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Abstract

Indicator functions mentioned in the title are constructed on an arbitrary nondiscrete
locally compact Abelian group of finite dimension. Moreover, they can be obtained
by small perturbation from any indicator function fixed beforehand. In the case of a
noncompact group, the term “Fourier sums” should be understood as “partial Fourier
integrals”. A certain weighted version of the result is also provided. This version leads
to a new Men’shov-type correction theorem.
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1 Introduction

When stated in precise terms, any specific form of the vague claim that a function and
its Fourier transform cannot be too small simultaneously (the celebrated “uncertainty
principle in harmonic analysis”) often turns into the question about a frontier beyond
which this claim becomes false. In the range of problems where smallness is understood
as the vanishing on a large set, one such frontier was marked recently by Nazarov and
Olevskii (see [11]), who constructed a set E of finite positive measure on the real
line such that the Fourier transform of the indicator function xg has support that
is fairly thin at infinity. More specifically, given arbitrary mutually nonintersecting
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intervals I; in R4 whose lengths tend to infinity, the support of £z can be placed in
KU (U [A0/aV] (—Ik))) for some compact set K. We refer the reader to the same paper
[11] for a concise survey of known facts about the two “countries” separated by the
borderline indicated.

Shortly after, the first author of the present paper observed (see [6]) that a slight
modification of the construction in [11] makes it possible to turn an arbitrary set
A C R of finite positive measure into a set E as above by a small perturbation. It
was also shown in [6] that, basically with the same proof, a similar result holds for
any nondiscrete locally compact Abelian group.! In fact, the invocation of the idea of
“correcting” a given indicator function was motivated by the results of [1,2] and [7]. For
example, in the last paper, an analog of Men’shov’s classical correction theorem was
proved for an arbitrary locally compact Abelian group of finite dimension, moreover,
the spectrum of the corrected function was placed in a “thin” set like the above union
U Ik U (= 1)) in the case of R.

We remind the reader that, on the circle, Men’shov’s correction theorem says that
any measurable (equivalently, any measurable and bounded) function can be modified
on a set of an arbitrarily small measure so as to acquire a uniformly convergent Fourier
series. Surely, the analog of this statement for general groups also involves a certain
type of uniform convergence for Fourier expansions. For the indicator function that
emerges after correction, one might only hope for the uniform boundedness of partial
Fourier sums or integrals instead of uniform convergence, but even this was not ensured
in [6], moreover, it was hinted there that the method would unlikely be suitable for
that.

However, later, a more careful look at the situation showed that, even within the
class of indicator functions, we can still combine “thin” spectrum, uniform bound-
edness of partial Fourier integrals, and the idea of correction a la Men’shov. Again,
all this can be done on every (nondiscrete) locally compact Abelian group of finite
dimension. The present paper is devoted to the exposition of this and related results.
The clever nonlinear construction by Nazarov and Olevskii will again be in the core of
the arguments, but here this construction will require a more substantial modification
than in [6]. Also, some techniques of the paper [7] will be invoked (which, however,
are rather standard in similar issues).

The paper is organized as follows. In Sect. 2, after necessary preliminaries, we state
the results and comment on them. The final Sect. 3 is devoted to the proofs.

2 Preliminaries and Precise Statements

Throughout, G will be a nondiscrete locally compact Abelian group of finite dimen-
sion, and I" will stand for its group of characters, with Haar measures dx and dy; it
is assumed that these Haar measures are normalized so that the Fourier transform F,
Ffy)= f f(x)mdx, yel, fe LY(G),isa unitary operator from L2(G) onto

1 Formally, the claim is also true for discrete groups, but this is not interesting: the compact set K mentioned
in the description of the result is not controlled, all this is about the behavior of Fourier transforms at infinity.
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L2(I"). We will often write |e| for the Haar measure of a measurable subset e of G or
r.
We reproduce a definition from [7] (see also [4]).

Definition (Sufficient pairs) A pair (R, S) of closed subsets of T is said to be sufficient
if for every compact set E C I there exists a character y € I" with —y + E C R and
y+ECS.

