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Abstract

In this paper, we study the conjecture of Bansal, Kumar and Sharma, which is an
analog of Hardy’s theorem for Gabor transform in the setup of connected nilpotent
Lie groups. To approach this conjecture, we use the orbit method and the Plancherel
theory. When the Lie group G is simply connected, we show that the conjecture is
true.
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1 Introduction

A classical version of the uncertainty principle states that an integrable function f
defined on the real line and its Fourier transform f cannot be simultaneously and
sharply localized unless f = 0 almost everywhere. An important result making this
precise, is the Hardy Theorem (see [13]):

Theorem 1 Let «, B, ¢ be positive real numbers and f a measurable function on R
such that:

() 1f(D] < ce™™ 1R,

(i) 1/ (K)] < ce™P™, ke R
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IfaB > 1, then f = 0ae Ifaf = 1 then f(t) = be_o‘mz,for some constant b. If
off < 1, then any finite linear combination of Hermite functions satisfies (i) and (ii).

For the Fourier transformation we use the normalization
fk) = / Fe 2 ks k e R.
R

Note that Hardy’s theorem is also valid on R" (see [19, Theorem 4]). Much efforts
have been deployed to prove Hardy-like theorems for various classes of non-Abelian
connected Lie groups. Specifically, analogues and variants of Hardy’s theorem have
been shown for nilpotent Lie groups [1, 2, 14, 19, 21], some classes of solvable Lie
groups [3], non-compact connected semisimple Lie groups G with finite center [9,
15, 17, 18] and motion groups [16, 20]. For more information and further references
concerning the entire subject, we refer the readers to the excellent monograph by
Thangavelu [22].

The continuous Gabor transform (also known as windowed Fourier transform) is a
classical tool in mathematical signal processing. Roughly speaking, it is the Fourier
transform of a signal f seen through a sliding window . For f € L?(R") and
a nonzero function ¥ € L%(R") called a window function, the continuous Gabor
transform with respect to ¢ is defined on R” x R" by

Gy f(x, w) == /Rn FOIU(y —x)e 20w dy,

According to [11], we have for all fi, f2, Y1, ¥ € Lz(R") the functions Gy, f1 and
Gy, f> belong to L2(R" x R") and

(gwl S, g‘#sz)LZ(]RnXRn) = (f1, f2>L2(]R”) (Y1, I/f2>L2(]R”)' (D

This transform plays an important role in time-frequency analysis namely by providing
an interesting way to study the local frequency spectrum of signals. For a detailed
discussion of time-frequency analysis, we refer the readers to [11]. It has been shown
in the early 2000s that many uncertainty principles for the Fourier transform have a
counterpart for the continuous Gabor transform (see e.g. [7, 12]). We specify that a
Hardy-type theorem has been established in [12, Theorem 2.6.2].

Theorem 2 Let f, ¥ € L2(R"). Assume that
G0 f (6 w)| = Cemmet iDL,

for some constants «, B, C > 0. Then three cases can occur.

(1) Ifap > 1, then either f =0 a.e. or Y =0 a.e.
(ii) Ifap = 1and Gy f is not zero almost everywhere, then both [ and v are multiples

. . . a2
of some time-frequency shift of the Gaussian e=*"*".
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(iii) IfaB < 1, then the decay condition is satisfied whenever f and \ are finite linear
combinations of Hermite functions.

