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Abstract

We give a new class of equivalent norms for modulation spaces by replacing the
window of the short-time Fourier transform by a Hilbert—Schmidt operator. The main
result is applied to Cohen’s class of time-frequency distributions, Weyl operators
and localization operators. In particular, any positive Cohen’s class distribution with
Schwartz kernel can be used to give an equivalent norm for modulation spaces. We
also obtain a description of modulation spaces as time-frequency Wiener amalgam
spaces. The Hilbert—Schmidt operator must satisfy a nuclearity condition for these
results to hold, and we investigate this condition in detail.

Keywords Modulation spaces - Cohen’s class - Weyl transform - Localization
operators - Nuclear operators

Mathematics Subject Classification 47B10 - 47B34 - 42B35

1 Introduction

The modulation spaces introduced by Hans Feichtinger [17] have long been recognized
as suitable function spaces for various problems in time-frequency analysis [19,
23], PDEs [5, 42], pseudodifferential operators [4, 11, 24, 41] and others areas —
comprehensive lists of references can be found in [18] and the recent monograph
[6]. Perhaps the most common definition of the modulation spaces nowadays uses
the language of time-frequency analysis. To motivate the definition, we consider a
function ¥ on R? and its Fourier transform
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V(w) = / Y(e Tl dr forw e RY.
]Rd

Together, ¥ and V¥ describe the behaviour of ¥ as a function of time and frequency,
respectively, and give us different approaches to study properties of . For instance,
smoothness of ¥ is related to decay of xp But although w shows which frequencies
w contribute to 1 — those such that |1//(a))| is large — it does not indicate when, i.e.
for which r € R?, the frequency contributes to . In time-frequency analysis one
therefore looks for time-frequency distributions Q (), which should be a function on
R? such that the size of Q(/)(x, w) describes the contribution of frequency w at time
X in y.

The existence of an ideal time-frequency distribution Q is prohibited by various
uncertainty principles, but a common choice in time-frequency analysis is the short-
time Fourier transform (STFT)

Vqﬂp(z) = (Y, N(Z)‘P>L2 forz € RM,

where the window ¢ is a function on R? well-localized in time and frequency, and
7 (z) denotes the time-frequency shift for z = (x, ) given by

2wiw-t

T(Det) =e @t —x).
The modulation spaces M}'¢ (R) are then defined, for 1 < p, g < oo and a weight
function m on R?¢, by the norm

1
q/p q
III/IIIM,W:(/ (/ IVwolﬁ(x,w)lpm(x,w)”dx) dw) ; ey
R4 R4

where @ (1) = 24/4e=7 ! * and the integrals are replaced by supremums for p, g = oo
By our interpretation of Vv (x, w) as a time-frequency distribution, we see that
[¥1l psp-a measures how localized ¥ is in the time-frequency plane. More precisely,
L? measures the decay of ¢ in time, and L7 the decay of ¢ in frequency — i.e. the
decay of 1/}, or the smoothness of 1. The fact that ||/ || M is finite is therefore a
statement on the decay and smoothness of .

A useful result on modulation spaces from [17] is that replacing the window ¢q in (1)
by another window ¢ with good time-frequency localization, we obtain an equivalent
norm on M54 (R9):

1
q/p q
||w|IM,1;M(/ ([ |v¢1/f<x,w>|f’m<x,w)f’dx> dw) e
R4 \JR?

The main result of this contribution is an extension of this fact: we show that the
window can even be replaced by a Hilbert—Schmidt operator S on L*(R%). To explain
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this transition from function-windows to operator-windows, we fix an arbitrary & €
L*(RY) with ||£]|;2 = 1 and consider the rank-one operator S = & ® ¢ defined by

SW) =@ ) =(V,9)2 8. 3)

It is easy to see that ||Sw(2)*V||.2 = [V, ¥ (2)], hence we may reformulate (2) as

1
q/p q
||¢||M,5.qx</ (f ||Sn<z)*w||{2m<x,w)”dx) dw) : “)
R4 \JRd

Our main result in Theorem 5.1 states that this holds not only for rank-one S as in (3),
but for all Hilbert—Schmidt operators S having good time-frequency localization—a
statement that itself will need elaboration. By choosing different S we will see that
we obtain equivalent norms for the modulation spaces that express quite different
properties from those expressed in (1), hence giving new insights into the structure of
modulation spaces.

Comparing (1) and (4), we see that the STFT | V,,v/ (z)| is replaced by || S (z)* ¥/ || 2.
This suggests that we replace the STFT by the function Uy : R?? — L?(R9) given
by

Vs (Y)(2) = Sw(2)* Y.

In Sect. 4 we show that U actually behaves like the usual STFT V,,, by showing that
it satisfies an isometry property and an inversion formula. This insight allows us to
prove (4) in Sect. 5 using methods similar to those used to prove that the modulation
spaces are independent of the window function in [23].

Sections 6, 7 and 8 are then devoted to examples and reinterpretations of the main
result. First we consider Weyl operators in Sect. 6. The reformulation of (4) in Theorem
6.1 generalizes a result by Grochenig and Toft [26] that identifies certain modulation
spaces with function spaces introduced by Bony and Chemin [9].

In Sect. 7 we turn our attention to Cohen’s class of time-frequency distributions. As
there is no ideal time-frequency distribution, Cohen’s class was introduced by Cohen
in [10] as the time-frequency distributions Q, given by

Qa(¥)(2) =axW(y) forzeR¥,

where a is some function (or distribution) on R?¢ and W (/) is the Wigner-distribution,
see (26) for its definition. By varying a one obtains time-frequency distributions with
different properties. An important example of a Cohen’s class distribution is the spec-
trogram Q(Y)(z) = IV(pOlﬂ(z)Iz. Then (1) shows that the modulation space norm of
Y is given by the L2 norm of (the square root of) Q (). We might therefore ask
whether this is true if we replace the spectrogram by another Cohen’s class distribu-
tions Q. Using a description of Cohen’s class in terms of bounded operators given
in [34] together with (4), we are able to give in Theorem 7.1 a set of Cohen’s class
distributions whose L},? norms define the modulation space norms. The question of

Birkhauser



30 Page4of34 Journal of Fourier Analysis and Applications (2022) 28:30

characterizing these Cohen class distributions Q, in terms of a seems to be a diffi-
cult problem in general. However, using a result from [31] we are able to prove the
following in Theorem 7.4:

Let 1 < p,g < oo and assume that the weight m grows at most polynomially.
If a is a Schwartz function on R?? and Q,(¥) is a positive function for each

¥ € L2(R?), then
1l = |V Ca)|

Finally, we let S in (4) be a localization operator in Sect. 8. This leads to a
characterization of modulation spaces as time-frequency Wiener amalgam spaces
in Theorem 8.1, which is a continuous version of results by Dorfler, Feichtinger
and Grochenig [14, 15], see also [16, 36], much like the fact that the standard
Wiener amalgam spaces have both a continuous and discrete description. We men-
tion that [1, 8, 26, 27] also use localization operators to get equivalent norms for
modulation spaces, but their approach and results are different from those we con-
sider.

Before ending this introduction, we wish to point out that sufficient conditions on
S for (4) to hold will be a recurring theme throughout the paper. The most gen-
eral sufficient condition on § is that its Hilbert space adjoint must be a nuclear
operator from Lz(Rd) to M,} (Rd). In some ways this is a very natural condition:
if applied to the rank-one operator in (3) it means that ¢ € Ml} (RY), which is the
standard condition for windows for modulation spaces. As we see in Sect. 3, this
nuclearity condition is also easy to handle when working with localization operators.
From other perspectives, such as the Weyl calculus, the condition is more mysteri-
ous, and we will therefore also study stronger sufficient conditions on S for (4) to
hold.

Li @)

Notation and Conventions

If X is a Banach space, we denote by X’ its dual space and the action of y € X’
on x € X is denoted by the bracket (y, x)ys x, where the bracket is antilinear
in the second coordinate to be compatible with the notation for inner products in
Hilbert spaces. This means that we are identifying the dual space X’ with antilinear
functionals on X. For two Banach spaces X, Y we denote by £(X, Y) the Banach
space of bounded linear operators S : X — Y, and if X = Y we simply write
L(X). For brevity we often write £(L?) for £(L?(R?)). For topological spaces
X,Y we write X < Y to denote that there is a continuous inclusion of X into
Y.

