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Abstract

We consider the limit measures induced by the rescaled eigenfunctions of Schrodinger
operators with even confining potentials. We show that the limit measure is supported
on [—1, 1] and with the density proportional to (1 — |x |ﬂ )~1/2 when the non-perturbed
potential resembles |x|’3, B > 0, for large x, and with the uniform density for super-
polynomially growing potentials. We compare these results to analogous results in
orthogonal polynomials and semiclassical defect measures.
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1 Introduction
Let A be a Schrodinger operator acting in L?(R)

2

d
A=——5+0w, (1.1)
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where Q is a real-valued, even potential which tends to +00 as |x| — oo. More
precisely, we suppose that Q = V + W, where V is sufficiently regular (see Assump-
tions I) and W is its possibly irregular perturbation (satisfying Assumption II that
guarantees that W is small in a suitable sense). Our main condition on the potential is
that V satisfies

. Vxn
Hﬂ € (07 00]7 V-x € (_17 1)7 t—lgf—noo V([) = wﬂ(x)’ (1'2)
where
B
oyt |1 B E .00 03

0, B = oo.

As explained in [17, Sec. 1.3], the existence of the limiting function in (1.2) already
implies that wg is a power of | x| or zero; functions V satisfying (1.2) with 8 < oo are
called regularly varying.

It is well-known (also under much weaker assumptions on Q) that the operator
A, defined via its quadratic form, is self-adjoint with compact resolvent, hence its
spectrum is real and discrete. In fact, all eigenvalues {1} of A are simple, thus they
can be ordered increasingly and the corresponding eigenspaces are one-dimensional.
Since the potential Q is real, eigenfunctions {1} related to {X¢} can be selected as
real functions satisfying

AV = Mk, il = 1kl 2y = 1. ke N. (1.4)

These conditions do not determine v/ uniquely, since — satisfies the same condi-
tions; nonetheless, the squares {I/sz} are already uniquely determined.
Let x;, be positive turning points of V corresponding to eigenvalues {At}, i.e.

V() =M X3, >0, keN, k> ko; (1.5)

here kyp € N is sufficiently large so that x;, are well-defined by (1.5), see also
Assumption I. We define non-negative normalized measures on R induced by the
eigenfunctions {1y} by

dpg:=x;, Yr(x,x)%dx, xeR, keN, k> ko. (1.6)

This rescaling transforms the classically forbidden region {x : V(x) > Ax} with
(super)-exponential decay of ¥ to R \ [—1, 1] while the rescaled functions v (xy, -)
oscillate in [—1, 1]. Notice that W enters the definition of {x;, }, and thus the rescaling
of eigenfunctions, since {A} are eigenvalues of the operator with the potential O =
V + W; the assumptions on the size of W comparing to V, see Assumption II and
Proposition 2.2, allow for treating W perturbatively.
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In this paper, we prove that measures (1.6) converges (as k — 00) to a limiting
concentration measure supported on [—1, 1]

_TG+p 1w
2T + L) (1= wp(x))?

diey dx, (1.7)

see Theorem 2.3. This generalizes the classical result for the harmonic oscillator,
ie. Q(x) = x2, namely the arcsine law for the concentration measure

1
—1,11(x) dx

1
T VT2

of the Hermite functions. Limiting measures of the type (1.7) were found for rescaled
eigenfunctions with a different normalization for polynomial, possibly complex,
potentials in [3, Thm. 2]. The concentration of eigenfunctions is in particular used in
estimates of norms of the spectral projections of non-self-adjoint Schrédinger opera-
tors obtained through conjugation, see [14], in particular, Sect. 3.

Notice that the condition (1.2) does not require V' to be a polynomial. For instance,
the potentials below satisfy both technical Assumption I and the condition (1.2):

(1.8)

V(x) = |x[*log(l +x2), o >0, (1.9)

lead to the limit
we(x) = [x]% x e (=1,1), (1.10)

while for the fast-growing potentials
V(x) =exp(]x]"), y >0, (1.11)

the limit reads
wWeo(x) =0, xe€(—1,1); (1.12)

the latter is not a special case, see Proposition 2.1.1). Moreover, one can include further,
possibly irregular and unbounded perturbations W, see Proposition 2.2 for examples
of admissible W.

We emphasize that while the limiting function, if exists, is always homogeneous,
this not required for V; see examples (1.9) and (1.11) above. Thus rescaling leads to a
semi-classical operator only in very special cases; a relation of our result and so called
semi-classical defect measures in these special cases can be found in Sect. 5.2 below.

This paper is organized as follows. Our results with precise assumptions are formu-
lated in Sect. 2 and they are proved in Sect. 3 relying on asymptotic formulas for the
eigenfunctions {1y} summarized in Sect. 3.1. In Sect. 4 we prove the asymptotic for-
mulas following and slightly extending the ideas and results in the book [18, §22.27]
and in [7]. Finally, in Sect. 5 our results are compared to the existing literature in more
detail.
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1.1 Notation

Throughout the paper, we employ notations and results summarized in Sect. 3.1. In
particular, to avoid many appearing constants, for a, b > 0, we write a < b if there
exists a constant C > 0, independent of any relevant variable or parameter, such that
a < Cb;therelation a 2 b is introduced analogously. By a ~ b it is meant thata < b
and a 2 b. The natural numbers are denoted by N = {1, 2, ...} and Ng = N U {0}.

2 Assumptions and Results

Our results are obtained under the following assumptions on the potential Q = V +
W. The conditions on V, similar to those used in [7, 18], guarantee that V is an
even confining potential with sufficient regularity to obtain convenient asymptotic
formulas for eigenfunctions (associated with large eigenvalues) of the corresponding
Schrodinger operator, see Sects. 3.1 and 4 for details. The conditions on W ensure
that it is indeed a small perturbation which does not essentially affect the shape of the
eigenfunctions.

Assumption| Let V : R — R satisfy the following conditions.

() V e C(R)NC23(R\ {0}) is even,

lim V(x) = 4o, 2.1

|x]—+o00

(ii) there exists &y > O such that V € C3R \ [0, &0]),

V(x) >0, V/(x) >0, x > &, (2.2)
and )
V/ V//
— e LY ((50,00)), — € L'((%0, 00)), (2.3)
V2 V2

(iii) there exists v > —1 such that for all x > &

V/(x) ~ V(x)x",

2.4)
V')l S V/)xY, V7@l SV 0x.
O
Assumption I is an extension of conditions in [18, §22.27] where the case v = —1,

i.e. polynomial-like potentials, is analyzed; conditions analogous to Assumption I
are used also in [1, 9] where the resolvent estimates of non-self-adjoint Schrodinger
operators are given. The assumptions of [7] allow for fast growing potentials and are
based on suitable restrictions of V', see [7, Condition 2].
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The first assumption (2.4) implies there are two constants 0 < ¢; < ¢z < 0o such
that for all x > &y

xS V(x) S x4, v=—1,
vl < < v+1 _ 2.5
exp(c1x” ) S V(x) Sexp(eax™ ™), v>—1.
This can be seen from (with &y < x1 < xp)
xv+1 _xv+1
74 X2 V/ X2 #’ v > _1,
log £ 2) =/ ) 45 %[ sV ds = vl (2.6)
Vix1) X1 V(s) X1 log —2, v=—1.
X1

