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Abstract

Form € R we consider the symbol classes S, m € R, consisting of smooth functions
o on R2? such that 0% (z)| < Cu(1 + |2|2)"/2, z € R* and we show that can be
characterized by an intersection of different types of modulation spaces. In the case
m = 0 we recapture the Hormander class S0 o that can be obtained by intersection of
suitable Besov spaces as well. Such spaces contain the Shubin classes ', 0 < p < 1,

and can be viewed as their limit case p = 0. We exhibit almost diagonalization
properties for the Gabor matrix of t-pseudodifferential operators with symbols in
such classes, extending the characterization proved by Grochenig and Rzeszotnik
(Ann Inst Fourier 58(7):2279-2314, 2008). Finally, we compute the Gabor matrix
of a Born—Jordan operator, which allows to prove new boundedness results for such
operators.
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1 Introduction and Results

Modulation spaces were originally introduced by Feichtinger [17] in 1983 and have
revealed to be very useful in many different frameworks, which include harmonic
analysis, quantum mechanics, pseudodifferential and Fourier integral operators, partial
differential equations (we refer the reader to Sect. 2 for their definitions and main
properties).

Several authors have studied inclusion relations of such spaces with other classical
function spaces such as Besov, Triebel-Lizorkin Gelfand—Shilov spaces [25,35,39,44].
In particular, when they are considered as symbol classes for pseudodifferential or
Fourier integral operators, their relationship with classical symbol spaces such as
the Hormander classes or the Shubin—Sobolev spaces has been investigated in many
contributions (see e.g., [4,11,29,40] and the references therein).

In 1994 Sjostrand [33] introduced the first symbol class via time-frequency
concentration on the phase-space, the Sjostrand class, which later revealed to be
a type of modulation space. This rough symbol class have been inspired many
works on pseudodifferential operators with symbols in modulation spaces (see, e.g.,
[2,3,11,22,23,30,36—39] and the book [11]). The contributions are so many that it is
not possible to cite them all.

In [34] Sjostrand continued his study on pseudodifferential operators with rough
symbols and he also considered the symbol class object of our study. Namely, for
m € R, let us define

SR = {a € C®R¥) : 3% (2)| < Colz)™, aeN¥, 7 RM} Y

for the definition of (z)™ see (12). Notice that this is a special instance of the class
S(w) introduced in [34, Formula (3.2)].

There were several papers/books in the seventies and eighties where this symbol
class were considered. For example, the whole theory of the Weyl calculus, e.g. in [6]
can be applied on this class.

Another work on pseudodifferential operators with symbols of the type above is
due to Rochberg and Tachizawa [31]. Later, these classes were considered as spaces
for symbols of Fourier integral operators [12, Remark 3.2].

For m = 0 we recapture the standard Hérmander class Sg’O(RM): pseudodifferen-
tial operators with these symbols are an algebra which is closed under inversion. This
claim was originally proved by Beals [1] and later recaptured by Grochenig and Rzes-
zotnik [24], using time-frequency analysis; key tool was the almost diagonalization
property of the related Gabor matrix.

We continue this spirit of investigation and present a characterization of pseudod-
ifferential operators with symbols in $” (R?¢) in terms of the decay properties of the
related Gabor matrix. Let us introduce the main features of this work.

For 7 € [0, 1], the (cross-)T-Wigner distribution is the time-frequency representa-
tion defined by
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W (f, ) (x, ®) = /H; | e f(x +Ty)gle — (1 —D)y)dy, f,g€SRY,
2)

cf. [27]. Given any tempered distributiono € S "(R24), the t-pseudodifferential oper-
ator Op, (o) can be introduced weakly as

(Op, (o) f,8) = (0, We(g, f)), f,g€SRY). 3)

The Weyl form Opw (o) of a pseudodifferential operator can be recaptured when
v = 1/2, the Kohn—Nirenberg case Opgn (o) corresponds to T = 0.

Given z = (x, w) € R??, we define the related time-frequency shift acting on a
function or distribution f on R? as

7@ ft) =™ f(r —x), teR?. )
Let us recall the definition of a Gabor frame. Given a lattice A = AZ24, with A €

GL(2d,R), and a non-zero window function g € L2(RY), we define the Gabor
system:

G(g. A) ={m(M)g: 1 € A}.