For p € [1, o0], p’ denotes the conjugate exponent, i.e. % + # = 1. The notation
P < Q means that there is some C > 0 suchthat P < C - Q, and P < Q means that
Q < Pand P < Q.For Q C R*, yq is the characteristic function of Q. .7 (R%)
denotes the Schwartz space, and .’ (R?) its dual space of tempered distributions.
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2 Time-Frequency Analysis

As we have seen in the introduction, our main results are phrased in terms of the
time-frequency shifts w(z) € L(L?*) for z = (x, w) € R% defined by

TV () = 2Tyt —x) fory € L>(RY).
The time-frequency shifts are unitary on L?(R?), and they satisfy

T, )y, @) = e T (v 4 X w4+ ) 5)

T(—x, —w) (6)

JT(x,a))* — e—27tix-w

for x, x’, w, w € RZ. Closely related to the time-frequency shifts is the short-time
Fourier transform (STFT) V¢ € L?(R%), given by

VoW (2) = (Y. m(2)g) 2 foryr, ¢ € L*(R?), z € R*. )

The function ¢ is often referred to as the window of the STFT V1. An important
property of the STFT is Moyal’s identity [23,Thm. 3.2.1].

Lemma 2.1 (Moyal’s identity) If Y1, V2, ¢1, ¢2 € L>(RY), then Vg, ; € L*(R*?)
fori, je{l,2}and

/RM Vo ¥1(2) Vi, ¥2(2) dz = (Y1, ¥2) 2 (1, d2) 12

In particular, we see that for fixed window ¢ with [|¢|l> = 1 the map ¥ > V¢ is an
isometry from Lz(Rd) to LZ(RZ‘I).

2.1 Admissible Weight Functions and Weighted, Mixed LP Spaces

A submultiplicative weight function v on R?¢ is a non-negative function v : R*? —
R such that v(z; + z2) < v(z1)v(z2) for z1, 22 € R24_ Whenever we refer to a
submultiplicative weight function v we will assume that v is continuous and satisfies
v(x,w) = v(—x,w) = v(x, —w) = v(—x, —w); these assumptions do not lead
to a loss of generality as any submultiplicative weight function is equivalent in a
natural sense to a weight satisfying these assumptions, see [23, 25]. Furthermore,
these assumptions imply that if v is not identically 0, then v(z) > 1 for all z € R,
The assumptions above are satisfied by standard examples such as the polynomial
weights

(@) = 1+ 1z s =20,
but also by the exponential weights v,(z) = ¢l for a > 0. A non-negative weight

function m on R?¢ is said to be v-moderate if v is a submultiplicative weight function
and there exists some constant C' > 0 such that
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m(z1 + z2) < Chlv(z1)m(z2).

We refer the reader to the survey [25] for more examples and motivation for these
assumptions. For any v-moderate weight m and 1 < p,q < oo we may define
the Banach space L5 9 (R??) to be the equivalence classes of Lebesgue measurable
functions F : R*¢ — C such that

q/p 5
IFll pa = [ (/ |F(x,w)|Pm(x,w)de) do| < .
m Rd Rd

If p = oo or g = o0, the corresponding integral is replaced by an essential supremum.

2.2 Modulation Spaces

Throughout the rest of the paper, we will let gg € L*(R¢) denote the normalized
Gaussian, i.e.

0o(t) = 29746~ fort € R,

For a submultiplicative weight v, we define the space M) (R9) to be the Banach space
of those ¥ € L?(R?) such that

Wiy = [, Wab @I dz < .
R2d

This will serve as our space of test functions. Since v is submultiplicative, M 1% (R) is
non-empty as it contains ¢ [25, Lem. 4.4], and for weights v of polynomial growth it
contains the Schwartz functions .7 (R?) [23, Prop. 11.3.4]. For more general weights
M} (R?) will not necessarily contain .#(R?) and might be quite small. The time-
frequency shifts 7 (z) are bounded on M,} (R9) [23, Thm. 11.3.5] with

I @Vl < V@1l @®)

and hence the STFT V,/(z) for ¢ € M!(R?) and ¥ € (M} (R?))’ can be defined
by modifying the inner product in the definition (7) to a duality bracket: Vy(z) =

(W, T(@P) a1y vy -
For any v-moderate weight m and 1 < p, g < oo, we then define the modulation
space M9 (RY) to consist of those /S (Ml} (Rd))’ such that

1¥llagge = Voo ¥l g0 < o0

When p = g we will write M5 (R?) for M}"(R%), and when m = 1 we write
MP4(R?). Some properties of the modulation spaces are summarized below, proofs
may be found in the monograph [23].

Birkhauser



Journal of Fourier Analysis and Applications (2022) 28:30 Page70f34 30

Proposition 2.2 Let m be a v-moderate weight and 1 < p,q < oo.

(a) ME?(R?) is a Banach space with the norm || - ”Mrﬁ'q'

(b) If1 < p1 < py <00, 1 <q1 < qp < 00andmy S my, then My "' (RY) <
M5 " RD.

(c) If p,q < 00, then M{’/’;’?’(Rd) is the dual space ofMg’q(Rd) with

(1)”9 ¢)Mp/.q/’Mr1:L.q = [;{Zd V(p()w(z)v(pod)(Z) dZ-

(d) L2(RY) = M?(RY).

Remark 1 (a) As a particular case of part c¢), we may identify (Mj (R%)) with
M ffv (R9), which we will do for the rest of the paper. The reader should also

note that the duality extends the inner product on L2(R%), since if ¥ € L2 (RY) N
M, (R?) and ¢ € M!(R?), we find by Moyal’s identity that

(W, @) e

oML = / Voo U () Vo9 (2) dz = (Y, §) 2.

v R2d

(b) A simple calculation using our assumption that v(—z) = v(z) gives that if m is
v-moderate, then so is 1/m.

(c) As mentioned, .7 (R%) embeds continuously into M]} (R when v grows polyno-
mially, so in this case we may identify M ]°7U (R?) with a subspace of the tempered
distributions. This is not true for more general weights, hence we need to work
with the abstract space M i’;’v (R?) defined as the dual space of our test functions

MR,

The property of modulation spaces that is our main focus is the fact that changing
the window for the STFT leads to an equivalent norm[23, Prop. 11.3.2].

Theorem 2.3 Let m be a v-moderate weight function and let 0 # ¢ € M,} (RY). Then
I V¢1/f||LZ.q defines an equivalent norm on ML (R?): for v € MEY(RY) we have

Vel pa = 1l yype-

Our main result is that we also obtain equivalent norms for M, P4(R?) when ¢ is
replaced by an operator S satisfying certain conditions, after modifying the definition
of the STFT correspondingly. To prove this, we will use the precise statement of the

upper bound || Vv ”Lf;;" < |y ||M,7;-‘1; it follows from equation (11.33) in [23]. Recall
that C}' is the constant from m(z1 + z2) < C'v(z1)m(z2).

Proposition 2.4 Let m be a v-moderate weight function and let ¢ € Ml} (RY). The
map ¥+ Vg is bounded from My? (RY) to Ly (R*) with |Vl pa <
C NGl gy 191 g0
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3 Classes of Operators for Time-frequency Analysis

Our main result rests upon properties of certain classes of operators, all of which may
be described as integral operators.

3.1 Hilbert-Schmidt Operators

Given a function k € L2(R%?), we define the (necessarily bounded) integral operator
Ty : L2(RY) — L2(R%) by

W = [ ko) dy fory e LR,
R
We call k the integral kernel of the operator 7;. When equipped with the inner product

(Trs Ty )y g = (k1 ka) g2,

the set of integral operators Tj with integral kernels k € L*(R??) forms a Hilbert space
of compact operators called the Hilbert—Schmidt operators, which we will denote by
HS. Given T € 'HS, we will sometimes denote its integral kernel by k7, which means
that T = Tj,. An important subspace of HS is the space S of trace class operators,
consisting of those T € HS such that

oo
Z |T |en, en) 2 < 00,
n=1

where {e,,}°° | is any orthonormal basis of L%(R%) and |T| is the positive part in the
polar decomposition of 7. If T is a trace class operator, we may therefore define its
trace tr(T) by

o
tr(T) = Z (Ten, en)pa
n=1
which can be shown to be independent of the orthonormal basis. For our part, we will
need that if S, T € HS, then ST is a trace class operator. In particular, this allows
us to express the inner product on HS without reference to their kernels as integral
operators, as one may show (see [13, Thm. 269]) that

(S, T)ps = tr(ST).