On the other hand, the continuous Gabor transform has also been extended to sepa-
rable locally compact unimodular group of type I (see [10]). One should notice that,
in the Euclidean setting, the continuous Gabor transform has many symmetries which
are lost in the Lie group setting (the dual of G does not identify with G) and this
is then a serious obstacle for stating uncertainty principles for the continuous Gabor
transform. However, some attempts to extend Theorem 2 on special classes of non-
Abelian Lie groups have already been made. In particular, we cite here the work of
Bansal, Kumar and Sharma [6], where the authors generalized Hardy’s theorem for
the Gabor transform on locally compact abelian groups having noncompact identity
component and groups of the form R” x K, where K is a compact group having irre-
ducible representations of bounded dimension. When it comes to connected nilpotent
Lie groups, only a conjecture are now available. In the same reference, the previ-
ous authors conjecture that if «, 8 and C are positive real numbers and f, ¢ are
square integrable functions on connected nilpotent Lie group G = exp g such that
Gy f(g. m) |l s < Ce @IS +BINN/2 for all (g,1) € G x W, then f = 0 a.e. o
¥ = 0 a.e. provided that 8 > 1. Here )V is a suitable cross-section for the generic
coadjoint orbits in g*, the vector space dual of g, and | g|| and ||/|| are substitutes (in
terms of bases of g and g*) for the Euclidean norms on R” and R" = R". For details
and unexplained notation see Sect. 2. They also proved that this conjecture fails for
a connected nilpotent Lie group G having a square integrable irreducible representa-
tion. This paper is the first attempt to establish analog of Hardy’s theorem for Gabor
transform on nilpotent Lie groups. By exploiting Hardy’s Theorem for R and a local-
ized version of the Plancherel formula, we show in Sect. 4 that the above-mentioned
conjecture holds. Our main result is the following:

Theorem 3 Let G be connected, simply connected nilpotent Lie group. Let f, ¥ €
L%(G) be such that

_z 2 2
Gy f (g, ) Fys < Ce™ 2 @lsl+AIID, (@)

forall (g,1) € G x W, where «, B and C are positive real numbers. If aff > 1, then
either f =0a.e. or Yy =0a.e.

2 Backgrounds
2.1 Continuous Gabor Transform
Let G be a separable locally compact unimodular group of type I, and let dg be its

Haar measure. We endow the unitary dual of G with the Mackey Borel structure. We
denote by L?(G) the space of LP-functions on G for p > 1, and we define

2(f) = /G FOmgids. =G, fellG).

Birkhauser



56 Page4of17 Journal of Fourier Analysis and Applications (2022) 28:56

Then by the abstract Plancherel theorem, there exists a unique Borel measure p on G
such that for any function f € L'(G) N L*(G),

f \f () 2dg = / I () sdp (o).
G G

where |77 ()l s = (tr(z(/)*7(f)))"* denotes the Hilbert-Schmidt norm of 7 ( f).
Let f € C.(G), the set of all continuous complex-valued functions on G with
compact supports, and ¥ a fixed nonzero function in L?(G), usually called window
function. For (x, 1) € G x G, the continuous Gabor transform of f with respect to
the window function v is defined as a measurable field of operators on G x G by

Gy fx.m) = / FOUG9)m(g)ds.
G
Let ffp‘ be the function defined on G by

i@ =rf@vx 'y, Vged.

Then, f; € LY(G) N L*(G) and

m(fy) =/ij(g)ﬂ(g)dg=fcf(g)W(x_lg)n(g)dg=g¢f(x,7r). 3

By the Plancherel theorem, Gy, f (x, ) is a Hilbert-Schmidt operator for all x € G
and for almost all 7 € G. Furthermore,

/G/éllgwf(x,ﬂ)llilsdp(ﬂ)dx:IWII%IIfIl% “

Thus, the continuous Gabor transform Gy, : f +— Gy f (f € C.(G)) is a multiple of
an isometry. So, we can extend Gy uniquely to a bounded linear operator on L%*(G)
which we still denote by Gy, and this extension satisfies (4) for each f e L%(G).

2.2 Nilpotent Lie Groups

We begin this subsection by reviewing some useful facts and notations for nilpotent
Lie group. This material is quite standard, we refer the reader to [8] for details. We
assume henceforth that G = exp g is a connected, simply connected nilpotent Lie
group.

