1 centered at
the origin, and consequently Dy (B, R, (p1)) is contained in sU for some s < r/85'.
It is easy to check that B, R, (¢ (£),£&) € X for all £ € U, and thus by the discussion
following (2.5),

L='(p1) = Dx(ByRo(p1)) C sU. 3.1
We claim that
T (o) =1t eQ:LE) ep) =L (p). (3.2)

Indeed, given aset V C Q, let V* := {(£¢(£), &) : £ € V}. Then

T (o) =1t €Q: L(pE). &) €pi Up)
={EeQ:@E),& el (pHU-L (—p))).
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It is easy to check that e - L= Y¢(©), ) > 0 for every { € U. Thus, since —p; C U
and ¢ > 0, we have (¢(£), ) ¢ —L~'((—p1)™) for every &. Hence,

I (p)={EeQ: (@@).8) eL ()} =L (p),

proving the claim.

Now, define F : £ — Cby F(t, &) := h,, (§)¢ (&) and assume that §, §’ are small
enough that s < 1. Then, using (3.2) and (3.1), it is straightforward to check that
L~ !(supp F) C X. Thus,

Erhp, (t, x) = e / AT TR F (e EYdu(e, &)
M)

=e f AL (L(z, £)du(T, §),
)

where du is the Lorentz-invariant measure given by (2.4). Hence, for H(§) :=

hp, (Z(S))%, we have

E1hp, (1, %) = |E1H (L¥(t, x))].

Noting that |det L| = 1, we obtain the relation

4 2
IEnhllLary =79 “NETH I La(L* P (Br))

and parabolic rescaling then gives

2
IEnllLaBg) ~ (88" € LH (s )l L4 (P, L* P, (BR))

where H (s-) is supported in U by (3.2) and (3.1).
We claim that P—1 L* P, (Bg) is covered by a bounded number of balls of radius
R/2. Assuming the claim is true, the hypothesis of the lemma implies that

_2 _
1E R Lo Bry) S M8 a1 H(s) LI H ()11 (3.3)

To prove the claim, we may assume by translation invariance that Bg is centered at
the origin. Let Q(a, b, ¢) denote any rectangular box centered at zero with sides of
length O (a), O(b), O(c) parallel to (1, 0, 0), (0, 1, 1), (0, 1, —1), respectively. Thus,
for example, B € Q(R, R, R) and

R R R
Pr(BR) < Q<V_2’ 77 _)

r

We have L* = D *B;*R,* where S™* := (S~!)*. Since R,* and B,* have

w 9
bounded norm, we can ignore their contribution. Thus, from the definition of D, , we
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have
y R &R /SR
L Pr(BR)EQ(ﬁ,W, ﬁr)

The definition of s then implies that
P, 1L*P.(Bg) € Q(88'R,8'R, 8R),

which proves claim.
Finally, to finish the proof, we need to undo the changes of Variable we have used.

Using (3.2) and (3.1), we have L(p(),E) € X forall & € L (p]) Thus, L is
invertible on supp H with L ({) =L~ 1({) for ¢ € L(suppH) C U. Moreover

L~! = D; oB,oR, onU,so astraightforward calculation shows that | det VL | <1
on U. Using these observations, we find that

I (s)ll2 < —1 Al
s)l2 S —==lnl2,
1H (s)lloo S ”h”oo-
Plugging these bounds into (3.3) completes the proof. O

Proposition 3.2 Assume that Theorem 2.1 holds. Then for every 0 € (3/13, 1] and
0 < & K¢ 1, there exists a constant C; g, depending only on & and 0, such that

1Er Fllp1sss gy < Cea RENFI NS
forallr € (0, 1], R > 1, and balls By of radius R.

Proof We willinducton R. The base case, that R ~ 1, holds trivially. We assume as our

induction hypothesis that the proposition holds with R/2 in place of R. Additionally,

we may assume that 2Cl /4 < C8139/ 4, where C,; is the constant from Theorem 2.1.

The definition of K ~¢-broad implies that

|g}’f(tv-x)| S maX{|BrK7£ grf(lv-x”’ KE /1;2% |Srfp(t,x)|}

for every (¢, x) € R x R2. 1t follows that

/ Igrf|13/4§/ |BI'K ng|13/4+K4€ Z / |gf |13/4_ I+11
Bgr Bgr

PER,

To bound the first term, we use Theorem 2.1 and Holder’s inequality to get

1< (CellF I PIAILDH A < ol fIb=21 12134 < (Caallfll U1 10134,

Birkhauser



78 Page 12 of 32 Journal of Fourier Analysis and Applications (2022) 28:78

To bound the second term, we will use Lemma 3.1. We may assume that r is dyadic
by parabolic rescaling, and the other hypothesis of the lemma holds by our inductive
assumption. Additionally, by Holder’s inequality, we may assume that 6 is close to
3/13; in particular, that 6 < 5/13. Then

13 1 i3 —
M<K Y > (CCepREGK NI £, 1 N foll 5
Se[K~1,80] pERs,r

13 3 3 13 3 31 ) 29

< KFHREOCA S gROR k)Y 50 IS
se[K—1,80] PERs,

Bl 13(3_9)~13/4 Bo-3)\,B31-0) e 1-6 0 \13/4

<|k#teE0c > s 2% (Cea RN, N5,

selK~1,80]

where the last step used the inclusion ¢2 < ¢70-9 and that Rs,r covers U with
overlap of multiplicity 2. Since 8 > 3/13, the sum over § is bounded and the power
of K is negative for ¢ sufficiently small. Thus, since K — oo as ¢ — 0 by the
hypothesis of Theorem 2.1, the expression in square brackets is at most 1/2 for ¢
sufficiently small, and the induction closes. |