3.2 A Space of Nuclear Operators

Both Hilbert—Schmidt and trace class operators will often be too large spaces for
our purposes. We therefore introduce a Banach subspace of HS more adapted to
the needs of time-frequency analysis. Let v be a submultiplicative weight function.
The space we will need is the space N (L?; Ml}) consisting of all nuclear operators
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T : L>(RY) — M} (R?). An operator T : L*(RY) — M}!(R?) is said to be nuclear
[37] if it has an expansion of the form

T=Y 6,06, ©)

n=1

where ¢ ® 1 denotes the rank-one operator

pRVE)=(E V)29

and > 02 | |lén a2 lInll 2 < oo. The space N (L?; M) becomes a Banach space with
norm given by

I7 || := inf {Z It Il ||sn||Lz} : (10)
n=1

where the infimum is taken over all decompositions as in (9). It can be shown that if
¢ € M!(RY) and ¢ € L?>(RY), then

¢ @ Via = lolm Vi, (In

hence the expansion in (9) converges absolutely in N'(L?, M). Using the expansion
in (9) it is straightforward to check that the inclusion of NV (L2, M,}) into £(LZ%; le)
is continuous, i.e.

ITN ez2:mpy < TN (12)

and that if S € N'(L>, M}), T € L(L?) and R € L(M]), then RST € N'(L?, M}).
We will need the following simple property.

Lemma3.1 Let T € N(L?, MJ) for a submultiplicative weight function v and let
z € R¥. Then 1 (2)Tr(2)* € N(L?, M}) with |m ()T (2)*||x < vIIT A

Proof If T has an expansion

n=1

where 7% | lIgnllpg 16nll 2 < oo, then

TQOTA()* =) 7(2D)pn ® T()n,

n=1

and
D Im@ealli I @&l 2 < v D liullpg 1€l 2
n=1 n=1

by (8) and the fact that 7 (z) is unitary on L2(RY). The norm inequality then follows
from the definition (10) of the nuclear norm.
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To be more precise, the class of operators we will be interested in are those
S € HS such that $* € /\/(Lz, le), where S* is the Hilbert space adjoint of S.
We can give a much more concrete description of this condition by noting that if

Yonci I&nll 2@l < 0o then $* = 3702 | ¢, @8, ifandonlyif S = 372 | & @¢n.
Hence (9) gives that $* € A/ (L2, Mg) if and only if

S=) & ®d (13)

n=1

with Zf’il ||€,,||Lz||¢n||Mv| < o00. Abusing notation slightly, we will write §* €
N(L?, M) to denote that S € £(L?) and S* € N'(L?, M}).

Lemma3.2 Ler S* € N(L? M]! )for a submultiplicative weight function v. Then
S extends to a bounded operator S : Ml/v(Rd) — L%(RY) with ||S||L(Mf7,,L2) <
I|S* ||N(L2,M,}) by defining

<S¢, ¢>L2 = (VS )y g Jor v € MR 9 € PR, (14)

Furthermore, given an expansion of S of the form (13), this extension satisfies

o0

SW) =Y badys wt Ens (15)

1/v?
n=1

where the sum converges absolutely in L*(R%).

Proof The definition (14) simply means that S is the Banach space adjoint of $* :
LR — M, I(R9), hence § is well-defined. Since for ¥ € L2(R?) we have

(SY. )2 = (V. $¥¢),. = (v S*¢>>Mo/o M
we see that S extends S. The absolute convergence of the sum in (15) follows directly

from (13). To show that the decomposition into rank-one operators still holds for S,
we need to show that for ¢ € M; /U(Rd yand ¢ € L2(R?) we have

<Z <1/f7 ¢n>M1°7U,M]! é}’la ¢> <1ﬂ S*¢)M°° Ml )
L2

n=1

which is a straightforward calculation using the expansion of $* in (9) and the fact
that all expansions converge absolutely in an appropriate Banach space, so that we
may take the duality brackets inside the sum. The details are left for the reader.

In what follows we will simply denote the extension S by S. Note that if S* €
N@L?, MY, R € L(L?) and T € L(M]), then (RST*)* € N(L?, M), as follows
from using (13).
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The fact that we use the Hilbert space L?(RR¢) is not strictly necessary. We could
have considered any separable Hilbert space H, and required that S € £(L?, H) with
S* e N(H, Mj). The result above would still hold, as would the main result of this
paper. Our reason for considering H = L?(R?) is that it gives us easier access to non-
trivial examples, as it allows us to formulate our results in terms of integral operators
as we explain in detail in the next subsection.

3.2.1 The Projective Tensor Product

The theory of nuclear operators is closely related to the projective tensor product of
Banach spaces, as explained for instance in [37], which leads to a useful connection
to integral operators. Abstractly, the projective tensor product X®Y of two Banach
spaces X, Y is the completion of the algebraic tensor product X ® Y with respect to
the norm

N N
”L‘HX®Y = inf Z”xn”)(”yn”)’ U= an Q@ Yn.Xn € X,y € Y}~

n=1 k=n

One can show (see [37, Prop. 2.8]) that X QY consists precisely of elements Ziozl X, ®
¥n such that Ziozl lxallx lyally < oo.

When X and Y are function spaces on RY, which is the case we will consider,
we identify the elementary tensors x ® y for x € X and y € Y with the function
X ® y(s, 1) = x(s)y(t). For instance, we identify L>(RY)®L?(R?) with all functions
W e L2(R*) suchthat W(s, 1) = Y oo | &, ()P (1) with Y00 8nll L2 1Yl L2 < oo

Now assume that the integral kernel k7 of T € HS belongs to X®Y for Banach
function spaces X, Y C L%(R¢). By definition, this means that we have a decompo-
sition

o0
kr(s.6) = xu($)yn ()

n=1

with ZZO:I Xzl x lynlly < oco. A simple calculation then shows that

0
T=) %8
n=1

where x, ®y;, now denotes a rank-one operator. Hence if we apply thisto X = M ,} (RY)
and Y = L%(RY) (since all function spaces we consider are invariant under complex
conjugation, we need not pay any attention to the fact that y, appears in place of y,),
we see that k7 € M,} (RHQLA(RY) is equivalent to 7 having an expansion of the
form (9) —i.e. kr € MI(RY)RL?(R?) if and only if T € N'(L?, M}).

Remark2 The map kr + T is in fact a Banach space isomorphism from

M RHSL>(RY) to N(L?, M}). Surjectivity and boundedness follow from above.
Injectivity is not too difficult to show in this case, but for more general Banach spaces
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X and Y the injectivity of the natural map from X®Y* onto NV (Y, X) boils down to
the approximation property for Banach spaces [37, Cor. 4.8].

The slightly awkward condition 7* € N'(L?, M!) may similarly be reformulated
as requiring kr € Lz(Rd)QAZ)Ml} (Rd), this is essentially the content of (15). This
condition cannot be reformulated as nuclearity of 7', which is why we have opted for
phrasing it as 7* € N'(L?, MI}). We also mention that there is a natural isomorphism
L2 RHYMI(RY) = M} RHSL*(RY) extending the map & ® ¢ > ¢ ® & for
£ e L>(RY), ¢ € MI(RY).

Formulating our assumption on 7" by requiring k7 to belong to some projective ten-
sor product makes it possible to relate 7* € N'(L?, M. l}) to other spaces of operators.
For instance, we may identify the trace class operators S! as the operators § € HS
such that kg belongs to the projective tensor product L>(RY)&L?(R?), which clearly
contains M ! (RY)®L?(R) as a subset since M, (R?) — L2(R?).

Finally, the operators T € HS with kernel k7 in the subspace M} (RY)@M ! (RY)
of M 1(]Rd)<§§>L2(]Rd) have also been studied recently in [38], where this space of
operators is denoted by By gy . It follows by [2, Thm. 5] that

MyRHOM,(RY) = M) (R, (16)

with equivalent norms, where v®u(x1, x2, w1, @2) = v(x1, w1) - v(x2, w>). The par-
ticular case B := Bjg] corresponding to v = 1 has been studied in several other
sources, see for instance [20, 21].

We summarize this discussion, which essentially amounts to prodding the defini-
tions in various ways, in a proposition.

Proposition 3.3 Given T € 'HS and a submultiplicative weight function v, then

T e N(L*, M) < kr € M}(RHSL*(RY),
T* e N(L2. M) < kr € LPRHS&M!RY).

At the level of kt we have the inclusions

L*(RY) &M, (RY)
\
M} (RH&M}(RY) LA(RY)QL*(RY) — L*(R*?)
\ /
MNRDHSL?(RY)

which at the operator level leads to the inclusions
Bogy C N(L*, M}y c 8! ¢ HS.