Let B = {X1, ..., X»} be a strong Malcev basis of g passing through the center of
g. We introduce a norm function on G by setting for x = exp(x1X; + -+ x,X,) €
G, Xj (S R,

el =/ GF 4+ 1)
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The map:

n
R" — G, (x1, ..., Xy) > eXP(ijXj)
j=1

is a diffeomorphism and maps the Lebesgue measure on R” to the Haar measure on
G. In this setup, we shall identify G as set with R". We consider the Euclidean norm
of g* with respect to the basis B* = {XT, ..., X/}, that is,

n
> ux| =@+ = 1 er
j=1

Let{ denote the Zariski open subset of g* consisting of all elements in generic orbits
with respect to the basis 5*. Let S be the set of jump indices, and set T = {1, ..., n}\S
and V7 = R-span{X l* : 1 € T}. Then, W = U N Vr is a cross section of the generic
orbits and WV supports the Plancherel measure on G.Let P f (1) denote the Pfaffian of
the skew-symmetric matrix Mg(l) = (/([X;, X;1))i,jes. Then, one has that:

|Pf(DI? = det M (D).
If dl is the Lebesgue measure on W, then dt = |Pf(l)|dl is a Plancherel measure

for G. Let dg be the Haar measure on G. For ¢ € L'(G) N L*(G), the Plancherel
formula reads:

lell3 = [ lo(g)*dg = / 7z (@) |3 sdT (). Q)
G w

3 Some Lemmas
In this section we prove three results, Lemmas 1, 2 and 3 which are required to prove
Theorem 3.

For every x, w € R", we denote by M,, and 7, the modulation and the translation

operators defined respectively on L2(R") by

Vz e R", M, f(z) =™ f(z),
VzeR", T,.f()= f(z—x).

Then we deduce that,
Vi eR", My(Tf)(2) =" f(z —x), (6)
and

Vz e R, T,(Myf)(z) = e Hmewl2imiew) p(z _ x), 7

Birkhauser
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The results in the following lemma are quite standard.
Lemma1 Let f, ¢ € L>(R") and &, », v, z € R". Then,

1) GM: Ty MLTy ) (x, w) = AT E) AT G WA G f (x — y 4z, w —A+E).
In particular, Gy (MLT, f)(x, w) = e’zm(y’w)ez"”(y’ng,/,f(x —y,w—2A).
(ii) Gy f(—x, —w) = e 2TXUG oy (x, w). .
(i) Let F(x, w) = Gy f(x, w)Gy f (—x, —w)e* &) Then,
F(v,0) = F(=60,v), v,0¢cR".

Let’s fix as above a strong Malcev basis {X1, ..., X} of g such that X is in the
center of g. Fora = (aa, ..., ay) € R"71, let ( fj)a be the complex valued function
defined on R by

a0 = £, = £ (exp (X1 + Y aiX)) ).

j=2
Fork € Rand s = (s2,...,5,) € R"7!, let g = exp (kX1 + Z?:zijj) and

fé’s = fj. Itis easy to see that f;/ € L'(G) for all g € G, it sufficient to use
Cauchy—Schwarz inequality. Moreover by [5, Lemma 3.1], we have

Gy f(g, ) = (£, (8)

for all g € G. We should also mention that ff € L?(G), foralmostall g € G. In fact,

[ [1sgerardg = [ [ 1r@Piwordxds = 1£1B1wi3 < .
GJG GJG

Then obviously fG |f$ (x)|2dx < oo, for almost all g € G.

Lemma2 Let f,V € L>(G) meet the condition (2) of Theorem 3. Then

2
1= < fR |(.f£’s)a(t)|dt> da < oo,

forall k € R and almost all s = (s, ..., $p) € R L

Proof By using (2), we have

f/ (1 + 181Gy £ (5. i)l s| PF DIl dg
G JW

< [ [ g I Py dg, ©)
G JW

Birkhauser
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Assume that the degree of the polynomial function P f (/) is equal to §. Then,

IPFD)] < est (1+ 1132
< st (1 + [|7]1)°

Therefore, the integral on the right hand side of (9) converges. Hence,

o0 >/<1+||g||2> (/ ||n(fj>||%,s|Pf<Z>|dz) dg
G w
=/ /(1+IIgIIZ)If(x)Izlw(g‘lx)lzdxdg
GJG

