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Abstract
We consider the Dirac operators with singular potentials

Dp,omrsy =Da,om+ s (D
where
n
Daom= Y o (—ide; + Aj) + onpim + @Iy )
Jj=1

is a Dirac operator on R" with variable magnetic and electrostatic potentials A =
(A1,..., Ay) € L®°@R",C") and ® € L°°(R"), and the variable mass m € L (R").
In formula (2) o are the N x N Dirac matrices, that is o jog + aroj = 28y, In
is the unit N x N matrix, N = 2l*+D/2] 1n formula (1) I'8x is a singular delta-type
potential supported by a C2-hypersurface ¥ C R” which is the common boundary
of the open sets Q+. Let H'(Q*, CV) be the Sobolev spaces of N-dimensional
vector-valued distributions z on QF, and

H'®™\xz,C" =H' Q.. CYHe H' (Q_,CN).
We associate with the formal Dirac operator D4, ¢ . 1's5; an unbounded in L? (R", CM)

operator Dy ¢ 85 defined by the Dirac operator D4 ¢, Wwith domain
domDy o mmy C H LR\ =, CV) defined by an interaction conditions. The main
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aims of the paper are the study of self-adjointmess of the operators Dy ¢, 55 for
uniformly regular C2-hypersurfaces ¥ C R” and the essential spectra of DA, d.m, By
for closed C2-hypersurfaces ¥ C R”.
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1 Introduction

This paper is devoted to the study of n-dimensional Dirac operators (n > 2) with
singular potentials of §-type supported on both bounded and unbounded hypersur-
faces ¥ in R". Such Dirac operators arise as approximations of the Hamiltonians of
interactions of relativistic quantum particles with potentials localized in thin tubu-
lar neighborhoods of ¥ (see, for instance, [14, 26, 30]). In physical formulations,
such problems describe the transitions of relativistic particles with spin(1/2) through
the obstacles created by the potentials supported on the mentioned regions in R3.
Moreover, these problems are associated with the MIT BAG models of the particle
confinement in domains of R3 (see [6,9, 13, 15, 16, 21, 22]).

The formal Dirac operators with singular potentials are realized as unbounded
operators in Hilbert spaces with domains described by interaction conditions on the
sets carrying the singular potentials. In the last time appeared many papers devoted to
their spectral properties for the dimensions n = 2, 3, see for instance, [4, 7, 8, 10—
12, 14, 20, 29-31, 36, 37]. We also note that the paper [28] establishes a connection
between the Dirac operators on bounded domains in R” and their complements to the
Dirac operators on their boundaries.

We consider the formal Dirac operators on R” with singular potentials

Dp omrsy =Da,om + s 3)
where
Da,om =0o(D+ A)+mayi + Ply

n
= aj(Dj+A)) +mops1 + @y, Dj=—idy,. j=1.....n (4
j=1

is the Dirac operator on R” with regular magnetic potentials A = (Ay, ..., A,),
electrostatic potentials @, and the "variable mass" m = m(x) = mg + £(x) where
mo € R is the mass of the particle, £ is the scalar Lorentz potential. In formula (4)
aj,j=1,...,n+1are the N x N Dirac matrices, that is the Hermitian matrices
satisfying the relations

ajop +agaj =28y, 5)
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Iy is the N x N unit matrix, N = N(n) = 2["*+D/2] Ty is the singular potential,
I = (Fi, j)fvjzl is the N x N strength matrix and 8§y is the delta-function with

the support on C2-hypersurface ¥ C R” being the common boundary of open sets
Qi C R

We assume that A;, @, m € L°°(R"), and elements T';, j of I" belong to the space
(o g(Z) of bounded on X functions with their first derivatives, X is a C 2-uniformly
regular hypersurface (see, Definition 3 of this paper, and the papers [3, 19]). It should
be noted that the class of C2-uniformly regular hypersurfaces contains all closed C2-
hypersurfaces and a wide set of unbounded C2-hypersurfaces with cylindrical, conical,
and oscillating exits to infinity.

Let H(Q21, CN) be the Sobolev spaces of distributions on 24 with values in
CVN and H'(R™\ Z,CN) = H'(Q4,CN) @ H'(2_, CN). We associate with the
formal Dirac operator D4 ¢ .15y the unbounded in L? (R", CM) operator Dg ¢ m, B
defined by the Dirac operator © 4, ¢ », with domain

dom Dy a.m,Bx

- [u e H'(R™ 2, C) : Byu(s) = ayp () v uls) + a_(s)ygu(s) = 0,5 € z] (©6)
where )/EjE : Hl(Qi, (CN) — HI/Z(E, (CN) are the trace operators, and
1 .
aizir‘q:m-v on X, (7)

oY= Z?:l ajvj,v = (vy,..., V) is the field of unit normal vectors to X directed
into _.

We also associate with the formal Dirac operator D4, ¢ n,1s5 the bounded operator
of the interaction (transmission) problem

D _ | Da0omuon R"™N X
A o.m Bl = Byuon X

acting from H'(R"\ =, CV) into L>2(R", CN) @ H'/?>(x, C").
We study the self-adjointness in L*(R", CN) of unbounded operators Dy ¢ m, By -
Our approach is based on the study of the parameter-dependent operators

DA, @m»ms (i) =Dg o m>ms —inly, ueR.

We introduce the local Lopatinsky—Shapiro condition for D4 ¢, 2 (i 1t) at the point
x € X as follows

Cx) .
det(a - & + - inly) #0,

for every (&,.1t) € TH(Z) x R: &> + pu> =1, (8)
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n
where o - & = Za jf){ and T7% (%) is the cotangent space to the hypersurface X at
j=1
the point x.
If the matrix I'(x) is Hermitian condition (8) holds if and only if the parameter-
independent Lopatinsky—Shapiro condition

I'(x)

det(o - & + >

) # 0 for every &, € T;(Z) E =1 )

holds.