The same inclusion holds when N'(L?, Ml}) is replaced by the set of operators T such
that T* € N'(L*, M}).
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3.3 Examples of Nuclear Operators

The connection to the projective tensor product allows us to write down some examples
of S* € N(L?, M}).

Example 3.4 The Schwartz operators & are those integral operator Ty on L?(R¢) such
that k € .2 (R%4) [31]. If the submultiplicative weight v grows at most polynomially,
then so does the weight function vRV(X1, X2, @1, w3) = v(x1, w1) - v(x2, w2) ON R4,
hence we know that .7 (R2?) < M lf@v (R¥M) ~ Ml} (]Rd)@Ml} (R?). Tt follows that
6 C Bygy C N (L2, Mj). It is also straightforward to check that S € & < S* ¢
G.

Example 3.5 (The Feichtinger algebra and the inner kernel theorem) By Proposition
3.3 we know that Byg, C N(L%, M), where T € Byg, if k1 € MJ ®U(R2d) ~

M,} (Rd)(fi)M,} (R%). This class of operators was recently studied in [38], where the
reader may find a proof that 7 belongs to this space if and only if its Hilbert space
adjoint T* does.

The unweighted case k7 € M HRHOM(RY) = M'(R*) has been studied
by several sources [20, 21, 32, 39]. We mention in particular that [20, 21] give a
characterization of such operators that is independent of their kernel as an integral
operator: Given T € HS, kr € M'(R??) if and only if T extends to a bounded
map M>®(R?) — M'(R?) sending weak* convergent sequences to norm-convergent
sequences.

We now consider finite rank operators. By choosing § of the form in this example,
we will be able to recover Theorem 2.3 from our main result, see also Example 4.2.

Example 3.6 (Finite rank operators) For N € N, consider {¢,}_, c M!(R?). Let
{én},’;/=1 be an orthonormal set in L2(R?). If we define S = Z,/,V:l &, ® ¢y, we clearly
have S* € N'(L?, M,}). This S is just a convenient way of storing the functions ¢,, in

an operator — by applying S to &, for 1 <m < N we recover ¢p,.

3.3.1 Localization Operators

We also have some methods for producing new examples of operators in A/(L?, MJ)
from known examples. As N (L2, M,f) is a normed space we may of course take
linear combinations, but a more interesting method is to use the quantum convolutions
introduced by Werner [43]. Given f € L'(R??) and a trace class operator S € S,
the convolution of f with S is defined to be the trace class operator fxS given by the
Bochner integral

fxS :=/ f@)m(z)Sm(2)* dz. (17)
R2d

In particular, if we pick S to be a rank-one operator ¢ ® @1 for ¢1, g2 € L*(R?), we
find that
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fH(@2 ® 1) =AY,

where A(}’i"wz is the time-frequency localization operator [11, 12] given by

AQ () = /R Vv @n@pde fory € LR,

Proposition3.7 If S € N'(L?, M) and f € L} (R??), then f*S € N'(L?, M) with
If*Slin < 1 F IS In particular; if g1 € L>(RY) and ¢ € M} (R?), then
AP e N(L2, My), with I|AZ 2 lar < I f I llenll 2 ez llag-

Proof By definition,
fxS :/ f@r(2)Sm(2)* dz.
R2d

This integral converges as a Bochner integral in V' (L2, M ), as Lemma 3.1 gives

/ I1f @7 (2)Sm(2)*[lw dz < / | @IS dz = IS TNz
R2d R2

The result for A%"* follows by A%"%* = fx(¢2 ® ¢1) and (11).

It is easy to check that the Hilbert space adjoint of fSis f*S*. Hence we immediately
obtain the following.

Corollary 3.8 If S* € N'(L?, M}y and f € L} (R??), then (fxS)* € N(L?, M}) with
I *S) I < I N La 1S* |- In particular, if 91 € M) (RY) and ¢y € L*(R?), then

* k
(A5=) e v mby,wirh | (A7) = 170yl lonile

3.3.2 Underspread Operators

When operators between function spaces are used to model communication channels,
the resulting operators will typically be (at least approximately) underspread [40]. An
underspread operator 7 € ‘HS is of the form

T:/ F(x, w)e ™ “n(x, ) dxdw, (18)
RZd

where the support of F is contained in [—, 714 x [—v, v]¢ for 47v < 1. The function
F(x, w)e™ ™% is called the spreading function of T, and one can show that any T €
HS has a spreading function in LZ(R??), as long as the integral in (18) is interpreted
appropriately [21]. In quantum harmonic analysis the spreading function is considered
a Fourier transform of the operator [43]. The next lemma shows that underspread trace
class operators belong to 13, i.e. have integral kernel in M (R%dy ¢ N'(L?; M"). This
is an operator-version of the well-known fact that band-limited integrable functions
belong to M (R?) [22, Cor. 3.2.7]. The proof is moved to an appendix, as it requires
the introduction of several results from quantum harmonic analysis that will not be
needed later in the paper.
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Proposition 3.9 If the spreading function of T € S has compact support, then T €
B C N(L* M.

4 Time-Frequency Analysis with Operators as Windows

A fundamental object in time-frequency analysis is the short-time Fourier transform
(STFT) Vg with window ¢. The goal of this section is to define an STFT where the
window ¢ is replaced by an operator S, and to show that the basic properties of the
STFT remain true for this generalized STFT.

As a first step, we will need the Hilbert space L%(R?¢; L?) of equivalence classes
of strongly Lebesgue measurable W : R>? — L?(R?) such that

1/2
Wil 2o 2) = ( /R Y@l dz) < oo,

with inner product
(U, @) 2Rad, 2y = /RM (W (2), P(2));2 dz.

The equivalence relation on L2(R%; 1.%) is that W ~ @ if W(z) = ®(z) as elements
of L2(R?) for a.e. z € R,

We then define a version of the short-time Fourier transform with operators as
windows. For § € HS and ¥ € L>(R?) we let

Vs(Y)(z) = Sm(2)*y  forz e R,
Remark3 When S is a localization operator A?"p, the short-time Fourier transform
above is closely related to the vector-valued analysis operator introduced by Romero

in [36] to obtain equivalent norms for modulation spaces (and several other spaces)
from certain discrete expressions. See (36) for the precise expression.

We obtain a generalization of Moyal’s identity. It shows that U is a linear isometry
from L?(R?) to L>(R*; L?).

Lemma4.1 Let S € HS and y € L*(RY). Then Vs(¥) € L*(R*?; L?) and

15 72 g2 12y = fR NST@ W72 dz = IS5V Iz
Proof We may rewrite

IST@* Y172 = (T(2)S*ST(@)* Y., ¥), > = tr(m(2)S*ST(2)* (¥ ® V).
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The result therefore follows by [33, Lem. 4.1], which states that
/ tr(w(2) R (2)*T) dz = tr(R)tr(T)
RZd

for trace class operators R, T on L?(R%); pick R = §*S and T = ¢ ® ¥ and note
that tr(5*S) = [|S|I3, and (¥ ® ¥) = [¥]1%,

Example 4.2 To see that Uy actually generalizes the usual STFT, consider ¢ € L*(RY)
and let &€ € L2(R?) be any function satisfying ||£]|;2 = 1. Thenlet S = § ® ¢. For
any ¥ € L?(R%) we then have

Vs (Y)(2) = STV = (7()*V. ¢),2& = V¥ (2) - &,

which contains precisely the same information as Vy(z) given that we know &.
In particular, it is easy to show that ”S”%{S = .||q§||i2 a.nd ||.%S(¢)||L2(de;Lz) =
V¥ Il L2(m2a), sO Lemma 4.1 reduces to Moyal’s identity in this case.

Remark 4 Strong measurability of Ug(y) is always satisfied: since L2(RY) is sep-
arable, the Pettis measurability theorem [30, Thm. 1.1.20] ensures that strong
measurability follows from weak measurability. Weak measurability means that for
each ¢ € L2(RY), the map

2> (Us(¥)(2), @) 2
is Lebesgue measurable. We may rewrite (Us(¥)(z), ¢)r2 = (ST(2)*V, @) 2 =

Vs« (z). It is well-known that the STFT z +— Vg (z) is continuous for any & €
L*(R?), in particular for £ = $*¢, hence the map is Lebesgue measurable.