The crucial technical observation used frequently in the proofs is that (2.4) imply that,
for any ¢ € (0, 1) and all sufficiently large x > O, we have

VOx+ M)~ VD), [Al<ex™, j=0,1, 2.7)

i.e. we have a control of how much V and V' varies over the intervals of size x ", see
Lemma 4.1. Assumptions (2.3) and (2.4) also imply that

4 (xi —o(1), x— 400, (2.8)
V(x)2

see Lemma 3.2, which is almost optimal condition for the separation property of the
domain of the self-adjoint Schrodinger operator B = —d?/dx? + V (x), namely,

Dom(B) = W>2(R)N{f € L*(R) : Vf € L*(R)}, (2.9)

see [4, 5, 8]; note that the separation property might be lost for A due to the possibly
irregular W.
The following proposition relates the parameter v and the condition (1.2).

Proposition 2.1 Ler V satisfy Assumption 1.

(1) Ifv > —1, then V satisfies the condition (1.2) with 8 = oo.
@ii) If v = —1 and V satisfies the condition (1.2), then € (0, c0).

Proof Let x € (0, 1) be fixed. From (2.6), we have that for all > &y/x

ol +1
Vit —x" —
IOgV() ~ +1(1 X7, v>—1, (2.10)
(x1) —logx, v=—1.

Thus, if v > —1, we get that for every x € (0, 1)

V(xt) _0

= V() @1
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If v = —1 and the condition (1.2) holds, then for every x € (0, 1)

V(xt
< tim LD _ p 2.12)
t—+oo V(1)
where B, f2 € (0, 00) are independent of x. O

In the next step, we formulate a condition on the perturbation W that guarantees
that it is small in a suitable sense (arising in the proof of Theorem 3.3). The appearing
weight wl_2 is naturally related with the main part of the potential V, although, the
precise formula (3.24) might seem more complicated to grasp. It includes the turning
point x;, of V, the quantity a; (the value of V” at the turning point) and a “natural small
region” around the turning point (characterized by § and §1), see Sect. 3.1 for details.
Examples of perturbations satisfying Assumption II are given in Proposition 2.2 below.

Assumption Il Letw; beasin(3.24)below.Let W : R — Rbeeven, locally integrable
and satisfy
© W(s)

Jw(A):= w1)2

ds =o(l), A — 4o0. (2.13)
a

Proposition 2.2 Let V(x) = |x|%, B > 0, and let W = W; + W» where supp W,
is compact, W € L'(R), W» € Ly (R) and let [W2(x)| S |x|7, x € R, for some
y € R. Then (2.13) is satisfied if B > 2y +2. Moreover, if B > 1, already W, € L' (R)
suffices (one can omit the condition on the compactness of support of Wp).

Proof For all large A > 0, we get (let supp Wi C [—x1, x1])

* W W w
O :/ 1) 4o | 11||L1_
0

— 2.14
0 wils)? O—sByr T a2 @19

Forp > land W| € L(R) without the condition on supp Wi, one can use (3.20) and
(3.19) to obtain

W (S)
0 wl(S)2

-B
/ Wi (s) ds <,\7||W1||L1. (2.15)

Next, changing the integration variable s = x; t and using (3.19), we get (with the
assumption 8 > 2y + 2)

% Wy (s U Was e a5+
2()2deg 2()2S+ Al/ 1+)\(11)
o wi(s) 0o wi(s) Az Joo |1 —¢B)|2 a; (2.16)

1 2y+2-8 3y+2-28
SATZHA 44 F O =o0(l), r— +4oo.
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Conditions on W in Proposition 2.2, in particular 8 > 2y +2or W € L' (R) when 8 >
1, arise also in [9, 13], where the Riesz basis property of eigenfunctions, eigenvalue
asymptotics and resolvent estimates are analyzed for complex W.

Our main result reads as follows.

Theorem 2.3 Let Q = V + W where V and W satisfy Assumptions I and I, respec-
tively. Let V satisfy in addition the condition (1.2) and let {jur}, s« be as in (1.6),
(1.7), respectively. Let

Fyi=(f € LE(R) : IM > 0, fexp(—M|V|?) € L°(R)). (2.17)

Then, for every f € Fy, we have

FGz+g !
28 / GNP 2.18)
27T (1 + ) /-1 (1 — wp(x))?
Hence, in particular, the measures {i} converge weakly to the limit measure L,
as k — oo.

lim / £ dun(x) =
k—o00 JR

2.1 Distribution of Zeros

We remark that the related result on the number of zeros of the eigenfunction ¥ in
[—exy,, exy ], € € (0, 1], denoted by Ni(exy,), is

3,1
N, FrG+43 ¢
lim k(exy) 2T 3

= — (1 - a)ﬁ(x))% dx, e € (0, 1]. (2.19)
k—o00 k 7201 + %) e

This generalizes the classical results for the harmonic oscillator, i.e. Q(x) = x2,

namely the semi-circle law for the limiting distribution of the number of zeros of
Hermite functions,

Ne(eVEFT) 2 [¢
Jim %:-/ V1—x2dx, e€(01], (2.20)
T J_¢

k—o00

see e.g. [6, 11, 16]. A generalization of (2.19) for polynomial, possibly complex,
potentials has been given in [3].

The distribution of zeros of eigenfunctions ¥, see (2.19), is closely related to the
distribution of eigenvalues of A and it is essentially proved in [19, Sect. 7]. Indeed,
without the perturbation W, i.e. W = 0, the eigenvalues of A satisfy

LS O S
——x3, A =7k(1 +0(1)), k — o0, 2.21
F(%—k%) M ( (D) (2.21)

see [19, Sect. 7], [7, Theorem. 2], so (2.19) follows from [19, Lemma. 7.3, Theo-
rem. 7.4]. To include W, one could check that (2.21) remains valid for V + W, e.g. like

Birkhauser
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in [13, Theorem. 6.6], and adjust the arguments in [19, Sect. 7]. Alternatively, one can
use the asymptotic formulas for {y} and {1/} in Sect. 3.1; the latter can be derived
by differentiating (4.43). The zeros of Y for |x| < x;, are in a neighborhood of the
zeros of

IEE) +I_1 @), £ = f G-Vt @22

and, for large ¢, using asymptotic formulas for Bessel functions, see [15, §10.17],
these are in a neighborhood of zeros of

sin (g(x) + %) o x] < x, (2.23)

3 The Proofs

We start with an implication of the condition (1.2) for integrals frequently appearing
in our analysis and proceed with the proof of Theorem 2.3.

