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Abstract

The representation of a general Calderén—Zygmund operator in terms of dyadic Haar
shift operators first appeared as a tool to prove the A, theorem, and it has found a
number of other applications. In this paper we prove a new dyadic representation
theorem by using smooth compactly supported wavelets in place of Haar functions.
A key advantage of this is that we achieve a faster decay of the expansion when the
kernel of the general Calderén—Zygmund operator has additional smoothness.
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1 Introduction

It was long conjectured that classical inequalities for singular integrals 7" on weighted
spaces L%(w) with a Muckenhoupt A> weight w should take the sharp form

||Tf||L2(w) < cr{wla, | fll 22w

This Ay conjecture was first verified by one of us [7] by introducing a dyadic rep-
resentation of T, an expansion in terms of simpler discrete model operators (called
dyadic/Haar shifts). Earlier versions of the A, conjecture for special operators such as
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the martingale transform, the Beurling—Ahlfors transform, the Hilbert transform and
the Riesz transform were due to Wittwer [29], Petermichl and Volberg [25], Peter-
michl [23, 24], respectively. Since then, simpler proofs of the A, theorem as in Lerner
[12], Lacey [11], and Lerner—Ombrosi [13] replaced the dyadic representation by
sparse domination, but the original dyadic representation theorem continues to have
an independent interest and other applications.

One such application is the extension of the linear dyadic representation to bi-
parameter (also known as product-space, or Journé-type, after [10]) singular integrals
in [17], which has defined the new standard framework for the study of these oper-
ators. The multi-parameter extension of this is due to Y. Ou [21] and a bi-linear
version is due to Li—-Martikainen—Ou—Vuorinen [14]. In the bi-parameter context the
representation theorem has proven to be extremely useful e.g., in connection with
bi-parameter commutators and weighted analysis, see Holmes—Petermichl-Wick [6],
Ou—Petermichl-Strouse [22] and Li—-Martikainen—Vuorinen [15, 16]. On the other
hand, there are some fundamental obstacles to sparse domination of bi-parameter
objects, see [1], which makes the dyadic representation particularly useful in this
setting.

In another direction, an open problem in vector-valued Harmonic Analysis is to
describe the linear dependence of the norm of a vector-valued Calder6n—Zygmund
operator on the UMD constant of the underlying Banach space. In abstract UMD
spaces, the linear bound has only been shown for the Beurling—Ahlfors transform and
for some other special operators with even kernel such as certain Fourier multiplier
operators (see [19]). It is also interesting to mention that, as was the case with the
Aj theorem, the linear bound for the Beurling—Ahlfors transform has been known
for some time, yet the possible linear dependence between the vector-valued Hilbert
transform and the UMD constant is still a famous open problem (see [9, Problem O.6]).
More recently, Pott and Stoica established in [26] the linear dependence of sufficiently
smooth Banach space-valued even singular integrals on the UMD constant by showing
such a linear estimate for symmetric dyadic shifts. Their estimate for dyadic shifts
grows like 2M(-1)/2 in terms of the parameters (i, j) of the shifts. As explained
in their work, to have convergence, one needs a decay factor 27° max(, j ), which is
guaranteed by kernel smoothness s > % and only in dimension d = 1. It is interesting
to notice that in most other applications of the dyadic representation theorem, notably
to the weighted inequalities, the rate of convergence of the representation is irrelevant
as long as it is exponential. Formally, the same argument should work in any dimension
d assuming smoothness of order s > %d , but the existing Haar dyadic representation
can only “see”” smoothness up to order s < 1; thus %d < s <1 forcesd = 1.

This motivated us to find a new version of the dyadic representation theorem with
faster decay using smooth wavelets with compact support. Our main result is the
following (see Sect. 2 for a precise definition of the wavelet shifts S; and the required
regularity of the wavelets):

Theorem 1.1 Lets € Z, and T be a bounded Calderén—Zygmund operatorin L*>(R?)
with a kernel satisfying |0“K (x, y)| < |K|llcz,|x — y|d=lel for every |a| < s. In
addition, suppose that T, T* : Py — P, where Py is the space of polynomials of
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degree less than s. Then for any given € > 0, T has an expansion, say for f,g €
CHRY),

o0
. Tfy=c (IKllcz, + ITlp2p2) By Y 27C7OmxCD g gl gy,
i,j=1

where ¢ depends only on d, s and €, E,, is the expectation with respect to the random

parameter o, and S;] is a version of a dyadic shift with parameters (i, j) but using
sufficiently regular wavelets in place of the Haar functions.

Having this result at our disposal, we can hope to extend the result of [26] to
dimensions d > 1. We plan to address this question in future work. Another possible
area of applications is numerical algorithms for singular integrals, as in [2], where an
ancestor of the dyadic representation is used for this purpose. It is clear that, in such
applications, a high rate of convergence would be preferred.