We then define for ¥ € L?(R??; L?) a function T% (V) on R? by the L?(R¢)-valued
integral

(W) :/ 7(2)S*V(2) dz. (19)
R2d

The integral (19) is interpreted in a weak sense: we will see that
‘/de (m(@)S* W (2). ), dz’ Sllgll2 forany ¢ € LA(RY), (20)

so it follows from the Riesz representation theorem for Hilbert spaces that there must
exist an element in LZ(R"), which we denote by fde 7(2)S*W(z) dz, such that for
any ¢ € L2(R%)
/ m(2)S W (2) dz,¢> = / (128" W (2). ), dz. 1)
R2d R2d

L2
The next lemma shows that the integral in (19) is well-defined in this sense.

Lemma4.3 Let S € HS.

(a) Equation (21) defines V() = [poa (2)S*W(2) dz as an element of L*(RY),
and 05 : L2(R??; L?) — L*(R?) defines a bounded operator that is the Hilbert
space adjoint of Ug.

(b) The composition Q?’g%s is ||S ||%_[ g times the identity operator on L2(RY).
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Proof LetW € L?(R%*¢; L?) and let ¢ € L%(R). We need to show (20), as mentioned
(21) then defines an element fRZd 7(2)S*W(z) dz of L>(RY) by Riesz’ representation
theorem. We find that

= ‘ /R y (V(2), Sm(2)*),, dz

= [ (W, Vs (@) 12(rd: 12) |
< Wl L2red, 12) Vs (D)l 2 r2a: 12

‘/]RM (T(2)S*W (). 9),> dz

= Wl 2@, 12) IS s Pl 2

by Lemma 4.1. It is clear that mj; is linear, and the estimate also shows that it is
bounded from LZ(R?; L2(RY)) to LZ(RY). A simple calculation shows that it is the
adjoint of Ug. The second part states that

fzd 7(2)S*S7(2)* Y dz = |IS|3ys¥  forany € L*(RY),
R

which is part (c) of [43, Prop. 3.3].

5 Equivalent Norms for Modulation Spaces

The generalized Moyal identity in Lemma 4.1 shows that the norm of g () in
LZ(RM; L2) is equivalent to the norm of ¥ in Lz(Rd ). We will now generalize The-
orem 2.3 by showing that if S satisfies some extra assumptions, the same is true if
L2(RY) is replaced by MPI(RY) and L2(R*; L?) is replaced by L[R2, 12,
where 1 < p, g < oo and m is some v-moderate weight. As before, v always denotes
a submultiplicative weight function on R,

We start by defining LY (R??; L?). For 1 < p, g < oo and any v-moderate weight
m, the Banach space L2 (R24: 12y consists of the equivalence classes of strongly
Lebesgue measurable functions W : R2 s Lz(Rd) such that

/ 1

qa/p q

W pa goa. 2, = (/ (/ ||w(x,w)||§2m<x,w)pdx> dw) < o0,
" ’ RY \JRd

where ® ~ Wif W(z) = ®(z) fora.e. z € R4, When p = oo or g = oo the definition
is modified in the usual way by replacing integrals by essential supremums.
With this definition in place, we are ready to state our main result.

Theorem 5.1 Let 0 # S € 'HS such that S* € N(L?, M. Forany1 < p,q <
and v-moderate weight m, we have

Crower - ||¢||M,fl‘7 = ”Q]S(l/f)”L,’;*q(RZd;LZ) = Cupper . ”WHM,ﬁ*‘?
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with

Ciower = IS13gs - (2 - 1S™ I - gollary)
Cupper = cy - 1S I

Our proof will follow the same structure as the usual proof that M7 is independent
of the window function [23]: we will show that Us is bounded from M. ¢ (R4) to
LY (R?4; L2) and that % is bounded from LPI(R2: L2) to MEY (RY).

Before we start, we make sure that there is no ambiguity in interpreting

Vs (V) (2) = Sm ()Y

even when ¢y € M 10711 (RM). First note that as 7 (z) is bounded on Ml} (Rd) by (8), we
may extend 7 (z) to a bounded operator on M ffv (R) by defining

(T @V Dhuags, iy = (Vo 7@ D)y gy Tor v € M9, (RY), ¢ € M} (RY).
(22)
As w(x, w)* = e  FIX O (—x, ), w(z)* is also bounded on Mlo/ov (R?). Therefore

V() (2) = St ()Y

makes sense by Lemma 3.2, as S extends to a bounded operator from M ffv R?) to
L2(R9) —hence S7(z)*V is a well-defined element of L2(R?).

Lemma5.2 Let m be a v-moderate weight. For any 1 < p,q < oo, Vs is a
bounded, linear map from MEYRY) to LE (R L2) with ||Q]S(I//)||L,’,’,"’(R2‘1;L2) <
C IS v 1l ygpe-

Proof Throughout the proof we will use the expansion in (15) to write

S=) £ ®d,

n=1

with 370 1 1€all 2 [1dnllyg1 < 00. Assume that ¥ € ML (R?). Then

ST@" Y =3 (1@ By wy b0 = D Vo ¥ @b
n=1

n=1
This implies that

IST@*Yl2 < D Ve, W@ - ll&nll 2,

n=1
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hence the triangle inequality for L5 ¢ (R*?) gives

eo]

D 1Vp, ¥ ()] - gl 2

n=1

1D W o s 2y <

Ly (R2)

o0
< D Nl 1Ve, vl Lo ooy

n=1
We then apply Proposition 2.4 to get
o
1D s W) gaa 12y < ol lygra Y Unllz2 lnllprn -
n=1

Using the definition of || S$*||»s from (10) we get that

1D po a2y < CoISH IV Ly

In order to give a sensible definition of U§(W) for ¥ e LY (R*; L?), we will
need Holder’s 1nequahty for the mixed-norm spaces L5 ¢ (R??) [3, 23]: given F €
LRy and G € L (RM) for1 < p,q < oo, then F - G € L'(R?*?) with

/R |F(2)G @) dz < [|Fllpa |Gl (23)

L”

Forany W € L)Y (R??; L?) we then define T (W) as an element of Ml/v(]Rd) by
duality:

(V5. @yyes aay = f (W@, Ts(@) @)z dz forall g € My (RY).
R
To see that this actually defines a bounded linear functional on M,} (R?), note that

f | (W), Ts(@) ()2 | dz < / @I IBs@ @2 dz
R2d R2d
< ||“Il||Lf{q(R2‘l;L2)”mS(qs)”Lf//;ﬁ/(RZd;Lz)
< 1l go o CENSIN 161,

5 R4 ||L£,’1"’(R2d;L2)CZ1 ||S* ||N||¢||M'} ,

by (23)

by Lemma 5.2

where the last inequality uses that M!(RY) < M} (R?) forall 1 < p,q < oo and
all v-moderate weights m. The reader should observe that this definition agrees with
our original definition (19) when ¥ € L*(R*; L?%).
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Lemma 5.3 Let m be a v-moderate weight. For any 1 < p, q < 0o, the map U is a
bounded, linear map from L4 (R2?; L?) 1o M9 (RY), with

150y < 11 gaa, g2, - Co - IS* I - ol -
Proof As a short preparation, we consider U (7 (z)¢) for ¢ € L*(R). By definition
Vs(1(2)¢)(2) = Sn(Z)* 7 () = S[n(2)* 7 (2" .
With z = (x, w) and 7/ = (x/, ®’), we find using (5) and (6) that
Vs(w(2)$)(2) = S n( = ))"p = & V(9)( —2). (24)

Recall that ¢ is the L?-normalized Gaussian on R?, and that the norm on M, fal (Rd)
is given by ||y || MPa = Voo ¥ |l Lo We therefore calculate that

Vo (T5 D@ = T5). 7o)y |
= ‘/ (V). Vs (2)00) (), d’
RrR2d
< / W), Vs (r(@g0) ()2 | d!
R2d
5/ 1V &) 21D s (7w (2)p0) ()l 2 dZ’
R2d

= /R W2 D50 = Dl dZ' by 4.

By [23, Prop. 11.1.3] the space Lh (RM) satisfies the convolution relation
IF % Gllppa < IFllpallGlly (25)

for F e LR and G € L)(R*). With F(z) = |[W(z)||;2 and G(z) =
U s(¢o)(—2) || ;2 the calculation above states that

Vo (T (W) (2)] < F % G(2),
which in light of (25) gives
Veo (Bs W ppa < I FllppallGlipy

= Wl 29 @2a, 12y 1Ds @0 I L1 w24 12)
S MWz gaa, 12)Cy IISE A ol gy »

where we have used Lemma 5.2 in the last step. The reader should also note that
1B s (wo) | LIRY;12) = G| Ll is a straightforward computation, but relies on our
assumption that v(—z) = v(z).
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Finally, we also need that the inversion formula UUgy = ||S ||%_[ ¥ from Lemma
4.3 remains valid on the other modulation spaces.