Assuming Theorem 2.1 holds, Proposition 3.2 implies the restricted strong type
bounds

1
IEr fEN L1348y Seup REIEIVP.

forall p > 13/5, measurable sets E € U, and | fg| < xg. Then, by real interpolation
with the trivial L' — L estimate, we obtain the strong type bounds

||5rf||L‘i(BR) Sa,p,q RS”f”p

for all ¢ > 13/4 and p > (g/2)". Tao’s epsilon removal lemma, in the form of
Theorem 5.3 in [6], consequently gives the global strong type bounds

1€-fllg Sp.g IF1p (3.4)

for the same range of p, ¢, completing the proof of Theorem 1.1.

4 Proof of Theorem 2.1

We are left to prove Theorem 2.1; this will occupy the rest of the article. To enable an
inductive argument, we will actually need to prove a slightly stronger theorem, as in
[5]. In Sect. 2, we defined broad points by considering the contribution to &, f from
each f,, where f,, := fx, and p € R,. Soon we will work with wave packets of the
form &, f, 7, where f, r is supported not in p but in a slight enlargement of it. Thus,
we need a more general definition of broad points in which the functions f,, may have
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larger, overlapping supports. Given p = ®,(Is x Iy) NU € Tsy , and m > 1, we
define

mp =&, (m(ls x Iy)) N U,

where m (I5 x Is) is the m-fold dilate of the rectangle /5 x Iy with respect to its center.
Let

S, = Rg-1,3

elements of S, are essentially K ~' x K~! squares. Now, given f € L!(U), suppose
that f = Zr es, [+, with each f; supported in mt, for some m > 1. In our modified

definition, (z, x) € R x RZ is a-broad for &, f if

max
PR,

> & feltx)

1€5,:tCp

< al& [, )l

We define the «-broad part of &, f, still denoted by Bry &, f, as in Sect. 2. These
definitions depend on the particular decomposition f =" fr.

Theorem 4.1 For every 0 < ¢ < 1, there exists a constant C,, depending only on ¢,

such that if K = erflo], then the following holds: If f = Z,egr Jz with each [
supported in mt, for some m > 1, and if additionally f satisfies

][ 1> <1 (4.1)
D(&,R™1/2)

forall¢ € U andt € S, then

3/2+¢
6 & 2
/B |Bry & f|3/4 < ¢ ReFe" log(K am >< > ||ff||%)
R eS8,

forallr € (0,11, R >, 1, balls Bg of radius R, and a € [K ™%, 1].

A couple of remarks may be helpful. Firstly, the dyadic structure of our tiles, as
defined in Sect. 2, implies that if 7 € S, and p € R,, then either t N p = @ or
T € p. More generally, if p; € T, 5 , and p2 € T, g, ;. then either p; N py = or
p1 N p2 € Thin, 5. min; 8., S€condly, Theorem 4.1 is indeed stronger than Theorem
2.1. We can derive the latter from the former as follows: If R ~¢ 1, then the estimate
in Theorem 2.1 is trivial, so we may assume that R >>, 1. By scaling, we also may
assume that || f||coc = 1. Thus, the condition (4.1) holds automatically. We now apply
Theorem 4.1 witho = K~¢ and m = 1 to get

f |Brg— & fI/* < LRI FIT < U CLRAIIf 13,
Br
and then raising both sides to the power 4/13 finishes the proof.
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4.1 Preliminaries

Before beginning the proof of Theorem 4.1, we lay some groundwork. For the remain-
der of the article, ¢, m, r, R, Bg, and « are fixed. Implicit constants will be allowed
to depend on €. The propositions and lemma we record in this subsection are by now
quite standard.

We begin with the wave packet decomposition. Let ® be a collection of discs 6 of
radius R~/ which cover U with bounded overlap. We denote by cy the center of 6,
and we let vy be the unit normal vector to X, at (¢,(cg), cg). We may assume that
cg € U for every 0. Let § := &2, and for each 6, let T(0) be a collection of tubes
parallel to vy with radius R®*!/? and length R and which cover Bg with bounded
overlap. If T € T(6), then v(T) := vy denotes the direction of 7. Finally, we set
T := Upee T(0). The following wave packet decomposition resembles Proposition
2.61n [5]:

Proposition 4.2 For each T € T, there exists a function fr € LZ(RZ) such that:
(1) If T € T(O), then fr is supported in 36;

(i) If (t,x) € B\ T, then |& fr(t,x)| < R~19C] f1l;

(i) & f (1, %) = Xrep & frt, )] < RO fl2 for every (1, x) € Bg;

(iv) If 1. Ty € T(0) and Ty N Tr = @, then | [ fr, fr,| < R7'0 £|2

120y
™) Yrere 1713 S 1F 1135

Proof Adapting Guth’s argument in [5] is straightforward. The fact that the derivatives
of ¢, are bounded in r (i.e. supg ¢y VK@, (£)| <k 1) ensures that all constants arising
in the argument can be made uniform in ». We note, in particular, that the crucial
derivative estimates appearing in line (17) of [5] hold uniformly in » when adapted to
our setting. O

Next, we record an orthogonality lemma from [5]. The special case N = 1 will be
of particular use.

