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Abstract

Let I = (a,b) x (¢c,d) C Rﬁ be an index set and let {G,(x)}4cs be a collection
of Gaussian functions, i.e. G4 (x) = exp(—alx% — agxg), where ¢ = (o1, 7) €
I, x = (x1,x2) € R?. We present a complete description of the uniformly discrete
sets A C R? such that every bandlimited signal f admits a stable reconstruction from

the samples { f * Go (M) }ren-

Keywords Multi-dimensional sampling - Dynamical sampling - Paley—Wiener
spaces - Bernstein spaces - Gaussian kernel - Hermite polynomials - Delone set

1 Introduction

The sampling problem deals with recovery of bandlimited signals f from the collection
of measurements { f (1) },ex taken at the points of some uniformly discrete set A C RY.
The classical results deal with one dimensional signals that are elements of the Paley-
Wiener or Bernstein spaces over a fixed interval [—o, o]. The sets A that provide the
stable reconstruction, in this case, are completely described. For the Bernstein spaces,
the answer is given in terms of a certain density of A and bandwidth parameter o, see
[5]. The result for Paley-Wiener spaces is more complicated, see [16, 18]. It cannot
be expressed in terms of a density of A. We refer the reader to [5, 18] for the detailed
exposition and the proofs.
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The complexity of the task significantly increases in the multi-dimensional setting.
Landau [11] proved that the necessary conditions for stable sampling remain valid
for the Paley-Wiener spaces over any domain (see [13] for a much simpler proof). A
sufficient condition for a sampling of signals from the Bernstein space with spectrum
in a ball was obtained by Beurling, see [6]. We also refer the reader to [15] for some
extensions. However, there is a gap between the necessary and sufficient conditions.
Moreover, even for the simplest spectra as balls or cubes, examples show that no
description of sampling sets is possible in terms of a density of A, see Sect. 5.7
in [14].

Recently the so-called dynamical sampling problem (in what follows, we will more
often use the term space-time sampling problem) attracted a lot of attention, see [2—4,
19], and references therein.

In this paper, we consider the following variant of dynamical sampling problem.

Main Problem
Let A be a uniformly discrete subset of R” and let G, (x) be a collection of functions
parametrized by o € I. What assumptions should be imposed on the spatial set A,
index set 7, and functions G, to enable the recovery of every band-limited signal f
from its space-time samples { f % Gy (A)}rea aer?

For signals f from a Paley-Wiener space P W, (see the definition below) it means
that the inequalities

DilfI5 < Z/ |f % GaWI>da < Do fI5 forevery f € PW, (1)
AeAl

are true with some constants D1 and D;. Here, as usual, || - || denotes the L%-norm.
Recall that a set A = {A;} C R" is called uniformly discrete! (u.d.) if

8(A):= inf |A—A'| > 0.
AN

M e

The constant § (A) is called the separation constant of A.

In the one-dimensional setting, this problem appears in particular in connection
with tasks of mathematical physics. Several examples are presented in [4]. One of
them is the initial value problem for the heat equation

d 5 8%u
—ulx,a) =0"—=(x, o), oc#0,xeR, a>0, 2)
da x2

with initial condition

u(x,0) = f(x). 3

I Sometimes, the term uniformly separated is used.
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It is well-known that the solution is given by the formula

ulx,a) = fxgo(x) = /ga(x - f(ydy, 4

R

where g, (x) = W exp (— %) . Note that Main Problem applied to equation (2)

provides the reconstruction of initial function f from the states {u(A, @)}rea qel-

A variant of Main Problem for the one-dimensional setting was considered by
Aldroubi et al. in [4]. In particular, it was established that unlike the classical sampling
setting, the assumptions that should be imposed on the set A to solve the Main Problem
cannot be expressed in terms of some density of A, see Example 4.1 in [4]. More
precisely, one may construct a set with an arbitrarily small density that provides stable
reconstruction of the initial signal. Also in that paper, it was shown that for the solution
of Main Problem we have to require A to be relatively dense.

In the one-dimensional setting, for a large collection of kernels, a solution of Main
Problem was presented in [19]: It turns out the stable recovery from the samples on
A 1is possible if and only if A is not (in a certain sense) “close” to an arithmetic
progression.

It seems natural to extend the results of [4, 19] to the multi-dimensional situation.
Below we focus on the two-dimensional variant of the problem for the case of Gaussian
kernel

2 2
Go(x) =e 7% o = (a,0) €1,

I=(a,b)x(c,d) CRL, x=(x1,x)€R%

Our approach is similar to the one in [19]. However, this problem is considerably
more involved than the one in the one-dimensional setting. One needs to apply some
additional ideas. See Sect. 5 for some remarks on cases dimension higher than 2.

We pass to the description of the geometry of the sets A that solve the planar Main
problem.