The Gabor system G(g, A) is called a Gabor frame, if there exist constants A, B > 0
such that

AlFIE <Y K mg)? < BIFI3.  Vf e L*RY). )

reA

Fix g € S(RY)\ {0}. The Gabor matrix of a linear continuous operator T from S(R%)
to S’ (RY) is defined to be

(Tr(2)g, w(u)g), z,u e R¥. (6)

This Gabor matrix can be viewed as the kernel of an integral operator, cf. Sect. 2 for
details.
For t € [0, 1], define the change of variables

To(z,u) = (1 — D)z1 + tur, tza + (1 = Dua), z=(z1,22), u = (uy, up) € R*.
7N
We possess all the instruments for the characterization of S” (R2d ):

Theorem 1.1 Consider g € S(R%)\ {0} and a lattice A such that G (g, A) is a Gabor
frame for L? (Rd). Fix m € R. For any t € [0, 1], the following properties are
equivalent:
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(i) o e ™ (R*).
(ii) o € & (de) and for every s > 0, 0 < g < 00, there exists a function H; €
LYy (R, with

IHella < C, VT €l0,1], (8)
such that
|(Op; ()7 (2) g. 7w (W) g)| < He(u — 2)(Te(z.w))",  Vu,zeR*. (9)

(iii) 0 € & (RM) and for every s > 0 there exists a sequence h, € E?’_)s (A) with
||hr||£z(1)s < C for every T € [0, 1], such that

(Op, (@) 7 (W) g. 7 (V) g)| < he(h — ) (T (. 2™, VA, e A. (10)

For the Hérmander class SO(R2?) = Sgso(RZd), the Gabor matrix characterization
for Weyl operators was shown by Grochenig and Rzeszotnik in [24, Theorem 6.2]
(see also [31]) in the case ¢ = oo. So this result can be viewed as an extension to any
0<g<ooandrt € [0, 1].

The central role in the proof of the result above is the characterization of the class
$™(R??) by an intersection of weighted modulation spaces (in particular, weighted
Sjostrand classes): for 0 < g < oo,

m mp2dy __ 00,49 2d
S"RM) = (Y Mg 00 R,

s>0

cf. Lemma 2.2.
For the special case m = 0, the Hormander class SO(R2) = Sg!O(RZd ) can also be
represented as the intersection of Besov spaces and Holder—Zygmund classes:

Soo® = [ C®) = [ B @) = [ Mg, (R*),

s>0 5>0 s>0

cf. Lemma 2.3, which extends the characterization in [24].
Observe that S™ contains the Shubin classes FZK 0 < p <1, defined as [32]

I (R*) = {o € CPR™) : 090 ()] < Cald)" P, a e N, z e R,

and can be viewed as their limit case p = 0. The Shubin classes enjoy a symbolic
calculus very useful when dealing with the corresponding pseudodifferential oper-
ators. This is not the case of §”(R2?). Hence, the characterization in Theorem 1.1
might be an instrument to infer boundedness, composition, inversion properties of the
corresponding operators in suitable function spaces, such as the modulation ones.
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As a byproduct, Theorem 1.1 allows to compute the Gabor matrix decay of a
Born—Jordan operator. We present some continuity properties of the latter on weighted
modulation spaces, extending the work [8].

This study paves the way to other possible investigations. For instance, when the
symbol o on R?? satisfies a Geverey-type regularity of order s > 0:

0% (2)] < M)C (@), aeN* zeR¥, (11

with M any possible v-moderate weight (see Sect. 2 for its definition). These symbols
were applied in [13] to investigate the sparsity of the Gabor-matrix representation of
Fourier integral operators. In this case we conjecture that the right modulation spaces
to be considered are of the type M;[o’q Vs (R24),

®e
Eventually, one might extend the characterization exhibited in Theorem 1.1 to

Fourier integral operators of Schrodinger-type with symbols in S and suitable phases
as in [10]. This will be the object of a further work.

The paper is organized as follows. In Sect. 2 we present the function spaces object
of our study. In particular, we focus on modulation spaces and present the properties
needed for our results. We then prove the characterization of the classes S”* (R24y and
in particular of the Hérmander classes Sg,o(]RZd ). Section 2.1 is devoted to the study
of the Gabor matrix for t-operators and Born—Jordan operators. As an application,
boundedness results on modulation spaces are exhibited.

2 Function Spaces and Preliminaries

In this manuscript < denotes the continuous embeddings of function spaces. Recall
that the conjugate exponent p’ of p € [1, oo] is defined by 1/p + 1/p’ = 1.