Lemma 3.1 Let V satisfy Assumption 1 and the condition (1.2). Then, for every g €
L*((-1, 1)),

1 3 1 1
lim (1 - V(Xt)) g(x)dx =/ (1 —a)g(x))7 g(x)dx,

t=+o0 J_y V() 1

1 -3 1 |
lim (1 - V(’”)) " () dx =/ (1 — wp(x)) "7 g(x) dx.

t>+oo || V() 1

@3.1)

Proof Both statements follow by (1.2) and the dominated convergence theorem. Since
V is even, it suffices to consider the integrals on (0, 1) only.

First let x € [0, 1/2] and let &y > O be as in Assumption I. Since V € C(R) and
V() is positive and increasing for y > &, see (2.2), we get that

VD] MaXo<y<& V)l 4 maxg, <, V(y)

V@) ~ V(1) 32)
VR (|, maxosyze [VO) > 2, '
A0 V() T

Thus (2.1) and (1.2) imply that there exists g9 > 0 such that for all x € [0, 1/2] and
all t > o with 79 > 2&; (independent of x) we have

|V (x1)]
VO <1—eo. (3.3)

Combining (3.3) and the assumption that V is eventually increasing on R, see (2.2),
we have that V(xt) < V(¢) for all x € [0, 1] and all ¢ > #y. Thus the existence of an
integrable bound in the first limit follows.
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For the second limit, we use inequalities (2.10). These imply in particular that there
is a constant ¢ > 0 (depending only on v) such that forall x € [1/2, 1) and all > 2&

V(xt U(xt s, =—1,
00 UG - here U()=1" N (3.4)
V(t) U(t) exp (gx‘”‘ ) v>—1.
For v = —1, combining (3.3) and (3.4) for x € [%, 1), we arrive at the integrable
bound 1 ]
Vixt)\ 2 2 1
(1 _ (.X )> |g(x)| S 8() |g(x)|»l X € [(l)s 2)9 (35)
Vo (1 =x$)72g()l, x €3, D).

For v > —1, we show that for all x € [%, 1] and all sufficiently large ¢ > 2&
(independently of x)

AL N 3.6)
U()

To see this, we introduce y = 1 — x"! € [0, yo] with yo = 1 — (1/2)"*! < 1 and
s = ¢t'*1. Then (3.6) holds if

1 —y)—1>0 (3.7)

for all y € [0, yo] and all large s > O (independently of y). Since ¢ > 1 4 sy, we
get

eVl —y) =1yl -y -1, (3.8)
thus (3.7) holds if

s =

) (3.9
1 —yo

Hence the sought integrable bound reads

1
-3 )2 0,1
(1 _ V(xt)) |g(x)| < 80 |g(x)|v X € [ ) 2)’ (310)

42 (1 — 2"+ 3g(x)], x e[l 1),

3.1 Summary of Properties of Eigenfunctions of Schrodinger Operators

We summarize properties eigenfunctions of Schrodinger operators with even confining
potentials Q = V + W satisfying Assumptions I and II. The details and proofs are
given in Sect. 4; this slightly extends the reasoning in [18, §22.27] and [7].
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Since Q is an even function by assumption, we can restrict ourselves to (0, +00).
Following the notations of [7], we introduce (for large enough A > 0)

V(X)L) = )», ()C)L > 0)

a, =V'(x),
Xy

A - V(s))% ds, 0<x<ux,
é‘ ZC(X,)\.)Z * X 1
i/ (V(s) —A)2ds, x> xy,

X3

¢ 3 0, x> x;,
b:b(x,)»):(;) , where arghb= 1w

5, X < X,

@3.11)

u=u(x,A) = bK% (—1{),
v=v(x,4) = bl (=if);

here K3, 113 are modified Bessel functions of order 1/3. Furthermore, we define

00 7 / 2
K)@:/ <|V (t3| + v (t)5> dz. (3.12)
w \V@®?2  V@):?

The functions u and v are known to be two linearly independent solutions of the
differential equation

—f"+(V-=0Mf=Kf, (3.13)

where

b 1 1/51=V 7 5 v~?
K=Kx,\)=—(—+—5]= 9

b obt) 4\9 2 A—V 4@(n-V)2
(3.14)
moreover, the Wronskian of u and v satisfies
Wlu, v](x) = u(x)v'(x) — v(x)u'(x) = 1. (3.15)

The L?-solution of Schrédinger equation —y” 4+ Qy = Ay is then found by solving
the integral equation (obtained by variation of constants)

y(x) = u(x) +/ G(x,$)(K(s) + W(s)y(s)ds, (3.16)

where G(x, s) = u(x)v(s) — v(x)u(s), see Theorem 3.3 and its proof in Sect. 4.
Next, for 0 < x < x;, one gets

T

/3

ulx) =

Bl (1 @+ 1), w0 ==BI©. (17

Birkhauser
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The positive numbers § and §; are defined by
(. —8) =—iln+8) =1 (3.18)

and they satisfy

§+ 81 =o(x; "), 5§~ 8 %a;g, A — +00, (3.19)

see Lemma 4.1 and its proof for details. As A — 400, we have

2 2
V) =V =8 ~ad=~a;, Vx+8)— V) ~ad ~aj, (320
see Lemma 4.1 below.
If |x| < x; stays away from turning points, ¢ is large and so it is useful to employ

asymptotic formulas for Bessel functions with large argument, see [15, §10.17]. In
particular, one obtains

W) = — (1 sin2 + Ri@). x| < %, (3.21)
O — V)t

where (see also [7, Sec. 7])
IRi(OI=0¢™", ¢ — +o. (3.22)
For the absolute values of # and v, we have that, for all large enough A > 0,
lu(x)| < (w1(X)w2(X))_1, ) S wi0) ' wa(x), x>0, (3.23)

with the weights

A= V@5, x e (0,5 —8) U +81,00),
wi(x) = 1
) € _8, 8 )
a, x € [x X) +61] (3.24)
1, x € (0, x) + 6811,
wa(xX) =4
e, x € (x)+4d1,00),

see Lemma 4.2 below. Notice that arg ¢ (x) = m/2 for x > x; thus |u(x)| is exponen-
tially decreasing while |v(x)]| is allowed to be exponentially increasing as x — +oo.

Next, from Assumption I we obtain the following estimates, frequently occurring
in our statements and proofs.
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Lemma 3.2 Let V satisfy Assumption 1 and let x; and a, be as in (3.11). Then, as

A — 400,
1 1
() ) -
~\ ~ 3
* a Vi(x)? (3.25)

00 " / 2
,SKAZ/ (IV (tzl n V(t)5> &= o), & +oo.
X V()2 V()2

Proof The claims follow from V'(x) ~ V (x)x" for x sufficiently large, see (2.4), and

e[t 50
V(x3)? u \V()?2

together with (2.3). m]

Finally, we have that

1

ES ap,

o0 X5, d 1 3v\ o log %5

/ u(x)>dx = / L} 1+0| —+ s H)_Ci
0 0 A—V(@))?2 X a Xy

= (/ A&l)(l—i—o(l)), A — 400,
0 (A—=V(x))2

see Lemma 4.3 below.