We shall put the spectrum of corrected (indicator) functions in the union K URU S,
where (R, S) is a sufficient pair in I and K is a certain compact set depending on the
function we are going to modify. The pair (— J, Ik, [, Ix), which occurred in the
Introduction, is sufficient for the (dual) group (of) R. Clearly, a similar construction
with intervals replaced by mutually nonintersecting balls of radii tending to infinity
provides a sufficient pair in the case of (the dual group of) R”, and examples for the
dual group Z" of the torus T" are provided in the same way. Moreover, in the case of
R" or T", any sufficient pair includes another one of the above form.

Next, to discuss uniformly bounded Fourier sums (or partial Fourier integrals), we
need the notion of a summation basis.

Definition (Summation bases and the norm || - ||,,) For a measurable subset E of I we
define the operator Pg (at least on L%(G)) by the formula

Pef =F '(xeFf).

A subset of I' is said to be bounded if it has compact closure. Let 3 be a family of
bounded measurable subsets of I such that for every compact set K C I' there exists
E € Bwith K C E. Such a system 5 will be called a summation basis. For functions
f € L*(G) we introduce the following not necessarily finite quantity:

I/l = sup (IPB flloo)-
BeB

When we talk about uniformly bounded partial Fourier integrals (or sums), we shall
mean the finiteness of the norm || - ||,, for a certain fixed summation basis. Also, it
should be noted that we might consider the quantity | f ||, beyond the class L?(G)
(for instance, it is well defined also for f € LY(G)), but the present L2(G)-version
will suffice in what follows.

Surely, not all summation bases are expected to admit a Men'shov-type correction
theorem. So, we impose a restriction on them taken from [4] and [8].

Let E be a bounded measurable subset of I". We say that a set B € B splits E if
the sets £ N B and E\ B have positive Haar measure. (If G is compact, this simply
means that the two sets are nonempty, because I' is discrete in this case and its Haar
measure is the counting measure.) Next, we denote by E an arbitrary representative
of the lowest upper bound (in the complete lattice of measurable sets mod 0) of
the collection {B € B: B splits E} (in symbols, with a slight abuse of notation:
Eg = U{B € B: Bsplits E}; if G is compact, then the union in the last formula can
be understood literally).
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The restriction we are going to impose on a summation basis will depend on a
sufficient pair in question. Here it is.

Definition (Coordination of a summation basis and a sufficient pair) A summation
basis B and a sufficient pair (R, S) are said to be coordinated if for every bounded
measurable set £ C I' the pair (R\Eg, S\ ER) is also sufficient.

We give here two simple but important examples of summation bases coordinated
with any sufficient pair. See [4,8] for more information.

Example 2.1 Let G be compact, infinite, and metrizable. Let B = {B,},en be an
arbitrary strictly monotone increasing sequence of finite subsets of I' whose union is
equal to I'. Then this collection is a summation basis coordinated with an arbitrary
sufficient pair in I'.

Indeed, under the above assumptions all compact sets in I" are finite, and it is
easily seen that Ep is finite for every finite E. So it suffices to show that, whenever
(S, R) is a sufficient pair in I' and A C T is finite, the pair (S\A, R \ A) is also
sufficient. For this, taking a finite set D C I', we fix u € I' (to be specified later), put
D =(—u+D)U(u+D)UDandfind A € I'withA+ D; C Sand —A+ D; C R.
Then for some choice of & either A+ D)U(=A+D)or A+ pu+ D)U(—A—u+ D)
does not intersect A. For, otherwise both X and A+ belongto H = (D—A)U(A— D),
whence u € H — H. Since H is finite and I" is infinite, there is x for which the last
condition is violated.

Example 2.2 The second example pertains to the case where G is R” or T" (accord-
ingly, I' is either R" or Z"). A nonempty subset B of R” or Z" is said to be
solid if y = (y1,...,y») € B whenever |y;| < |x;| for j = 1,...,n and
x = (x1,...,x,) € B. We claim that the collection B of all solid sets constitutes
a summation basis coordinated with an arbitrary sufficient pair (S, R).