Lemma4.3 Let Ty, ..., Ty be subsets of T. Suppose that each tube in T belongs to
at most M of the T}, and for each T € Sy, let

fri=Y_ fur

TeT;

where the functions fr t come from applying Proposition 4.2 to f;. Then

N
3 ALY T
= J3o 100

for every 6 € ©, and
N
Z/ |fril? < M/ | fel?
i=1vY v
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Finally, we turn to polynomial partitioning. Let P be a polynomial on R¢. We
denote the zero set of P by Z(P) and say that z € Z(P) is nonsingular if VP (z) # 0.
If z is nonsingular, then Z(P) is a smooth hypersurface near z. If every point of Z(P)
is nonsingular, then we say that P is nonsingular.

Proposition 4.4 (Guth [5]) Given g € L'(R?) and D > 1, there exists a polynomial
P of degree at most D such that P is a product of nonsingular polynomials and each
connected component O of R? \ Z(P) satisfies

1
IgIN—/ lgl.
/0 Dd ]Rd

We note that a product of nonsingular polynomials may have singular points. How-
ever, by a perturbation argument using Sard’s theorem, one can ensure that nonsingular
points are dense in the zero set of the partitioning polynomial.

4.2 Main Proof

We are now ready to prove Theorem 4.1 in earnest. We will induct on R and
> ores, I fe II%. The base cases, that R ~ Lor > _ || f¢ ||§ < R71000_are easy to check,
and our induction hypotheses are that Theorem 4.1 holds with: (i) R/2 in place of R,
or (ii) g in place of f whenever ) __ |lg- ||§ < % > lfe ||§. Throughout the proof, we
will assume that ¢ is sufficiently small and that R is sufficiently large in relation to ¢.

We begin by setting D = R and applying Proposition 4.4 to the function
| Bry & f113/4 By to produce a polynomial P of degree at most D such that

R\ z(P) =] 0i,

iel

where the ‘cells’ O; are connected, pairwise disjoint, and satisfy
1
f |Bry & f|P/* ~ — / | Bry & f11/*. 4.2)
BrNO; D- Br

In particular, the number of cells is #/ ~ D?. We define the ‘wall’ W as the R!/2+9-
neighborhood of Z(P), and we set Olf = O; \ W. Thus,

Br, & f|13/4 = /
/BR| 1l > ’

iel

| Bry & f1'¥/4 + f |Bry & fI'¥4. (4.3)

RﬂO,-/ BrNW

We now argue by cases, according to which term on the right-hand side of (4.3)
dominates.
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4.3 Cellular Case

Suppose that the total contribution from the shrunken cells O/ dominates. In this case,
we have

/ |Bra5rf|”/452/ |Bro & £114.
Bgr icl BRF\O;

Using (4.2), we then see that the contribution from any single O/ is controlled by the
average of all such contributions. Thus, ‘most’ cells should contribute close to the
average, and it is straightforward to show that there exists J C I such that #J ~ D3
and

1
/ | Bro & 1% ~ =5 f | Bro & f|'¥* (4.4)
BRﬂOI-/ Bpr

for all i € J. The lower bound on #J will be the basis for a pigeonholing argument
shortly.
First, some definitions are needed. For eachi € I and T € S,, we set

T;:={T €T:TNO; +®}

and

f‘[,i = Z f‘[,Ta

TETI'
where the functions fr r come from applying Proposition 4.2 to f;. We also set
fi= Z Sri-
eSS,

Since f; is supported in mt, property (i) in Proposition 4.2 implies that f7 ; is supported
in an O(R~'/?)-neighborhood of mt. Let f; := xu f; and f; ; := xu fi,.. If R is
sufficiently large, then supp ?,’ . C 2mt. Consequently, f; has a well defined broad
part with respect to these larger squares. Soon we will apply our induction hypothesis
to f; (for some special i) with m replaced by 2m.

Lemma4.5 If (t,x) € O] and a < 1/2, then

|Bro & f (1,0 < |Brag & f;(t, )| + R% Y~ | fella.
€S,

Proof First, we may assume that

&£t )] = RO fellos (4.5)
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otherwise, the required inequality is trivial. Since (7, x) € O], properties (iii) and (ii)
in Proposition 4.2 imply that

Efet.x) =Y & fer(t.x) + OR™| frll2)

TeT;

for each . Summing over 7, we get

Efx) =& fit,0)+ O (RN fel2)- (46)

Now it suffices to show that if (¢, x) is a-broad for f, then (¢, x) is 2«-broad for ?,-.
Assume the former and fix p € R,.. Using Proposition 4.2 again, we have

Y &0 =] D & feilt.x)
T:TCp T:TCp
=| > &felt.0)|+ 0<R_9902||fr”2>
T:T1Cp T

= al& £, 01+ O (RN el2)-

Using (4.5), (4.6), and the fact that @ > K ~¢, the right-hand side is at most
2u|& fi(t, x)| = 2a|& f;(t, x)| for R sufficiently large. O