Definition 1 A curvilinear lattice in R? defined by three vectors
t=(,0) R §=¢L8) R, ad r=(1n)eR rf+ri=1,

is the set of all vectors A = (A1, A2) € R? satisfying
lt,f;‘,r ={r e R? r1 cos(A &1 + A& + 1) = rpcos(—A1€1 + A& + 1))

The blue curves on Fig. 1 correspond to the curvilinear lattice [, ¢ , with t =

0,0),& =(,1),and r = (1/4/10, 3/4/10).
In what follows the notation W (A) stands for the collection of all weak limits of
translates of a uniformly discrete set A, see the definition in Sect. 2.

Condition (A): A uniformly discrete set A = {A = (A1, A2)} C R2 satisfies condition
(A) if every set A* € W(A) is not empty and does not lie on any lattice /; ¢ ,.
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Fig. 1 Curvilinear lattice defined by cos(x + y) = 3 cos(y — x)

Remark 1 A Delone set is a set that is both uniformly discrete and relatively dense. In
particular, it is easy to check that every set that satisfies condition (A) is a Delone set.

We denote by PW(E the space of square integrable on R? functions with spectrum
supported in the square [—o, o]?, i.e.

PW2={f e L*R? | supp f C [~0,01*),

where

Fer e = / TENHED) £ 0 dxdi.

R2
Now, we are ready to formulate the main result.

Theorem 1 Given a u.d. set A C R? and a rectangle I = (a, b) x (c,d) with 0 <
a<b<oo 0<c<d< oo. The following statements are equivalent:

(i) For every o > O there are positive constants D1 = Di(o, 1, A) and D, =
Dy (o, I, A) such that (1) holds true.
(ii) A satisfies condition (A).

The paper is organized as follows. In Sect. 2 we give all necessary definitions and
fix some notations. As it was mentioned above, we employ the approach from [19]
and divide the solution into two parts. We start with solving Main Problem for the
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Bernstein spaces B, and prove an analogue of Theorem 1 in Sect. 3. In Sect. 4 we
investigate the connection between the sampling with Gaussian kernel in the Paley-
Wiener and Bernstein spaces. We also prove the main result in Sect. 4. The remarks on
multi-dimensional cases and some open problems that puzzle us are placed in Sect. 5.

2 Notations and Preliminaries

In the present paper, we deal with signals that belong to the Bernstein and Paley-Wiener
spaces. Since we investigate Main Problem simultaneously for all bandwidth parame-
ters, we may consider only the functions with the spectrum supported in squares. This
leads us to

Definition 2 Given a positive number o, we denote by B, the space of all entire
functions f in C? satisfying the estimate

If(2)] < CeoMIFRD 7 — (71, 2) e C?, z;=x; +iy; €C, j=1,2, (5

where the constant C = C(f) depends only on f.

It is well-known that B, consists of the bounded continuous functions that are the
inverse Fourier transforms of tempered distributions supported on the square [—o, o']%.
We refer the reader to [12] for more information about Bernstein spaces.

For 1 < p < 0o we may define the Paley-Wiener spaces by the formula

PW? = B, N LP(R?)
or equivalently
PWP ={f € LP(R?) | supp f C [0, 01*).
Following [5] (see also Chapter 3.4 in [10, 14, 17]), we introduce auxiliary

Definition 3 Let {A;} and A be u.d. subsets of R", satisfying §(Ag) > 8§ > 0, k € N.
We say that the sequence {A} converges weakly to A if for every large R > 0 and
small & > 0 there exists such N = N (R, ¢) that

AN (=R, R)" C A+ (—¢,8)",
AN(—R,R)" C A+ (—¢,8)".

forall k > N.

Definition4 By W(A) we denote all weak limits of the translates Ay := A — xg,
where {x;} C R" is an arbitrarily bounded or unbounded sequence.

We supply these definitions with several examples concerning the condition (A).

Birkhauser
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Example 1 To construct the set that does not satisfy condition (A), one may consider
the following perturbation of the rectangle lattice:

1 1
A:{(27TH+W,27TM+W>, m,neZ}.

Taking any sequence {x;} C R? such that |x;| — oo, one may check by the definition
that the sequence A —x; weakly converges tothe set A = {(2wn, 2rm), m,n € Z},

which, clearly, lies in /; ¢, with t = (0,0), £ = (1, 1), and r = (fz % .

The following example is inspired by the papers [10, 17], which considered a planar
mobile sampling problems.

Example 2 Set
Dz = {(x,y)cR2 | x?+y? =4n%k, kez},

i.e. Dz is a collection of the concentric equidistant circles with center (0, 0). Now,
one may consider A to be any u.d. set located on the circles Dz. One may check (see
the proofs in [10, 17]) that any weak limit of translates for every unbounded sequence
{x,} for Dz lies on the parallel lines. The argument is based on the simple observation
that the traces of translated circles in the rectangle [—R, R)? (for a fixed R > 0) are
getting closer and closer to the parallel lines as the value |x,| increases. Moreover,
the distance between these lines is 2w k. For instance, one may take x,, = (0, 27n)
and pass to a weak limit A — x, — A™ to obtain that A* C ;¢ , with t = (0, 0),

£=(1,1),and r = (\/LE %)

The next example concerns the set that satisfy condition (A). In what follows, we
skip some technical details.