The following theorem shows that the function « is the main term in the asymptotic
formula for eigenfunctions of the operator A from (1.1). The proof is given at the end
of Sect. 4. One can check that the eigenvalues of A are simple and eigenfunctions
are even or odd functions (since Q is assumed to be even). Thus the eigenvalues and
eigenfunctions of A can be found by determining A > O for which solutions y in
(3.29) of the differential equation (3.28) satisfy a Dirichlet (y(0) = 0) or a Neumann
(y'(0) = 0) boundary condition at 0.

(3.27)

Theorem 3.3 Let Q = V + W where V and W satisfy Assumptions 1 and 11, respec-
tively. Let x) and u be as in (3.11), let wi, wy be as in (3.24), let k), as in (3.12) and
let Jw be as in (2.13). Then, for every sufficiently large ) > 0, there is a solution of

—Y"+(Q-1y=0 (3.28)
on (0, +00) such that
y=u-+r, (3.29)
where con
rel s —X oo, (3.30)
wi (x)wa(x)
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and
CO) =00+ + Tw) = o(l), % — +oo. (3.31)
Moreover
/ yz(x) dx
0

a

1
X3, T dx 1 PRI log 55
- f — T N 1trewmro| =+ (2) 2] 632
0 (A= V@)? oo \a ) i

( *a 7 dx )
= / — = _Jd+4oe)., r— +oc.
0 (A=Vx)?

3.2 Proof of Theorem 2.3

Since the eigenfunctions {1} are even or odd, we consider only x € (0, co). We
select the eigenfunctions {y} such that

_ Vi (x) _ u(x) + rr(x)
1yl 1yl

Yy (x) >0, (3.33)

where yr = y(-, Ag), ux = u(-, Ag) and ry = yx — uy, see Sect. 3.1 and in particular
Theorem 3.3. Hence, the densities {¢y} of the measures {1}, see (1.6), satisfy

i (x) = X3 Yk (x5, %)
g (63,)% + 20k (0, )1t (63, %) + i (3, %) (3.34)
e I1? '

= ‘x)\k

In the sequel, notations and results summarized in Sect. 3.1 are used, moreover, we
introduce the constant (for 8 € (0, oco])

2m3T(1+ 1)

— (3.35)
FGG+3)

1
Q%::/ (1=t~ 2dr =
~1

We also drop the subscript k and work with quantities like y = y(-, ) as A — 4-00.
First, Lemma 3.1, (3.32) and the change of integration variables x = x;¢ imply

/

oo omdx T 25,
||y||2:2/ ——— (4 o(1) = —LZ(1 4 0(1), r— +oo.
0 (A—=V(x))?2 AZ
(3.36)
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Thus with f € Fy, see (2.17), and the change of integration variables, we get

1
o 1 Az > s X
Ppx) fx)dx = —— — Yy f | — ) dx ) (A +0o(l), A— 4o0;
0 7825 x \Jo X,

(3.37)
the integral indeed converges for f € Fy as can be seen from (3.42), (3.43) below
and the behavior of y at infinity, see (3.29), (3.30), (3.23) and (3.24).

First we show that the contribution from the region around the turning point is
negligible. It follows from (3.19) and (3.25) that

N x;” o
— =~ | = xv+1=0(1), A — +00, (3.38)

hence, since f € Lf’OOC(R),

€SS SUPg<x<x; +8;

X
f <—)' =0(), »— +oo. (3.39)
X,

Employing estimates (3.23), (3.30), (3.39) and (3.19) in the last step, we obtain

)»% x)+61 !

1
x AT (L+CRHG+8) _ A2
Iii=— y(x)? f(—)‘ dx < — T L < > (3.40)
Xh Jx;—8 X X 3 3

a; x).a;

Similarly, since x; " < x; and 81 = o(x, ") as L — +00, see (3.19), we get (using

(3.23), (3.20), changing the integration variables —i¢(x) = |{(x)| = ¢ and observing

that [£(x)]" = (V(x) — 1)1/2)
X
() e
XA

I
A2 [ (L 4+ C()2)e 2l
< / (I+C) e dx
X,

-V
1 X
Az [0t 5
Iy=— y(x)
Xx Jx+681

1
X St (V(x) —2)?
_ A et (V(x)—x)%e—z\md _oaE e g < %
S ; Vo) — XS 7 e TN} 7
e x.a; 1 x.a;
(3.41)

We investigate the region (x; +x; ”/2, c0) and also explain the convergence of the
integral in (3.37). To this end, we recall that by assumption f € Fy, see (2.17), thus
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with some M > 0

/(5

exp(—[¢(x)])
1 V()2 (3-42)
< |If exp(=M|V|2)]|| L~ exp —IC(X)I(I - MW
and we show below that

1

&)

sup —— =0(1), A — +00.
x>xp+ S £

(3.43)

To prove (3.43), notice that for x > x; and assuming that A is sufficiently large that
x5, > &o

Vi) -1\ AV(x) 0
( V) ) TV

(3.44)
and, using (2.4) and (2.7),
1. - _
V(X + 3x; vl) —_ V(x3) ~ V'(x)x, " ~ 1. (3.45)
V(. +3x ") V(x)
Thus, for x > x; 4+ x; " /2,
3
x V(@ V(x) —A)2
HOIE / (V) — )t d = / VO Wi - ntarz O
X X V/(t) maxx;hstfx V/(t)
3 3
\%4 —A)2 Vix)2
= V) - ) *x) - zmin{x;”,x_”}V(x)%.
V(x)2 maXy, <¢<x V(1)
(3.46)
Hence for v < 0 we immediately arrive at
3 3
vEE _E
(“> < ("f) <. (3.47)
[£(x)] V(x)ix}‘hvl xl\vl
For v > 0, we use (2.6) to get (with & > 0 from Assumption I and some ¢ > 0)
! !
X X
vE e v(E)
|2 (x)] Vix)? (3.48)
1
< max

2v ’ +1 1
) v o
XASXESOxx<V(x)> L e"p( ex™(1+ 00 ))),
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thus (3.43) follows also in this case (recall (3.25)).
As a consequence of (3.42) and (3.43) we obtain in particular that

exp(—|¢(x)) =0(1), A — 400 (3.49)

by
eSSSUP, 5 1y 4 Las ‘f (;)

which we use in the estimate of integral

Az [ )
I3:=— y(x)

XA x)Hr%x;”

X
f (—)‘ dx. (3.50)
Xa

In detail, employing (3.49), (3.23), (3.30), changing the integration variables —i¢ (x) =
[¢(x)] = t and using (2.7) and (2.4) in the last steps, we get

1
Az [° 14+ C(A)2)e~1EW)
135—/ 1 A+ e 77 4,
X l,=v _ 5
: Yt 3%, (V(x) —A)2 1 (3.51)
1 00 1
S AP T (N N
X V(x, + %x;”) —Vx) Jo X Vo) T e
Thus in summary, using (2.4), (3.25) and v > —1, we get
HV\E o 1
LT+h+L 5|2 o5 +—F =0, - +oo. (3.52)
ay Xy X)A2

We continue with the integral over (0, x; — §), see (3.37), where we use the repre-
sentation of u? from (3.21), i.e.