The interpretation of the assumption that 7 and 7* map the space of polynomials
‘Ps into itself is made rigorous in Sect. 3, where we restate Theorem 1.1 as Theorem
3.2. These are “special cancellation” or “vanishing paraproduct” assumptions that one
might like to remove in future work.

Since the circulation of this work, Di Plinio et al. [5] have presented an alternative
“representation theorem using smooth wavelets”, where they also deal with the para-
product terms arising from more general cancellation assumptions; see also [4] for an
extension of their representation to bi-linear operators. Their version is a closer relative
of the continuous wavelet transform, in contrast to the semi-discrete representation in
our Theorem 1.1.

The paper is organized as follows: in Sect. 2 we recall the necessary definitions
and results that we are using. Section 3 is dedicated to a detailed statement of our
main result (see Theorem 3.2). As in the case of the dyadic representations using Haar
functions, our proof of Theorem 1.1/3.2 relies on an expansion (see Proposition 3.4)
of the Calderén—Zygmund operator in terms of the (previously Haar, now smooth)
wavelet basis, but the subsequent analysis of the expansion presents some significant
departures from the Haar case. We split the series that appears in this expansion into
five parts which are treated in Sect. 4.

1.1 Notation

Throughout the paper, we denote by ¢, C constants that depend at most on some fixed
parameters that should be clear from the context. The notation A < B means that
A < CB holds for such a constant C. Moreover, when Q is a cube and ¢ > 0, then
t O represents the cube with the same centre and ¢ times the sidelength of Q. Also, we
make the convection that | | stands for the £°° norm on R?, i.e., |x| := maxj<j<d |xil.
While the choice of the norm is not particularly important, this choice is slightly more
convenient than the usual Euclidean norm when dealing with cubes as we will: e.g.,
the diameter of a cube in the £°° norm is equal to its sidelength £(Q).
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2 Preliminaries

We recall the following from [8, Sect. 2].
The standard (or reference) system of dyadic cubes is

20 =750, )¢ +1) ke Z,1 € Z9).

We will need several dyadic systems, obtained by translating the reference system as
follows. Let » = (w;) jez € ({0, 1})% and

I+w:=1+ Z 2_jwj.
=i <e()

Then
2° :={l4+w:1 e 2",

and it is straightforward to check that 2* inherits the important nestedness property
of 2% ifI,J € 9, thenINJ € {I, J, &}. When the particular @ is unimportant,
the notation & is sometimes used for a generic dyadic system.

2.1 Random Dyadic Systems; Good and Bad Cubes

We obtain a notion of random dyadic systems by equipping the parameter set 2 :=
({0, 1})Z with the natural probability measure: each component j has an equal
probability 277 of taking any of the 2¢ values in {0, 1}, and all components are
independent of each other. We denote by E,, the expectation over the random variables
wj, j € Z.

Consider the modulus of continuity ®(z) = 1,0 € (0, 1), for which we will
formulate the notion of good and bad cubes. We also fix a (large) parameter r € Z .

Definition 2.1 A cube I € 2? is called bad if there exists J € 2% such that £(J) >
2"¢(I) and

dist(1, 9J) < (%)ezu) : 2.2)

roughly, I is relatively close to the boundary of a much bigger cube. A cube is called
good if it is not bad.

We repeat from [8, Sect. 2.3] some basic probabilistic observations related to
badness. Let I € 2° be a reference interval. The position of the translated interval

I+o=1+ Z 2_ja)j,
J—i<e()
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by definition, depends only on w; for 27/ < £(I). On the other hand, the badness of
I+w depends on its relative position with respect to the bigger intervals

Jto=7+ Y 27e;+ > 27w,
ji2—i<e(I) jue(D<2-i <(J)

The same translation component ji <) 27w j appears in both / +w and J 4o,
and so does not affect the relative position of these intervals. Thus this relative position,
and hence the badness of 1, depends only on w; for 277/ > £(I). In particular:

Lemma 2.3 For I € 2°, the position and badness of I+ are independent random
variables.

Another observation is the following: by symmetry and the fact that the condition
of badness only involves relative position and size of different cubes, it readily follows
that the probability of a particular cube /4w being bad is equal for all cubes I € 2°:

P, (I+wbad) = mpaq = Tpad (7, d, 6).

The final observation concerns the value of this probability:

Lemma 2.4 We have
2—/‘

TThad §8d/t
0

pdu_8d

2—}’9 .
0 b

in particular, mpaq < 1 ifr = r(d, 0) is chosen large enough.

The proof of the previous lemma can be found in [§, Lemma 2.3].

2.2 Wavelet Functions

We introduce the notion of the smooth wavelet functions with compact support asso-
ciated to any given dyadic system 2. Such wavelets were originally constructed by 1.
Daubechies [3] but in this paper we will follow [18].