The notation yw means the inner product y - w, |x| stands for the Euclidean norm
of x and x? means |x|%.

We denote by v a continuous, positive, submultiplicative weight function on R?,
ie., v(zi + 22) < v(z1)v(z0), forall z1, zo € R?. We say that w € MR ifwisa
positive, continuous weight function on R? v-moderate: w(z1 + z2) < Cv(z1)w(z2)
for all z1,z2 € R4 (or for all 71, z2 € Z%). We will mainly work with polynomial
weights of the type

v(2) = () = A +1zP?, seR, zeR? (orZ?). (12)

Moreover, we limit to weights w with at most polynomial growth, that is there exist
C > 0and s > O such that

w(z) < C(z)*, zeR. (13)

We shall work mostly with weights on R or 724; we define (w; ® wy)(x, w) =
w1 (x)wa(w), for wy, wr weights on R4,
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Spaces of Sequences For 0 < p < 0o, w € M,(Z%), the space 25 (z4) consists
of all sequences a = (ax)czq« for which the (quasi-)norm

L
)4

lally = | Y laxlPw(k)”

keZd

(with obvious modification for p = 00) is finite.
We are going to use the following inclusion relations for w(k) = (k)*, s > 0: If
0 < p1, p2 < oo, with

< 1 +S2 1 +S1
=8, —T 7 < T,
pp d p1d

then
(k>Y (k)sl :

The so-called translation and modulation operators are defined by T, g(y) = g(y —
x) and M,g(y) = ¥ ®g(y), respectively. Let S (R?) be the Schwartz class and
consider g € S(R) anon-zero window function. The the short-time Fourier transform
(STFT) V, f of a function/tempered distribution f in S "(R?) with respect to the the
window g is defined by

Vef(x,0) =(f, MuTxg) = /e_zniwyf(y)g(y —x)dy,

(i.e., the Fourier transform F applied to f 7T, g).

Modulation Spaces For 1 < p,qg < oo such spaces were introduced by H.
Feichtinger in [17], then extended to 0 < p, g < oo by Y.V. Galperin and S. Samarah
in [20]. Their main properties and applications are now available in several textbooks,
see for instance [11].

Definition 2.1 Fix a non-zero window g € S(RY), a weight w € M, (R*) and
0 < p, g < o0o. The modulation space M, b (Rd) consists of all tempered distributions
f e 8'(R) such that the (quasi-)norm

1

1l = Ve fll s = (/Rd (/Rd |vgf<x,w)|”w(x,w)wx)” dw) (15)

(obvious changes with p = 0o or ¢ = 00) is finite.

They are quasi-Banach spaces (Banach spaces whenever 1 < p,q < 00), whose
(quasi-)norm does not depend on the window g, in the sense that different non-
zero window functions in S(RY) yield equivalent (quasi-)norms. Moreover, if
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1 < p,q < o0, the window class S (Rd) can be extended to the modulation space
M} (RY) (so-called Feichtinger algebra).
To be short, we write ML (R?) in place of ML'” (R?) and MP4(R?) if w = 1.
We recall the inversion formula for the STFT: assume g € Ml} ®RH\ {0}, f €
MEY(RY), with w € M, (R?), then

1

lgl3

f f Ve f(@m(z)gdz, (16)
RZd

and the equality holds in M}, 7 (R?). The adjoint operator of V,, defined by
VoF(1) = / F(2)m(z)gdz,
R2d

maps the mixed-norm space L7 (R into ME9(R?). In particular, if ' = V, f the
inversion formula (16) can be rephrased as

1
dypa = ——= ViV, (17)
" gl

We need to introduce an alternative definition of modulation spaces we shall use
in the sequel. For k € Zd, we denote by Qy the unit closed cube centred at k. The
family { O}z« is a covering of R?. We define |w|oo := max;=1, .4 |w;il|,forw € R4,
Consider now a smooth function p : R — [0, 1] satisfying p(w) = 1for |w|eo < 1/2
and p(w) = 0 for |w|x > 3/4. Define

pr(@) = Tip(w) = p(w — k), ke, (18)

that is, o is the translation of p at k. By the assumption on p, we infer that px (w) = 1
for w € Qy and

Z o) >1, VYoeRY.
kezd

Denote by

ok (w)

7 weRY kezl. (19)
Z[Ezd p1(w)

ox(w) =

Observe that oy () = og(w — k) € D(R?) and the sequence {0y}, <z« is a smooth
partition of unity

Z or(w) =1, VYo e RY.
kezd
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For k € 74, we define the frequency-uniform decomposition operator by
Ok := Flon F. (20)

The previous operators allow to introduce an alternative (quasi-)norm on the weighted

modulation spaces M/ (R?) inspired by [43] as follows.