(using Plancherel formula of G)

o L L L wplaen s o)
x| ((exp (k) + j”éijj)_l exp (X1 + éajxj))‘zdt da dk ds.
Noting that,

n 1 n
exp (kX] +Zstj) exp (tXl +Zanj)

j=2 j=2

— exp ((t—k+Q1(a,s))X1 +2Qj(a,s)xj), (10)

j=2

where, for 1 < j < n, Q; is a polynomial function depending on a = (a2, ..., a,)
and s = (s, ..., ;). Furthermore, one can write

Qjla,s) =a; —s; + Q/j(aj_H, s Ay i1y ey Sp)y  J =2, 0. (11D

It follows that,

oo [ [ ulr(on (s S

x‘l/f(exp ((t —k+ Qi(a, s))X1 + i Qj(a,s)Xj))‘Zdt dadkds

j=2
Lo L i o) o))

Birkhauser
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x‘l/f(exp (rX1 + i Qjla, s)Xj>)‘2dtda drds

j=2

(by substituting r = t — k + Q1(a, s) for k). Now let’s use the change of variable
oj=0Qj(a,s), j=2,..,n, for fixed value of a. Note that, from (11) this change of
variable has Jacobian 1. We then obtain,

OO>/Rn-l,/R/l‘gn—l/R<1+’t_r+R(a’0)‘2)‘f(eXp(tX1+;222an]-)>)2
x‘l//(exp (rX1 + jéanj))‘Zdt dadrdo,

where R(a, o) is a polynomial function depending on ¢ = (az, ...,a,) and 0 =
(02, ..., 0,). Therefore,

’W(exp(er—i—Za, ‘ /R;m/ 1+|t—r+R(a a)|>
x‘f(exp(tX1+Zaj j>>’dtda<oo

j=2

for almost all r, 02, ..., 0, € R. As i is non identically zero, there exists rg, o9 =
(ag, e n) such that

v ((exp (roXy + Xn:o?x,)) £0,

j=2

and

/I‘QH /}R (1 + |t —710+ R(a,ao)|2)‘f(exp (tXl + ianj»‘zdtda < 0.
j=2

12)

On the other hand, we have

178 =/Rn_l (fR’f<exp (X, +jn§ajxj>)ﬁ
(gflexp (tX1 +§ajxj>)‘dt>2da

Birkhauser
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/RM(/\f exp ,x1+2a] )

x ‘I/f(exp ((z —k+ Q1(a. )X + Z 0;a, s)X,-)))dt>2da

j=2

(using (10))

([ Meelemtr e ms o))y
Rr—1

1+ ‘t — 710 +R(a,oo)‘2

x(/R (1 + |t = ro + R(a, 00)|2)‘f(exp <IX1 + ianj))‘zdt)da
Jj=2

(using Cauchy—Shwartz inequality),

/Rn 1(/ ’I/f CXP (t —k+ Qi(a,s) X1+ZQ,(a 9)X; ))‘ )
(/ (1+|t—ro+R(a 00)| )‘f(exp(tXl—}-Za] ))‘zdt>da

Jj=2

:/ ) <[ ‘w<exp<zX1+Xn:Q.,(a,s)Xj)>’ dz)
Rn—1 R j=2
o [+t R0 P) s (o (11 + 3 ax,)) [ Y
j=2

(using the change of variable z =t — k + Q1(a, 5)). By substituting Q (a, s) fors;,
j =2, ...n,using Eq. (11), we have

/Rni I(Jﬂ,, )ds<llwllzf / 1+ |t —ro+ R(a, ao)|)
(f(eXP (tX1 +Zajx,-))’ di da,
j=2

which is finite by (12). This implies that, 7 ( fé"v) is finite for all k € R and almost all
s e R"1 O

Before stating the next lemma, we need a localized version of the Plancherel mea-
sure (see [4]). Let Z = expj be the center of G and fix a nonzero vector X of 3.
Let A = expa = expRX; be the closed connected subgroup of Z and x = yx,