If o > 1/2, then the estimate in Theorem 4.1 holds trivially, since the power of R
can then be made at least 1000 by taking ¢ sufficiently small. Thus, we may assume

that < 1/2. Applying Lemma 4.5 to (4.4) and recalling that D = R84, we get

- 13/4
[ Bt s ot [ e e 4 o(r O Lise) )
Bg BROOi/

teS,
“@.7

for every i € J. We will now pick ig € J sothat)___ S, ||?m»0 ||% is small, which will

allow us to apply our induction hypothesis to ?io. Because Z(P) is the zero set of
a polynomial of degree at most D, any line is either contained in Z(P) or intersects
Z(P) at most D times. Thus, each tube in T belongs to at most D + 1 of the sets T;.
Now, applying Lemma 4.3 and the bound #J > D3, we must have

Y il = o YR

ieJ T T
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for some constant C. Consequently, there exists igp € J such that
) »_ C 2 _ 1 2
DN i3 = D Wil < 55 D oIfel3 < 5 D Ifl (4.8)
T T T T

for R sufficiently large. We can apply Theorem 4.1 to ?,-0 with 2m in place of m,
provided (4.1) holds. Since (4.1) holds for f, Lemma 4.3 gives

) 2 2 2
][ Tl s][ el s][ RS
D(£,R™1/2) D(£,R™1/2) D(£,100R—1/2)

Thus, after multiplying 71-0 by a constant, we can apply Theorem 4.1 to (4.7) with
i =ipto get

6 €y — 3/24+e
[ 1Brag p1S < coPC R SR e (577 1)
R €S,

wo(r (Y £0) )

TS,

for some C. If the big O term dominates, then the desired estimate follows easily.
Assuming it does not, then by (4.8) and the definition of D, we have altogether

05,6 6 e 2 3/2+¢
/B | By 5rf|13/4 <2CR™%+¢ log(S)CéR8+£ log(K¢am )( Z ||ff||%) ,
R €S,

and the induction closes if ¢ is sufficiently small and R sufficiently large.

4.4 Algebraic Case

Next, suppose that the contribution from W dominates in (4.3), so that

/ |Bra€rf|13/45/ | Brg & f113/4. (4.9)
Bg

BrNW

Following Guth [5], we distinguish between tubes that intersect W transversely and
those essentially tangent to W. Let BB be a collection of balls B of radius R'~% that
cover Bg with bounded overlap.

Definition 4.6 Fix B € 5. Let ’IFZ; be the set of tubes T satisfying T N W N B # ¢
and Z(v(T), T, Z(P)) < R?5=1/Z for every nonsingular point z € Z(P)N2B N 10T.
Let TﬁB be the set of tubes T satisfying 7T "W N B #= Jand T ¢ T;.

Observe that if T intersects W N B, then T belongs to exactly one of T; and TﬁB.
(The definition of "JI‘I; would be vacuous if Z(P) N2B N 10T contained only singular
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points; however, as noted above, we can arrange for nonsingular points to be dense in
Z(P).) Thus, on W N B, each &, f; is well approximated by the sum of the ‘tangent’
and ‘transverse’ wave packets, {E, fT’T}Te'JI‘; and {&; f7. B} et - espectively. Roughly
speaking, our desired bound for || Bry & f11,13/4(gnw Will soon be reduced to a broad
part estimate on the transverse contribution and a bilinear estimate on the tangent
contribution. The following geometric lemma, due to Guth [5], will be critical for
establishing those bounds:

Lemma4.7 (a) Each T € T belongs to ']I‘tli3 for at most DOW balls B € B. (b) For
each B € B, the number of discs 6 € © such that ']T[; NT(H) # @ is at most ROO+1/2,

To carry out the bilinear argument, we need to define the separation condition
mentioned in Sect. 2. Recall how we defined the Lorentz separation disty. (&, ¢) of
&, ¢ € Q. We say that two squares 71, Tp € S, are separated if

disty (r&, re) > CormK ™!

for all £ € 2mt; and ¢ € 2mtp, where Cop > 1 is a constant to be chosen later. Part
(a) of Lemma 2.2 implies that points having small Lorentz separation must lie near a
common line. The next lemma extends this property to collections of non-separated
squares.

Lemma 4.8 LetZ C S, be a collection of pairwise non-separated squares. Then there
exist o1, 02,03, 04 € Ts 50,r ITsy.5,r, With K1 <8 <mK~! suchthatt C U?:l o;
foreveryt € 1.

Proof For & € U, let & := &~ (r£) and also set

Fix 71, 72 € Z. By part (a) of Lemma 2.2 and the definition of (non-)separated squares,
there exist £€* € 2mt; and £* € 2m1y such that

dist(rg™, £} U L) S rmK L.

Jr
re*
Thus, from the bound ||®~! lcr 2oy < 1 and Lemma 2.3, we have

Let n be a pointin £, U E;;* closest to r&*. By elementary geometry, n lies in 2U.

dist(E, (¢} x R)U (R x {g7)) S Irg* —nl S rmK ™.
Since diam ®~!(r - 2m7) < rmK ! for each t, it follows that

dist(&, (¢} x R)U (R x {¢,})) < A (4.10)
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forall£,¢ € I and some A < rmK~!. Fix ¢ € I and set

S:=1[¢; —A ¢+ Al xR,
T:=Rx[{,—A, ¢, +A],

so that I € S U T. Additionally, define

38:=1[¢; —3A, ¢, +3A] x R,
3T :=R x [¢, — 34,7, + 3A].

We consider three exhaustive cases:

(i) If 1N (S\3T) # ¢, then (4.10) implies that I N (T \ 35) = #, and consequently
I C3S.
(i) I_fT N (T \ 3S) # @, then (4.10) implies that 7 N (S \ 3T') = ¢, and consequently
1 C3T. _
(iii) Otherwise, I € 3S N 3T.