Proposition 2.2 For 0 < p,q < 0o, h, w € My(R?) have

1
q
1 g, ey =< | D0 IO N0 |, f € 'R, 2
kezd '

with obvious modification for ¢ = oc.
Proof The case p, g > 1is well known, see for example [11, Proposition 2.3.25]. The

cases 0 < p < 1 or0 < g < 1 are an easy modification of that proof. Namely, let us
point out the main changes. If 0 < p < 1, we consider

O f = FlouFf = FlowT,dFf, for we O,

since Tw<2> = 1 in supp oy for v € Q. Using Young’s inequality for distributions
compactly supported in the frequencies (see [28, Lemma 2.6], which holds also for
L;Z ,0 < p <1, with h being v-moderate), for w € Qy, we obtain

10k Sy S NF okl g IF T TudF Fllp S NF ' TuF fllpp-

The rest of the proof is analogous to the Banach case and we leave the details to the
interested reader. O

An useful embedding is contained in what follows.

Proposition 2.3 Given 0 < p1, p2, q1, g2 < 0o, withm, s1, s in R, one has

P1,91 d P2,92 d
M(.)m®<.)51 (RY) — M(.)m®(.>xz (RY) (22)
if and only if
P1 =<2 (23)
and
S1 1 52 1
QG =q, s1=s or q>q, —+—>—+—. (24)
d q d
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Proof The Banach case when m = 0 was originally shown by H. Feichtinger in [17].
We use similar arguments as in that proof. The discrete modulation norm defined in
(21) is given by

1wz ZnDkfn Ky

keZd

The necessity of (23) follows from the fact that FLP! is locally contained in F L??
if and only if p; < p» (with strict inclusion if p; < p»), cf. [5,18,28,42]. The set
of conditions in (24) in turn describes the inclusions between weighted ¢9 spaces:
E‘(I,I)_yl C E‘(I'Z)_yz if and only if the indices’ relations in (24) are satisfied, cf. for instance
[25, Lemma 2.10]. This concludes the proof. O

We also recall the following inclusion relations, see e.g. [11, Theorem 2.4.17] or
[20, Theorem 3.4]: If p; < p2, q1 < g2 and wy < wy, then

ME- (R < MD292(RY). 25)

Corollary2.4 For0 < q; <gq» <o0o,d e Ny, m,s,r e Ror >s+d(1/q1 — 1/q2),
we have the following continuous embeddings:

Moty yr R > MO (RY) > MO (R, (26)
Proof The first embedding is a straightforward application of the inclusion relations
in (25). The second one follows by the embedding in Proposition 2.3. O

Besov Spaces The Besov spaces are denoted by Bsp 4 (Rd ),0< p,g<o00,5s €R,
and defined as follows. Suppose that v, ¥ € S(R?) satisfy supp o C {w € R :
lw] <2}, supp ¥ C {w € R?: 1/2 < |o| < 2} and Yo() + 172, ¥ 2 w) = 1
for every w € R, Set Yi(w) == V(2 /w), w € R?. Then the Besov space B! (RY)
consists of all tempered distributions f € S’ (R?) such that the (quasi-)norm

1/q

Ifligra = D 2NF W FOIG | <oo 27)

j=0

(with usual modifications when ¢ = o0). Besov spaces are generalizations of both
Holder—Zygmund and Sobolev spaces, see e.g. [42]. Precisely, we recapture the
Sobolev spaces when p = g = 2,5 € R: BSZ’Z(Rd) = HS(R?Y). For s > 0,
B (RY) = C*(RY), the Holder—Zygmund classes, whose definition is as follows.
Fors > 0, we can write s = n + ¢, withn € Nand € < 1. Then C* (]Rd) is the space
of functions f € C"(R?) such that for each multi-index o € N, with |«| = n, the
derivative 0% f satisfies the Holder condition [0% f(x) — 0% f(y)| < K|x — y|€, fora
suitable K > 0.
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Inclusion relations between modulation and Besov spaces By~ were first obtained
for 1 < g < oo (the Banach setting) in [39, Theorem 2.10] and then for 0 < g < oo
in [43]: for 0 < g < o0, set 0(q) = min{0, 1/g — 1}, then

d d d
s+d/q(R ) — M1®< s(RY) BY+d0(q)(R ), seR. (28)