To explain this, suppose for definiteness that we work with I' = Z" . (The case of
R" is similar.) Taking a finite set K C Z", foreach j = 1, ..., n consider the smallest
strip D; of the form {x € Z": |x;| < d} that includes K, and let D be the union of
these strips. It is quite easy to realize that K3 C D. Now, a simple direct inspection
shows that (S\ D, R \ D) is a sufficient pair. The figure illustrates the case of n = 2.
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We pass to precise statements of the results. In fact, we prove a “weighted” version
of what was discussed in the Introduction. By a weight (maybe the term ““a rail” would
be more appropriate) we mean a uniformly continuous positive function w on I" that
is bounded and bounded away from zero. We will modify functions of the form y,w
(instead of x,) up to functions of the same form. For convenience, we assume that
w < 1 (this is merely a normalization condition). Suppose we are given a sufficient

pair (R, S) in G and a summation basis 5 in I" coordinated with this sufficient pair;
the norm || - ||, will be related to this summation basis.

Theorem 2.3 For every ¢ > 0 and an arbitrary measurable subset a of G with 0 <
la| < oo, there is a measurable subset b of G such that

(1) foppw? <&

(2) the spectrum of xpw is included in K U R U S for some compact set K C T’
depending on a,

(3) the norm ||w xp |, is finite.

Remark 2.4 The facts discussed in the Introduction follow if w is identically equal to
1. In this case it can also be ensured that |b| = |a|.

Remark 2.5 The claim that ||wyp||, is finite can be supplemented with the inequality
| Pe(wxp)lloo < C with C depending only on dim G whenever B € Band B D K
(this will be verified in the course of the proof).

Neither the compact set K nor the norms of the Pp(xpw) where B splits K are
under control in general, we only know a uniform bound for these norms depending
on a. However, in some specific cases the estimate can be refined. For example, this
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is true for the groups R and T, the standard summation bases {[—N, N], n € N} for
the circle and {[—M, M], M € R} for the real line (by the way, these are precisely the
bases of solid sets mentioned in Example 1.2) and an arbitrary sufficient pair.

Theorem 2.6 Under the assumptions listed in the preceding paragraph, the set b as in
Theorem 2.3 can be chosen in such a way that ||\wxp|l, < Clog(2 + g1 fa w). Here
C is a universal constant.

Remark 2.7 The same is true for the dyadic group D = {—1, 1}V if we mean a uniform
bound for the partial sums of Walsh-Fourier series under the standard enumeration of
the Walsh system. Again, a sufficient pair can be taken arbitrarily (note that 1 = —1
in the dual group of D, so the notion itself of a sufficient pair simplifies in this case).
Moreover, the Walsh system here can be replaced with bounded Vilenkin systems. See
Sect. 3.6 for some more information.

Theorem 2.6 will allow us to deduce our final result, which is not confined to
characteristic functions, and is apparently new in the range of correction theorems.
It holds for the groups R and T with the standard summation bases and arbitrary
sufficient pairs, and also for certain zero-dimensional compact groups; see Sect. 3.6
for the discussion. To a certain extent, this correction theorem absorbs all developments
known previously: the modified function has both thin spectrum and bounded Fourier
integrals, and obeys a sharp estimate like in Theorem 2.6. We give the statement for
the group R for definiteness (and with a slightly weaker inequality for the norm || - ||,
than in Sect. 3.6).

Theorem 2.8 Let ¢ > 0. Given a function h € L*®(R) supported on a set of finite
measure and with ||h|lco < 1, there is a function f such that || f|lec < 20, [{h #

fH <e and lwxpll, < Clog(2+ e supp h|). Furthermore, the spectrum of f is
included in K U R U S, where K is a compact set depending on h.

3 Proofs
3.1 Approximate Identities

We need a certain analog of the Fejér kernels for our group G. Let U be a compact
symmetric neighborhood of zero in the dual group I'. We put ¥y = (U]~ 2xy) =
(JU|=Y2xy). This is a continuous function on I with values in [0, 1], supported on
the compact set K = U + U, and satisfying ¥ (0) = 1. Define &y = }"_II/JU; then
[Pyl = 1 and @y > 0. In this subsection, the assumption that dim G < oo is not
required.