Thus, by symmetry, we may assume that CDr_l (D =r"TC @38 N[=6, 80)>.
The interval

F (@ = 34), r (@ 4+ 3A4)1 N [=80, &)

is covered by two dyadic intervals Iy, I, € [—8¢, 80) of length 8 < r~'A < mK~1.
Thus, if we set

o1 :=®,.(I1 x[=60,0))NU,
0 =D, (I x [=6p,0) NU,
03 := &, (11 x [0,8)) NU,
o4 .= d,.(Ir x[0,80)NU,

then I C U?:l o; and the proof is complete. O
As mentioned above, estimating || Bry & f || 13/4(pnw) can be reduced to estimating

certain contributions from transverse and tangent wave packets. The nextlemma carries
out this reduction. First, some notation is needed. For T € S, and B € B, we set

b
fr,B = Z Sfur and f.[j)B = Z for-
b

TeT, Te’]I"ji

We also let

fr=Y fig and  fi=Y fi.

€S, €S,
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GivenZ C S,, we set

b b i, tt
I8 'ZZfI,B and  f7p -=Zfz,3'

tel tel

We note that fIﬁ p (analogously fIb p) has the natural decomposition fIti g =

b
D ores, f;.1.p> Where

fig ifrel,

i ._
fezn =g ift ¢7.

—4 —t —t —t
Let f7 5= XUfIt,B and f7 p = XUffﬁ,B- Then supp f; p € 2mt, and thus f7 g
has a well defined broad part. Finally, we define

BilE fp) = Y. &S0 plPIE S IV

71,72 separated

Lemma4.9 If(t,x) € BN W and am is sufficiently small, then

B & f(t.0)| < Y |Brioa & F7.5(t. ) + K'VBil(E, f)(t. x)
ICS,

+ RO el

€S,

Proof We may assume that (¢, x) is a-broad for &, f and that

& f (.0 = RS fe o (4.11)

Let
100 b
IT:={teS:1&ft,x)| <K |grff,3(t,x)|}-
If 7 contains a pair of separated squares, then the bound |Bry, & f (¢, x)| <
K'OBiIE, f g)(t, x) follows immediately. Thus, we may assume that Z contains no

pair of separated squares. By Lemma 4.8, there exist o1, 02, 03, 04 € T5,5.r U T5.5.r>
with K1 <8 <mK ™!, such that T C UL] o; forevery T € 7. Let

j::{teS,:IQOai}.

i=1
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Then

4

LIRS

i=1

Y Efeltx)
teJ*

Y &St x)

T:1C0;

+

Since § < mK —1 each o; is a union of at most Cm elements of Rs,,r where C is a
constant. Thus, since (¢, x) is a-broad for &, f and am is sufficiently small, we have

4
i=1

and consequently,

3 & felt.x)| < 4Cmal€, £, x)] < 11—0|6rf<r,x>|,

T:tC0;

D &St x)
teJc

%Ifrf(t,X)l =<

Since (¢, x) € B N W, properties (iii) and (ii) in Proposition 4.2 imply that

Efelt. x) = & fF gt x) + & fL (1. ) + OR™| f12)

for every t € S,. Summing over T € J¢, we get

Z & fo(t, x)

<18 £ g DN+ 18 17 56001+ O (RN fil2).
teJc T

Since J¢ C Z¢, we have
1 Fe (6 0)] < #TKTCUE f (1, 0)] < K™IEf (1, 1))
Hence,
9 _
SIEF @] <16 £ e 01+ K-TIEF @01+ O (R I rl2)-

Using (4.11), we see that

5 5
6 F 1)1 = 216 Fe (0.0 = 16 Fe 5101,

provided ¢ is sufficiently small and R sufficiently large. To finish the proof, we will
show that (¢, x) is 10«-broad for 5;«??70’ g- It suffices to show that

Y &gt 0| < 8al& (2, x)] (4.12)

teJ¢1Cp
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for every p € R,. Fixing p € R,, we have

3 &Ti ) DY AR (D

teJ¢tCp teJ¢:tCp
b
=< Z Efrt, x)| + Z Srff,B(tvx)
teJtCp teJ:tCp

+ O(R™ Y Ifell).

As above, 7¢ C Z¢ implies that

Y & f 0| < KTNEf( 0] < el f(1, 1))

teJc:tCp

It is straightforward to check that o; N p € R, for eachi = 1,...,4. Thus, since
(, x) is a-broad for &, f, we have

4
YSRGS Y ELEO+Y | Y &S0
tej“;tgp T:TCp i=1"t:tCoiNp
<5al& f(t, x)|.
Using the preceding three estimates and (4.11), we arrive at (4.12). O

If am 2 1sothat Lemma 4.9 does not apply, then the estimate in Theorem 4.1 holds
trivially, since the power of R can then be made at least 1000 by taking ¢ sufficiently
small. Thus, we may assume that am < 1. We now apply Lemma 4.9 to (4.9) to get

/ IBro & fIP* S Y / | Brioe & f 7, 51"/
Bpr

BeBIcS, ' BMW

+ Y [ miE R (X )

BeB BNwW teS,
(4.13)

note that the implicit constant is allowed to depend on K, a function of ¢. If the last
term dominates in (4.13), then the estimate in Theorem 4.1 holds trivially.