In [18, Chapter 3] one can find the construction of the smooth wavelets with compact
support for d = 1. Moreover, once the 1-dimensional wavelets and the related father
wavelets 0 = ¢ are available, the d-dimensional wavelets can be constructed by
Yl(x) = ]_[f=1 Y (x;), where n € {0, 1}¢\ {0} and we make the convention ¢! = .

Definition 2.5 We say that {/}
eters (m, u, v) if

1€ ne(0.1)d\(o} 1S @ System of wavelets with param-

Yl (x) == 22y 2k — 1y,

for some d-dimensional wavelet "7, I = 2k ([0, l)d + 1), and this collection has the
following fundamental properties of a wavelet basis:

(i) Being an orthonormal basis of LZ(R%)
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(i1) Localization: supp w? Ccml

(iii) Regularity: |8°‘w;’| < ce)71 =12, for every multi-index o € N of order
loe] < u

(iv) Cancellation: [ x*v (x)dx = 0, when || < v.

Here u, v € N are two parameters that may or may not be equal. Note that Haar
functions correspond tom = 1, u = v = 0, but in general m > 1.

For a fixed Z, all the wavelet functions 1//}7, I € Zand nn € {0, 1} \ {0}, form
an orthonormal basis of L2(R?). Hence any function f € L2(R?) has the orthogonal

expansion
F=3 2 LDl

1€2 1ef0,1}4\{0}

Since the different n’s seldom play any major role, this will be often abbreviated (with
slight abuse of language) simply as

f= v,

1e9

and the finite summation over 7 is understood implicitly.

2.3 Wavelet Shifts

A wavelet shift with parameters i, j € N := {0, 1, 2, ...} is an operator of the form

Sf=Y Axf, Axf= Y. aux(f ¥y,

Keo 1,JeZ:1,JCK
oDH=2""¢(K)
0(J)=2"7¢(K)

where ¥/ is a wavelet function on 7 (similarly 1;), and the a; j ¢ are coefficients with

VI
IK]

larjk] < (2.6)

Remark 2.7 The dyadic shifts considered in many other papers correspond to the spe-
cial case of Haar wavelets.

The wavelet shift is called good if all dyadic cubes I, J, K such that ajjx #
0 satisfy mI,mJ C K; otherwise, it is called bad. We note that this condition is
automatic when m = 1, but not in general. Nevertheless, a closely related notion of
good shifts already appeared in [7], where it played a certain role. This notion was not
needed in the many works that appeared on this topic since [7]. The L? boundedness
of the good wavelet shift S is a consequence of the following facts:
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Lemma 2.8 If S is a good wavelet shift then Ak indicates an “averaging operator”
on K which satisfies:

< _
Axf1 < 1K|K|f|f|

Proof Since S is a good wavelet shift, if ajjx 7# 0 thenmJ C K and mI C K, for
fixedm > 1,1i.e., mJ and mI are good cubes inside K.

Using the bound (2.6) for the coefficients a; g, the regularity of ¥;, and the pre-
vious fact that mJ C K, mlI C K, for fixed m > 1, we have

Ak f] < Z VI Amg [ 1
NlJe@:I JCK (K VI VI
()=2"1¢(K)

LN)=2"4(K)

— X ) i Lur)

JeP:JCK 169 ICK
LN=2"74(K) ((H=2"1¢(K)

IK|/|f|

where the (easy to check) bounded overlap of the cubes mJ (respectively m1) was
used in the last step. O

Corollary 2.9 Let S be a good wavelet shift. The following estimate for the “averaging
operator” Ak holds:

Ak flle SN fllee, Vp €1, 00l

Proof Applying the pointwise bound of Lemma 2.8 to each Ax we have

S |K|“" \KIYP N flle = 11 flLe.

A fler < | e <

|K]

Lemma 2.10 Let S be a good wavelet shift. Then

ISFl2 S If 12

Proof We use the orthonormality of the wavelet functions. Let
Ml = span{y : I € K. £(1) =27 U(K)},

and let IP’"K be the orthogonal projection of L? onto this subspace. For a fixed i, these
spaces are orthogonal, as K ranges over Z.
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We have (f, ¥) = (]P”kf, Yr) for all I appearing in Ak, and hence Ax f =
AK]P’Z}(f. Also, ¥y = ]P)%l/f‘/ for all J appearing in Ag, and hence Ag f = ]P’;(Akf.
We can apply these identities and Pythagoras’ theorem to the result that:

1512 = | Y PhAxPi /|

Keo

. . 12
= (X IPLAKPLfI:)

Keo

< (X iEes)”

Ke9
SN2,

L2

where we used the L? boundedness of Ag from Corollary 2.9 in the second-to-last
step. O

3 The Dyadic Representation Theorem for Smooth Compactly
Supported Wavelets

Let T be a Calderén—Zygmund operator on RY. That is, it acts on a suitable dense
subspace of functions in L2(R¥) (for the present purposes, this class should at least
contain the indicators of cubes in R?) and has the kernel representation

Tf(x) = f KG.y)fO)dy,  x ¢ supp f.