Y= — (1 +sin2¢ + Ry (2)) + 2ur + 12, (3.53)
(A — V)2

The main contribution in (3.37) reads (employing Lemma 3.1)

Voo wf (& -2 -3
I4::)L—2 L),dx=7t/ A(1—M> Zf(x)dx
oo i=—v)): 0 V(x2)

1
zf M+o(l), A — +oo.
0 (1—wp(x)?

(3.54)

Thus, to prove (2.18), we need to show that the remaining terms are negligible.
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Employing the estimates on |u|, |r|, see (3.23), (3.30), we get by changing the
integration variables x = x; and applying Lemma 3.1 that (recall that f € L}, (R))
1
Az [9d X
2= [ (et +rw?) |7 (£)] o
X Jo XA

A (BT CW) OO’
Tado -vo

(3.55)
dr S QC0) = o(1), A — +oo.

Thus the contribution from the integrals with 2ur + r? is indeed negligible.
Usmg (3. 22) (4.7), (4.4), (2.4) and (3.25), we obtain (recall that f € L. (R),

=-=-V) 5 and see also (4.20))
Teg:=—

X
x. Jo (,\ V(x))z f(;>
Az ( fﬂ—w dx
S C(xy — xk) - V(x))2

+ / o d—x
=35 () (A — V(x))z (3.56)

k% xiv ; /Xx—ihu dx log ¢ (x; — %x;”)
< A | +
0 (A —V(x))? A—=V(xy—9)

1 1
3\ 2 3\ 5 log %
X / A7) X3
5( )S%+<m) Hv—mn A= oo,

1
2z (a8 R
2 [R1(2)] dr

a

Finally, we analyze the term with sin2¢, see (3.53). For every ¢ > O there is g €
Cg°((0, 1)) such that || f — gllio,1)) < & With this ¢ > 0, we define Ser=ex, s
notice that § = 0(8;) as A — 400, see (3.19). Then

x)—8 :
/ sin 2¢ (x) iy <i) dr
0 *r=Vx))2 X1
Az [0 1
=4 — T
A= (A —V(x))2

+A£/L4iliﬁl:§£ﬁ_ (3.57)
0 (A = V(xy1))?

/‘“‘55 sin 22 (x) ( X )
—— g — ) dx
0 (A=V)2 %

=:123 + Zo + Z1p.

1
A2

X

A2
+ —
X
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Using that f € L% (R), (2.7), (2.4) and the mean value theorem (with n; € (x; —
68 s x}\.))’

A (V@) = Vi —8:)7 A2 (V(mex;")?

s V/(x) x V/(x3)
A A A A
v —y 1 (3.58)
2 2
P A L
T Vi) T x
From || f — gllL1¢0.1)) < & (2.7) and (2.4), we get
M M
1
Zg < ¢ <e <el. (3.59)

(V) = V@ — 802 (V(xp)ex)")?

By integration by parts and (3.20),

x '\ cos2¢(x) %
[g (E) e V(x):|0 "

1
<27 (gl /ws gl Dgll=V'@) (3.60)
Yo\ e o mG-VE) T G- vV)?
 lgllz + 118/l

Tio S

SEGA
[ :

A—=V(x)

S

1
EX)AZ

Putting the estimates from above together, we finally obtain

o 1! d
lim sup / & (x) f(x)dx — —// _J@dx g e
)—-+o0 |J0 26 Jo (1 —wp(x))2
thus the claim (2.18) follows since ¢ > 0 was arbitrary. O

4 Eigenfunctions of Schrodinger Operators with Even Confining
Potentials

In this section, we collect technical lemmas and proofs of results summarized in
Sect. 3.1; these are used in the proof of the main Theorem 2.3. Notice that in this
section we do not assume that (1.2) holds. The proofs follow mostly the reasoning in
[18, §22.27] and [7].

Lemma 4.1 Let V satisfy Assumption 1, let &y be as in (2.2), let x;, ay, ¢ be as in
(3.11) and 8, 61 as in (3.18). Let ¢ € (0, 1). Then, for all sufficiently large A > 0 and
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all sufficiently large x, the following hold.

VOx+A)~ VD), |Al<ex™, j=0,1, (4.1

1

ap, 2
(@) , (4.2)

s~ 8 ~a, °, 4.3)

%

£ (e £ ex; )

2 2
V() =V —8) ~wd~a;, V+8)— V) ~ad ~a;. 4.4)

Proof Using Assumption I, for v > —1, we have

Vix+A AV
’l (x+ ) — / ()dt §‘|X+A|U+l_|x|u+l
V(x) . V@) (4.5)
Sa'|AI+O(APRT,
forv =—1,
Vix+A AV A
longf ()dt§10g<l+—>
V(x) X V() X (4.6)
< max({|log(l —¢)|, [log(1 + &)[};
the case with j = 1 is similar.
Using (4.1) for V' and the mean value theorem in the last step, we get
Eh V() 1
C(x) —ex, V) = / (A=V()2dt
- x).—ex; " V()
1 4.7
2
1 o3 aj
~ —V) -V —ex; )2 = <W) ;
a X3,
the case with x;, + ex, ” is analogous.
The number § must satisfy
§=o0(x;"), r— +00 (4.8)

for otherwise ¢ (x) — §) — +o00o by (4.2) and (3.25). Then, using the definition of
3, see (3.18), we get similarly as in (4.7),

= [ YO0 ventdr~ Las)?
1=¢(x; 5)_/“_(S Vi &~ VO dE A (@) (4.9)

and thus (4.3) follows. The reasoning for §; is analogous.
Relations (4.4) follow by the mean value theorem, (4.8), (4.1) and (4.3). ]
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Lemma4.2 Let V satisfy Assumption 1, let u, v be as in (3.11) and let w1, wy be as
in (3.24). Then, for all sufficiently large A > 0, we have

@] S (wi@wa) ™ @] S wi@ wak), x> 0. (4.10)

Proof For x € (0, x;, —38) U (x) +§1, 00), where || > 1, the inequalities (4.10) follow
from the definitions of # and v and asymptotic expansions of the corresponding Bessel
functions for a large argument, see e.g. [15, Chap. 10]; we omit details.