2.1 Gabor Analysis of 7-Pseudodifferential Operators

For any fixed m € R, the class S (RM) in (1) is a Fréchet space when endowed with
the sequence of norms {| - |v.m}NeN,

lo|nm = sup sup [0%c(2)[(z)™", N eN. (29)

le|<N zeR

Forn € N, m € R\ {0}, we define by C;, (R?) the space of functions having n
derivatives and satisfying (29) for N = n, whereas C" (de) is the space of functions
with n bounded derivatives. Clearly we have the equalities

n>0 n>0

A characterization of the class SO(R24) = Sy 0 (R2d) with modulation spaces was
announced by Toft in [41, Remark 3.1] and proved in [24, Lemma 6.1].

Lemma 2.1 We have the equalities

(M C"RY) = (M7 R = (| Mg/, RY). (30)
n>0 5>0 s>0
Hence SO(R) = ;2 M{g 0 (RX) = Moo Mg s (RX).

In what follows we extend the previous outcome to all the classes S™ (R%4), m € R.

Lemma2.2 Form € R,0 < g <oo,n €N, s € (0, +00), we have the equalities of
Fréchet spaces

S"R) = (YR = [\ Mg R = (VMg RD BD)

n>0 n>0 5s>0

with equivalent families of (quasi-)norms

{l - ln,mtnen, {II~II . } ; {II ll pgoea } . (32)
o Moy men [ e M mas 520

In particular, for everyn € N,

I f e < Clum) f - (33)
() 7Me()
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Proof The equality S™ (R = M=o M(Of;’_},, B (R4 was proved in [26, Remark
2.18]. The embeddings in (26) then give the equalities in (31) with the equivalent
families of (quasi-)norms in (32). Let us show the estimate (33). For f e C}, (RY)
(C"(R?) if m = 0) and any multi-index o € N? with |¢| < n, we consider the

function 0% (f Ty g). Taking its Fourier transform we get
FO(fTe@)(w) = Qrio)* F(fT:8)(w) = Qriw)* Ve f (x, w). (34)

In what follows we use the boundedness of F : L1 (RY) — Co(R?), Peetre’s inequality
(x)™m <27 (x — 1)I"l(t)=" and Leibniz’ formula:

A

() TNF @ (fTegN oo = (x) 10 (fTx&) It

— ™y (;)a/’f T,0% P
1

B<a

=" (2) 1@ Y™ el P2 ()™ Iy

B«

<27 sup [10° £)() " oo Me max <2>||(a°‘—ﬂ ST

1Bl=<n =

= Ca,g,m|f|n,m,

where Cgam = 27" My maxgq (5)13* ) ()™ |1 with My = #{(B € N/, B <
a}. The estimate above and formula (34) yield

sup Ve f(x, 0)|(x)™" < Coam|flamle®™", |0l #0, Via| <n. (35)

xeRd

Now if f € [V, Cp(RY) then for every & € N there exists C = Cy > 0 such that
the estimate in (35) holds true. Since (w)" < Z\a|§n cq |w¥| for suitable ¢, > 0, we
obtain

sup Vg f(x, o)[(x)""(@)" < C|flam. Yn=0

x,weRd

for a suitable C = C(n, m) > 0 that is (33). O

In particular, for m = 0 we recapture the outcome of Lemma 2.1.
For the case m = 0 we can characterize the Hérmander class S?(R2?) = Sg O(RM)

by Holder-Zygmund classes C* (R??) = B> (R??) and by Besov spaces.