R4

Moreover, we assume that the kernel is s-times differentiable and satisfies the higher
order standard estimate:

C
0K (x| = - ! 3.1)
P

y|d+ie]

forall x,y € RY, x # y,a € Nand |o| < s. Let us denote the smallest admissible
constant C1 by ||K||cz,-

We say that 7 is a bounded Calderén—Zygmund operator, if in addition T :
L%(R?) — L%(RY), and we denote its operator norm by ||T'||;2_, 2.

Under such assumptions, we can also define the action of 7" on the space Py of
polynomials of degree less than s. This is well known, and the reader can consult [28]
(see also [27]) for a comprehensive discussion. The necessary set-up for our needs is
as follows:
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If ¥ € CJ(B(0, R)) satisfies -/Rd Py = 0 for all P € P, then we have, for
|x| > 2R,

o = [Keowma = [ (ken- 3 28K 0)poy

Rd B(0,R) 0<|u|<s

and hence

1
||Dt|

o= [ s( [ X Beskamia - o an) oy

BO,R) 0 lal=s

1
. N .
SIKlez, [ Ré(fm(l—tr Lar) 1y (»)1dy
B(O,R) 0
S
< [
S IKlez gz VI

This expression is integrable against any P € Py over the region B(0,2R)¢. On
the other hand, it is clear that Ty € L*(R?) C L] (R9) is also integrable against
P € Py, c L™ (RY) over B(0, 2R). Thus

loc

(T*P,y) :=(P, Ty) := / Px)Ty(x)dx

R4

is well defined for every P € Py and every ¥ € C? (R?) that is orthogonal to P. This
defines T P as a functional on the said subspace of C? (R9)Y, and the definition of 7' P
can be given in a similar way, since the adjoint 7* satisfies the same assumptions.
We say that T maps Py intoitself, if (T P, ) = Oforall P € Pyandally € C} (Rd)
that are orthogonal to P.
Here is our main result:

Theorem 3.2 Let T be a bounded Calderon—Zygmund operator with a kernel satisfying
(3.1) and suppose that both T and T* map Py into itself, in the sense defined above.
Moreover, let the wavelet ry satisfy the regularity and cancellation property for u = s
and v = s — 1, respectively. Then for any given € > 0, T has an expansion, say for
f.g € CLRY),

o0
(& T =c-(IKlcz, + 1Tl p2) - By Y 27079000 U ),
i,j=l

where c depends only on d, s and €, and Sfuj is a good wavelet shift of parameters
(i, j) on the dyadic system 2.
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The following remark shows that the assumption that 7 and 7* map P into itself
follows from the other assumptions of Theorem 3.2, if in addition the operator T is
translation invariant.

Remark 3.3 Let T be a bounded Calderén—Zygmund operator with a kernel satisfying
(3.1) and suppose in addition that T is translation invariant. Then both 7 and 7* map
Py into itself.

Proof 1t is enough to consider just T, since all the assumptions, and hence the conclu-
sions, pass to the adjoint 7*. For the result concerning 7', we refer the reader to [28,
Proposition 2.2.17]. O

A key to the proof of the dyadic representation is a random expansion of 7' in terms
of wavelet functions vr;, where the bad cubes are avoided:

Proposition3.4 Let T € L(L*(RY)) and f € C/(RY), g € C/(R?). Then the
following representation is valid:

1

Tgood

Ee Z lgooa(smaller{Z, J}) - (. ¥y) (s, TV 1) (1. £,

1,Jeo®

where
smaller(/, J} 1= {1 TED =)
J ifel) > e(J),

and Tgood := 1 — Tpad > 0.

Proof The proof is analogous to the one given in [8, Proposition 3.5], replacing the
Haar functions #; and h; should be replaced by the wavelet functions y; and ¥,
respectively. We provide the details for the convenience of the reader.
Recall that
f=Y f ViaVite

190

for any fixed w € 2; and we can also take the expectation [, of both sides of this
identity.