In the region around the turning point x;, one has |¢| < 1 and so expansions of
Bessel functions for a small argument are used, see e.g. [15, Chap. 10]. More precisely,
for u and x; — § < x < x;, one has, see (3.17),

1

/4 ¢ \°®
@l = = bl [1y©) + Ty @] £ (W) : @11
Similarly as in (4.7), we obtain
_ 3 / 3
L) ~ G-V [E)  m—S<x<n. @.12)

an a

thus |u(x)| ~ a;g. The case x; < x < x, + & is similar.
The estimates for v are obtained analogously. O

Lemma4.3 Let V satisfy Assumption I and u, x) and a; be as in (3.11). Then

a

1
o) X3 d 1 3v\ 6 10g 3
/ u(x)>dx = / L} 1+0| —+ 5 H)_Ci
0 0 A—=V(@))?2 X a Xy

- (/ A&l)(l—ko(l)), A — +oo.
0 (A—-V©x)2

Proof Using (3.21), we obtain

o0 X X—08 o
/O u(x)zdx:/O ;ldxﬂ/o i 20 () + RiE)

4.13)

.= V()2 (.= V()2
x)+681 00
—i—/ u(x)2 dx +/ uz(x) dx
x5 —38 X481
X T
- / T 4
=8 (A —=V(x))?2
(4.14)
First we notice that
T dx 1 [* dx X
/ —12—1/ TZ—?- (4.15)
0 A=V@E): Arzto (- %)z 2z
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Using (4.10) and (4.3), we get
(4.16)

Wt

X310 _
f u()c)2 dx Sa,
X,

58

_1
3

Since § ~ a, ° = o(x;”) as A — +oo, see (4.3) and (4.8), using (4.1), we get

1
)2 _2
< @9 ~a . (417)

V/(x)dx
aj

\/-X)V dx B /-x)L
s A= V@) Ju-s V() — V@)

Using (4.10), the definition (3.18) of 81 and (4.4), we have

00 efzf'jl(\/(x)fx)% ds
dx

o0
/ u(x)* dx < / i
XA+ ot (V(x) —A)2
N 1
/oo V(x) — A)%e—zka(vu)—x)? ds . (4.18)
_ X
S V(x) —A
1 00 1 _2
/ e At < ——~ay .
1 aMSl

< - @
~Vxy+81) — A

The second mean value theorem for integrals (from which the point £ = &1 (L)
arises below), the fact that V is increasing for x > & (see (2.2)) and (4.4) yield (recall

that by (3.11) —¢' = (A — V)?)

3
(=g () sin 20 (x) dx

1

=8 gin 2¢(x) dx <aiy
~ A= V(o)

/0 (o — V()
1 X)L—(S
V9 Vs

4(30)
/ sin 2¢ dt
1

)
(4.19)

(=¢(x)) sin 2¢ (x) dx

I

1
+— <A 44
a;

D=

SAT
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Using (3.22), (4.7) and (4.4), we have

f“f8|chu»|dx
0

(A= V(x)?
x5 —38
§ / dx 1
0 )G —V@)?

<;v/“_5d—x+/”_8 dx
Tr-an o a-va)d el e - V) (4.20)

1
(B /“5 de | loggln - TN
“\Na ) o vy VE) =V =)

1 ay

3v\ 2 px;—8 10g &

<% / = P
w ) Jo G-vanr Gl

a,

From (2.4) we have
1

Mo <x3”>6 L @21)
2 T\ 1+v° '
x.a }? ay Xy v
thus the claim (4.13) follows by putting together all estimates from above (and
(3.25)). O

Lemma4.4 Let V satisfy Assumption 1, let K be as in (3.14), let wy be as in (3.24)
and let k) be as in (3.12). Then

jK(x):/ K(s)z ds = O"2 +13) = o(1), A — +00. (4.22)
o wi(s)

Proof We follow and extend the strategy in [18, §22.27]. We split the integral into
several regions; we define &, :=¢1x; " and 8} :=¢yx; ", where &1, &2 € (0, 1) will be
determined below. ] 1

e 0 < s < &j: Notice that £(s) = AZ, hence (recall that —¢" = (A — V)?2)

01K (s)] /50 —'(s) 1 1
ds < ds + — < —. 4.23
./o w2~y Tz TN 429

efy <s <ux — 8;: We give the estimate for any value of 1 € (0, 1); g1 will be
specified below, see (4.39),

x).—8} X =8 _
/* |K (s)] dSSf * ¢'(s) ds +
£ wi (s5)? £ (s)?

/XMQ V/(s)*ds
+ —
o (A—V()2

/XMQ V"(s)ds
o (h—V(s)?

(4.24)
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The first integral on the r.h.s. is estimated using (4.7)

Tt -8) ~\a

a

1
X)LfS;L et 3v\ 2
/ gf; gsz) ds< L < (xA ) . (4.25)
éo S
Since by (2.4)

A—=Vix) — 8;\) % a;\b‘i XA,

(4.26)
we have for the third integral on the r.h.s. in (4.24) that (we use (2.4) and (3.25))

/xwi V/(s)%ds _ Amax(l, x}) =8
o

- < : " V(s)ds
A —=V(s)2 A2

o

1 4.27)
1 v\ ?

<Smax { —, i .
Az \ ax

Integration by parts in the second integral on the r.h.s. in (4.24), the choice of §7,
(4.1) and (4.27) lead to (with & > 0 as in (2.2))

/X}L—(S;L V//(S) ds
0 (h—V(s)2

V(. —8))

V'(£0)
(= V(&))2

T =V —8))?

‘/\X)‘S;\ V/(S)Z ds
+ — =
0 =V}

(4.28)
30\ 2
1 v
<Smax | —, s
A2 a
Putting together the estimates above, we arrive at
5, 3w\ 2
7% 1K (s 1 x3Y
f | ()lds§—1+ =) (4.29)
0 wi(s) Az aj

(2.4))

e x; + &) < s: The estimates are again obtained for any value of &2 € (0, 1) which
will be specified later. The important observations are (based on the choice of 8} and

V(. +8) — V) ~apx, " ~ A,
1

(4.30)
£+ 81 2 (—a;) :
X
A

[S]
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Moreover, since V'(x) > 0 for all sufficiently large x > 0,

( V(x) )/__ AV (x) 0
Ve —2) T Ve -n2
and (see (2.4))

V(xn +6)) X |

Vo +8) — V) awx,”

we obtain (recall (3.25))

00 00 4 o0 " /()2
/ |K(S)l ds,s/ IE(S)I2 ds—l—/ 14 (sgl n V(S)5
48, wi(s) w48, 12(s)] o+ V() V(s)?

1
v\ 2
X
< 2 + i S Ko
a

4.31)

(4.32)

(4.33)

e x; — 8 <s < x,: We integrate by parts twice in the formula for ¢ and obtain

2 — V)3 20— V)V
T R (22T Y 7)),
3V 57 y2

where

() 2 Vi) V'(s) / O — V)l (V”(t)) dar.

50.-V(s)> V()3

Using (2.4) and (4.1), we obtain

A =V(E)V(s) a;ﬁkx)h <e
V'(s)? s ap.