Lemma5.4 Let y € M9, (R*). Then ||S|3,5 - ¥ = V5Ts ().
Proof We need to show that for ¢ € Mg (R?) we have

(T5Vsv Bhagee 1y = IS 13¢5 (¥ @),y -

As a preliminary step, we rewrite the left hand side of this expression in a way that
involves explictly the action of ¢ as a functional:

(BB, d) oo 41 = | (Bs@)(@), Vs(@)(2)) 2 dz
/v v R2d
- /1;2(1 (Sﬂ(z)*‘pv S”(Z)*‘P)Lz dz
= | (7@, S*S7(2)* P00 4 dz by (14)
R 1o Mo
_ /ﬂ; @S ST W)y 4y dz by @D

Hence it suffices to show that

/R (¥, T @S"S7@" By 42 = I1S1Bs s B

When ¢ € Lz(Rd) C M (Rd) this holds by Lemma 4.3. To proceed, we will
use that for any ¢ € M (]Rd) there exists a sequence {1,//,,}oo , in Lz(Rd) with

KV M, S Nl M, such that ¥, converges to v in the weak™* topology of MY Tv (RY)

asn — oo a constructlon of such a sequence may be found in the proof of [15, Cor. 7].
Let us define

- . 2
By, = ”S”'HS (wn’ ¢>Mf7v,ML|

Z/I.W (‘/fn’”(Z)S*S”(Z)*d’)ijU,M,} dz.

Using the upper expression for &, above, we have that &, — ||.S ”H s (¥, @) M3, M|

as n — oo by the weak* convergence of v, to ¢. Using the lower express1on we
find — assuming for now that the limit may be taken inside the integral — that

. = 1 * *
nli>néo s nli{lgo R2d <1/fn’ jT(Z)S ST[(Z) ¢>M?7U’M7} dz

= fR o (Y QS ST @) )y 1

Z/RM <1//,7T(Z)S*SJT(Z)*¢)M107U,MUI dz.
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Hence we have shown that
TR 2
[ 1w @S" 51 By = Jim E = ISl (0 By

which means that we are done once the interchange of the limit and integral has been
justified. For each n we may bound the integrand by
|(v/n,H(Z)S*Sﬂ(z)*qb)Mlo?v.Mg | < [1¥n “M?/Cv (@) S* ST (@) ¢l 1
< 1 llasgs, - v(@ - IS*lIar - IS (@) bl 2
=1V lugs, - IS* I - v(@) - 1Bs @)@l 2,

where we use (8) and (12) to move to the second line. Since ¢ € M& (RY), it follows
by Lemma 5.2 that z — v(2) - [|Us(¢)(2) |2 is an integrable function. Hence we may
apply the dominated convergence theorem.

The proof of Theorem 5.1 is now straightforward.

Proof of Theorem 5.1 The upper bound

1B (W)l o a2y < CIS A - 1 1L pgp
is the content of Lemma 5.2. By using the inversion formula and Lemma 5.3 we obtain

| CrIS* I - llgollg

Wl yyra = ———I1DEB s || s < — L (1B (Yl e gaa. 12,

T " NE - (RELD
HS HS

which implies the lower bound.

Remark 5 A different proof of a lower bound, more in line with the arguments in the
proof of [26, Prop. 2.2] (see Sect. 6 for more on this result), is to use that S has a
singular value decomposition

oo
S= " huttn ® &,

n=1

where A, is a summable sequence of non-negative numbers and {1, }52 , {§,},2, are

orthonormal sequences in L2(R?). It is easy to check that since S* is bounded from
L*(R%) to MJ (R%), we must have &, € MJ (R?) for all n € N. Then we find that

2

Z An V&,l Y ()N

n=1

IS () )17, =

L2

=Y Ve v @I
n=1
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Hence [|S7(2)*¥ |l 2 = A1|Vg ¥ (2)], which leads to a lower bound by Theorem 2.3.
We have chosen to prove the lower bound in terms of U’ to emphasize the interpretation
of our results as an STFT with operators as windows.

As a first example we make sure that our result includes the well-known window
independence from Theorem 2.3 as a special case.

Example 5.5 As in Example 3.6, we consider {¢, N ¢ M,} (RY), let {&, N be an

n=1 n=1
orthonormal set in L2(R?) and define § = Zflvzl & ® ¢,. For ¢ € Mlofv (R?) we
then have

N
V(W) () = Y Vo, ¥ ().
n=1
By the orthonormality of the &,’s we therefore have
N
IVsW) @172 = D 1V, ¥ @)%
n=1

It follows by Theorem 5.1 that

N
Clower  1Wllyra < | | D 1V, W1 < Cupper - 1¥ [y

n=l1 Lfr,[q

In particular, if N = 1 we recover Theorem 2.3 in the form

Clower * 1Wllyyra < || Vo, v

Lo = Cupper - 1l yy04,

and it is easy to show that in this case

Cupper = Clr)n -1 ||le
2 -1
Ciower = ll@1ll72 - (C3' - drllagy - llpoll )™

6 The Weyl Calculus and Bony—-Chemin Spaces
In Sect. 3.1 we defined Hilbert—Schmidt operators as integral operators, but any
Hilbert—Schmidt operator can also be described as a Weyl operator. To define Weyl

operators, we first introduce the cross-Wigner distribution of ¢, ¥ € L*(R?), which
is the function

W, ¢)(x, ) = /d U(x +1/2)px —1/2)e T 4t forx,w € RY. (26)
R
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When ¢ = ¢ we write W(y) = W (¥, ¥). Given a € L2(R?*?), we can define the
Weyl operator L, € HS by requiring that

(Latp, V)12 = la, W, ¢)) 2 forall ¥, ¢ € L2(RY).

The operator L, is called the Weyl transform of a, and a is the Weyl symbol of L. It
is well-known that the Weyl transform a +— L, is unitary from L>(R?*?) to HS. In
particular, every T € HS has a unique Weyl symbol a € L?(R??) such that T = L,,.

Aninteresting property of the Weyl symbol is its interaction with the time-frequency
shifts. In fact, we have by [33, Lem. 3.2] that

ﬂ(Z)LajT(Z)* = LTZ((I)s

where T, f (/) = f(z' — z) for functions f on R?*¢. Since 7 (z) is unitary on L>(R%),
this means that for a € L*(R2?) we have

1BV, ¥ @2 = 7@ Lam (@)Yl 2 = L@V Il 2-
We may therefore reformulate Theorem 5.1 in terms of the Weyl transform.

Theorem 6.1 Let 0 # a € L*(R*?) such that (L,)* € N(L* M}). For any 1 <
P, q < oo and v-moderate weight m, we have

a/p 7
1l pppa < / </ IL T, @ W Il 2 (x, @)P dx) do ] .
Rd \JR

The above theorem generalizes a result by Grochenig and Toft in [26, Prop. 2.2],
who showed that the the middle expression above defines an equivalent norm on
M2 @R, ie.

Wi =< /R ) /R MLt @V ITam(x, 0)* dxdo, (27)

under the assumptions that m is of polynomial growth and a is a Schwartz function
(stronger conditions are stated in [26], but their proof uses only that a € .% (Rd ).
In fact, it is shown in [26] that the space of ¥ € .#”(R?) such that the right hand
side of (27) is finite coincides with a space H (m, g) introduced by Bony and Chemin
[9, Def. 5.1] when g is the standard Euclidean metric on R??. Hence (27) states that
H(m, g) = M,%l (Rd) with equivalent norms.

Theorem 6.1 extends (27) in several directions. It extends from p = ¢ = 2 to
any 1 < p,q < oo and from polynomial weights to general v-moderate weights.
Our requirements on the Weyl symbol a are also weaker, although this is slightly
obscured by the mysterious requirement that (L,)* € N (L2, MJ). By Proposition
3.3 the condition §* € N (L?, Mj) means that the integral kernel kg belongs to the
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projective tensor product L>(RY)&M 1} (R9), and the Weyl symbol a and kg are related

by [29]
ks(x,y) = f a <ﬂw> 2T gy (28)
Rd 2

Understanding the condition (L,)* € N (L2, le) thus boils down to understand-
ing what assumptions we need on a to ensure that the kernel kg in (28) belongs to
L*RHGMRY).