Example 3 One may easily find a u.d. set A in R? such that its projection P, onto any
rectangle P = [0, a] x [0, b] is dense in P, where

Py ={(Aymoda, Aymodb): A= (A, ) € A}.

For instance, one may take a u.d. subset of (\/5 ZUZ) x (\/§ Z, U Z) (with a dense
projection ). Therefore, the set A and all its weak limits of translates do not lie on any
curvilinear lattice, and A satisfy the condition (A).

Below we will use the simple fact that for every sequence x; there is a subsequence
Xg; such that A — xi; converges weakly.
Throughout this paper we will adopt the following notations:

e Letx e R", y e R", n € N. Define |x| := 1/xl2 + -+ + x2. Notation x - y stands

for the scalar product of vectors x and y.
e Set B (x) :={yeR" : |[x —y| <r}, wherex e R" andr > 0.
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e Given A = (A1, ..., Ay) and f € L>®(R"), we set

L) = f =2 = fx1 =21,y X = ).

e By |A| we denote the n-th dimensional Lebesgue measure of a set A C R”.
e By C we denote different positive constants.

Basically, we will focus on two-dimensional case. It is convenient to fix the follow-
ing notations.

e Given a point x = (x1, x2) € R2, denote ¥ := (—x1, x2).
e A symmetrization operator S is defined by the formula

SF(x) = f) + fE) + f(=F) + f(=x), feL®R.

o SetT:={|x| =1, x € R?}.

3 Sampling with Gaussian Kernel in Bernstein Spaces

An analogue of Theorem 1 for the Bernstein spaces is as follows:

Theorem 2 Given a ud. set A C R%2 and I = (a,b) x (¢,d) withO < a < b <
00,0 < ¢ < d < o0. The following statements are equivalent:

(i) Forevery o > 0 there is a constant K = K (0) such that

[ flloc = K supsup || f * Galloo forevery f € Bs.
ael heA

(ii) A satisfies condition (A).

Above, as usual, || - || denotes the sup-norm
I flloc == sup [f(x)].
xeR?

3.1 Proof of Theorem 2, Part |

(i) = (i). In what follows we assume that (i) is not true. We have to show that (i7)
fails, i.e. there is a set A* € W(A) such that it lies on some curvilinear lattice. The
proof is divided into 5 steps. For the convenience of the reader, we will briefly describe
them here and then pass to the argument.

In Step 1, using the standard Beurling technique, we find A* € W(A) and g € B,
such that g * G, vanishes on A* forevery o € 1. Our next step is to show that Sg; =0
forevery A € A*.In Step 3 we prove that A* lies on some curvilinear lattice under the
assumption that g € L?(R?). In Steps 4 and 5, using some approximation technique,
we show how to get rid of the requirement that g is square integrable.

Birkhauser
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1. Due to the assumption made one can find a sequence of Bernstein functions
fn € By satisfying

I fulloo =1, |l fa* Galallo < 1/n.

We may then introduce a sequence of functions

en(@) = fulz—x(), z=(z21,22), x(n) = (x1(n), x2(n)),

where x(n) are chosen so that | f,,(x(n))| > 1 — % n € N. Then we have

lgnlloo =1 and || * Galataim |, < 1/n. n €N

Using the compactness property of Bernstein space (see, e.g., [14], Proposition 2.19),
we may assume that sequence g, converges (uniformly on compacts in C?) to some
function g € B,. Moreover, passing if necessary to a subsequence, we may assume
that the translates A + x(n) converge weakly to some u.d. set A*. Of course, we
may assume that A* is non-empty. Otherwise, we have arrived at contradiction with
condition (A). Clearly, g satisfies

lglloo =1, and foreverya € I : g% Gylpa+ =0, A" € W(A). (6)

Forapointz = (z1, z2) € C? we consider its complex conjugate point Z = (71, 22).
Consider the decomposition g(z) = ¢(z) + i¥(z), where

_ g(2) +¢g@@)

80 —g@
LR s 8

@(2): Y(z) == 2

Then ¢ and ¢ are real (on R?) entire functions satisfying (5). Thereby, functions ¢
and ¥ belong to B,, and since the kernel G, takes only real values on R?, we have
(¢ x Gg)(A) = 0and (Y * G4)(A) = 0 for every A € A*. Thus, we can continue the
argument assuming that g is a real-valued function.

2. Recall that the notations x and Sf were introduced in Sect. 2.

Lemma 1 Assume a function g € By satisfies (6). Then for every A € A* the equality
Sgr(x) =0 (N
holds for a.e. x € R2.

Proof Without loss of generality, we may assume that A = (0,0) and I = (%, 1)2.
Observe that

(SgxGy)(0,0) =4(g % Gx)(0,0) =0 foreveryw € 1. (8)

Birkhauser



Journal of Fourier Analysis and Applications (2022) 28:55 Page90f24 55

Set

2 2 2
X7 +x 13
h(x1, x3) := Sg(x1, x2) exp {— 1 ) 2 } and [ := <§, Z) .