To estimate 7', we first notice that by (2.4), (4.1) and (3.25)

(7r)
V/(Z)S

Thus, inserting V'(¢)/V’(¢) and using (4.1),

" ” v\ 2
L IVor Ve (g) .
TV T VoY \a,

x2v X 5 x2v
T S +/ VOO —V@0) dt S 2500 = V(5))?
az(.— V()2 Js a;
x%v /N2 2
SEHO -V —8))” S el
a
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Hence it is possible to select &1 € (0, 1) so small that

1
—T| < 1 (4.39)

20— V)V
g 2

Using Taylor’s theorem for £ ~2 and cancellations in K, one arrives at (employing
(4.38), (2.4) and (3.24))

K®I . K&l _ V') [(“‘V(S))VN(S))ZHT@)I}

Wi ™ G- vt T - V)3 Vi(sy?
2v
< Lﬁ
(A —=V(s)?2
(4.40)
in the first step we use in addition (see (3.24) and (3.20))
o= Ve =wi(s)? 5 € v — 85, x5 — ),
1 1 | (4.41)
A=VE)NZ < (V) — Vi —8))2 ~a) =wi(s)”, seln—8xl
Hence,
1
X K 2v 3v\ 2
/ | (S)2| ds< v —snr < (2] . (4.42)
-8 wi(s) aj a

ox), <s<ux+ S’X’ : The estimate and the choice of ¢; in this region is analogous to
the previous case. We omit the details.

In summary, putting all estimates together and using (3.25), we obtain the claim
(4.22). O

Proof of Theorem 3.3 We follow the steps in [7]; the main differences are the additional
perturbation W and new estimate of Jx (1) from Lemma 4.4.

Using (3.15) and variation of constants, we can find a solution (distributional, since
W e Ll (R) only) of (3.28) by solving the integral equation

loc
y(x) = u(x) +/ G(x,s)(K(s) + W(s))y(s)ds, (4.43)

where G(x,s) = u(x)v(s) — v(x)u(s). Using the notation f for a function f
multiplied by w;w,, we rewrite the integral equation (4.43) as

K(s)+ W(s) .

s =00+ [ Hwn SO 500 ds (“4.44)

here
H(x,s) = (ﬁ(x)f)(s) — ﬁ(x)ﬁ(s)) w(s) "2 (4.45)

Birkhauser



67 Page 26 of 34 Journal of Fourier Analysis and Applications (2022) 28:67

and |H(x,s)] S 1in0 < x < s, see (3.23).
Let
% K(s) + W(S)

EE ds = Tk + Jw. (4.46)

Tk+w )= /

0

If Jxk+w(A) = o(1) as A — 400, then the norm of the integral operator in (4.44) in

L*°(R) decays as A — 4o00. Thus we can solve the equation (4.44), moreover, the
solution can be expressed as

jK—i—W( )

— = C(A 4.47
— Tk+w () ). 550

y=u+7  NFllrewry S

Returning back to y, we obtain (3.29) and (3.30).
The estimate on Jk is the main technical step of the proof, see Lemma 4.4 above,
the decay of Jy is guaranteed by Assumption II.
Finally, the formula (3.32) for the L?-norm of y follows from (3.27) as in [7,
Thm. 1]. Namely,
224 FQ2u +r)

=u 4.48
y 7wl (4.48)
and
o0 dx =8 gdx §+6
/ w(x)zw(x)2=/ p+o|—
0 1 2 0 (A — V(x))2 le
00 2i¢ (x) d X T
n f e / T g @489
48 (V(x) —A)2 xn—=8 (A —V(x))2
X\ d _2
=/ n—xl—i—O(a)f), A — +00,
0 (A= V()2

see the proof of Lemma 4.3 for more details on the estimates. The claim (3.32) then
follows from (3.27), (4.49) and ||7 (2it + 7)||L~ < C(A), see (4.47) and (3.23).

5 Comparison with Existing Results

5.1 Concentration Measures for Orthogonal Polynomials

It is interesting to compare the concentration phenomenon (2.18) of measures (1.6)
with its analogue in the case of orthogonal polynomials {p,(x)} for the weights

exp(—|x|%), « > 0, or even more general non-even weights w(x) = exp(—w(x))
with properly chosen w. Following [10, 12], let

Wy (x):=exp(—kq|x|%), a > 0; 5.1
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the corresponding system of orthogonal polynomials {p, (x)}

/ Pn(X) pin (X)wg (x) dx = Spn, m,n €7, (5.2)
R

has the property that, for sufficiently small § > 0 and for every x € [§, 1 — §], as
n — 0o,

Pn(néx)v g (ne x) =
2 | x 1 (-3)
(1 — x2)"4 [cos (nn/ Yo (y)dy + = arcsinx) + (’)(n_l)i| ,
mna 1 2

where

Va(y) = (5.4

o o

and where the implicit constant in O~ 1) is allowed to depend on §. Formula (5.3)
and elementary trigonometry imply that, as n — oo,

15 1 1
ne p,(nex)wy(nex) =

e [1+ (2 /xw()d + arcsi )+0( *)} o
e cos | 2nm arcsin x n .
N ! aly) dy
Thus, for any f € C([—1, 1]), Riemann-Lebesgue lemma gives
lim - f(x)nap (nax)wa(nax) dx = ! /1_8 A dx. (5.6)
n—00 [y n T Js VT —x2

The analogous limit holds on the interval [—1 4 8, —&] because the polynomials p,
are either even or odd. Moreover, by [10, Thm.1.16],

sup sup nép%(nalx)wa(nalx)\/ll —x2| < o0, (5.7

n>1xeR

SO
S

1 —x2

1
lim f(x)nupn(nax)wa(nax) dx = —/ dx. (5.8)
1

n—o00

On the whole real line, one can use the following inequalities, see [12, Thm.19,
p.16, Eq.(1.66)]. Leta > 1 and P be a polynomial of degree smaller than or equal to
n. Then

1
/ P2(n# x)wq (n# x) dx < C exp(—Czn)/ P (e x)wg(nex)dx  (5.9)
|x|>a -1
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for all n > 1; the constants C1, C, depend on a, but not on n or P. These inequalities
imply

00 1
lim Fne p2(ne x)we(nax) dx = %/ EEACRN (5.10)

n=00 J o 1 VT =22

for any bounded continuous function on R.

A striking difference between (5.10) and (2.18) is that in the case of orthogonal
polynomials the concentration measure does not depend on «, or w in a more general
case of weights exp(—w(x)).

5.2 Semi-classical Defect Measures

In classical mechanics, cf. [2], a particle with position x (¢) subject to the differential
equation

X))+ V@) =0,

(x(0), x(0)) = (x0, &0)

remains for all times on the energy surface

(5.11)

(x(0), (1) € {(x, &) : £+ V(x) =& + V(x0)}
and travels along the trajectory (x(¢), é(t)) obeying

(£(1), E(1)) = Q&(1), —V'(x(1))).

The classical-quantum correspondence suggests that, in the high-energy limit, the L>-
mass of an eigenfunction should be distributed in the same way as the average position
of a classical particle: since a classical particle passes through an interval [x,, x, +dx]
in physical space with velocity near 7(x,) or —n(x,), where

N(xe) = VA — V(x), (5.12)

we obtain the heuristic (for a normalization constant cg)

)P dx < =" gy = ——0 gy, (5.13)

1n(x) VA= V(x)

which agrees with Theorem 2.3 after the corresponding scaling.