6.1 Polynomial Weights

By restricting our attention to polynomial weights vs(z) = (1 + |z|?)*/? for s > 0,
we obtain some sufficient conditions for (L,)* € N (L2, les), so that Theorem 6.1
holds.

Example 6.2 (Schwartz symbols) If v = vy for s > 0, we know from Example 3.4
that the Schwartz operators &, i.e. operators T with k7 € . (R??), form a subspace
of N'(L?, M. Furthermore, the space & is closed under taking adjoints, and may
equivalently be described as the Weyl operators L, with a € . (R?>?) [31]. Taken
together, this means that a € 7 (R implies (Ly)* € & C N(L?, MJS). Thus
Theorem 6.1 applies for all Schwartz functions a.

We then prove a slightly more refined result. Below we denote by v 4 the weight
function on R*? given by v?d(z o) = (1+z]2+1¢]»)%2.

Proposition 6.3 If a € M34d(]R2d) for s = 0, then (Ly)* € N (L% M&S). Hence

2s

Theorem 6.1 applies with v = v;.

Proof Recall from (16) that with vy®uvs(x1, X2, W1, w2) = vs(x1, ®1) - Vs (X2, @2),
we have the equality M L (de) =M, ! (Rd)®M ! (Rd). One easily checks that

vy ®vg < vZS , which 1mphes by part b) of Proposmons 2.2 and 3.3 that
LR = M) (R = M)y RDOM, (R) — L*R)&M, (RY).
2 . : .

By [29, Prop. 7.4.1], if a € M ! d(RZd) then the integral kernel k;, also sat-
isfies ky, € M ! (de) By the cham of inclusions above, it follows that k;, €

LZ(R‘I)@M1 (R") which implies (L,)* € N(L?, M ,) by Proposition 3.3.

When s = 0 the condition above is rather weak, as M (R%?) even contains non-
differentiable functions.

7 Cohen’s Class
Another interesting interpretation of Theorem 5.1 is in terms of Cohen’s class of time-

frequency distributions introduced by Cohen in [10]. Typically the definition of the
Cohen’s class distribution Q, associated with a € ./ (R%) is that [23]
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Qu(y) =axW(y) forany ¢ € .7 (R?). (29)

One can show that ¥ € .(RY) implies that W (y) € . (R%?), so (29) is well-
defined as the convolution of a tempered distribution with a Schwartz function. All our
examples will satisfy a € L2(R24), and in this case Q. () is defined by (29) for any
¥ € L2(R?), as a slight modification of Moyal’s identity gives that W () € L*(R%9),
so0 (29) is well-defined by Young’s inequality.

In [34] we have given an alternative description of Cohen’s class. Given a Hilbert—
Schmidt operator T € HS, we define the Cohen’s class distribution Q7 associated
with T by

0r()@) = (Tx@* Y, 7(2)" V), - (30)

Any Cohen class distribution Q, for a € L?(R?*?) can equivalently be described
using (30), since it follows from [34, Prop. 7.1] that

Qa(¥) = 01, (¥),

where L denotes the Weyl transform and d(z) = a(—z). From now on we will therefore
write Cohen’s class distributions in the form Q7 for T € HS rather than using (29).
In light of (30) we clearly have the relation

1Vs @) @)72 = (ST(2)*Y, ST@)* )2 = Os5(¥) (). &1y

Hence |Us(¥)(2)|l;2 = v/ Os=s(¥)(z), and we see that another reinterpretation
of Theorem 5.1 is the following.

Theorem 7.1 Let 0 # S € 'HS such that S* € N'(L*>, M}). Forany 1 < p,q < oo
and v-moderate weight m, we have

1l = | VQss )|

LiT w2y

Example 7.2 (Spectrograms) To see why the square root appears in Theorem 7.1, it
is worth recalling the simple case of § = & ® ¢ for some 0 # ¢ € Ml} (R?) and
l€]l,2 = 1. Then $*S = ¢ ® ¢, and one may check that

Oss(Y)(2) = Ve (2) .

This is the so-called spectrogram of v with window ¢, and we know from Theorem
2.3 that ||y ||M,1,j"1 = |Vpbr ||L,’j,"1’ hence we need the square root in Theorem 7.1.

Remark 6 We have skipped one technical detail in the Theorem 7.1 above, namely how
to interpret Q7 () fory € M i’j’v (R2). This is certainly not immediately covered by
(29) or (30). We solve this issue by rewriting Q7 (¥) to

Or () = (m(@*y, T*m(2)*Y),»
and then replacing the bracket by duality:
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0r(¥) = (r@)*y, T*n(z)*w)Mﬁ”,Ml} : (32)

This defines Q7 () fory € M 1071; (R%?) whenever T* maps M 1071; (R?) into M,} (RY),
which is true if 7 = $*S for §* € N'(L? My) or if ky € M. (R*), see [38,
Prop. 4.1] for a proof. It is straightforward to check that (30) and (32) agree when

¥ € L2(RY), and that Q7 ()(2) = |Vs () (2) |7, when T = S*5.

7.1 On Positive Cohen Class Distributions

The reader will not fail to notice that the Cohen class distributions for which Theorem
7.1 applies are of a particular kind, namely of the form Q7 for T = §*S with S* €
N(L?, M),

The condition $* € N(L?, M,}) may be interpreted as requiring a certain time-
frequency localization for Qg+g, as one can show that §* € N (L2, MJ) implies that
the integral kernel kg belongs to M}(RH)QM!(RY). If S = &€ ® ¢ for ||£]|2 = 1,
which we know from Example 7.2 corresponds to choosing the window ¢ for the
modulation spaces, then $*S = ¢ ® ¢, which has integral kernel in M 1% RHSM 1} (RY)
precisely when ¢ € M,} (R). Hence requiring S* € N(L?, le) seems like a natural
generalization of the assumption in Theorem 2.3 that windows ¢ for modulation spaces
need to satisfy ¢ € M!(R?).

In addition, the fact that 7 = S$*S means that T is a positive operator. By [34,
Prop. 7.3], this is equivalent to Q7 (¢) being a non-negative function for each ¥ €
L2(R%). This assumption cannot simply be replaced by considering |Q7 (¥)|, as the
following example shows.

Example 7.3 Let ¢1 and ¢ be compactly supported functions in .&” (R?) such that their
supports do not overlap. Define T = ¢; ® ¢». Then the integral kernel (or equivalently
the Weyl symbol) of T belongs to .7 (R?¢), and has good time-frequency localization
in this sense. However, T is not a positive operator as ¢ # ¢», and Theorem 7.1 fails
when replacing Qg+s by |Q7]|: for instance, one easily finds using that (32) that when
4 is the Dirac delta distribution

07(8)(2) = p1(x)2(x) = 0.
An obvious question is whether the positivity and good time-frequency properties
exhibited by Qg+s when S* € N (L?, le) are sufficient for Theorem 7.1 to hold:

If T € HS has integral kernel in Ml} (Rd)QAZ)Ml} (R%) and is a positive operator
on L2(R%), does a version of Theorem 7.1 hold with Q g+g replaced by Q7?

As a first step in this direction, we note that the statement is true if 7 € G, i.e. if
kr € (R, as [31, Prop. 3.15] states that if T € G is positive, then JT € 6.

Theorem 7.4 Let T € G be a non-zero positive operator, and assume that v grows at
most polynomially. Then, for any 1 < p, g < 0o and v-moderate weight m, we have

1Wlygs < |VOr)|

Ly
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Proof As noted, S := /T € G. Then T = S*S, and we saw in Example 3.4 that
S € & implies that S € N(L?, MJ) under the assumption that v grows at most
polynomially. The result therefore follows by Theorem 7.1.

This theorem can also be formulated using the classic definition (29) of Cohen’s
class. In this formulation it states that if ¢ € .7(R??) and Q,(¥) is a non-negative

function for each ¥ € L?(R?), then ”w”M,'é"’ = v/ Qa (w)”L,'Z‘q'

A question for further research is then if the same holds for M 5 & (RM ):if Tisa
positive operator with k7 € M i & (R??), what can we say about k VT

8 Examples: Localization Operators

We now return to the localization operators considered in Sect. 3.3.1 by choosing § =
Aji“"z with 91 € M} (RY), 9, € L>(R?) and f € L!(R??). Then $* € N'(L?, M))
by Corollary 3.8. To apply Theorem 5.1 to this example, we first note that a calculation
gives
P1.92 491,92
T AL () = AL,

i.e. conjugating the localization operator by 7 (z) amounts to translating f by z. As
we saw in Sect. 6 we also have by the unitarity of 7 (z) that

1D g2 ¥ @) 2 = e @) A% 2 r @ Wl 2 = AT @) 2 (33)

hence we obtain the following from Theorem 5.1.