Let
1, if I4+wis good,

1 I+w) ==
good( ) :0’ clse

We make use of the above random wavelet expansion of f, multiply and divide by

Tlgood = Pw(l‘i‘w good) = Ewlgood(l‘i‘w)y
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and use the independence from Lemma 2.3 to get:

(g, Tf) =E, Z & TVt Vit f)

ZE Lgood I+ El(g. TV 30} (V1 10s )]

”good
1 .
= — E, Z Loood (I+0) (8, TV 10) (Viw, f)
I
1 .
= o > Tood TF0) (82 V1 10) (W dn TV 50) (Vi b F-
1,J

On the other hand, using independence again in half of this double sum, we have

1 .
Y Eollgood(T+0)8 ¥si0) Wiios TV 10) Viies )]
Tgood o ) Zo(a)

1 .
= Y Eolload TFOIEl(8: ¥ i0) Vi to TV110) Wrias f)]

Tgood ;) Z0(1)

=By Y (& Vi) Wite TVi0) Wiie f),

L(I)>L(J)
and hence
(TN =—Fs Y Tt +0)& Vsi0)Vsiw TVri0) Ve )
good y(py<e()
+Eo D (& Vi) Vide TV el (Viie f)-
L()=e(J)

Comparison with the basic identity

(& Tf) =Eu ) (& Vst Viiw TV Vite: /) (3.5)

1,J

shows that

Eo Y (& Viie) Wit TV Vit f)

LH=LJ)

1 .
=—Fo Y lgoadI+0) (& Vi) Vst TV1i0) Wiiw: f)-

Tgood ypyZa)

) Birkhduser
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Symmetrically, we also have

Eo Y. (& Ve Wrio TV Viie f)
L(I)>L(J)

1 .
=—FEo ) leosd(H+0)& Vi) Wi TV L) Vites ),

Tgood oD>(J)

and this completes the proof. O

For the analysis of the series appearing in Proposition 3.4 we recall the notion of
the long distance [20, Definition 6.3]

D(I,J) = e(I) +dist(, J) + ¢(J).

We focus on the summation inside [E,, for a fixed value of v € €2, and manipulate itinto
the required form. Moreover, we will focus on the half of the sum with £(J) > £(1), the
other half being handled symmetrically. We further divide this sum into the following
parts:

> = 2 + > DIEDD
D=L dist(1,)>e(J) (e /e)?  dist(, )y>e()Edyedy? 1eJ  I1=J
dist(ml,mJ)>%D(I,J) dist(ml,mJ)<tD(I,J)

+ )
dist(1,])<e())(e()/L())?
INJ=o

= Ofar + Obetween + Oin + O= + Onear-

We observe that the main difference in the division of the previous sum and the one
in [8, after the Proposition 3.5] is that the sum oy, in [8] has been split into o, and
Opetween, Which are handled differently. Regarding the sum oj, we will not use the
same method as in [8, Sect. 3.2]. The sums o— and oy Will be treated in a similar
but not exactly the same way as in [8, Sect. 3.3].

In order to recognize these series as sums of good wavelet shifts, we need to find,
for each pair (/, J) appearing here, a common dyadic ancestor which contains m/
and mJ. The following lemma provides the existence of such containing cubes, with
control on their size:

Lemma3.6 IfI € P is goodand J € P is a cube with £(J) > £(1), then there exists
K O mlI UmJ which satisfies

L(K) (%)0 < D(,J), always, and
o eI\
WK) < e, if dist(l, J) < Z(])(m> and JNI=02.
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Proof Let us start with the following initial observation: if / € & is good and K € 2
satisfies I C K, and £(K) > 2"¢(I), then

mau,mﬁzmauﬁk)>aKK£%%Y::aKV*a09zz“*%u)>man,

when r is large enough. Hence mI < K, and we can proceed with the proof of
mJ C K. Using an elementary triangle inequality we estimate dist(/, K¢) in the
following way:

dist(1, K€) < dist(I, mJ) + €(mJ) + dist(mJ, K°)
< dist(1, J) + me(J) + dist(mJ, K°).

Thus,
dist(mJ, K€) > dist({, K) — dist(I, J) — mL(J)
3.7
> E(K)(%)e —dist(, J) — me(J). ©.7)

In order to conclude that mJ € K we want the right hand side of (3.7) to be non-
negative. This is achieved by taking the smallest £(K) such that

(1) \* .
Z(K)(m) > dist(1, J) + me(J).

Then, in fact

(1) \? . .
E(K)(Z(—K)> < dist(1, J) + me(J) < dist(I, J) + £(J). (3.8)

Hence,
£ ¢
UK (— < DU, J).
) (557) = P4
This proves the first estimate.
Case dist(1, J) < £(J))/e(N) and INJ = @: As I NJ = &, we have

dist(/, J) = dist(/, dJ), and since [ is good, this implies £(J) < 2"¢(I). We can
then dominate the right hand side of (3.8) by

DD /L) + () S e S ed). (3.9
Thus, from (3.8) and (3.9) we have

0(K) <@

0
o g(K)) <1 and €(K) < 0D,

so this proves the second estimate. O
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We denote the minimal such K by I Vv J, thus

IV ] = ﬂ K.