Clearly, h € L?(R?) and it is even in variables x| and x». Moreover, using (8), one
can check that (7 % G4)(0,0) =0 forany o € 1.
For every multi-index m = (m1, my) € NZandu € I+ we have

8 m

W / h(x1, x2) exp [—ulx% — uzx%} dxidx, = 0.

R2
In particular, i is orthogonal to every monomial xj'x3? with even indexes & and
a3 in the weighted space L? (R?, exp {—%(xl2 +x3)}). Moreover, since / is even in
any variable, from the symmetry, we see that % is orthogonal to every polynomial in
this space. To finish the proof we use the completeness property of multi-dimensional
analogues of Hermite polynomials. More precisely, we invoke Theorem 3.2.18 from
[7] to deduce h = 0. Consequently, Sg(x) = O for every x € R2, and the lemma
follows. O

3. We will need a simple technical

Lemma 2 Given a function F € L*>(R?) such that its inverse Fourier transform f is
a real function. Then

Sfi(x) =2 / cos(x - 1) Re (e"“F(z) + ei;\'tF(f)) dr.
R2
Proof Indeed, we may write
fx) = Ref e F(t)dt.
R2

Therefore,

Sf)L(X) — Re/ (eix-t _}_eif-l +e—ix-l +€_ij.t) ei)»-tF(t)dt

R2
= 2Re / (cos(x - 1) + cos(X - 1))e"* F(t)dt
R2
- 2Re/cos(x 1) (e"“F(t) + eix"F(f)) dr,
R2
which proves the lemma. O
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3. If we additionally assume that g € LZ(RZ), the result follows from the next
statement.

Lemma 3 Assume g € L?*(R?). Then A* lies on some curvilinear lattice.

Proof Denote by G the inverse Fourier transform of g. Recall that g is real, whence
G@) =G(-t) and G(f) = G(—7).

Denote by U (f) = Re <e“‘"G(t) n eii-fc(f)). Since

20 (1) = 2Re (e"“c(t) + e"i"G(f))

= (™G0 + eii'fG(f)) + (ei’\"G(l‘) + eii-fc(f)>
= G0 + MG (D) + e G (1) + e G (-D),

we deduce that U () = U (—t). Combining this observation with Lemmas 1 and 2,
we see that equality

Re (e”‘"G(t) T eii"G(f)) -0

holds for a.e. r € R? and for every A € A*.
Recall that G = 0 a.e. outside (—o, o). For every € > 0, find a real Schwartz
function F, whose support lies on [—o, o> satisfying |G — F¢||2 < €. Then

[Fell2 = IGll2 — € &)

and
1/2

. . N2
/’Re (e’ TE(f) + ¢ 'tFe(t)>‘ dt| <2, aeA* (10)
]RZ

Using these inequalities, one can check that there are a point ¢, . € [—o, o1? and
constants C and ¢ depending only on ¢ such that

Fet)] > € and [Re (™ Futto) + e Fo(i) )| < el Fel, (1)

for every small enough €. Indeed, by Plancherel theorem, we have |G ||> = ||g]|2. Since
llglloco = 1 and g € By, using Bernstein inequality, we deduce |G ||2 = ||gll2 = C(0).
Now, assuming that for all ¢, the inequalities (11) do not hold true, by integration with
respect to variable ¢ and using the estimate (9), for sufficiently small € we arrive at
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2

C2
5 1G5 > Eezc%o),

. . N2
[ [Re (¢ Fety + @) ar = e =
R2

which contradicts to estimate (10) when ¢ > Zﬁ/ C(o).

Write
Fe(te) =: Ree'™e,  Fe(fe) =: ree'™.
Then we get
|IRc| > C, |Recos(-tc + ue) + re cos(h - te +ve)| < ce€Re, A € A,

Then normalizing we arrive at

R ~
< > cos(A - te +ue) + cos(A - te + ve)| < ce.

Te

Clearly, we may assume that u. € [0, 2] and v, € [0, 27]. Recall that ¢, € [—0, 0]
and, of course,

2

R
€ c[0.1] and i _ €0, 1].

Taking € = }l and passing if necessary to a subsequence, we deduce that A lies on
some curvilinear lattice.
4. In what follows we assume that

g € By \ L*(R?). (12)

For € > 0 we set

sin(e§) ~12
he(®) = = =7 i) i=hehe(), and 3= gl 2,
O
The next statement easily follows from (12).
Lemma4 We have § — 0 ase — 0.
We skip the simple proof.
Let us introduce auxiliary functions
Pe(x) = 8 Pe(x),  ge(x) 1= g(W)ge(x), x € R,
By Lemma 4,
lgella =1/8¢ — 00, € — 0. (13)
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Lemma5 For every . € A* satisfying |A| < 1/+/8¢ we have
I1S(ge)all2 < CV/5e.

Proof By Lemma 1, Sg; = 0. Since the function ¢, is even with respect to each
variable, we have

Sgrge(x) = (Sg(- = A)ge (1)) (x)
=8(x—=1)@e (X)F+8 (X =2 P (X)+8(—x — M)@e(—x) + g(—=X — M)pe(—X) = 0.