Lemma 3.1 For a certain family of neighborhoods U of zero in T, the corresponding
functions ®y form an approximate identity® for G.

2 By definition, this means that the operators of convolution with these functions converge pointwise to the
identity on L?(G), 1 < p < oc.
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The claim is standard but not quite straightforward because the invocation of the
structure theorem seems to be obligatory for the proof. Next, surprisingly, we have
not found precisely this statement in standard handbooks. So, for completeness, we
sketch the arguments. By the structure theorem (see, e.g., [3]), G splits in the direct
product of R¥ and a group containing an open compact subgroup G 1. It is quite easy to
see that it suffices to prove the claim separately for RF and G 1. The group R¥ presents
no problems (when U runs through the family of cubes centered at zero, we obtain
the family of genuine multiple Fejér kernels on R¥). We will see that the case of the
compact group G reduces to considering similar cubes, this time in Z* for some s.
Denote by I'; the (discrete) dual of G . Since the operators of convolution with &
have norm at most one on L! (Gy), it suffices, given a finite set C of characters on
G1, to find U such that this convolution operator is as close to the identity on C as we
wish. This means that we must find a symmetric finite subset U of I'; containing zero
such that the function vy is very close to 1 on C.

Now, let A be the subgroup of I'y generated by C. Since C is finite, A is a direct
sum of finitely many cyclic groups, whence A = Z* @ 2 for some finite Abelian group
Q. If s = 0, take €2 for U. Otherwise, take a large cube Q centered at zero in Z* and
put U = Q & Q2. A short reflection shows that the required property of iy is ensured
as soon as the diameter of Q is much greater then the diameter of the projection of C
to Z*, and we are done.

Lemma 3.2 Given a compact neighborhood V of zero in G and ¢ > 0, there exists a
compact symmetric neighborhood U of zero in I such that f G\V Py < e

Proof This is standard for approximate identities. Indeed, given f in L' (G), we can
find U with || f — f * Dyl L1(G) < €. Now, take a symmetric neighborhood W' of zero
in G suchthat W —W C V andfindsucha U for f = |W|~! . Since now f vanishes
outside W, we have fG\W f* Py (x)dx < e. After plugging the integral formula for
convolution in the expression on the left and changing the order of integration, this
becomes

w w
/GCDU(I)%CJI <e€

Now, the fraction under the integral sign is equal to 1 if t ¢ W — W C V. So, it
suffices to restrict integration in the last formula to the complement of V. O

The last lemma allows us to prove the following statement, which will be useful in
the main construction below. Let w be a weight as in Theorem 2.3, i.e., a uniformly
continuous positive function on I" that is bounded above by 1 and bounded away from
zZero.

Lemma 3.3 For every n > 0, we have eventually w * &y < (1 + n)w for the above
approximate identity.

Proof Take ¢ > 0 and find a compact symmetric neighborhood V of zero in G such
that jw(x) — w(y)| < ¢ whenever x —y € V. Then take ®y as in Lemma 3.2 for this
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V and ¢ and write (denoting by d some positive lower bound for w):

Sy xw(x) < /w(x - oy (y)dy + / Sy (y)dy
v G\V

IA

2
w(x) + 2 < w(x) <1 + 5) <w@)(1+n)
if ¢ is sufficiently small. O

3.2 Covering Neighborhoods

This is a technical ingredient used in various proofs of Men'shov-type correction
theorems.

Definition 3.4 A compactneighborhood V of 0in G is said to be covering if there exists
afamily {x;};e; of pointsin G suchthat G = U;¢;(x; + V) and |(x; +V)N(x;+ V)| =
0, i #].