KomilumJ

4 Estimates for the Different Sums Gs,,, Opetweens Oins O=» Onear
4.1 Far Away Cubes, O¢,,

We reorganize the sum og,r With respect to the new summation variable K = 1 Vv J,
as well as the relative size of I and J with respect to K :

o o0
LD >
J=li=j K [ g:dist(I,J)>L(J)()/€(J))°
dist(mlI,mJ)>%D(1,J)
IvI=K ,
o(H=2"1¢(K) £(J)=2"T0(K)

Note that we can start the summation from 1 instead of 0, since the disjointness of
I and J implies that K = [ Vv J must be strictly larger than either of I and J. The
goal is to identify the quantity in parentheses as a decaying factor times an averaging
operator with parameters (i, j). The proof of the following lemma is similar to [8,
Lemma 3.8] but to make use of the smoothness, we subtract a higher order Taylor
expansion of the kernel K instead of y — K (x, y) at y = c;.

Lemma 4.1 For I and J appearing in otar, we have

SN (I \—0@+s) / £(1) \$

Ws. TYDI S 1K ez, () ()
IK|  \E(K) £(K)

where K =1V J and 6 € (0, 1).

Proof Using the properties of ¥/, Taylor series of order s of y — K (x, y) at the centre

point y = ¢y of I, higher order standard estimate of the kernel (3.1), and Lemma 3.6

s vl =| [[vwkaum e

| [[mw(ken- ¥ Sk en)womayas

0<|a|<s

1
— ¢yl
< [[stwseon( [ X PS5 g Koy + A = nepia - o7 an) il ayas

0 lol=s

s 1 s s—1
SUKlez, [[ @i ([ e =0 o)l dyas
0
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D
*dist(ml1, mJ)d+s
“czsm%};,mmnnwznl
s Gae)
i) (i)

< Ik 1 (6(1)) (e(l))femﬁm\/m

TS AITIVANITS

SlIKlez (k23
SIK
S IKlez

BT
SlKlez lmJ|lmI||J|"2 ]2

Lemma 4.2

> Laood (1) - (g, W) (W, TY1) (W1, f)

1,J:dist(1,J)>€(J)(e(I)/e(J))?
dist(ml,mJ)>%D(I,J)
~IvVI=K .
L(D=2""0(K)<t(J)=2"7L(K)

= c|Kllcz,27 27" (g, AL £),
where 6 € (0, 1) and A% is an averaging operator with parameters (i, j).

Proof By Lemma 4.1, substituting £(1)/£(K) =27,

VI 2[0(d+s)2—is

[y, Tyl S [Kllez, K]

and the first factor is precisely the required size of the coefficients of A% O

Summarizing, we have
o0 o0
ot = clKllcz, Y > 277 g, S f),
j=li=j

where we choose 0 =

= 7= +Y for any given € > 0 and S% is a good wavelet shift with
parameters (i, j).

4.2 Intermediate Cubes,

Opetween L€t M > m. In this part, we make use of the fact that {r; has a Taylor series
of order s at the centre point ¢y of I and we denote

Tayl (Yy, cp) := Z = " 20l ————3Yy(cp).

0<|a|<s

Birkhauser



66 Page 160f 24 Journal of Fourier Analysis and Applications (2022) 28:66

We drop cj, when it is clear from the context. Thus, we have

(g, TYp) = (g — Tayl,(Yy, cp), Ty) + (Tayl (g, cp), Typ). (4.3)

Observe that due to the hypothesis of Theorem 3.2 that the operators 7', 7* map Ps
to itself, and by the cancellation of i/; the last term of (4.3) vanishes. The first term
of (4.3) we can further split as

Yy, TYr) = Ay Wy — Tayly (b, ), Tyr)

“4.4)
+ (Apr (g — Tayl (Yy, 1), TYr).

In the following we estimate the remaining non-vanishing terms of (4.4). For these
terms, we obtain estimates that do not depend on the fact that we are dealing with the
intermediate cubes, and in fact we will use these same estimates again to deal with
Oin.

Lemma4.5 Foralll1,J € & such that £(I) < £(J), we have

NG
(orne (s = Tarl, e, Tvn | £ 1K1ez, (17) W (7).

where

1
W(t) = ts<log; + 1) <St'7€¢ foranygiven € >0 and t € (0, 1].

Proof Let us denote Tayl (K) := 205\a|<s e 9K (x, cy). Using the cancella-

Ol'
tion of ¥, the Taylor series of order s of y — K (x, y) at the centre point y = ¢ of

I and the higher order standard estimate of the kernel (3.1)

[{(1arye Wy — Taylg (g, ), Trp)]
< // Laary ([ (x) — Tayl,(pr. eD)IIK Ge. y) — Tayl, (K11 ()] dy dx
s (6) — Tayl, (s, el

dist(x, mI)d+s

S ||K||CZXZ(I)S||WI||1/I(MI)C(X) dx. (4.6)