Hence,

[S(8e)n ()] = [S(gpe) (- = M) (x)| = [S(gpe) (x — 1) — Sg(- — M)ge) (x)]
= 18(x = M) (ge(x — 1) — @ (X)) + 18X — ) (@e (X — 1) — @e (X))
+18(=x =) (e (—x — A) =@ (=x))| + 18(=X — ) (@e (=X — 1) — @ (—X))].

Below we focus on the estimate of the first term at the right hand-side of the

inequality above. The remaining terms admit the same estimate.
Write A = (A1, A2). Observe that

9elr = 2) = @] = 0 (Iheer = ) = he @] Ihe(xz = 22)
e = 32) = he ()] Ihe(n)]).
For j = 1, 2 using the Cauchy-Schwartz inequality, we have

12
1/2 Iy 2 /

ffh;(xj—u)du dx;

R |0
Clajllhglla.

f lhe(xj — Aj) — he(x)dx;
R

IA

One may check that ||h¢|l, = C/4/€ and ||hL||, = Cy/€. Since ||glloc = 1 and
|A] < 1/4/8¢, we arrive at

172

IS(ge)alla < C / lge(x — 1) — @) 2dx | < C8e|Alhell2llPLll2 < C/5e.

R2
That finishes the proof. O

5. Denote by G, := gge. Then G, € L2(R) vanishes a.e. outside some square
(—o*, %) (it is easy to check that one may take 0* = o + €).
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Using Lemma 3, for |A| < 1/4/8¢ we get
172
. o 2
/‘Re (e’)"xGe(x) —|—e"“GE()Z)>‘ x| <cvs..
R2

On the other hand, by (13), ||G¢|l2 > C, for all small enough €.
To finish the proof, we proceed as in the proof of Lemma 3.

3.2 Proof of Theorem 2, Part Il

(1) = (ii). We will argue by contradiction. Assume that for every o > 0 there is a
constant K = K (o) such that

[ flloo = Ksupsup || f*Galloo, [ € Bo,
ael heA

but condition (ii) is not satisfied, i.e. there exists some A’ € W (A) such that A’ lies on
some curvilinear lattice. Clearly, to come to the contradiction it suffices to construct
for every ¢ > 0 a function f = f; such that

[ flloo=C, supsup|f*Ga(2)| < Ce, (14)
ael heA

and f € By« for some fixed o*.

Again, let us provide a brief description of the proof. We divide the proof into 4
steps. First, we build a function g such that g * G, vanishes on A’ foreverya € 1. A
slight modification of g provides a function f, which satisfies (14). To verify the second
estimate in (14) we split the set A intothesets Ay = ANPand Ap = AN (R2\ P)
for an appropriate rectangle P. In the steps 3 and 4, we show that f satisfies the
relations (14) for A € Ap and A € Aj respectively.

Now we pass to the proof.

1. By our assumption, there exist A’ € W(A), & € R2, (t1, 1) € R2, and (ri,m) €
T such that for every A" € A’ the equality

ricos(A - & — 1) —racos(h - € — 1) =0 (15)
holds. Set
gx)y=ricos(¢-x+1t)—nr cos(§ X+ ).

Clearly, g € B, for o = |&|. Next, we will show that symmetrization of the function
gy vanishes for every ' € A’.

Lemma 6 The equality
Sgn(x) =0

Birkhauser
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holds for every x € R®> and ) € A

Proof After some simple calculations, we have
Sg,(x) = r1 Re (e"m—f'*’)S(el"E'X)) — rRe (d‘“z—g'“S(e"é*)),

where we, as usual, apply symmetrization operator S with respect to variable x. Clearly,
S(e'é) = S(e'5*) = 2(cos(£ - x) + cos(€ - x)). Thus, using (15), we have

Sg(x) = 2(cos(€ - x) + cos(€ - x)) (r1 Ree' %) 4 1) Re e"“H”f)) —0.

Consequently, for every A’ € A’ and & € I we have
g*xGy(\) =0, (16)

since G, is even in every variable.

2. Fix small ¢ > 0 and take large R = R(¢) > 0 (we will specify its value later).
Recall that A’ € W(A). In particular, that means that one can find v = (v, v3) =
v(R,¢) € R? such that inside the square [—R, R]z, the set A — v is "close" to A':

for every A € AN(v+(—R, R)?) thereis A’ € A'N(—R, R)? : dist (A—v, \) < e.
a7
Set P = [v; — R, v1 + R] x [va — R, v2 + R] and consider the decomposition

A=A;UAo :=(AﬂP)U<Aﬂ(R2\P)).

Consider

sin(ety) sin(etr)
CDS(I)ZCDS(tl,tZ): .
eh 215

We define the function f by the formula
f@) = de(x —v)gx —v), x eR* veR™.