Birkhauser



56 Page100f17 Journal of Fourier Analysis and Applications (2022) 28:56

¢ =11 X7 € a*, be the unitary character of A, defined by

xe(exptXy) = e 27,

LetG, ={ne€G : ma=x-I}.Forl < p < +00, let LP(G/A, ¢) be the set

of all measurable functions ¢ : G — C such that p(xa) = ¥ (a)p(x) for almost all
x € G and a € A and such that

1012 ) = f o017 di < +oc.
G/A

Moreover, let g’g = ¢ +atand We=Wn g’g. In this case, the Plancherel formula
reads: if

(@) :/ o(x)T(x)dx, m € GX,
G/A

then, for ¢ € L'(G/A, ) N L?>(G/A, ¢) we have:

1
ol = (fw (@) 5| PrDdL ) (13)
¢

If d is the maximal dimension of coadjoint orbits in g*, then 7 has n — d elements
and thus V7 can be identified with R"~¢. We can identify Vr with RX} ® Rr—d-1,
We denote by

P« Vr > RXY, 1= LX]

the canonical projection. As WV is a Zariski open set of Vr, p. (W) is also a nonempty
Zariski open set of R. Then it will be convenient to write elements [ € W, as (I1,1)
where [} € p.sOW)andl' e W, = {I’ e R*4=1 . (1},I') € W). It turns out
that W), is also a Zariski open set of R"~?~! for each /; € p,(W). The set W},
corresponds obviously to the cross-section W, used in the localized version of the
Plancherel formula in (13). On the other hand, we obtain a decomposition of the
Plancherel measure: for a function F' € C.(W), we have

/ F(l)dl:// F(dl' dly, (14)
W RJW,

where the measure d/’ is induced on W}, by the Lebesque measure on W.

Lemma3 Let f,y € L*(G) satisfying condition (2) of Theorem 3 and y €]0, .
Then there exists ¢ > 0, such that

TN
/. I(ﬁp Yall)

Birkhauser
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forallk,l; € R and almost all s € R

Proof Let h(k, s) be the function defined on R by
hik,$)(0) = / (5 a* (£ da,
Rn—1

where 4 € R and (f)")5(2) = (f;"")a(—4). Then, h(k.s) € L'(R), for all k € R

and almost all s € R"~L, In fact, from Lemma 2
[ wsoordr= [ [ [ 1E0aollega - wldrdads
R R JR=1 JR

2
Zf (/ |(f$’s)a(t)’dt> da < oo, (15)
R"—] R

for all k € R and almost all s € R"~!. Thus,
i) = [ |y (16)
Rn—l

Identifying A = exp RX; with R. Following the idea of Kaniuth and Kumar [14], for
u € L'(A) N L%(A) define u * fé’s on G by

u * fé’S(X) = Au(z)flf’s(z_lmdz

and then h(k, s), : R — C by

Bk, $)a(t) = /

Rr—1

(s £5a s (@ £5)") 0 da.
It is not hard to see that
h(k. $)u(t) = f (@ (fy*)a) * o (f5)a)*) (1) da.
Rn—1

Therefore, for every n; € R
— ~ 2
i = [ [ ()| da
Rn—1
~ 2 /kv\ 2 ~ 277
= li(nn)| /R (e da = la@PAkH@) (a7
(using Eq. (16)). Hence,

/RIh(/kEu(m)Idm=A|ﬁ(n1)|2|fm(n1)|dn1

Birkhauser
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S/RIﬁ(m)lzllh(k,S)llldm = Nul3llhtk, )11,

which is finite by (15). By the inversion formula for R, we have

/R h(k, )u(n1) dny = h(k, $),(0)

= [ [l a0 drda = s 1515 (18)