Remark 1 Another forms of the Lopatinsky—Shapiro conditions for the dimensions
n = 2,3 were obtained in [36, 37]. However, the Lopatinsky—Shapiro conditions
(8),(9) serve for every n > 2 and easily checked in important examples of singular
potentials.

The following results are obtained in the paper.

e The operator
Dp.ommy(in) : HHR™N\Z,CY) - L2R",CV)y @ H'/>(z,CY)

is invertible for a large enough |u| if Aj, ®,m € L®[R"), T;; € CL(E), =
is a uniformly regular CZ-hypersurface and the local parameter-dependent
Lopatinsky—Shapiro condition (8) is satisfied uniformly on .

e Applying this result we obtained that the operator Dy ¢ . 8y is self-adjoint in
Lz(R", cN ) if Aj, ®, m are the real-valued functions, I'(x) is the Hermitian
matrix for every x € ¥, and the Lopatinsky—Shapiro condition (9) is satisfied
uniformly on X.

e As an example, we consider the Dirac operator on R” with singular potentials
describing by the electrostatic and scalar Lorentz §-shell interaction on the uni-
formly regular C2-hypersurfaces & C R” with the strength matrices

') =n(s)Iy +1(s)ap4+1,5 € X

where n, 7 € C,; (X) are real-valued functions. We proved that the condition
inf [n%(s) — 2(s) — 4| > 0 (10
SEX

yields the uniform Lopatinsky—Shapiro condition (9) which insures the self-
adjointness of Dy ¢, 85 in L>(R",CN), n > 2 under above given conditions
for A, ®, m, X.

e [t should be noted that the condition (10) of self-adjointnes was obtained earlier
for n = 3 in the paper [11], see also the paper [10] for the electrostatic shell
interactions in R3. The generalization of condition (10) for the electrostatic, scalar
Lorentz, and magnetic §-shell interaction was obtained in [12] for the dimension
2.
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e We also study the essential spectrum of the operator D ¢ . 35 for closed C2-
hypersurfaces ¥ under conditions: A;, ®,m € Cg (R™) (C,; (R") is the space of
differentiable functions on R" bounded with their first partial derivatives), I'; ; €
C!(%), and local Lopatinsky—Shapiro condition (9) is satisfied at every point
x € X. In this case the essential spectrum of Dy ¢, 95 depends on the behavior
of the potentials A, ®, m at infinity, and is given by the formula

spessDaomss = Jsp D" (11
h

where D" = © Al h ,n are the so-called limit operators for © 4, ¢, which are

the Dirac operators with the potentials A", ®", m" defined by the sequences Z" >
hi — o0 as follows

A'(x) = lim A"(x + hy), @"(x ) = lim ®"(x + hy), (12)
k—o00 k— o0

m"(x) = lim m"(x + hy).
k—o00

The limits in (12) are understood in the sense of the uniform convergence on
compact sets in R” (see, for instance, [32, 33]).

o LetA;,®,meC g (R™) be the slowly oscillating at infinity functions, that is their
partial derivatives tend to zero at infinity. Then ®" = © Al oh n are the Dirac
operators on R” with constant coefficients. Assuming that A ;, ®, m are real-valued
functions and applying formula (11) we obtained the explicit description of the
essential spectrum of the operator D4 ¢ m, By

spessDA,CD,m,%): (13)

= (—oo, lim sup(@® (x) - |m(x>|)] U [liminf (@) + Im(o)D, +00)

X—> 00

Remark 2 The approaches described above to the investigation of self-adjointness and
essential spectra of Schrodinger operators on R” and Dirac operators on R?, R? with
singular potentials were previously used in the papers [34-37].

2 Notations and Auxiliary Material
2.1 Notations

e If X, Y are Banach spaces then we denote by B(X, Y) the space of bounded
linear operators acting from X into Y with the uniform operator topology, and by
K(X,Y) the subspace of B(X, Y) of all compact operators. In the case X =Y
we write shortly B(X) and K(X).

e An operator A € B(X,Y) is called a Fredholm operator if kerA, and
cokerA=Y /Im A are finite dimensional spaces. Let A be a closed unbounded
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operator in a Hilbert space H with a dense in H domain dom.A. Then A is
called a Fredholm operator if kerA = {u € domA : Au = 0} and cokerA =
H/Im A where Im A={w € H : w = Au,u € D4} are the finite-dimensional
spaces. Note that .4 is a Fredholm operator as the unbounded operator in H if and
only if A : domA — H is a Fredholm operator as the bounded operator where
dom A is equipped by the graph norm

2 2 \!/?
lehgoma = (Nl + 1Aul3,) " u € dom A

(see for instance [1]).

e The essential spectrum sp,gs.4 of an unbounded operator A is a set of A € C
such that A — AT is not the Fredholm operator as the unbounded operator, and the
discrete spectrum spy;sA of A is a set of isolated eigenvalues of finite multiplicity.
It is well known that if A is a self-adjoint operator then spg;s A=sp AN\ Spess.A.

e We denote by L?(R”, CV) the Hilbert space of N-dimensional vector-valued func-
tions u(x) = (u'(x), ..., u™ (x)), x € R” with the scalar product

(u, v)LZ(Rn’CN) = /ﬂ; u(x) . v(x)dx,

U

and by L?(#4, CV) the Hilbert space with the scalar product
<u, v)LZ(E’CN) = / u(S) . U(S)ds
=

where ds is the Lebesgue measure on X, and u - v = Z;le ujvj.

e We denote by H*(R", CV) the Sobolev space of vector-valued distributions u €
D' (R", CN) such that

1/2
~ 2
uunm(ﬂgn,m:(é (1 + 6Py ||u<e>||CNds) <005 €R

where # is the Fourier transform of . If  is a domain in R” then H* (2, CV) is
the space of restrictions of u € H*(R", C) on Q with the norm