Now, using the regularity property and the Taylor series of order s of ¥, at the
centre point ¢y of I we derive the following two estimates:

Estimate 1

cl|| o

[Yry(x) — Tayl,(¥y, )| < ¥ lloo + Z 10%Y s llo
0<|a|<s
S |J|-1/2(2—di“lff};’j” ).

a<s

where a = |¢| € N.
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Estimate 2

1

x —cyllol
Y7 () = Tayl, (). )| sz 3 %wawawa—r)c1)|(1—t>‘ Ldr
0 |la|=s
Slx—erlllo’yslleo
- 12 dist(x, mI)*
L)’

Thus, the right hand side of (4.6) is dominated by

S

S KNz, e’

il ( / dist(x, mI)* 1

dx
[J]1/2 e(J)s  dist(x, mI)d+s
(MI)¢
dist(x,m1)<t(J)

dist(x, m1)*~! 1
d
+ / ()T dist(x, mI)d+s x)

dist(x,m1)>£(J)

N A B
Sustencr () [ bt [ ootk
405) e(J)
_ NN O
= [[Kllcz £U) <|J| <€(J)S log TS, E(J))

IIKIICZY<||§||)1/2\y(1f((§))>

Lemma4.7 Forall I, J € 9 such that £(I) < £(J), we have

v I1\1/2
Lanr s = Tayty s, Ton ST (50) () @)

Proof By the Taylor series of order s of v/ at the centre point ¢; of I and the regularity
properties of ¥y, ¥y, we can compute the left hand side of (4.8) as follows:

1

(s [ 3 S x (= e = o7 an, T

0 lal=s
ST oy 2 (MED) 18 Yy llool ]2
ST 2y 26D L) 1T |72 1|2

=T ”L“Lz(ﬁ((j))) (||§||)1/2'

O
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By combining Eq. (4.4), Lemmata 4.5 and 4.7 we have

TINL/2 /(D) \s—¢
|<wwz>|5<||1<||czs+||T||L29Lz)(H) (%) )

Now, for the completion of the analysis of the sum operween We will need the fol-
lowing lemma:

Lemma4.10 For I and J appearing in Opetween, We have
D(1,J) S L),
where D(I, J) is the long distance introduced in Sect. 3.

Proof We start by estimating dist(/, J) as follows:

dist(/, J)

IA

%(m — eI + dist(mI, mJ) + %(m — 1e)

A

1 1 1
5 (m = D) + 5D T) + 5 (m = DE)

1 1 | 1 1
5("1 — D) + EZ(I) + zdlst(l, J)+ 55(1) + E(M — D)

m 1 . m
= —{)+ Edlst(l, J)+ EE(J)'

2 (4.11)
Hence, (4.11) implies
dist(Z, J) <ml(l) +ml(J). (4.12)
Applying (4.12) we have
D(1,J) &) +dist(1, J) + £(J) L) +£(J)
T %) S(m+1)—£(1) <2(m+1).
O

Using Lemma 3.6 we can organize the sum Operween in a similar way as the sum

Ofar

oo o0

Obetween = Z Z Z Z a(l, J),
j=li=j K 1,J:0(1)<e(J)
dist(1,J)>L(J)(E(D)/e(J))°
dist(ml,mJ)<iD(1.J)
Ivi=K
L(D=2"1(K),e(J)=2"7 L(K)

where

a(l,J) = (g, v5) by, TY1) (Y1, f) (4.13)
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satisfies, by (4.9), the estimate

[T]\1/2 Z([) s—€
la, DS g vl UK ez, + 1T () (g) s )
_ ITITT K] (61 5=
=18 YUK lez, + 1Tz )= (5 75) |<w1,2|i4)

S§—€
By combining Lemmata 3.6 and 4.10 we can estimate |K|/|J| (E(I)/E(J)) of
(4.13) as follows:

|K| (e(I)\s—¢ €K (e(I)ys—e
@) =)
- 2(K)?

~ 0\ d+s—e
()

_ LK) eI’

- E(K)(l—(’)(‘“'f—f) g(])()(d—&-s—e) (4.15)

_ <£(1) >sfeft9(d+sfe)

—\U(K)
< £(01) )57679((14’5)

L(K)

£(1) -2
= (i)

where we choose 6 = # for any given € > 0. Summarizing, from (4.14) and (4.15)
we have

E(I)S7€

<

(o i)
Obetween =€ Y Y Y (IKllez, + 1Tl 12 120277729 (g, AT f)

j=li=j K

oo o0
=c(IKllcz, + ITll2mp2) Y Y 271672 (g, $Y ),

j=li=j

where A’Ié is an averaging operator and S/ is a good wavelet shift with parameters