Clearly, || fllco = C, and it suffices to show that | f * G,(A)| < Ce for every A € A.
We will estimate the value | f x G4 (1)| for A € Aj and A € A separately.
3. Assume that L € Ap. We may choose R = R(¢) = sLZ SetU =U; x Uy =

[—+v/R, ~/R)?. For s € U we have
llglloo llglloo

If O —5)| < < < Ce’llgllos, (18)
e2|h —s1 —villAa —s2 — v2| ~ €2|R — VR]2 *
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since |A; — v1| > R and |A; — va| > R. Next, it is easy to check that

J :Zf / Ga(sl,sz)dsldsz—l—/ / Gy(s1, s2)dsrds) < Ce. (19)

R R\U; R R\Uz

Now, to estimate f * G4 (A) for L € Ao, we write

If # GaW)] Sflf(k—S)lGa(S)der/ f 0. = )[Ga(s) ds
U

R R\Uj

+f f [ f(A—5)|Gy(s)ds.

R R\U>

Applying || flleoc < 1 and estimates (18) and (19), we arrive at
|f % Go(W)| < CSZ/ Gy(s)ds +J < Ce.
U

4. Now, assume that A € A;. Take A’ € A, satisfying condition (17) corresponding
to A, i.e. dist (A — v, A) < &. Since g * G4 (A") = 0, we may write

f*xGa(d) = f F=5)Ga(s)ds + P (A —v) / g —5)Gyl(s)ds
R2 R2

=/(Qg(k—s—v)(g()\—s—v)—g(k’—s))

R2

+g(\ =) (DA — v —5) — De(h — v)) ) Guls)ds.

Set
Hy = [P:(A —5 —v) = P(A — )],
Hy:=|gh—s—v)— g/ —9)|.
Clearly,
If*Ga(M)] = / (Hilg(V = )| + Hz |he . — v)]) Go(s)ds. (20)
R2
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By Bernstein inequality and relation (17), we have
|Hi| < e(ls1]+ Is2]),  [Hal < ellg/llco- (21
Combining estimates (20) and (21) together, we obtain
If*Ga(M)| < Cs/(”g/”oo +Is1] + [s2D)Ga (51, s2)ds1dsy < Ce
R2

that finishes the proof.
The following statement easily follows from Theorem 2.

Lemma 7 Assume A and I satisfy the assumptions of Theorem 2 and condition (i) is
fulfilled. Then for every o > 0 there is a constant C such that

112, < C/ sup | f * Go(W)|? da (22)
AEA

forevery f € PW(%.

4 Sampling with Gaussian Kernel in Paley-Wiener Spaces
4.1 Auxiliary Statements

Recall that our aim is to describe the geometry of sets A C R? that forevery f € P Wg
the estimates

Dilfl3 < Z/ |f % GaWI da < Dol f13, (23)

rEA T
hold with some constants D and D; independent on f.
4.1.1 Bessel-Type Inequality

We start with showing that the right hand-side of (23) follows easily from classical
sampling results for u.d. set A.

Proposition 1 Assume A isau.d. set, I = (a,b) x(c,d), where) <a <b < 00,0 <
¢ < d < oo. Then there is a constant Dy = Dy (I, A) such that

Z/ |f % Ga(W)*da < Dy £13,

reAYy
forevery f € PW[%.
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Proof Recall the Bessel inequality for Paley-Wiener spaces: if A is a u.d. subset of R?
then there is a constant M = M (A, o) such that

> 1801 < Mligli3 (24)

rEA

forevery g € P Wg, see [20], Chapter 2, Theorem 17.

Note that convolution with Gaussian Kernel G, keeps the function in Paley-Wiener
space. Using Young’s convolution inequality and Bessel inequality, one can find a
constant D; such that for every f € PW3 the estimate

Do 1f xGa)Pde < ClIIIf % Gall3 < CIFIGIGGIT < D2l £15
AEA]

is true. That finishes the proof of proposition. O
4.1.2 Auxiliary Functions

In what follows we need some auxiliary functions with special properties. These
functions should belong to Paley-Wiener spaces, have a large LZ-norm with a small
L?-norm of the gradient. Now, we specify these requirements.

Condition (B): Let ¢ be a small positive parameter. A family of functions {®,}
satisfies condition (B) if

B1) ©:(0,0) =1, [[Pellcc=1;
(B2) . € PW2

(B3) |Pellz — o0 ase — 0;

(Bg) IVDellp —> 0ase — 0.

Next, we provide a few examples to illustrate some additional difficulties that occur
in the multi-dimensional setting. Then we present an example of functions &, that
satisfy condition (B).

Example 4 Let us return to the one-dimensional case. Consider

®,(x) = sing(;;x)'

Observe that functions @, satisfy an analogue of condition (B) in the one-dimensional
setting. Clearly, ®.(0) = 1, || ®¢|loo = 1, and d, € PWEZ. One may easily check that

[®ella < Ce™ /2 and | ®L|2 < Cel/2.

These relations prove the one-dimensional analogues of (83) and (B4).