Theorem 8.1 Assume that ¢; € M} (RY), ¢ € L>(R?) and f € L)(R*?). For any
1 < p, g < oo and v-moderate weight m, we have

(L[,

where the integrals are replaced by supremums if p = 00 or ¢ = 00.

a/p l/a
p
A | mx o) dx) dw) < W Ly

In light of (31) and (33), we know that

2
4z |, = erw)
sk
where T = A‘;l,(/)z A(;l‘wz = AP A?,wz_ In this sense Theorem 8.1 concerns

the study of a particular kind of Cohen’s class distribution.

Remark 7 We mention that there is another line of research that leads to equivalent
norms for modulation spaces in terms of localization operators, see [1, 8, 26, 27].
In this approach one considers weights function m, m and shows that under various
conditions on m the localization operator Aj,* is an isomorphism from M}¥ (R) to
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p.q d c el : o || 4P ) SR
Mmo/m (R%). This implies a norm equivalence ||1p||M’1n,0q = || A7 w”Mﬁv:/m’ which is

of a different nature than the one we consider.

8.1 Modulation Spaces as Time-Frequency Wiener Amalgam Spaces

A consequence of Theorem 8.1 is that we may interpret modulation spaces as a time-
frequency version of the so-called Wiener amalgam spaces [17]; a class of function
function spaces that have been closely tied to the development of modulation spaces
since the inception of the latter in [17]. To explain this interpretation, we start by
considering for ¢ € MU1 (R%) and f € LL(RZ‘[) the localization operator

AL () =/ F@Vey () (2)e dz. (34
R2d

In time-frequency analysis, when ¢ is well-localized in time and frequency such as
the Gaussian, the size of |V, (x, w)| is interpreted as a measure of the contribution
of the frequency w at time x of the signal . By the reconstruction formula

1
Y= [ Vo (D)7 (2)g dz (35)
lel2, Jraa

we can recover ¥ from V3, and (34) finds a natural interpretation as a multiplication
operator in the time-frequency plane: we represent ¥ in the time-frequency plane
by forming Vv, but before we reconstruct ¥ from V3 we multiply it by f(z). A
particular choice of f is to let f be the characteristic function xq for some compact
subset €2. Then

AT e V) = /de Kot @OV ¥ (w2,

whichinlight of (35) may be interpreted as saying that A%(&Q) picks out the component
of ¥ localized in z + Q := {z + 2/ : Z € ) in the time-frequency plane. Theorem
8.1 says that an equivalent norm on M} ¢ (R¥) is given by first measuring the local
size of ¥ near z in the time-frequency plane by ||.A‘§ ('(OXQ)l/f |lz2, and then measuring

the global properties of ¥ by taking the L}¢ norm.

When p = g, this parallels the definition of the Wiener amalgam space W (L2, L)
with local component L? and global component LY. For a fixed, compact domain
Q C R?, the Wiener amalgam space W(L?, LE) for1 < p < oo and a weight
function w on R? consists of all functions v : R? — C such that

1/p
W w21y = ( /R Nxero - v[72weo? dx)

Since we interpret A‘? ?XQ () as ¢ localized to z + €2 in the time-frequency plane and

Xx+0 - ¥ is the localization of ¥ to x 4+ Q in time, Theorem 8.1 says that modulation
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spaces are the natural analogues of Wiener amalgam spaces when we localize ¥ in the
time-frequency plane using .A%.Y, not just in time by multiplying with xo. We have
merely scratched the surface of Wiener amalgam spaces, and the interested reader
should consult the survey [28]. However, it is worth noting that when the cutoff-
function y is replaced by a smooth cutoff-function ¢ satisfying Y, 7 Te(¢) = 1,
then an equivalent norm on W (L2, L%) is given by

I/p

D Te@) - vl we)?

tezd

The fact that modulation spaces have a similar discrete description has already been
shown by Dorfler, Feichtinger and Grochenig in [14, 15] (also more generally by
Romero [36]): if f € L,])(RM) satisfies

Z T (f) <1,

(j ez
then an equivalent norm on M}'? (R?) is given by

a/p\ V4

Do 20 AT Nam ) : (36)

kezd \jezd

The interpretation of modulation spaces as Wiener amalgam spaces in the time-
frequency plane does of course also follow from these earlier results, but we include
it here as the author was not able to locate an explicit formulation of this insight in
the literature. Finally, we remark that the local component L?in W(LZ, L{;) can be
replaced by several other function spaces X to obtain new Wiener amalgam spaces
W (X, LE). One might therefore naturally replace the L2-norm in Theorem 8.1 or
Theorem 5.1 by another function space norm and investigate the resulting function
spaces, and Romero [36, Thm. 7] has shown that (36) still defines an equivalent norm
on M};? (R?) when the L>-norm is replaced by the norm of any unweighted modula-
tion space M P04 (RY).

8.2 Smoothing Spectrograms

So far in this section we have picked S to be a localization operator A‘;"‘pz, which
corresponds to studying the Cohen’s class distribution Q7 for T = A% A‘;’)"/’Z_

However, we may also proceed as in Sect. 7.1 and study the Cohen class distribution
Qr forT = Af?-“p, where f € L!(R??) is a non-negative function and ¢ € M!(R?).
The fact that f is non-negative implies that 7 is a positive operator, and it is not
difficult to show that

0 ur0 (1)@) = f V¥ P (),
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i.e. the Cohen class of A(;f‘p is a smoothed spectrogram. Theorem 7.1 says that if
A?"p = §*S for some S* € N'(L?, M]), then

V1l pgpa = H\/f* Vo2

As we discussed in Sect. 7.1, the existence of such § is not clear in general, but if
A?’W € & we can use Theorem 7.4 to deduce the following result.

Lyt R2)

Proposition 8.2 Let ¢ € .Z(R?) and let f € L'(R??) be a positive function of
compact support. If v grows at most polynomially and m is v-moderate, then

11l ypa < H\/f * | Voyr|?

Proof The Weyl symbol of A‘;"p is the function %W (), see forinstance [7, Lem. 2.4].
As ¢ € Z(R?) it follows by [23,Lem. 14.5.1] that W(¢) € .(R*?). Hence the
assumptions on f imply that f % W(g) € . (R??), which means that A%Y € &. The
result therefore follows by Theorem 7.4.

Ly (R2)
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Proof of Proposition 3.9

Proof of Proposition 3.9 First recall from Sect. 6 that B consists precisely of those
T € HS such that the Weyl symbol azr belongs to M'(R>?). Then recall that we
assume

T = / F(x, w)e ™ “n(x, ) dxdw,
R2d

where F(x,w) € L?>(R>?) has compact support, say supp(F) C K for K c R*?
compact. As in [33], we denote the function F by Fw (T) — it plays the role of a
Fourier transform of the operator 7' in quantum harmonic analysis.
One can show that
Fw(T) = Fq(ar),
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where F, (f) is the symplectic Fourier transform of f € L'(R*?) given by
Fofx,0) = / f, W Ye 2T o=x) g lge! forx, x, w, @ € RY.
R2d

Then fix some R € B such that Fw(R) has no zeros, an explicit example is
R = ¢o ® ¢o [33, Ex. 6.1]. As R € B, we have ag = F, Fy(R) € M'(R*?).

Since ag € L'(R*) and Fy(agr) = Fw(R) never vanishes, the Wiener-Lévy
theorem [35, Thm. 3.1] implies the existence of some & € LY(R24) such that

1

e f K.
Folar)  FwR@ O °€

Fo(h)(z) =

Then define the operator
T' = (hxag)*T,

where « is the operation from (17). The “Fourier transform” Fy interacts with the
convolutions in the expected way [33, Prop. 6.4]; more precisely, we have that

Fw(T") = Fo(W)Fw(R)Fw(T) = Fw(T)

by construction of 4. As F is injective, see [21, Cor. 7.6.3], it follows that T = T".

On the other hand, the function b := h * ag belongs to M ! (R?>?) since L' (R?) x
MY (R ¢ M'(R%?) by [23, Prop. 12.1.7]. The Weyl symbol of T = T’ = bxT is
given by ar = b * ar [34, Prop. 5.2]. Since b € M'(R?*?) and T € S, [33, Thm. 8.1]
implies' that ar = b xar € M'(R*?), hence T € B.
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