”u”H_v Q.CNy = lnf ”lu”Hs Rr CN
€. lueHs (R",CN) ®%,CH)

where [u is an extension of u on R”. If ¥ is an enough smooth hypersurface in
R”" we denote by H*~1/2(%, CV) the space of restrictions on ¥ the distributions
in HS(R",CN), s > 1/2.

e We denote by C;(R") the class of bounded continuous functions on R", C}" (R")
the class of functions @ on R” such that 9%a € C,(R") for all multi-indeces
o : |a| < m. We denote by Cg(E) the class of differentiable on X functions that
are bounded with their first derivatives.
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Definition 3 Let a C2-hypersurface ¥ C R",n > 2 be the common boundary of
the domains 2. We say that X is uniformly regular (see for instance [3, 19]) if :
(i) there exists » > 0 such that for every point xo € X there exists a ball B,(xp) =
{x e R" : |x — xo| < r} and the diffeomorphism ¢,, : B,(xo) — B1(0) such that

0o (B (x0) N Q) = BIO) NRY, RY = [y = (v, 3) € R xRy, 13, 20},
¢xo (B;(x0) N T) = Bi(0) NR):

(ii) let gp)"co, jco, i =1, ..., nbe the coordinate functions of the mappings ¢,,, <px_01 .
Then

sup sup
X0€X || <2,x€ By (x0)

a“q;;;o(x)‘ <oo,i=1,...,n;

sup  sup a“wj;o(x)‘<oo,i=1,...,n.

xp€X |a|<2,xeB1(0)

Note that each closed C2-hypersurfaces are uniformly regular.

2.2 Free Dirac Operator
Let
n
Dam =0 Dy +appim =Y ajDy; +anyim, Dy, = —idy, (14)
j=1

be the free n-dimensional Dirac operator (n > 2) where oj, j = 1,...,n + 1 are the
Dirac matrices, that is «; are Hermitian N x N matrices satisfying the relations

ajop +aga; =28y j,k=1,...,n+1, (15)
Iy is the unit N x N matrix, N = 2l*TD/2l 3 ¢ C. (see for instance [17, 24]).
Note that the Dirac matrices can be obtained by the induction starting from the Pauli
matrices in the dimension 2 (see [24], Appendix).
Property (15) implies that
Do = (—Ap +m*)Iy (16)

where A, is the n-dimensional Laplacian. Moreover, if m € R the operator D, with
domain H'(R".CV) is self-adjoint in L?(R".C") and

spDgm = (=00, — |m[] U [[m], +00)
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Proposition 4 (see, [23], p. 150) Let T : R" — R" be a linear mapping given by the
orthogonal matrix T = (Tkl);:’ =1 - Then the change of variables: y = Tx transforms
the Dirac operator D, into the Dirac operator

Dam = a- Dy + ayt1m

with the Dirac matrices & = (&1, ..., &,) defined as

n
&kZZTjij,kZ 1,...,n.
k=1

3 Dirac Operators with Singular Potentials as Unbounded Operators

Let
Daomrsu(x) = (Da,om+dx)ux),x eR"
be the formal Dirac operator defined by formulas (3),(4). We assume that ¥ is the

C2-hypersurface in R”, Aj,&,me L*R"), T = (F,‘,j)f.vjzl i€ Cg():).

We define the product I'dyu where u € H'(R*™\ =, C") as a distribution in
D'(R", CV) = D'(R") ® CV acting on the test functions ¢ € C{°(R", CV) as

1
(Mozu) () = 5 /2 T(s) (v u(s) + ygu(s)) - @(s)ds. 7)

Integrating by parts and taking into account (17) we obtain that

(DA,CD,m,FSuv (P>L2(]R”,(CN) = A o i)A,Cb,mu(x) : ‘P(x)dx (18)
+U —

- /E i () (i uls) — yyu(s)) - 9(s))ds

1
t5 /E (T(s) (g uls) + ysuls)) - 9(s)) ds,

9 € CE°(R", CY)

where y5 @ H'(Qs,CV) — HY2(Qq,CV) are the trace operators, v(s) =
w1(s), ..., v,(s)) is the field of unit normal vectors directed to 2_. Formula (18)
yields that in the distribution sense

. _ 1 _
DA, omrsstt =Da, 0.mU |:—l¢¥ v (ygu—ygu)+ EF (vgu+ vy u)} Iz,

19)

where D4 ¢ ,u is the regular distribution given by the function D4 ¢ ,u €
L*(R", CV). Formula (19) yields that ® 4. ¢ . rsx# € L>(R", CV) if and only if
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1
—ia-v(y{u—yiu)—i—5F(y{u+y§u) =0OonX. (20)

Condition (20) can be written of the form
%zu:aw{u—l—a_yz_u:ﬂoni} 2D

where a1 are N x N matrices:

1
aiZEF:Fiot-v on X. (22)
We associate with the formal Dirac operator D4 ¢ m sy the unbounded in
L>(R",CN) operator Da.@o.m. w5 defined by the Dirac operator D4 ¢, With the
domain

domD g o mmy = Hy (R™\Z,CY) (23)
= {u e H@®™\2,C): Byu=0on z},

and the bounded operator of interaction (transmission) problem

Da.omuon RN\ X,

Byu :a+y;u+a_y2_u on X 24

DA o mmBstt = {

acting from H'(R"\ 2, C") into L>(R*, CN) @ H'/?>(z, CV).

4 Parameter-Dependent Interaction Problems

We consider the parameter-dependent operator

DA, om 85 ()t = (Dag,ommss —inly)u (25)

_ | Paomimu=Daem—inly)uon R"™\ X, R
_{’Bgu:awgu—i-a_y{uoni) el
acting from HI(R"\E, CM) into LZ(R”, CMHe H1/2(E, CM).