Now fix/; € Randletu,, € L'(A), m € N* such that it,, (1) = 1 forny € V,, (1)) =
[[1 — (1/2m), I} + (1/2m)] and i,,(n1) = O on the complement of V,,(l;). Noting
that, u,, is also in L2(A). Indeed, since i, € L'(A) N L2(A),

lumllz = llitmll2 = ||@m |, = l@mll2 < oo,
where 11, (z) = u;, (—2).
=

As h(k, s) is continuous and V,, (I1) has length 1 /m, we have: for all k € R and almost
all s € R"1,

h(k,s)(l1) = lim m/ h(k,s)(n1)dn; = lim mf h(k, s)(m) 1y, q)dm
Vi (1) m—oo  JR

m— 00

m—0Q

— lim m/ h(k, )u, (n)dn1  (using Eq.(17))
R

lim mlu, x f)°|3  (using Eq.(18))

m-—00

= lim m / f P LGt * £ d’ dmy
M—> 00 R Wrn n\Um W HS
(using Egs.(5) and (14))

= lim m /R @(m)ﬁ( f IPf(n)lIIﬂn(fj’s)II%{sdn’> dn

m

= lim m/ Inidn,
m—oee Vin (1)

where n = (1. 7) and I3 = / \PF )y (Fy ) g di.
Now by (2) and (8), we obtain "

Ij<C / |Pf(n)| exp(—m(ak® + alls||* + Bllnl*)dn .

m

Since Pf(n) is a polynominal function of 7, there exists R > 0 such that

|Pf ()] exp(—m (B — y)lInl*) <1

Birkhauser
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for all n € g* with ||| > R.Let K > 1 such that |[Pf(n)| < K for all n € g* with
Inll < R. It follows that,

Ini < CK exp(—m(ak® + alls|) /W exp (= y InIP)dn
m

n—d—1

= CK exp(—m(ak? + a|s]|*)) /R exp (= yll(ni, 1) 1) dn’
= CK exp(rak + alsl +yt) [ exp(=yll 1)

= cexp(—n(ak® + alls|* + yn]),

for some ¢ > 0. Therefore,

A& ) < lim m / exp(— @k + as|? + yr2)dm
m—00 Vm(ll)

= cexp(—m(ak® + as]|* + yID).

Finally, Eq. (16) allows us to conclude. O

4 Proof of Theorem 3

Fora = (a>, ...,a,),s = (s2,...,8,) € R™1 et Sfa.s-Va.s be the complex-valued
functions defined on R by

o) = F(ex0 (0 - Q1@ 9) X1+ Y asx,)).
j=2

and ¥, (1) = 1ﬂ(CXP (’Xl + Xn: Qja, S)Xj)>’

J=2

where the polynomial functions Q ; are defined as in (10). Then obviously f s, Ya,s €
L*(R), for almost all a € R"~! and all s € R"~!. For fixed A, y € R, let F; y and
K.,y be the functions defined on R x R by

Fioy(k, 1) = Gy , (Mo Ty fa ) (s 1) Gy s (MG Ty fa5) (=, —11)e* ™1

and

Ky y(k, 1) = / F.yk,lD¢(a,s)dads,
Rllfl Rnfl

Birkhauser
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where ¢ € S(R*~! x R"™1), the Schwartz space of R"! x R"~1. Now for fixed
n € R, let Ry, y , be the function defined on R by

Ry uk) = Ky y(k, ) (1), (19)

where K y(k, .fis the partial Fourier transform of Kj , with respect the second
variable /1. It follows, using Lemma 1, that

Ry ynw) = Ky y(w. ) = /R | /R | By, wea, s)dads

- A; 1 /I‘R i Fk,y(—ﬂ, w)¢(a, s)da ds:K?»,y(_M, w).
(20)

Lemma4 There exists a positive constant Cy such that

Ryl = Cpemem.
Moreover, the constant Cy does not depend on X, | and y.
Proof From Eq. (19) we have,

|Rk,y,u(k)|
= |K,y(k, ) ()]

= / / / ‘QMMxTyfa,s)(k, 11)\
R JRr-1 n—1
‘gllfa,s(MATyfa,s)(—k, —11)‘ ’(ﬁ(a, s)|dadsdl;

fcst// f
R JRr—1 JRn—1

‘gllfa,S(M)»’Tyfa,s)(_kv _ll)‘da ds dl]

Gpors MGT, fu ) 1)