With a covering neighborhood V, we associate the family {«;}ics,

t_ .
a,-(t):xv*+(|x’), e 3.1)

of functions on G, where {x;} is the family of points mentioned in Definition 3.4.
Observe that ||@j]lcc = 1 and ||Fe;||; = 1. The last identity will enable us to use
combinations of these functions to provide Fourier expansions with uniformly bounded
partial integrals (or sums).

Lemma 3.5 (1) Let D be a compact subset of G, and J a finite subset of I such that
D—V CUjcj(xi + V). Then Y a; = 1 on D, i.e., {«;}icj is a partition of unity
iel
on D.
(2) There exists a base V of neighborhoods of zero in G such that every V € Vis a

covering neighborhood and m(V + V) < 24imG (V).

Proof (1) This is clear (however, see [7] or [5] for details).

(2) This fact is obvious for the groups R" and T": the role of V can be played by a
certain family of cubes centered at zero. For an arbitrary group G, the claim is
deduced form these elementary cases with the help of the structure theorem. See
again the above references.

O

Remark 3.6 The construction of a covering neighborhood (see the above hint) shows

that the supports of the associated functions «; form a covering of G whose multiplicity
is at most 24im G Again, in the cases of R" and the tori, this is straightforward.
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3.3 Inductive Construction

Here we present a principal ingredient of the proofs of the main results. As it has already
been said, we use the ideas of [11]. However, some complications arise. Besides the
fact that now we must ensure also the boundedness of Fourier sums (or partial inte-
grals), a technical difference is that presently we shall need a certain double sequence
{ fk(") Jnez, 0<k<n Of functions on G (instead of a single sequence in [11]). It will turn

out eventually that the functions fn(”) converge as n — 00, and this limit yields the
desired function y,w after multiplication by a constant. We shall proceed by induction
on the upper index n (if we view the required functions as the entries of a triangular
matrix, this means that at each step we add an entire new row to this matrix).

So, let w and a be as in Theorem 2.3. Fix a small ¢ > 0 and a strictly monotone
increasing sequence {,},>0, #; > 1, whose limit # does not exceed 1 4 ¢. Also, fix a
sequence of positive numbers {0, },>0 wWith ), _, /o, < €. Below we gather certain

properties of the functions fk(") that will be ensured by induction. The construction

will imply some important supplements to these properties, which we do not indicate
now.

(i) For every n > 0, we have
0< " <tyw, k=0,....n.

(i1) The spectra of all fk(n) are compact and all these functions belong to L'(G) N
Co(G). By Co(G) we mean the set of all continuous functions on G tending to
0 at infinity; Co(G) = C(G) if G is compact. Consequently, all fk(") are square
integrable.

(iii) There exists a compact subset K of G such that all functions fk(") have compact
spectra included in K U R U S, where (R, S) is the sufficient pair mentioned in
Theorem 2.3.

(iv) We have

15" = xawll < po. (3.2)
Next,

1A = £8P < pw (33)
forn > 1and k =0, ..., n — 1 (this relates all functions in the (n — 1)st row of

the matrix mentioned above with the first n functions in the nth row).

Now, we start the construction with n = 0. To ensure (3.2), we put fo(o) = (Yqw) *

®yy,, where Uy C I is chosen in such a way that ||(x,w) * Py, — xawl1 < po (see
Lemma 3.1) and w * @y, < fow (see Lemma 3.3). Since x,w < w, the inequalities
in (i) for n = 0 follow. Next, clearly, f\” € L'(G) N Co(G). Moreover, F(£\")
is supported on the compact set K = Uy — Up; this will be the “K” mentioned in
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Theorem 2.3 and in (iii) above. Next, since JF( fo(o) ) is integrable, the norm || fo(o) [l

is finite, though no reasonable control of it is available.

Next, suppose that for some n > 0 the functions f; (n= 1), o f (1)

"1 have already
been constructed. We are going to construct the required collection with the upper
index n. If k < n — 1, we take £ = dy, * f"~", where U, is chosen so as to
ensure (3.3) and also the inequality &y *w < tt” w (see Lemmas 3.1 and 3.3). In the
sequel, we will impose more restrictions on Un, compatlble with the above. Surely,
the present choice of U,, ensures the estimates in (i) for all k except for k = n.