4.4.1 Transverse Subcase

Suppose that the first term dominates in (4.13), so that

/ IBre & 14 <Y Y / | Brioa & F7.5'*. (4.14)
Br B

BeBICS,
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Each ball B € B has radius R'~, so by induction on R, we can apply Theorem 4.1 to
each summand in (4.14), whenever (4.1) holds. Since (4.1) holds for f, Lemma 4.3

gives
F o2 12« 2 <
Fe8l* < £ 517 S 1fel? S L
D(5,.R™1/2) D(§,R71/2) D(§,100R~1/2)

Thus, after multiplying by a constant, Theorem 4.1 implies that

/ |Bro & fI¥4 S 30 3 ¢RI R ostiOR oty (37 ||fTB||2)

BeBZICS, €S,

By Lemma 4.7, each T € T belongs to at most D) sets ']I‘%,. Therefore, by Lemma
4.3, we have

Y (7)< (X i) £ 000 (X usd)

BeB t1eS, teS, BeB teS,

3/2+¢

Since § = &2, D = R€4, and the number of subsets Z € S, depends only on K, we
have altogether

346 4 6 €2 3/2+e
/B | Bry, grf|l3/4 < CR™ ¢ log(40)+0 (e )CéRHs log(K*am )( Z Il fz ”%)
R 1S,

for some C (depending on ¢). The power of the first R is negative for ¢ sufficiently
small, and then the induction closes for R sufficiently large.

4.4.2 Tangent Subcase
In the remaining case, the second term in (4.13) dominates, whence
/ |Bro & f1°* 5 Z/ Bil(&, )",
BeB
We will bound the right-hand side directly (i.e. without induction) using basically
standard bilinear restriction techniques and Lemma 4.7. Since #5 = RO®) < Re it

will suffice to prove the following:

Proposition 4.10 For every B € B, we have

/Bm Bil(&, f1)*/* < R0(5)< > ||fr||2)

eSS,
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We will need a preliminary lemma. Fix B € B and let Q be a collection of cubes
Q of side length R'/? that cover B N W with bounded overlap. For each Q € Q, let

Ty o ={T €Ty :TNQ#0H.

Henceforth, we will write ‘negligible’ in place of any quantity of size O (R~ Y e S,
Il fz1l2). In particular, if (¢, x) € Q, then

EfLpt.x)= Y & frr(t,x)+ negligible. (4.15)

b
Te']I'B'Q

It will suffice to bound || Bil(&, fg)||L13/4(Q) for each Q € Q. Informally, the tubes

in ']T; o are tangent to W at Q and are thus coplanar. Dually, the wave packets
{& fT’T}TGTb have Fourier support near a curve formed by the intersection of X,
B.Q

and a plane. Thus, estimating || Bil(&, f g)|| L13/4(0) 1s essentially a two-dimensional
bilinear restriction problem, making the L* argument a natural approach (as done in
[5], of course).

Lemma 4.11 Forall Q € Q and separated 11, T2 € Sy, we have

b f _
/Q & 17 1P 1E ey 5P S RO 1/2( > ||ff.,r.||%>( > ||ff2,rz||%)
b

T eT T eTb

B,0 B.Q

+ negligible .
Proof Let o be a smooth function satisfying xp < ¥p < x2¢0 and
Yot ) < R7(1+ I(r, &)|R/2)~10°/5
By (4.15) and Plancherel’s theorem, we have
/ & 17 g IPIE D 5P
0

= Y[ B g fanE T 7, + negligiie
Tl,Tl,Tz,Tze'ﬂ‘b&Q ¢

< - Z /R3 (Yo *doy, 1, * d"fz,Tz)(del,Tl * d"rz,ﬂ) + negligible,
T],T],Tz,TzGT;Q
(4.16)
where do; 1 is the measure on X, defined by
/2 gdor 1 1= /Ug(qﬁr(é*), &) frr(§)d§. 4.17)
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Fix T\, T{,T>,T» € T%,Q and let &, €, ¢, ¢ denote the centers of 8(T1), 6(T ),

0(T»), 6(T>), respectively. The rapid decay of @Q and the fact that supp xv fr,r <
%mr forevery T € S, and T € T imply that the contribution of 71, T, T2, T> to
(4.16) is negligible unless

E+C=E+C+ ORI,
&r () + ¢, (0) = ¢ (B) + ¢, (D) + O(RO™V/?),

and £, & € 2mt; and ¢, ¢ € 2mT,. We need to estimate the number of non-negligible
terms in (4.16) involving given tubes 77, T>.

Toward that end, we adapt some techniques of Cho—Lee [3] and Lee [7]. Assuming
Ti, Ty, T», T, contribute non-negligibly, then

Gr(€) + ¢, (0) = ¢r () + ¢ (E+ ¢ — &)+ ORT/?). (4.18)

We define a function W : U — R by

V) =g, + ¢ E+E—n) —dr(§) — ¢ (8)

and denote by Z := W=1(0) its zero set. We claim that |V /| 2 1 on 2mt;. Indeed,
if n € 2mty, then by the Cauchy—Schwarz inequality, boundedness of (V2= on
U, part (b) of Lemma 2.2, and finally the separation of t; and 1, we have

IVr (1) — Vo (O] = r Vo rn) — Vo) = r (Ve rm) " (Ve (rn)
—Vé(re)), Vo(rn) — Vo ro))|/?
~ rildistL(rn, re)