The passage from Bernstein to Paley-Wiener spaces and back in [19] was based on
the properties of the functions in Example 4. One may try to construct functions @,
that satisfy condition (B) in the two-dimensional setting in the following natural way.
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Example 5 Consider the function ®, defined by the formula

sin(ex) sin(gy)
e (x. y) = s
ex ey

It is clear that conditions (1) and (B;) are true. Property (83) follows from
IDell2 < Cs™ .

However, one may easily check that || V®, |2 does not converge to zero as ¢ — 0.

However, in two-dimensional setting it is still possible to construct functions that
satisfy condition (B). Now, we pass to the construction.

Lemma 8 Assume ¢ > 0. There exist functions V, such that

(P1) suppWe C B:(0), W, >0,

(P2) C < f Y. (x)dx < Cp, 0<C) <Cy <00,
RZ

(P3) [[Well2 = .,

1/2
(P4) (mf2|wg<x)|2|x|2dx) E\/%

Proof Fix small 0 < ¢ < 1 and denote the integer part of log % by m. For integers n
from [m, 2m] we set a, = 2%"/n. Next, we define the function W, layer by layer by
the formula

W, (x) =ay, x € By-n(0)\ By-n-1(0).
For |x| > ¢ and |x| < % we set @, (x) = 0. Note that the area of the ring By-»(0) \
B,-1-1(0) is equal to 37”2’2”.
Clearly, W, satisfy (P1). To verify (P2) we write

2m

37 1
_ § : —2n _ § :
/\I-’s(x)dx—T 2 a,,—C E
n=m n=m

R2

Note that the right-hand side of this equation can be estimated with some fixed positive
constants from above and below by

210gé

1
/ ?dt = log?2.

log El
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Thus, condition (P2) follows. Next, we have

37 & 2, 92n e c c
U= " 222 >C —>C/22’t‘2dt>—>—,
1112 4 r;n In = r;n n2 - - 8210g2é — g3/2
log %
and (P3) follows. The estimate
2m 2m 1 C

[1wwpiparscy st <y <

]RZ n=m n=m n log ;
implies (P4) that finishes the proof. O

Corollary 1 There exist functions @ satisfying condition (B).
Proof Denote by cy = [ W.(x)dx. By (P2), cy is positive, finite, and separated

R2
from zero. Now, we may define ®, as the Fourier transform of W, with a proper

normalization:
1 —ix-t
D, (x) = — e W, (1) dt.
Cy JRr2

The property (B2) follows from (P;). Due to W, > 0 and normalization condition
(B1) is fulfilled. Relations (P3) and (Ps) imply estimates (83) and (B4) respectively.
O

4.2 From Bernstein to Paley-Wiener Spaces and Back

To prove Theorem 1, we will use the following statement, which describes the con-
nection between sampling in Paley-Wiener and Bernstein spaces.

Theorem 3 Let A be a u.d. setinRz,Iz(a,b) X (c,d),0<a<b<00,0<c<
d <oo,ando’ > o > 0.

(i) Assume the inequality

[ flle < Ksupsup || f *Gulloo forall f € By (25)
ael LeA

holds with some constant K = K (o', A). Then there exists a constant D1 =
D (o, A) such that

D= Y. [1f xGutPda forevery fe PWE  (26)

reAY
is true.
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(ii) Assume that (26) holds with some constant Dy = Di(c’, A) for all f € PW,.
Then there is a constant K = K (o', A) such that (25) is true for every f € B.

Remark 2 For a similar result for space sampling see [15].

Remark 3 1In this theorem we do not need to require / to be a rectangle. One may
take I = (a,b) C Rwith0 < a < b < o0. In such a case by G,(x) we mean

2.2 . . .
Go(x1,x2) = e @(7+%) and da is a standard one-dimensional Lebesgue measure.

The proof of Theorem 3 is similar to the proof of Theorem 3 in the paper [19]. We
provide the argument for statement (i) and leave the proof of (i7) to the reader. The
functions @, that satisfy condition (B) play a crucial role in our argument.

Proof of Theorem 3. Take ¢ > 0 such that 0 + ¢ < o’. By our assumption, for every
q € B, the estimate

lgllc = Csupsup |g* Ga (D), (27)
ael LeA

is true and our aim is to prove (26). Consider functions &, satisfying condition (B).
Using (B1), we get

teR2
2

||f||%=/|f(x>|2dx s/sup | s (x — 1) f(1)]* dx. (28)
RZ

Note that ¢(¢) := @ (x — 1) f(t) € Bye, and we can apply Lemma 7 to obtain

2

lg(1)|* < C/iug /Ga(/\ —$)Ps(x —5) f(s)ds| da, (29)
€
T R2

where the constant C does not depend on ¢. To provide the estimate from above we

may replace sup by Y, and switch the order of integration and summation:
AEA AEA

2

||f||§ch// /Ga(x—smg(x—s)f(s)ds dxda. (30

reAT R2 |R2

Denote by

2

Y] = [P (x —A) /Ga(k—s)f(s)ds , (€20
R2

2

Y, = /Ga(K—S) (Pe(x —2) — D (x — ) f(s)ds| . (32)
R2
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Using the inequality |a + b|? < C(lal? + |b|?), we deduce from (30), (31), and (32)

that
iy [ [ e dxae (33)

reAT R2

Next, we estimate the terms with Y} and Y, separately. The value of Y f f Yidxda
AEA T R2
is majorized by