@ Jj).
4.3 Contained Cubes, oi,

Let M > m. When I C J, the argument is the same as in the case of the sum

=

Obetween DUt further apart from the corresponding estimate in [8, Sect. 3.2]. Hence, by

) Birkhduser
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combining Egs. (4.3) and (4.4), Lemmata 4.5 and 4.7, estimate (4.9) we can organize

o0 o0
ZEDID > a(l, J),
j=li=j K 1,0:1CJ
IVI=K

LD=2""0(K),0(J)=2"T¢(K)

where a (1, J) is defined in (4.13) and satisfies the estimate (4.14).
We observe that for the contained cubes oj,, we have from Lemma 3.6 the bound

6
(K )(%) < D(1, J). Also, from the definition of the contained cubes we have

D(I, J) < £(J), which is the same as the conclusion of Lemma 4.10 in the case of
Obetween- Thus, we have all the same auxiliary estimates as in Opetween and the same
conclusion

oo o0
oin=c > Y (IKlcz, + T2 227072 g, AL F)

j=li=j K

oo o0
=c(IKllcz, + 1T p2mp2) Y Y 271072 g, 5T f),
j=li=j

where Ailg is an averaging operator and S is a good wavelet shift with parameters
@ j)-

4.4 Near-by Cubes, 6— and Opear

We are left to deal with the sums o— of equal cubes I = J, as well as oyear Of disjoint
near-by cubes with dist(7, J) < £(J)(£(1)/£(J))?. Since I is good, this necessarily
implies that £(I) > 27"¢(J). Then, for a given J, there are only boundedly many
related / in this sum. Note that in contrast to [8, Sect. 3.3] we compute both sums

using good wavelet shifts of type (i, i) and (7, j).

Lemma4.16 ForallI,J € 9, we have

Ky, Ty = IT 12 g2

Proof Using the L?-boundedness of T, we estimate simply

W TY Ol < 1120 2 21 ll2 = (1T 1l 2 12
m

Using this lemma and applying Lemma 3.6 for the good I = J € Z and a cube
J' € D adjacentto I (i.e.,£(J") = £(I) and dist(I, J') = 0), we have that K := v J’
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satisfies £(K) < €(I) and mI C K. Moreover, from Lemma 4.16, we have

VI VI
K. Ty < ITl2 2 = T”T”L2—>L2 < K|

T2 2-

Thus, we can organize the sum o— as follows

== > e ¥ Ty f)

i=l K I:mICK
«DH=2""¢(K)

=Y D ITln e AR D)

i=1 K

c
= cl|T 22 Y (8. ST ),

i=1

where Ai[é is an averaging operator and S/ is a good wavelet shift with parameters
@, 1).

For I and J participating in opear, we conclude from Lemma 3.6 that K ;=1 Vv J
satisfies £(K) < €(I). Also, from Lemma 4.16, we have

VI
1]

VU]
K|

Kr, Ty < ITl 22 < 1Tl 22 S 1T 22

Hence, we may organize

Onear =Y _ Y Y > (& V)W, T i, f)

i=1j=1 K [ Judist(Z,J)<€(J)U)/e(J))’
INJ=@,IvJ=K
LD=2"1(K),e(J)=2"4(K)

=YY D IT N 208, AL )

i=1j=1 K

=clTlme Y 9 (8. ST 1),

i=1 j=I

where Ai,g is an averaging operator and S is a good wavelet shift with parameters
@ J)-

Summarizing, we have

C c
0= + Onear = I Tl 22 Y Y (8. S £),

j=li=j
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where S/ is a good wavelet shift of type (i, j).

4.5 Synthesis
We have checked that

Y Agood (g Y) Wra, TV, f)

L=t

= C(”K”CZS —+ ”T”L2~>L2)< Z (2—i(s—6) _|_2—i(s—26))<g7 S’jf>>,

1<j<i<oo

where S%/ is a good wavelet shift of type (i, j).

By symmetry (just observing that the cubes of equal size contributed precisely to
the presence of the shifts of type (i, i), and that the dual of a shift of type (i, j) is a
shift of type (j, i)), it follows that

D lgood ({8 Y)Wy, TYI (W1, f)

LI>e(J)

=c(Kllcz, + ”T”L2—>L2)< Z (2—1(5—6) + 2_]'(5—26))<g’ Siff))

1<i<j<oo

so that altogether

> gooa(min{Z, JH{g, Y)W, TY1) (W1, f)
1,J

=c(Klcz, + ||T||L2HL2)< Z (2~ max(i.)s=€) 4 2—max(i,j)(3—26))<g’ Si'jf)).
i, j=1
- (4.17)
The coefficient in (4.17) is dominated by 2~ ™&(./) (=€) 'where ¢’ = 2¢ for any given
€ > 0. This completes the proof of Theorem 3.2.
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