We assume as abovethat A;, j =1,...,n, &, m € L*(R"), I;; € C;(Z), i,j=
1,..., N, where ¥ C R" is a uniformly regular C2-hypersurface being the common
boundary of domains £2+. We consider the invertibility of the operator D4 ¢ m, 55 (i 1t)
for large values of |u|. We follows the seminal paper [2] where the parameter-
dependent boundary value problems for bounded domains in R” have been considered
(see also [1]). It is convenient to consider the operator Dy ¢, 85 (iit) as acting
from the spaces X, = H! (R"™\ Z,CV) into the space Y|, = L>*R",C") @

lul
HlL/lz(E, CV) depending on the parameter |u|, where the parameter-dependent
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1/2

(2 CN) are provided by the norms induced

Sobolev spaces Hli” R™ 2, CM), H,
by

12
et s, n oy = (fan 12+ 5D @) |2 d&) :

Let ¢ € CSO(R”), and u= (f,¥) € Y|, .Then weset o (f,¢¥) = (f,¥)p =
(of.o¥).

Proposition 5 (Local principle) Assume that there exist numbers: ug > 0,r > 0, M >
0 such that for every x € R", u € R : |u| > no, and every ball B,(x), x € R" there
exist operators Ly (), Rx () € B(Y |y, X)) such that for every ¢ € CgO(B, (x))

Ly(WDA 0m 35 ()ox] = @xl, 0xDA o.m 85 ()R (1) = @i 1, (26)

and

sup N LxBy . x,) =M. sup  [RWBw,.x,) =M. 27)
xeR™,|ul>po xeR™,|u]>po

Then there exists (11 > o such that the operator Do o m 5 (1) @ Xjpu — Y is
invertible for every @ || > 1.

Proof 1t follows from conditions of Proposition 5 that there existr > 0, ug > 0, M >
0, and a countable subsystem {Br (x i)}jeN of the finite multiplicity d € N of the

system {B;(x)} crn such that R” = U B, (x;). We introduce a partition of unity
jeN

Y 6jx)=1xeR" (28)

jeN

subordinated to the system {B,(xj)}jeN with 0, € C{°(B:(x)), 0 < 0j(x) < 1,
such that the sum ) jeN 0;(x) contains for every x € R" not more than d nonzero
terms. Letg; € C(‘)’O(Br(xj)), 0<gj(x) <1, and0;p; = 0;. We set

L f =) 0iL(Weifs R =) ¢jRe; (W0, f. f € CGC®R", CY).

jeN jeN
(29)
Taking into account that the coverage {Br (x j)}j < has the finite multiplicity d we
obtain the estimates
ILGOfllx,, < MdISl, RGOSy, < MdIflly, (30)

forevery p : || > uo > 0, f € CP(R", CN) and the constants M, d independent
of u and f. Estimates (30) yield that the operators L(u), R() can be extended
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to bounded operators from Y, into X, for every p : || > po > 0. Let ¢; €
Co(Br(x)),0 < ¢rj(x) < 1, 9; € C(By(x))), and ¢;¥; = ;. Then

LODA om w5 () =Y 0Ly, (W)@ DA 0m 55 ()Y 31)
jeN
= 0;Ly;(WDa0mm5 (@) + Ti (1)
jeN
where
Ti(w) =Y 0;Ly; () [0 1. Daom s ()] )1,
jeN
[0/, DA, omss] = 0iDaomsy — Da,omsse;l.
Note that
D 0Ly, (WDA0m w9 1x, = Ix,,. (32)
jeN
and
1T Bex,p < D 10iLe, (10 [Dacommss. 0]V |55, (33)
jeN

=4 e 1250 0v, 3,0 [Pa0m 55 051 sk, ,

Taking into account the inequality

c
105050l s0x,00, = 77 141 > 10 (34)

with the constant C > 0 independent of j and u we obtain that

CdM
17160 s, = = 0] 2 o, (35)

Estimate (35) yields that the operator D4 ¢, % has the left inverse operator
L) = + Ti(w) ™" L(w)

forevery u € R : || > py > o where g is large enough. In the same way we prove
that there exists a right inverse operator R(Z) of Dg ¢ m %5 (ip) for [ > 1 > po.
O
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Since the norms in HISM(R”, CN) and H*(R", CN) are equivalent, the operator
D4 ¢.m. 8y (i) is invertible from H'(R™\ %, CV) into L>(R", CN)@ H'/?(Z, CV)
for large enough |u] .

Proposition 5 reduces the invertibility of operatorD 4 ¢ 535 (i i) to the local invert-
ibility of D4 ¢ m 23 (i10) at every point x € R".

10. Local invertibility at the points x € R\ Z. For xo € R"\ X there exists a ball
B, (xp) such that

Da,@,m s (el =D g0min)pl
oA om,B5s (1) = @D Ad m (i)

forevery function ¢ € C§°(B,(x)). The main part of the parameter-dependent operator
Da,0,m () isD(p) =o-D—iply. Since DY (i )DY(—ip) = (—A, + pn?) Iy
the operator @2 (ip) : HY(R",CN) — L*(R", C") is invertible for every real p # 0.
Moreover,

) i) — D0 H 36
|2 4.0 1) = Di10) R (36)

C

< Nl - A anim 4 QI ger,omy, 2@, 0 = T

with a constant C > 0 independent of ;& € R. Estimate (36) implies that the operator
D A.@.m (1) is invertible for | ;| large enough. Hence, for every x € R"\ X there exist
the locally inverses operators Ly (u), Ry (i) for D4 ¢ m, 535 (i) satisfying conditions
of Proposition 5.