Lemma 2.3 For 0 < g < oo, we have the equalities

S0oR*) = [ C*®*) = (| B&I®R™) = (| Mgl R, (36)

s=>0 5>0 s=>0

Birkhauser



3 Page120f20 Journal of Fourier Analysis and Applications (2022) 28:3

with equivalent families of (quasi-)norms
{I- Ilgeeets=0, Al - llgoa}s=0, {ll - IIMf;;{W }s=0. (37

Proof 1t is a straightforward consequence of Lemma 2.2 and the inclusion relations in
(28). O

3 Gabor Matrix Decay

Let us first represent the Gabor matrix as a kernel of an integral operator. Consider a
linear and bounded operator 7 from S (R9) into S’ (R?). The inversion formula 17
for g € M, (R?), ||gll2 = 1 is simply V'V, = Id. The operator T can be written as

T =ViV,TV}V,. (38)

The linear transformation V, T Vg* is an integral operator with kernel K7 given by the
Gabor matrix of T':

Kr(u,z) =(Tn(z)g, m(u)g), u,z € R |

By definition and the inversion formula, V, is bounded from M#¢ (R9) to L7 (R?4)
and V; from Li’q (RM ) to M, £’q (]Rd ). Hence the continuity properties of 7 on mod-
ulation spaces can be obtained by the corresponding ones of the operator VgTV; on

mixed-norm L1 7 spaces. These issues will be studied in Proposition 3.5 and Corollary
3.10 and can be achieved by studying the Gabor matrix decay of T.
First, we focus on the characterization of the Gabor matrix of Op, (o).

Proposition 3.1 Consider 0 < p,q < oo, 7 € [0,1], w € M, (R¥) satisfying (13),
G € SR\ {0}, g € SRY) \ {0} and define ®, := W (g, g). Then there exist
A=A, g,G) >0, B=B(,g,G) > 0such that

AlVGollgs < Vo, 0l ge < BIVGollps, (39)

foreveryt € [0, 1] and o € MET(R??).

Proof By Proposition 2.2 and Remark 2.3 in [16] the mapping

(t, f,8) = Wu(f, 8

is continuous from R x S(R?) x S(R¥) to S(R??) and locally uniformly bounded. Since
@, for T € [0, 1] belongs to a bounded set in S (R24), the result follows immediately
from [21, Theorem 11.3.7] for p, g > 1 and [20, Theorem 3.1] for 0 < p,q < oco. O

Finally, we need the following result for 7-pseudodifferential operators [14, Lemma
4.1].
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Lemma 3.1 Fix a window g € S(RY) \ {0} and define ., = W, (g, g) for t € [0, 1].
Then, foro € S’ (Rz‘i),

(Op; (@) 7 (2) g, 7 () g)| = |V, 0 (Tr (), J (u = 2)]. (40)
where 7 = (21, 22), u = (uy, uy), the operator 1, is defined in (7) and J is given by

J(2) = (22, —21).

We are ready to state the characterization of t-operators with symbols in

00,9 2d
M s B2,

Theorem 3.2 Consider g € S(R%)\ {0} and a lattice A C R*? such that G (g, A) isa
Gabor frame for L? (Rd). For t € [0, 1], let T; be the linear transformation defined
in (7). Forany s,m € R, 0 < g < oo, the following properties are equivalent:

(i) o€ M50 (RY).

(ii) o8 (RZd) and there exists a function H; € L?.)S (R%) satisfying (8) such that

|(Op, ()7 (2) g. 7w () g)| < He(u — 2){Te(z,w))™,  Vu,z e R*. (41)

(iii) o € & (de) and there exists a sequence h; € Z?_)S (A) with ”hf”lz‘{)x < C, for
every T € [0, 1] such that

(Op, (@) 7 (W) 8.7 () )] < Che(h — W) (T (. W)™, VA, € A. (42)

Proof The proof follows the pattern of the corresponding one for Weyl operators with
symbols in weighted Sjostrand’s classes [22, Theorem 3.2].

(i) = (ii) This implication comes easily from the characterization (40). In details,
observing that (Ju) = (u),

(Op, ()7 (2) 8.7 () g)| = |Va,0 (Tr (2 1), J (u — 2))|

sup (|Vo,ol(w, J (u — 2) [{w) ™) (Te (z, u))™

weR2d

= H;(u — 2)(T¢ (z, u))",

IA

where

H;(u) := sup (|Vq>ra|(w,Ju)|(w)7m).

weR2d

For 0 < g < o0,

1
q

q
Mo = (fﬂw [ sup (|Ve,ol(w, Ju)|(w)—m)i| (u>qsdu> = lollya

welR2d ()7me)
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Hence by Proposition 3.1 we obtain the estimate (8). The case ¢ = oo is analogous.
(i) = (i) Consider the change of variables y = 7;(z, u) and t = J(u — z), so that

] L= T.(0, 2)(43)

zy.t) =y—=UJ "t U e [rld 0
u(y, 1) =y+(hg—U)J " 't’ L0 d-0ly

and u(y,t) —z(y,1) = J~'t.For 0 < g < oo, using (40) and (41),

1

a 7

llo [l ygooa x(/ <sup |Vq>,a(y,r>|<y>"") <z>‘”dt)
()7me() R\ yeR2

q
(/de ( sup |(Op, (o) 7 (z(y, 1)) g, 7 (u(y, 1)) g)| (T2 (z, u))"")

yERZd

1

X (t)‘”dt) !