> ComK ™!,
whence

Wl =1IVe(n) =V (§ + ¢ —m| = [V§r(§) — Vr ()]

if C is sufficiently large. By the claim, Z is a smooth curve near &, and (4.18) and a
Taylor approximation argument imply that

dist(€, Z) < R™1/2 (4.19)

for R sufficiently large. As mentioned above, tubes in T;)Q are nearly coplanar.
Inspecting the definition, it is straightforward to check that Z(v(T), T,Z(P)) <
R¥P=172 for all T € T% 0 and some (nonsingular) z € 2R5Q N Z(P). Thus,
dually, there exists a plane’ I through the origin such that dist((—1, V¢, (1)), I1) <
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R?=1/2 foreach n € {£, €, ¢). Consequently, there exists a line whose O(R¥-1/2).
neighborhood contains V¢, (£), V¢, (£), and Vé,(¢). Since |V, (§) — Ve, ()] 2> 1
due to the separation of 7| and 7, it follows that V¢, (&) lies in an O(R*~1/?)-
neighborhood of the line ¢ containing V¢, (&) and V¢, (¢). We consider now the
smooth curve ¢ := (V¢,)~1(¢ N 3U), noting that V¢ (and thus Ve¢,) is invertible
near the origin since det V2¢(0) # 0. This curve contains & by construction, and the
boundedness of ||(V2¢)~!|| implies that

dist(€, £) < R®~1/2, (4.20)
Crucially, ¢ and Z intersect transversely at £. Indeed, parametrizing l by
U = (V)" (1 =)V (5) + 1V (D)),

the tangent line to £ at £ is parallel to

d -~
ol = (V2,(€) " (Ve (¢) — V- (£)),

t=0

and the normal line to Z at § is parallel to VW (§) = V¢, (§) — V¢, (¢). Thus, the
bound

(V2 €))7 (Y, (8) — Vo, (0)), Vpr (€) — Vb ()] 2 1,

which follows from part (b) of Lemma 2.2 and the separation of 7; and 75, implies the
claimed transverse intersection. Consequently, by (4.19) and (4.20), we have |§ —&| <
R?=1/2_ A similar argument shows that [ —¢| < R?*~1/2_ Since #(']T;Q NT®)) <1
for every 6 € O, it follows that for each 77, T € T; 0 there are O(RS‘S) pairs
T, Ty € T%’ o such that T, Ty, T», T, contribute non-negligibly to (4.16).

Hence, by the Cauchy—Schwarz inequality (a few times) and Young’s inequality,
(4.16) is at most

RO®) Z f ldow,, 1 *dUIZ,T2|2 + negligible . 4.21)
R3
b

TI,TQETB’Q

To estimate the convolution, we use Plancherel’s theorem and the familiar wave packet
approximation

1&g~ R™V2grllaxTs (4.22)

we will give a rigorous argument in Lemma 4.12, appearing at the end of the article. If
T, T> € Taresuchthat30(T;)Nt; # @, thenthe separation of 71 and 7> implies that the
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directions v(7T}) and v(7T») are transverse and consequently that |T] N 12| < R343/2,
Hence, by Plancherel’s theorem and (4.22), we (essentially) have

2 2 36—1/2 2 2
| own xdoanl = [ 16 fan& fonsP S B o n Bl Sl
R R-

Plugging this estimate into (4.21), we obtain the lemma. O

Given Lemma 4.11, the rest of the proof of Proposition 4.10 is identical to the
corresponding part of [5]. For the convenience of the reader, we repeat the details
here. We set

12
S:,B = ( Z (R1/2||fr,T||2X2T)2>

b
TeTy

(cf. (4.22)). Let 71, 7o € S, be separated squares. Lemma 4.11 implies that
b b b b ..
/Q & 17 1P IE ey 5P S ROV /Q(STI,B)Z(SQ,BV + negligible .

Summing over Q € Q and exploiting the separation of t; and 7, (as above) leads to
the bound

b b _
/ 1 foy 51 1E foy 5P S RO® 1/2< > ||fn,n||%)( > ||ffz,rz||%)
BNW

ﬂeT% HET%

+ negligible .

By properties (i) and (iv) of Proposition 4.2, the functions f7 7 are nearly orthogonal
and we have

b ..
D Iferls SN f, g5 + negligible
TGT;

for every t. Thus, altogether,

b b — b b ..
/ & fr 511 fry 5P S ROOTV2N 1L G151 fo, 55 + negligible,
BNW

and consequently by Holder’s inequality,

1/2
. b — b ..
IBil(E, o)l Lacprw) S RO “8<§ ||ff,3||§) + negligible .
€S,
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The well-known estimate

€8l 28 S RV 1gll2

(which is a consequence of Plancherel’s theorem for the spatial Fourier transform),
together with Holder’s inequality, implies that

1/2
. b b
||B11<8rf3>||Lz<an>§R1/2<§ IIfT,BH%) :
€S,

Hence, by interpolation,

p/2
f Bil(E, )" < R0<‘”+334”< D fl B||§) + negligible (4.23)
BNW ’

eSS,

for p € [2, 4]. Now, on one hand, ||frb’B||2 < |l fzll2 by Lemma 4.3. On the other
hand, Lemma 4.7 gives a different bound: There are at most R 0B®+1/2 discs § € ©
such that ’]T% N T (@) # ¥. By property (i) of Proposition 4.2, each ftb‘ 5 1s therefore

supported in RO©®+1/2 discs 0, on each of which we have the bound

b 2 2 -1
flf,,gl 5/ 2SR,
0 106

by Lemma 4.3 and (4.1). Thus, || frb’B o < RO®=1/4 Combining these two estimates
3

1
gives | £ 52 S I/ 113/PRCP73U7%) for p > 3. Plugging this bound into (4.23)
yields

32
/ Bil(&, f3) < R"(‘”*lf"( > ||ff||§> :
BNW

€S,

and then taking p = 13/4 completes the proof of Proposition 4.10.