20, Local invertibility at the points x € X. Passing to the local coordinates at the
point xg € X we obtain in the standard way (see [2]) that the operator D4 ¢ 85 (i 1t)
is locally invertible at the point xo € X if the interaction operator for the half-spaces

D(iwu = (o Dy —iply)uon R*N\T,, (2)
By (xo)u = a+(x0)y£0(2)u +a— (xO)VT_xO(Z)u on Ty, (%)

X0

iwu =
‘BTxO(Z)( %)

1
a+(xg) = EF(XO) Fio-v(xg)

is invertible from H'!(R"\T,,(X), CV) into L>(R", CV) & H'/*(T,, (%), CV) for
every u € R\ 0 where Ty, (X) is the tangent space to X at the point xp.

Let & : R" — R" be the orthogonal transformation such that (T, (X)) = Rl
and U(v(xg)) = (0, ..., 1). We set

w(y) = (u) () = u@y), ux) = Waw) (x) = w(tlx).
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After the linear change of the variables y = $lx to the operator D)%)T . (i) we obtain
the operator ’
DR (ww) = (WD, | (i) w) (37)

Dapuw(y) = (& Dy —iply) w(y) on RTN\R"!
Bn-1 (X)W = 67+(x0)VH§H w(y") + ﬁ—(xo)VR_H w(y) on R"~1
y/ ),/

_ C(xo) _ ..
a+(xop) = 5 Fitn

for the half-spaces
RL={y =03 eR 1Y = On,oywn) € Ry, 2 0}

where @; = Z?:l UGDaj, i =1,...,n. Note that @ = {&;};_, is a system of Dirac
matrices since 4 is the orthogonal matrix (see Proposition 4).
39 We study the invertibility of the operator ]D)’fBE’Rn_1 (i) for u € R\ _{0}. The
general solution of the equation
Dzw = f e L*(R",CY)
in the space H'(R"\R"~!,CV) = H'(R",CY) @ H'(R",CVN) is
w(y) = wo(y) + D, f () (38)
(see for instance [18], p. 268) where
wo(y) =05, @0 ®8(m). ¢ € H2R™,CY) (39)
is the general solution of the equation D5 ,w = 0in H TR™R"~!, CV). Note that
D7) =Da u(=A+uH 'y (40)
is the pseudodifferential operator with the matrix symbol

oy a-&E+iply n

Diu®) =y a ek (41)

Let

_ a-E4iuly
kau(y) = FL, (—)
o TN P+ w2
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where FE__I) y is the inverse Fourier transform. Then

0, ¥ (o) = fR kin(y — DV (Qdz.y € R". ¢ € CPR.CY).  (42)
We introduce the potential operator K ,, as follows

(Ko@) O, y) = D5} (0()) ® 8(3a) (43)

= /R | kau(v =2 y)(@)dZ Yy e Ry, 20

bounded from H'/2(R"~! CVN) into H'(R"\R"~!, CN) (see, for instance, [18],
Chap.3). Note that ug = K5 ,¢ € ker D5z, C H'(R"™\R""!, CV).
The Fourier transform of kg, (', y») with respect to y’ € R" 1 is

A 1 — .
ki€ = /1; 0,1 (€ &g, y, 2 0 (44)

where the integral in (44) exists for every y, # 0. Applying the residua theorem we
obtain that for every y, # 0

~ 1 : &/'s/‘f‘iMIN +&n‘i:n
kg (€, yp) = _/ iVnén d 45
Ol,lt(é: Vi) b Re |E|2 n Mz &n (45)

e~ VIE T+l <&’ & ipdy + sign(yn)idn/ €' + M2>
21+ 2

— o VIE P+l iay, o' -&+iply 0.

sign(y,)— + » Yn
S N(CEE

Formula (45) yields that there exist limits

a\%

:l: .
Ko u#() = tm (Kzup) O yn) (46)
ia _
= iT"sD(y’) + Ka 000, 0 € CR™, CV),
where
Ka,no(y') = /R ko, (v =2, 0)()dZ
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is a pseudodifferential operator with the symbol

Hence K &iﬂ are the pseudodifferential operators on R”~! of zero order with the sym-
bols ’

£y ia, & -&+inly
K&,M(E/) =t— +—F—— 47)

2
21 + 2

and with the main symbols

>+ N o_ 1 a - g:/ n— 1
K306 = +3iqn+ 52 & eR (48)

Remark 6 For ;. = O the integral operators K‘;to have to understand as a singular
integral operators on R"~!.

Note that the operators Ks, : HP@®LCV)y — HI®RN\R"!, CV), and
Kiu HY2@R-1 Ny > HY2@®R"=1, CV) are bounded (see, for instance, [18],
Chap.3).

Substituting w given by formula (38) into the interaction condition

Ay (x0) Vg 1 w() +a- Oy, w() =¥ (). y e R
y v/

and applying formula (46) we obtain a pseudodifferential equation on R"~! with
respect to ¢ € H'/2(R"~1, CV)
Ea M(Xo, D)oy (49)
= Tn(5t+ (x0) — a-(x0)@ () + (@+(x0) + a-(x0)) (Ka..0) )
¥ () — B Dy FON),y e R

Taking into account that
a4 (xp) —a—(xg) = —2ia, and a4+ (xg) + a—(xg) = I'(xp)

we obtain that Eg ,(xo, D,/) is the pseudodifferential operator on R”~1 with the
matrix symbol

a & +inly

2112 + w2

Ea.u(x0, &) = Iy + T'(x0) g e R (50)
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The operator E ,(x0, Dy) is invertible in H 12(Rr=1, CN)y for every u € R if and
only if

det B, (x0, &') # 0 for every (&, u) € S" . (51)
Taking into account that

(@ & +inly) (@& & —inly) = & + 1
we write condidtin (51) as follows:

det Ag, . (x0, &) # 0 for every (€', n) € S

where

I"(x0)

A u(x0, &N =a & + —inly, (&' p) e "

Proposition 7 The operator
Dy, (w: H'®N\R'LCY) — L2®".CY) @ H'2 R, CY)
is invertible for every R 5 u # 0 if and only if

det Az, (x0,&") # O for every (§', 1) € sl (52)

-1
The inverse operator (]D)gw_1 (iu)) is

-1
(PR, ) (F ) =5 f+Kay (¥ = B D0 f) . 53)
Moreover,
”u”[-[‘ij’l(Rn\Rn—l’(CN) = C(”f”LZ(R”,(CN) + ||¢||H|1{|2(R"_1’CN)) (54)

with a constant C > 0 independent of |.
Returning to the variables x = {1y we obtain the following result.