= ([

<C,

1
H,(J_lt)’q <z)‘”d1> ’

where we used (8). The case g = oo is analogous.

(ii) < (iii) The argument requires that G (g, A) is a Gabor frame for L* (R?). Then

the equivalence can be proved similarly to [10, Theorem 3.1] and [22, Theorem 3.2].
O

The proof of the characterization of the symbol classes S (R>?) claimed in Theo-
rem 1.1, can be inferred easily from the result above.

Proof of Theorem 1.1 The proof is a direct application of the characterization of the
classes S (R24) presented in (31) and Theorem 3.2. O

The following issue is an improvement of [7, Theorem 2.4] and relies on the new
characterization of §™ (R2?) proved in Lemma 2.2.

Proposition 3.3 Consider g € S(R?)\ {0}, m e Rand o € §™ (RM). Foranyn € N
there exists C = C(n) > 0, which does not depend on o or t, such that
(T (z, w)™

g Yrel, Vu,z € R*,
u—=z

(44)

|(Op, (@) 7 (2) g, 7w () g)| < Clo|nm

Proof Using the characterization of the Hormander classes S (R??) in (31) we infer
that o e M O-m@ () (R24) and, for any n € N, the norm estimate in (33) says that
there exists C = C(n, m) such that

”O'”ME’o <C(n, m)|0|n,n1: (45)

Y
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where C(n, m) > 0 is independent of o. For z, w € R24 we use Lemma 3.1 and the
norm estimate in (45) which yield

(Op, (0)7 (2) 8.7 (w) g)| = |Va,0 (Tr (2, 1), J (u — 2))|
(Te (z, u))"

< C|G|n,m—a

(u—z)"
that is the desired result. O

For s € [0, +00) \ N, the estimate reads as follows.

Proposition 3.4 Consider g € S(RY)\ {0}, T € [0, 1], m € Rand o € S™ (R*!). For
any s € [0, 400) \ N there exists C = C(s,m) > 0, which does not depend on o or
T, such that

(T (z, w)™"

R Yu,z e R¥,  (46)
u—=z

|(Op, (@) 7 (2) g, 7w () g)| < Clo|nt1,m

where n = [s] is the integer part of s.

Proof The result is attained by the the same argument as Proposition 3.3 and the
inclusion relations between modulation spaces in (25). O

3.1 Boundedness Results

The characterization of the class S in Lemma 2.2 and Theorem 3.1 are the key tool
for boundedness properties of t-operators on weighted modulation spaces.

Proposition 3.5 Consider t € [0,1], m € R, 0 € S’"(de), 0 < p,q < oo. Then
Op, (o), from S (R 10 S’ (R?), extends uniquely to a bounded operator

Op,(0): M7, (RY) — My (RY),

foreveryr e R.

Proof Choose g € S(R?) and a lattice A such that G(g, A) is a Gabor frame for
Lz(Rd). Define t := min{l, p, g} and choose s > (2d + |r|)/t. Using the equivalent
discrete (quasi-)norm for the modulation space, see e.g. [40, Proposition 1.5], the
estimate in (42) and Young’s convolution inequality in [19, Theorem 3.1], we obtain
the result. Namely,

10p, (&) fllyyra = Ve (Op, (@) )llgraa, < \hf « |Ve F16™
o o L)
<lhelle o Vel O™ g < Clflra,, -
Alternatively, since 0 € S = ﬂs>0 M OO_Z, o) Y(RM) by Lemma 2.2, one can use
[40, Theorem 3.1] with p = co and g < small enough to yield the claim. O
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Remark 3.6 (i) For o € SO(R%) = Sgyo(RZd) and we recapture the continuity of
Op,(0): M{}! (RY) — mp (RY).

This was already shown in [39] for p, g > 1, for the quasi-Banach cases see [40].
(i1) For p = g = 2 we have the continuity between the Shubin—-Sobolev spaces
Qrm(RY) and Q, (RY).