The construction of f, ™) is more tricky. First, we introduce the auxiliary function

(n—1)
e =r" ”( fi) (3.4)

Observe that the spectrum of g, is a compact subset of I' and g, is nonnegative by (i).

The subsequent arguments will involve certain objects (sets, functions, coefficients,
parameters) depending in fact on . But since now # is fixed, this dependence will not
always be reflected in the notation. We shall approximate g, from below by a function
suitable for further constructions.

For this, observe that g, is square-integrable, so the quantity |, G min(g, (x), 8)%dx
tends to zero as § — +0. Hence, we can find a (small) § > 0 such that for the compact
set C = {x € G: guo(x) > 8} we have [[(gn — &) xcll2 > (9/10)gnll2. Denote
g = (gn — 8)xc, then g is continuous and compactly supported, hence uniformly
continuous. Next, clearly, g(x) 4+ §/2 < g,(x) in a neighborhood W of C with
compact closure. By using Lemma 3.5 (with C in the role of “D”), it is easy to realize
that there is a (small) covering neighborhood V in G (among other things, we need
that C — V C W) such that g is approximated uniformly and in L?(G) within any
precision prescribed beforehand by a function of the form

hp = Zciai, ¢i =gx) >0,

ieJ

(the or; are given by (3.1); we also use the notation from Lemma 3.5). Clearly, 4, < g,
if V is sufficiently small, and all this can be arranged so as to ensure the inequality

1
Inll3 = 3 llgnll3- (3.5)
Next, by Remark 3.6, we have

ha(x)? <296 N (o (), x € G.

ieJ

Integrating, we arrive at

lgall3 <25 CH S " (e)?llei 3 (3.6)

ieJ
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Recall that the set J in the last sum is finite. For a detail in what follows, it is
convenient to assume that J is a segment of positive integers. Now, we want to replace
the functions «;, i € J, by the functions 8; = @y, *;,i € J, with compact spectrum.
In addition to the restrictions on U, imposed above, we demand that

1
18i 115 = 1Py, * aill3 > Ena,-n%. (3.7)

(See Lemma 3.1.)
Finally, we can define the function fn("): put

£ = £ + hy, where iy, = ReZCiﬁiVi- (3.8)

ieJ

Here the y; are certain characters of the group G (of course, they depend also on n,
but we do not reflect this in the notation for short). These characters are introduced to
eliminate the interference between the summands in (3.8) (and elsewhere), which will
provide the desired estimate for || - ||,,. The choice of the y; is described in the following
lemma, whose proof is much similar to the proof of Lemma 1 in [6],% and is based
entirely on the definition of a sufficient pair and on the fact that the summation basis
and the sufficient pair in question are coordinated. We do not reproduce the arguments
here. Note that the lemma is quite transparent for the groups R and T" in the role of
G. Surely, in these cases I' has no elements of order two, so item (2) below can be
shortened accordingly. In any case, the y; are chosen one after another as i € J grows
(we remind the reader that we have assumed that J is a segment of integers). Recall
also that the sufficient pair in question is denoted by (R, S).

Lemma 3.7 The characters y; can be chosen in such a way that

(1) the support of the Fourier transform of Re(p; y,) = Bi(vi+¥i)/2liesin SUR and
intersects neither the spectra of all functions f;, Y constructed previously (i.e., with
Jj <nandk <n—1), nor the spectra of all functions Re B,y for 1 <s < i, nor
the “union®” of all sets in the summation basis BB that split any of these spectra;
(2) either 2y; = 0 (i.e., yi ()% = 1) or the £2y; do not lie in the spectrum 0f,3.2.

Now, we verify the inequality in (i) for the function f ") . By the definition of the
Bi, we have

Re Y ciBivi

iel

< Zciai * Oy, = hy x Py, < gn * Py,
ieJ

So, by (3.8) and the definition of fn@p we have

@y, * (7Y —gn) < £ < oy, # (L7 + g).