Corollary 8 For every fix x € X the operator
D3, G0 H' R\ T, (), CYy - L*@®R",cy @ H'/*(T, (%), C")
is invertible for every . € R\ 0 if and only if
det A pu(x, &) # 0 for every (6, i) € TY(S) x R &P +p® =1 (55)
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where T%(X) is the cotangent space to ¥ at the point x € X, and

Cx) .
Aa,u(xvgx) =a- &+ T —inly.

Hence, if condition (55) holds the operator D s, e,m, 5 (i ) is locally invertible at the
point x € X.

Condition (55) is called the local parameter-dependent Lopatinsky—Shapiro
condition, and the condition

inf |det Ag,p(x, )| > 0 (56)
XEX, (& €Ty (D) xR:|&, |2 +u2=1

is called the uniform parameter-dependent Lopatinsky—Shapiro condition.
Therefore, Proposition 5 yields the following result.

Theorem9 Let Aj,j = 1,....n,&m € L®R",T;; € CLE).i,j =
1,...,N, % be the uniformly regular C*-hypersurface, and the uniform parameter-

dependent Lopatinsky—Shapiro condition (56) holds. Then there exists 11 > 0 such
that the operator

Daommss (i) : H'R'™\Z,CY) - L*R",CV)y @ H'/*(2,CV)

is invertible for all i € R : || > 1. If the conditions of theorem are satisfied, then
the a priory estimate

lull g1 g .0y < C (“QA,QD,mu”LZ(]Rn’(CN) + IBull 125 vy + ||u||L2(Rn,(cN))
(57)

holds for every functionu € H'(R"™\ £, CN) with a constant C > 0 independent of
u.

Remark 10 If the matrix I'(x) is Hermitian then condition (55) holds if © € R\0.
Hence for the Hermitian matrix I"(x) condition (55) is equivalent to the condition

I'(x)
2

det (oe CE+ ) # 0 foreach &, € TH(X) : |&| = 1. (58)

Condition (58) is the local Lopatinsky—Shapiro condition for the parameter-
independent interaction operator Dy ¢, %y -

5 Self-adjointness of Unbounded Operators D ¢ m, %35

Now we consider the self-adjointness of the unbounded operator Dy, ¢ i, 535 associ-
ated with the formal Dirac operators (3),(4) which defined by the Dirac operator

33A,<I>,m =a- (Dx + A) +appim+ OIy
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with the domain

dom (Da,om»5) = Hy (R™\Z,CY)
= {u e H'R™\ Z,CN): Bsu =aiysu-+a_ysu=0on E]

where ay = %F Fiv-a.
Theorem 11 Let

(@) Aj,j=1,....n,®&,m € L°®R"), I';; € CX(¥),i,j=1,...,N, T be the

uniformly regular C*-hypersurface;
(b) The vector potential A, scalar potentials ®, and variable mass m be real-valued,

andI' = (F,»./)fvj:l be an Hermitian matrix.
(c) The uniform Lopatinsky—Shapiro condition

I'(x)
det(u-$x+T>'>0 59)

inf
X€Z, £ €TH(T): |6 =1
is satisfied.
Then the operator DA o m. 55 is self-adjoint in L2(R", CN).

Proof At first, we prove that the operator D4 ¢ %5 is symmetric. Indeed, letu, v €
dom (DA,¢,m,‘Bz) = Hé%): (R™\ %, CN). Then, integrating by parts we obtain

<©A,(I>,muv v>L2(R",(CN) - (u, QA,q),mv)Lz(Rn’(cN)
= ((~ie-v) Vs U, y;l_v>L2(E,(CN) —((—ie-v) ygu, Vf”)LZ(z,CN)
1

=5 (—ia-v(ygu—ygu), yiv+ VZ_v>L2(E,(CN)

1
—5 ()/);r“ +ygu, —ia-v (V;” - VE_”))LZ(E,CN) :

Taking into account the equality

1
—ia-v(y;u—yz_u)+§F(y§'u+y2_u) =0on X
we obtain that

<®A,CI>,muv v>L2(R”,CN) - (u9©A,CI>,mv>L2(Rn)(CN)

1 _ _
T (C(rsu+ysu), ysv—rsv)s on (60)
1 _ _
+ 1 (V{u +ysu, F(V;” s> v>L2(E,(CN) :
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Since the matrix I'" is Hermitian for every x € X the right side partin (60) is 0. Hence,
(QA,CD,mu’ v>L2(R”,CN) = (uv ®A,<I>,mv)L2(Rn,(cN)
for every u, v € H%E(R”\E, CcM).

The uniform Lopatinsky—Shapiro condition (59) yields the a priori estimate (57).
For v € dom (DA,q),m,%z) this estimate accepts the form

Il z.cv = € (IDa0mel g o + 10l@en ). 6D
The estimate (61) yields the closedness of the operator Dy ¢, 3y . Indeed, let
dom (DA,¢,m,§Bz) Su; - u,and Dy ou; — f in L?(R", CN). Then (61)
yields that u € H'(R"\ =, C") and
|uj — ””Hl(Rn\z,cN) — 0. (62)
The estimate
”%Euj”H]/Z(}],(CN) =C HujHH'(]R"\Z,(CN) (63)

and (62) yields that Bxu = 0. Hence u € dom (D4, ¢ m 35 ) - Moreover,

||©A,<I>,mu - f”LZ(R",CN)
< |Da.omtt — Daomi; ||L2(R",CN) + | D40 mu; — f”LZ(]Rn’(CN)

<Clu- uj”H](]R"\Z,(CN) + [ Da0mu; — f||L2(R",(CN) — 0.