To conclude the article, we rigorously prove the convolution estimate used in the
proof of Lemma 4.11. This standard argument is sketched in [5]; we fill in the details
here.

Lemma4.12 If 1|, » € S, are separated squares and Ty, T» € T are such that
30(T;) N t; # O, then

fR dow 1+ dow, P S R0 fo 1l fo o,
where do, 1, is given by (4.17).
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Proof Let 6; := 6(T;) and ¢; := cg,. Since 36; N t; # ¥, we have ¢; € 2m7;, and
consequently, |V, (c1) — Vr(c2)| 2 1 by the separation of 71 and 7. Indeed, by
the Cauchy—Schwarz inequality, boundedness of ||(V2¢)~!|| on U, and part (b) of
Lemma 2.2,

IV (c1) = Vor(c)| = r Ve (rer) — Vo (rey)]
2 r T (VP re)) T (Vo (re)) — Vo (ren)), Vo (rer)
— Vo (ren))|V? ~ rUdisty (rer, rep)
2 1.
It follows (from the law of sines, say) that the unit normal vectors n; := vg, and
ny = vy, satisfy Z(n1, n2) 2, 1. Using this angle bound, we will foliate 30, by lines

whose lifts to X, are transverse to the tangent plane T(g, (c,),c,) X above c. Define
the direction set

V.= {weSZ:a)-n] =0and |w - ny| > c},
where ¢ > 0.If cis sufficiently small relative to Z(n1, n3), then V is nonempty. Choose
w e V,letw := (w2, 3), and let S be the rotation of R? satisfying S(0, 1) = o/|w|
(note that @ # 0). Define the lines ¥ by
Vs(@) == S(s, 1) +c1,

and note that suppdo, 7, € 361 < {y,@) : (s.t) € 12}, where I =

[-3R~1/2,3R1/2]. The lift of ¥, to X, is given by

Vs (1) := (or (V5 (1)), ¥ (1))

for s, t small. For almost every s, the function ¢ — f7, 1, (¥(¢)) is measurable and

/ gdvs 3:/;S(Vs(l))frl,Tl(Vs(f))df
Vs

defines a measure dv; on y,. Using (4.17), an easy calculation shows that do, 7, =
dvgxds.
Now, to prove the required convolution estimate, it suffices to show that

—1/4
[{doo 1, % doo, 1y, ¥)| S R / I for, 1112l fro, 1o 1211 W D12

for all € C° (R3); the brackets denote the pairing between distributions and test
functions. We compute that

|(dt1,T1 * dU‘Q,Tza 1/j>|

L \/;: W(U + 7, ; + S)do-‘[z,Tz (Ua ;)darl,Tl (ta E)
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=’ﬁ/ L‘”“+ﬂ§+€wmﬂxmcwwu£ws
Vs r

2 12
<o w)"
I

Using the definitions of do, 1, and dvg and the Cauchy—Schwarz inequality, the
quantity between absolute value signs is at most

12 172
||fz2,T2||2< /, /39 |w<(¢r<c),c)+ys<r>)|2dzdr) ( /, Ifrl,rl(Vs(t))lzdt> .
2

Thus, if we can show that

/ /E ’ﬁ(a + 1, ; + s)do"rz,Tz (Gv é-)dvs(t7 E)

/f (600, ©) + yee)Pdedt < 1y
1J30;

then a simple change of variable, using the definition of /, gives the required estimate.

Toward thatend, let G(¢, t) := (¢»(¢), &) + ys(t). We claim that G is invertible on
36, x I, provided R is sufficiently large. The definition of S implies that 7, (t) = @/|®|
for every s, ¢. Thus, the Jacobian of G at (c2, 0) is given by

019r(c2) 02, (c2) Vo, (v5(0)) - 0/
VG(c2,0) = 1 0 w2/l
0 1 w3/|o|

The first two columns of this matrix are orthogonal to ny. If we replace y;(0) by c1,
then the third column becomes w/|w|, since w - n1 = 0. The angle between w and the
orthogonal complement of 7, is bounded below, since |w - n2| > c¢. Combining these
observations, we see that

1 019, (c2) 3291 (c2) wi
|det VG(cp, 0)] = — |det 1 0 w ||+0RV?>1.
|o] 0 1w

Thus, the inverse function theorem implies that G is invertible on 36, x I, if R is
sufficiently large. (The meaning of ‘sufficiently large’ does not depend on r or s,
since the bounds || VG (c2, 0)|| ~ 1 and [[(VG(c2, 0))~!|| ~ 1 hold uniformly in these

parameters.) Additionally, the bound |det VG (¢, t)| 2 1 holds on 36, x I, so we
obtain

// W ((¢r(2), ©) + vs (1)) Pdedt
1 J36,
= // [y *| det VG~ (ip)ldn < v 113,
G360y x1I)
completing the proof. O
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