3 There is a slight inaccuracy in that proof in the Russian version of the paper, which was corrected in the
English translation

4 Not quite: the lowest upper bound in the lattice of measurable subsets of I".
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Finally, we use the inductive hypothesis in (i) and the definition (3.4) to conclude that
A —gn = £ = 15D = 0and

n—1 n—1

f(n—l)
£ e < £ F e (1 - i) = bW
h—1w
The desired result follows because @y, * (f,—jw) < t,w by the choice of U,.
This finishes the induction.

Remark 3.8 It can easily be arranged that Uy C Uy C U, C .... Then the spectrum

of fk(n) does not change when n varies with k fixed (i.e., within each column of the
matrix). In the sequel, we will assume that the U,, have this property.

3.4 Proof of All Claims Except the Uniform Boundedness of Partial Fourier
Integrals

In this subsection we show that the sequence {z,” 1 f,f") Jnez, converges to a function of
the form x,w, and we verify all metric and spectral conditions for the limit function,
except the finiteness of the norm || - ||, for it.

3.4.1 Convergence

First, we observe that for every k the limit Fy = limj>¢ jso0 fk(j ) exists in
L2(G). (These are “the limits along all columns™.) Indeed, by (3.3) and (i), we have
I fk(j ) _ fk(j -b 2 < ¢,/pj, and the quantities on the right were chosen to constitute
a convergent series.

Next, the functions {Fy} form partial sums of an orthogonal series. Indeed, it can
easily be seen by induction that, for each n, the spectra of the functions fo("), 1(") —
fé"), L fn('i)l are mutually disjoint (see Lemma 3.7), hence, these functions
are mutually orthogonal, and the claim follows by the limit passage as n — oo.

It is also easily seen by induction that

/fk(n)(x)dx :/w(x)dx (3.9)
G

a

foralln > Oand all k = O, ..., n. Indeed, this is clear for k = n = 0 and then
for k = 0, n = 1, because these two functions are obtained from x,w by convolu-
tion with positive functions of unit L'-norm. Hence, the spectrum of fo(l) includes a
(neighborhood of) zero. So, fl(l) is obtained from fo(l) by adding a function with zero
integral (see again Lemma 3.7). This proves (3.9) for n = 1. Then we passton = 2
in the same way, etc.
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Now, we see that

/(Fk)zdx = lim /(fk("))zdx < c/ wdx,
n—0o0
G G

a

hence the functions Fj converge to some function F in L2(G) as k — o0. Since

k k
1Fe = £l < e /pr and [ Feot = £ < ¢ i,

i>k i>k

we see that the sequences { fk(k)} and { fk(f)l} also tend to F in L*(G) as k — oo.
~ k k
Henee, ||kl = 1l £ = £ lo > O as k — oc.

But the terms Re(c; B; ;) in the formula for h~k (see (3.8)) are mutually orthogonal
by construction (see Lemma 3.7), hence

A3 =) I Re(ciBivi) 3.

ieJ
Next, we observe that

[ B 2y =0,

2= g p2pr= 16
||Re(,3z%)||2—46/(yl+yl) pi = SIB2 2y #0
G

(in the second line, we have used the fact that the characters +2y; are not in the
spectrum of ﬁl.z if y; is not of order 2, see Lemma 3.7). Combining (3.7), (3.6), and
(3.5), we see that g — 0in L2(G). Since some subsequence of {fk(k)} must converge
to F a.e., looking at formula (3.4) for g; we realize that at every x € G, either
F(x) = 0, or F(x) = tw(x) (recall that z, — t). Hence, F = tx,w for some
measurable set b. We shall show that this b is the required set.

Observe, by the way, that

/tw(x)dx =fw(x)dx. (3.10)

b a

Indeed, inequality (3.3) implies that fk(") — Fy also in LY(G) as n — o0, hence
Jo Fr(x)dx = [, w(x)dx for all k by (3.9). Since also all Fj are nonnegative, F is
integrable and f g F)dx < f , Wx)dx by the Fatou lemma. In fact, equality occurs
here. Indeed, the construction and the Plancherel theorem show that 7 (F') and F (Fp)
coincide a.e. in some neighborhood of zero in I'". Since both functions are continuous,
they coincide at 0, whence the claim.