To make this correspondence precise, one can use the notion of semiclassical defect
measures (see, for instance, [20, Ch. 5]). The following discussion will be under
weaker hypotheses than Theorem 2.3, because our goal is only to show that the precise
asymptotics obtained agree with the semiclassical prediction.

Let V : R — R be even, smooth and suppose that there exists some 8 > 0 such
that

‘V(k)(x)‘ <+ )% keNy, xeR. (5.14)
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Suppose also that
V'i(x) >0, x>0. (5.15)

and that there exists xg > 0 such that
Vi) > A4+ x> xp; (5.16)
the latter implies that, for |x| sufficiently large,
V(x) ~ (1+ [x])P.

We consider the semiclassical Schrédinger operator

2

d
Ap = —hzﬁ + V()

in the limit &7 — 0%,
For example, if V(x) = |x|ﬂ for B € 2N (so that V (x) is infinitely differentiable),
scaling gives a unitary equivalence

2 25 2

—% + |x|f ~ 2R (—fﬂ% + |x|/3> .
Other potentials can be treated by rescaling and controlling the error, but this analysis
is outside the aim of this work. We emphasize that the assumptions on Q in Theorem
2.3 are significantly weaker than the hypotheses on V here, cf. (1.2), Assumption I
and II and comments in Introduction.

Suppose that for Ay > inf V (x), there exists a sequence {f }x <N of positive numbers
tending to zero and eigenfunctions {uy }rcn obeying |ug|| = 1 and

Apup = doug.

For each uy, one can define the functional
ok (b) = f ug ()b, (x, by Dy)ug(x)dx, b e CP(R).
R

Here, D, = —i% and by (x, hDy) is the Weyl quantization (see e.g. [20, Ch. 4]);
whenb € C° (R?), the Weyl quantization of b is a compact operator on L?(R) which
takes ./ (R) to .Z(R).

Following [20, Thm. 5.2] there is a subsequence {ukj} jeN with hkj — 0t for
which the functionals ¢, converge to a non-negative Radon measure p in the sense
that, for each b € C2° (R?),

lim g1, ) = [ b ) dute. ). (5.17)
J—>0o0 R2
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We will show that this u is unique and that therefore ¢; — p in the same sense since
every subsequence admits a further subsequence tending to .
By [20, Thm. 5.3 or Thm. 6.4],
supp i C (&7 + V(x) = Ao}, (5.18)
so let us define, in analogy with (5.12),

n(x) = vao — V(x) (5.19)

for those x such that V(x) < Ag. There exists a measure v such that, when supp b C
{€ > 0}, then

/ b(x. £) dp(x, §) = f b(x. n(x)) dvy (x). (5.20)
R? {V(x)<ho)
By [20, Thm. 5.4], for any b € C° (]R2),

| o b ) dnix. 6 =0, G21)

where the Poisson bracket {a, b} of the symbol a(x, §) = 52 + V(x) of Ay, with b is
{a, b} = agby — axbg = 2Eby — V' (x)bg.

This corresponds to invariance of p under the classical Hamilton flow associated to
a(x, &), which in the case of a Schrodinger operator corresponds to (5.11).
Finally, since in our situation the support of  is compact, we show that

/ du(x, &) =1 (5.22)
R2

as follows. For any b(x, &) € CfO(RQ) such thatb =1 on {52 + V(x) = Ao}, we use
that the Weyl quantization of the constant 1 function is the identity operator to write

1:[ |ukj(x)|2dx:/ukj(x) (b" (x, hikjDy) + (1 — b)" (x, hy; D)) ug; (x) dix.
R R

(5.23)
By [20, Thm. 6.4],
(1= b)"(x, iy DOug(x) = O(BY), (5.24)

meaning that its L?(RR) norm is smaller than any power of T; as hi; — 0T, and by
the definition (5.17) of u(x, &) and the fact that b = 1 on supp u,

lim [ @ GOB” (e, hu Dy g (x) dx = / b(x. £) du(x, §) = f du(x, £).
k—oo Jr R2 R2
(5.25)
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Taking (5.23), (5.24), and (5.25) together proves (5.22).

We now prove that a measure p satisfying the properties of a semiclassical defect
measure must have the form matching the classical heuristic (5.13) generalized in
Theorem 2.3.

Proposition 5.1 Let V(x) € C°(R; R) satisfy (5.14), (5.16), and (5.15). Let 1oy >
V(0) = inf V (x), and let i be a measure satisfying (5.18), (5.21), and (5.22) and let
n be as in (5.19). Then the measure | obeys for all b € C2° (R?)

X, d
/b(x, £)du = Co/ " (b, 1) + b(x, —n(x) =,
—x3¢ n(x)

where the normalization constant c is such that f du = 1.

Proof We observe that

d
g P () = by (x, n(x)) + n' (0)bg (x, n(x))

V/
= by (x. n(x)) — Z(X)bs (x. n(x))
1 1 (5.26)
= 30 (2nhele () = Vb (x, 1)
1

= 277(x) {a, b}(x’ n(x))

Letting b € C° (R?) be such that suppb C {£ > &} for some § > 0, we obtain from
(5.20), (5.21), and (5.26) that

d
/<_d b(x,n(x))> 2n(x) dvy(x)
X

vanishes. Taking b(x, &) = f(x)xs.5-1)(§) for f € C°(R) arbitrary and for x a
cutoff function, letting § — 0T allows us to conclude that

/f’(x) n(x)dvy(x) =0
forall f € C2°(R). Therefore along {£2 + V (x) = Ao},
dU+(x) = C—+d_x
n

for some c4 which is positive because p is a positive measure.
When supp b(x, §) C {§ < 0}, the same argument shows that there is some c_— > 0
such that

/b(x,é)du(x,é) _ /b(x, 1) S
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One can show then that ¢y = c_ by projecting onto the £ variable instead of the x
variable: let

E =V "'00-8Y

where the inverse image is chosen nonnegative. Note that because V (x) is strictly
increasing and unbounded on [0, c0), one may define x (&) if and only if Ag — 52 >
V(0). Let dp (&) be such that when supp b C {x > 0},

/b(x,%')du(x,é) =/ b(x(8),§)dp+(8).
{IE1=v20—V(0)}

~/ _ 2
Then X'(§) = — vz

d
ab(i(é), &) = V'E@E)){a, b}(E(©). &).

The earlier argument (along with the fact that V/(x) > 0 for x > 0) shows that there
is some d4 > 0 such that

dpy(§) = VGEE) dé.
On {£2 + V(x) = Ag}, note that
dé] _ V()]
de|  20E@)|

C+

Since the pull-backs of dvi (x) = H dx anddp, agreeona™ ' ({Ao}) N{x > 0, & > 0}

and since dp4 and dv_ agree on {x > 0, £ < 0} we can conclude that cy = d /2 =

c—. We remark that this argument is not available in the case wg = 0 corresponding
to a very rapidly-growing potential.

Finally, we conclude that ¢) = c is such that [ du = 1 by the hypothesis (5.22).

O
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