Corollary 3.7 Consider t € [0,1], m,r € R, 0 € SMR2), 0 < p,q < oo. Let
|Op, (0) || denote the norm of Op_ (o) in B(Mf_;fﬂm Rd), Mf;f’ (RY)Y). Then there exists
a constant C > 0 such that

[Op. (@) =C, Vrel0 1] (47)

Proof The claim is evident from proof of Proposition 3.5. O

3.2 Born-Jordan Operators

The Born—Jordan operator with symbol o € & "(R9) can be defined as

(Opp (o) f.8) = (0. Wss(g, /), f.g€SMRY,

where the Born—Jordan distribution Wp (g, f) is

1
Wgi(g, f)=/0 W (g, f)dr,

see, e.g., the textbook [15]. In what follows we study the Gabor matrix decay for
Born—Jordan operators.

Theorem 3.8 Consider g € S(R?) \ {0}. For m € R consider ¢ € S™ (RZd). Then
foreverys > 0,0 < g < oo, T € [0, 1] there exists a function H; € L?.V(RM) which
satisfies (8) and such that

1
\(Opguo)n(z)g,n(u)g)!s<z>"’/ Hy(u—2)dr, Vu,zeR*. (48)
0

Proof For o € S'(R*?), Opy (o) is linear and continuous from S(R?) into S’ (RY),
see [16]. For z, u € R¥ o € §"(R?*?) and g€ S(RY) we compute

(Opp(0)m(2)g, w(u)g) = (o, Wpy(w(u)g, 7(2)g))

1
=/ U(y)f W (m(u)g, m(z2)g)(y)drdy =: I.
RZd 0
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From [16, Proposition 2.2, Remark 2.3] we have that the mapping
R x SR x S®RY) — S®*), (1,9, 9) = Wilp, ¥)

is continuous and locally uniformly bounded. Thus Wg, (¢, ¥) € S(R*?) and the
integral [ is absolutely convergent, so that

! 1
I :/0 fRZda(y)Wr(n(u)g, n(z)g)(y) dydrt 2/0 (Op, ()7 (2) g. 7w (w) g) d.
By Peetre’s inequality:

(Te(z,u)™ = (21 + t(ur — z1), 22 + (1 = D) (u2 — 22))"

<) (u — )M,

for every u = (uy, uz), z = (z1,22) € R24_ Hence, using Theorem 1.1,

1 1
1] sf |(Op, (0) 7 () g. 7 (w) g drsf He(u—2) (u—2)" dr (2)™.
0 0

Then the function H, (z) (z)!™! satisfies condition (8). O

Remark 3.9 (i) For ¢ > 1, we can define H(z) := fol H;(z)dt. Using Minkowski’s
integral inequality we infer H € L?_>S (R?4) and the estimate (48) becomes

(Opg; ()7 () g.m (W) g)| < Hu—2)(2)", Vu,ze€ R,

Notice that for 0 < ¢ < 1 Minkowski’s integral inequality is not true in general.
(i1) Arguing as in Theorem 3.8, we may discretize the Gabor matrix decay in (48) as
follows: consider g € S(R?) \ {0} and a lattice A in R/ such that G (g, A) is a Gabor
frame for L2 (Rd). Ifo e §™ (RZd) then for every s > 0,0 < g < 0o, there exists a

sequence h; € E‘(I»S(A) with ||h; ||e‘<1)s < C for every T € [0, 1] such that

1
(Ops @7 G0y 8.7 Gy gl| < " [ he—mdr, Viwea.

Corollary 3.10 Considerm € R, o € §"(R*), 0 < p, g < oc. Then Opp (o), from
S(RY) to S'(R?), extends uniquely to a bounded operator

Opgy(0): M3, (RT) — MUT(RY,
foreveryr € R.
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Proof The proof is similar to the one of Proposition 3.5, using the decay for Gabor
matrix of Opp; (o) found in Theorem 3.8, with /. replaced by fol h;(-)dt. Then, for
t > 1 we use Minkowski’s inequality to write

o

For ¢t < 1 we use the inclusion relations (14) and majorize

1 1
‘ / he (Ve / he (Ve
0 0

with § > 0 such that 1/¢ + 5/(2d) < 1 +§/(2d), that is

1
sf Vel dr < C.
o T

)

o
)F

~

< ‘

'
€<_>S

)
5 > T(l—t),

and we proceed as above. O
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