Hence, © 4.0 n,u = f and the operator Dy ¢, %5 is closed.
Theorem 9 yields that the operator

0 ) _ | (®aom —inly)uon R\ T
Da.om.my (1) 1 = {‘B):u =0on ¥

is invertible from H'(R"\ X, CV) into L?>(R", CV) for || large enough. Therefore,
Range (ID)% ®.m. By (i,u)) = L%(R",CN) for |ul large enough. Since

Range (D&Qm‘%z (i,u)) = Range(Da, ¢ m, 55 —ipnl)

the deficiency indices of D4 ., equal zero. Hence (see for instance [5], page
100) the operator D4 ¢ m, 8y 1S self-adjoint. O
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6 Electrostatic and Lorentz Scalar 6-Shell Interactions in R"

LetI' = nly + toy41, where n, 7 € C ;(E) be real-valued functions. The formal
Dirac operator D4 ¢ m, o0y 1S the Hamiltonian of relativistic particles in the field of the
regular potentials A, ®, m and electrostatic and scalar Lorentz §-shell potentials with
supports on the uniformly regular C2-hypersurface .

Since

Iy + o —nly + ta
(ot-éx—i-nN . n+1><‘x.éij 77N2 n+1)

2 2
— T
= (w— L . )IN,

inf ‘nz(s) —22(s) — 4( =0 (64)

the condition

ensures the uniform Lopatinsky—Shapiro conditions

inf inf
X€X & €Ty (2):]é:|=1

(65)

n(x)Iy + T(X)an+1>' -0

det<a~§'x+ 5

By Theorem 11 the operator Dy ¢ 85 is self-adjoint if the potentials A, ®, m are
real-valued and condition (64) holds.

7 Splitting of Interaction Conditions

We consider the interaction problem

Da,om Bt = { gg,fiu:({;:i%})éu =¢ponX (66)
where a4+ = %F F ia - v. The interaction condition Byu = ¢ can be written as
PTOLtu+P Qzu=i(@-v)ponXT (67)
where
Pi:%(IN;I:M),M:%(a-v)FonE. (68)
Let
M2 =1Iy. (69)
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Then

(P*)? = %(IN + M)? = (IN +OM + M2) — pt,

FN

1
PP = ZUn = M?) =0.

Hence the operators P+ under condition (69) are the orthogonal projectors in C" and
interaction condition (66) splits into two independent boundary conditions

Piyiu =PYi(a-v)ponX.

Hence, in this case the interaction problem (66) splits into two boundary problems for
the Dirac operator

Da,omu+ = f1onQy,

Da,@,m,’Piui = { P:I:,yziui — ’Pil (a . v) @ on > : (70)

Example 12 Let ' = nly + top41, 1, T € R. Then

i i
M =2 w)T =2 (@ v) ()ly + vens),
and

1
M? = —2 (o= v) (1] + Toe) (@ - ) (1l + Tarnp) 7n

1 1
= — 7 (nln — Teng) (@ v)> (NI + Topt1) = _Z("2 — )y,

Hence M? = Iy if n2 — 72 = —4. Under this condition the interaction problem (66)
splits into the orthogonal sum of the boundary problems

Dj:

DA o muon Ly,
Lomml = { " (72)

Piygu =Pri(@-vIponX "’
If n = 0 and 72 = 4 the boundary value problems (72) forn = 3, N = 4 are called the

MIT Bag problems which describes the confinement of the quarks in domains bounded
by the hypersurfaces X (see for instance [15, 16, 21, 22]).

8 Essential Spectrum of Interaction Operators on Closed
Hypersurfaces

In this chapter we consider the Fredholm property of the interaction operators
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z)A,(I),mu on RH\E9

%zu=a+y;u+a,y§u on X (73)

DA,d),m,%);u = {

acting from H!'(R"\ X, CV) into L2(R", CNY@ HY/2(x, CN) and the essential spec-
trum of the unbounded operators D4 ¢ m. By -

Our approach is based on the local principle of elliptic theory (see for instance [1,
25]) and the limit operators method (see [32, 33]. In this regard, we need additional
smoothness conditions on the potentials. We assume that:

(a) ¥ isaclosed C2-hypersurface;
(b) The potentials A = (Ay, ..., A,), ®, and m are such that A;, &, m € Cg (R™),

and I' = (T;)} ,_, is such that T s € C(2);
(c) The Lopatinsky—Shapiro condition

I'(x)
2

det <a CE+ ) #0foreach &, € TH(Z) : [&] =1 (74)

is satisfied at every point x € X.

First we consider the Fredholm property of the operator D4 o, % . For this aim
we need some notations and definitions.

Let ¢y € C3°(B1(0)), and ¥(x) = 1 for x € By;2(0), 0 < ¥(x) < 1, x(x) =
L=y (x), yr(x) =¥ (x/R), xr(x) = x(x/R), R > 0.
Definition 13 Let X = H!(R" /=, CN), Y = L2R",CN) @ H'/2(Z, CN). (i) We
say that the operator D4 ¢, 85 : X — Y islocally Fredholm at the point xg € R" if
there exist a ball B¢ (xp), € > 0 and operators Ly, Ry, € B(Y, X) such that for every
function ¢ € C§°(B¢(x0))

EXO]D)A,QD,m,%Z(/)IX = QDIX + K)/Co’
DA o.m By Ray = 0ly + K7,

where K} € K(X), K € K(Y); (ii) We say that the operator Dg ¢ m 5 : X — Y
is locally invertible at infinity if there exists R > 0 and operators Lz, Rg € B(Y, X)
such that

LRDA o.m 35 XRIX = XRIX, (75)
XRDA,o.m, B85 Rr = xrly.
The next statements follow from the standard elliptic theory [1] , [25].