S [ [recw=nrax | irGaomPde < 0.8 [ 314600 Paa

rEAT R2 T AEA
(34)
The inequalities for the second term are more complicated. Set
H(x; A, 5) = |Qe(x — 1) — e (x — )]
We start with the observation
A A2
0, 0D,
H(x; L, 5) < —((x —uy,y—A)dur| + —(x — 51,y —u2)duy|.
ax ay

S1 52

Using Cauchy-Schwarz inequality, we write
Al )
2 8@8
H (x; 1, 8) <C[ (A — 1) 8—(x—u1,y—)»2) du
X
51
A2
D, 2
+(ho—s2) | | —s1,y —u2)| duz ).
0x
52

Thereby, for A = (A1, Ap) and s = (51, 52) wWe get

/HZ(X; A, 8)dx < Clsi — Mllsa — Aol VI3,

RZ
whence

IH (- 2, 9)]5 < Cls — APV @[3 (39)
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Now, we return to the estimation of the term with Y in the formula (33). Applying
Cauchy—Schwarz inequality, we arrive at

2

Z/dex_Z/ /f(s)Ga(A—s)H(x;A,s)ds dx
2

AeA reA

< Z/ /|f(s)|2Ga(A—s)ds /Ga(k—s)H2(x;k,s)ds dx.

AeA R2 R2

With estimate (35) in hand, we continue

> /dex <> /If(s)l Go(h = 5)ds /G (.= ) H?(: 1, 9)ads

AEA R2 AEA R2 R2

< CIVe. Y /If(s)l G (—5)ds /G (A—s)ls—2[2ds
A R2

rE R2

Clearly,
/ Go(h —s)|s — A%ds < C, (36)
R2

and since A is a u.d. set, we have

> Gah—s) = C. (37)

rEA

Using relations (36) and (37), we finish the estimate of the term with Y>:

> [ [ radxaw < cunve.idisiz. (38)
rEA T R2

Combining (33), (34), and (38) together, we get

1£13 < C1I1I||V<I>s||§||f||§+Czll¢s||§/Zl(f*Ga)()»)lzda- (39)

7 reA

To finish the proof we invoke properties (83) and (/34). Indeed, taking sufficiently

small ¢ > 0 we make the first summand less than 17 ”2 , and (26) follows. O
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4.3 Proof of Theorem 1

Now, we are ready to prove the main result.
(i) = (i) Assume that for the set A condition (i) is satisfied. In particular, for any

o > 0 inequality (26) is true for every f € P Wg with constant D depending on o.
Then, Theorem 3 implies that for every o > 0 inequality (25) holds true for every
f € B, with constant K depending on o. By Theorem 2, we deduce that A satisfy
condition (A).

(i) = (i) Assume that condition (ii) is fulfilled. Recall that Proposition 1 ensures
that the right hand-side estimate in (1) holds with some universal constant. Thus, it
suffices to verify that inequality (26) is true for every o > O and every f € P Wg with
some constant D1 = Dj (o). By our assumption and Theorem 2, the inequality (25)
is true for every o > 0 and every f € B, with a constant K depending only on o.
Applying Theorem 3, we see that (26) holds true for every o > O and f € P Wg with
a constant D depending only on . Thus, condition (i) is true. That finishes the proof.

]

5 Remarks

First, we would like to note that Theorems 1, 2, and 3 remain true for a wider collection
of kernels that satisfy some additional assumptions similar to conditions (8) — (6) in
[19].

Second, one may check that our approach provides a complete solution to the Main
Problem for the Bernstein spaces B[4, for the Gaussian kernel in R” with any index

n
set I = [][ai, b;]. One may therefore formulate an analogue of Theorem 2 in multi-

i=1
dimensional setting. However, the passage to Paley-Wiener spaces faces obstacles
similar to those discussed in Example 5, Sect. 4.
Recall the frame inequalities for a continuous frame {ey }ycx:

Dillfllp < / I(f ex)Pdx < Dallf1} (40)
X

Inequalities (1) correspond to the case p = 2, X = I x A, and dx is product of n-
dimensional Lebesgue measure on / and counting measure on A. As it was pointed to
me by areviewer, the inequalities (40) typically hold true for all range of Banach spaces
(X, I -1Ip), 1 < p < oo simultaneously provided the frame {e,} has a sufficiently
good localization, see [1], [8], and [9]. However, in our setting we did not manage to
prove the analogue of Theorem 1 for all p € [1, co) when the dimension n > 2.

On the other hand, using our approach, one may check that for every n > 2 there
are a number p(n) and functions @, such that for p > p(n) we have

||¢e||p — 00, “Vq)e”p —0 ase— 0.
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Thus, a modification of the proof of Theorem 3 leads to a complete solution of the
Main Problem for PW/” | . spaces with p > p(n).
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