By using Cauchy-Schwartz inequality, we obtain

1
2
|Rx,y,ﬂ<k)|scst</ / (/ |gwa,x(MxTyfa,x><k,11>|2da)dsdll)
R Rn—l ]Rn—l
1

X(// (/ |Gryos (MAT, fu ) (—k, —11)|2da>dsdll)2,
R R”*l ]Rn—l

Remark that,
’g‘/fa.s (M)tlz;fa,s)(kv ll)‘ = ’g‘/fa.s fa’s(k - y, l] — )\,)‘

Birkhauser



Journal of Fourier Analysis and Applications (2022) 28:56 Page 150f 17 56

(using i) in Lemma 1)

= ‘ / fas(OWas(t —k + y)e 271 =P gy
R

ZMRf exp (1 — Qi@ 9 X1 + 34X,

j=2

n
<y lexp |t —k+y)X1+ )Y Qi@ 9)X; | |e? " Par
j=2

n
:)/f exp er—i-Zanj
R ;
Jj=2

n
< [exp | = (k=) + Q1@ sNX1 + Y Qi@ 9)X; | | e 2™ t=Par
j=2

(by substituting r =t — Q1(a, s) fort)

n
:‘/f exp rX1+Zanj
R P
j=2
-1

n n
xy lexp | (k —y) X1 + Zstj exp | rX; + Zanj e 2imri=4) g
j=1 j=2

(using Eq. (10))
n —_—
= /Rfv’j‘” exp | rXi + Y a;X; | | e # " Par =‘(f]’/j‘y*s)a(11—x)‘.

j=2
It results that,

1

Ry b)] = cst ( [ ( [ o —A>|2da) dsdzl)z
R JRr—1 Rn—1
1

- 2
x ff / (£t = W) Pdads diy
R JRr—1 JRn—1
1
< st (// e—n(a|k—y|2+y<ll—x>2+a|s|2>dsdll>2
B R JR-!

1
« (/ / efn(alkﬂ\zﬂ/(ll+A)2+a\|s\|2)ds dll) : (using Lemma 3)
R Rnfl
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< cstem FetoyPHkn ) (/ e—m|s|2ds> (/ f””hﬂl)
Rn—1 R

wok?
b

< cste

which is the desired result. O
Lemma5 There exists a positive constant C such that

|Roy pw)| < Cre™ ™,

Moreover, the constant Co does not depend on A, y and L.
Proof By (20), we have
| Ry ()] = Koy (—pt, )|
et [ 100 T, fu i )] |4 AT, f0t, =) dads.

As in the proof of the Lemma 4 we can show that,

A _ny 112 2y —ma 20 12 _ 2
|Rx,y,u(w)| < cste™ 2 (WA WA o 5= (nty T+ —n+y17) o (/ le wels| ds)
Rr—=
Tyw?
b

< cste

which is the desired result. O

We have shown finally that Ry y , verifies the decay conditions of Hardy theorem
on R. Since a8 > 1, we can choose 0 < y < S such that y > 1. We conclude that
Ry =0ae.and Iék,y,ﬂ = Oforall A, y, u € R.In(20), allowing ¢ to vary through
the space of Schwartz functions on R”~! x R”~!, we obtain Fy. y(—p, w) = 0 forall
A,y,winR and almost all w € R. As F_, _y is continuous on R x R,

|F_)‘v_y(0’ 0)| = |G1/fu,xfu,s(y\)v)‘)|2 = O

(using i) in Lemma 1). Hence, Gy, , fu,s = 0 a.e. By using Eq. (4), we have

2 2
1Vaslall fasllz =0,

which implies either ¥, = 0 a.e. or f; ; = 0 a.e. Observe that,

2 2
/ / Il fas 121 Va,sll2da ds
Rn—1 JRn—1
2

:/R"*I/RH /R‘f €Xp (t_Ql(asS))Xl—i-;anj dt
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n
2
x fR\x/r exp [ 1X1+ ) Qj(a.)X; | || dt | dads = | fIZ1v13
j=2

(by substituting r — Q1(a, s) fort and Q (a, s) fors;, j = 2, ..., n,using Eq. (11)).

This allow us to achieve the proof.
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