Proposition 14 (Local Principle) The operator D4 ¢ m 55 is a Fredholm operator if
and only if D4 o m 85 is a locally Fredholm operator at every point x € R" and
D4 &.m, 85 is locally invertible at infinity.

Since the Dirac operator D 4 ¢, is elliptic, and we assume that the Lopatinsky—
Shapiro condition (74) is satisfied at each point x € X, Dy ¢, 3y 1S a locally
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Fredholm operator at every point x € R". Hence, the operator D4 ¢ % is a Fred-
holm operator if and only if D4 ¢, 5 is locally invertible at infinity. For R > 0
large enough the operators D4 ¢ m B35 XRI, XRDA,o,m 85 coincide with the opera-
tors D o.mXRI-XRD A,&,m, respectively. Hence Dy ¢, 5 is locally invertible at
infinity if and only if the Dirac operator © 4 ¢ ,, is locally invertible at infinity.

Let the function a € C}]) (R") and Z" > hy — oo. We consider the sequence
{a(- + hi)}ren - Applying the Arzeld-Ascoli Theorem one can find a subsequence
{a(x + hi))}, 5 converging to a limit function a"(x) € Cp(R") uniformly on every
compact set K C R”".

Thus every sequence Z" > hy — oo has a subsequence /y, such that there are
limits

A(x + hy) — Ah(x), D (x + hy,) — <I>h(x), m(x + hy) — mh(x)

in the sense of the uniformly convergence on the compact sets in R".
We say that the Dirac operator fo‘ om = D gl ph ,n 18 the limitoperator of D 4, ¢ m
defined by the sequence Z" > h,,, — o0.

Proposition 15 (see [32, 33]) The operator D 4 o m : H'(R",CN) - LXR"; CN) is
locally invertible at infinity if and only if all limit operators @i’l,q,’m H'R"; CNy -
L2(R"; CN) are invertible.

’mh

This Proposition yields the following result.

Theorem 16 Let conditions (a), (b), (c) be satisfied. Then D4 o m By : H'(R"; CN)
— L2R"; CNy @ HY2(, CN) is a Fredholm operator if and only if all limit oper-
ators QZ,Qm cHY(R", CcNy — L2(R", CN) are invertible.

Let D4, ¢, m, 55 be unbounded operator associated with the interaction operator
Daomms : H' RN, CV) - L2R"™\ %, CY)® H'/>(x, CV). Then Theorem
16 implies the following corollary.

Corollary 17 Let conditions (a), (b), (c) be satisfied. Then the unbounded operator
Da,o,m, By, is closed, and

SpessDA,tb,m,%): = USPQZ,QW, (76)
h

where the union is taken with respect to all sequences h = (hy,,) defining the limit
operators D 4h gh i -

Proof Since the Dirac operator ®4 ¢, is uniformly elliptic on R”, and the
Lopatinsky—Shapiro condition (74) is satisfied at every point x € X, then in the spirite
of the proof of Theorem 9 we obtain the a priori estimate for every vector-function
ue H'(R"™\ z,CV)

||u “HI(R”\Z,(CN)

= C(I1Da0mtl o o) + 1Bsull s cm + Il 2ecn) - 0D
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with a constant C > 0 independent of u (see for instance [1]). This estimate implies
that the operator D4, ¢, 585 1s closed. Formula (76) follows from Theorem 16. O

Remark 18 There is another approach to studying the essential spectrum of self-adjoint
operators Dy ¢, 535 based on their resolvent property:

1

(Paomms =) = (Daom—r)" = 00), 1 € C\R, (78)

where Q(A) is a compact in L2(R", CN) operator (see for instance [11]). The equality
(78) yields that

spessDA,'iD,m,%z = SpessgA,Qm
(see for instance [38], Theorem XIII.14 ).

Definition 19 We say that a functiona € C g (R™) is slowly oscillating at infinity and
belongs to the class SO!(R") if

lim axja(x) =0,j=1,...,n. (79)
X—>00

Proposition 20 ([32], Chap. 2) Ifa € SO'(R") and the sequence R" > hy — oo is
such that

lim a(x + ) = a"(x), x e R"
k— 00

in the sense of uniformly convergence on compact sets, then the limit function a" is a
constant.

h

Assume that A, ®, and m belong to SO (R").Then the limit operators Z)A’d,’m

are of the form
Dl o = (D + A" + ey + D" Iy (80)

where A" € C*, m" € C, ®" e C. Because A" € C" the operator ’DZ &, 18 Unitary
equivalent to the operator

’Z)gm =a-D —l—mhocn_,_] + CDhIN.

Hence

sp@ﬁl,lb,m = SP@g’q),m = {)L cC: 1= (I)h =+ |§‘|2 + (mh)z’%- c Rn} (81)

where the branch of the root v/|£|> + z2 is chosen such that /|£|> + z2 > O forz € R.
If the potentials ®,and m are real-valued functions, then
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5Dl 0.0 = 59D 0, = (00, & = [ [ [0 + |m"] . +00) . (82

Theorem 21 Let A;, &, m € SOI(R”) be real-valued functions. Then

SpessDA,CD,m (83)
= (—oo, lim sup(®(x) — |m(x)|)i| U [liminf(CD(x) + m((x))), +oo) .
X—>00 X—=00
Proof Formula (83) follows from formulas (76) and (82). O

Remark 22 Let conditions of Theorem 21 hold, and the mass of the particle be a
constant m € R. Then the operator D4, ¢, m, 35 can have the discrete spectrum if and
only if

lim sup ®(x) — liminf ®(x) < 2 |m].
X—00 X—=00
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