Since r > 1, we see that [, w < [, w.
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3.4.2 Correction

Here we prove that a and b differ only slightly, as claimed in Theorem 2.3. By the
above discussion, the functions Fy and F — Fy are orthogonal, hence fG FoFdx =

fG(Fo)zdx. Since féo) is at the distance of at most (const ¢) from Fp in L2(G), we
see that

f fOF = / "% + 0.
G G

Now,

f w? = %[(xaw)F _ } /(xaw Oy /(fé‘”)2 + 0
G G G

anb

Clearly, the first integral in parentheses is O (¢) by (3.2). For the second integral, we
write

/(fo“”)2 zf(xaw)z—f|(f(§°))2—(xaw)2| sz2—Ao/|fo<O> — Xawl.
G G G G

a

The subtrahend in the last expression is again O (¢). Collecting the estimates, we arrive

at [ w? > % f w2 — Aje > i w? — Aje if t has been chosen sufficiently close to 1.
anb a a
Since [, w < [, w, we arrive at [ w? < Ase, as required.
aAb

3.4.3 About Remark 2.4
We have 1 % &y = 1 for every U. Hence, the numbers #, are not required in the case

where w is identically equal to 1: the above arguments work with t, = 1 for all n
(accordingly, = 1). Now the claim of the remark follows from (3.10).

3.4.4 Spectrum

Needless to say that condition (2) in Theorem 2.3 is clear from the construction.

3.5 Uniform Boundedness of Partial Fourier Integrals

We remind the reader that by Remark 3.8, the spectrum of fk(") does not change when
n > k varies with k fixed.

Now, take a set B in the summation basis 3 in question and find the minimal k such
that B does not include the spectrum of fk(k) (here and in the next several lines, all
inclusions are understood up to a set of zero measure in I'). We shall provide some
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uniform bound for | Pp fk(k) |, and this will suffice. Indeed, suppose we have ensured an
upper bound D for this function. Since for every j > k the function fk(j ) is obtained

form fk(k) by convolution with a nonnegative function with unit integral and since
convolution commutes with Pg, we see that | Pp fk(] )| < D. However, by construction
(see Lemma 3.7), we have Pp fj(j) = Pp fk(k), and we see that | Pg fj(j)l < D for all
Jj = k, hence also | Pg F| < D in the limit.

The nature of the required uniform estimate depends heavily on whether k = 0 or
k > 0.1f k = 0 (i.e., B splits the support of fi"), then |Pg f\”| < | F £ ”|l;. The
last quantity does not depend on B, as required, but otherwise it is out of our control,
we know only that it is finite because F fo(o) is bounded and compactly supported. But
if k > 0 (which is true for sure if B D K, as in Remark 2.5), we see that B includes
the support of fk(f)l by the minimality of k. Hence, Pp fk(k) = k(f)l + PBhNk, see (3.8).
Since (it can be arranged that) all functions f j(”) are uniformly bounded, say, by 2, it
suffices to estimate the second summand on the right in the last formula.

Recall that in the expression given for A in (3.8) we assumed that J is a segment
of integers. The way in which we used the order on J in the construction (see again
Lemma 3.7) shows that there is a unique / € J with

Pghy =) Re(ciBivi) + Pp(Recifiy).
i<l

Now, we remind the reader that 8; = @y, *«;, i € J. Hence, recalling the properties
of the functions «; (see (3.1) and Lemma 3.5) and the fact that |¢;| = |g(x;)] < 2, we
obtain

ZRG ciBivi

i<l

< ZZCDUn * o =2<DU” * (Z(X,’) <2

i<l i<l
and

1+ Vi
|PsRe i) < 2||f(%ﬂz)||1 < | Faylls < 1.

Collecting the estimates, we see that we have proved Theorem 2.3 together with
Remark 2.5.

3.6 Sharp Inequalities

Here we prove Theorem 2.6. We saw in the preceding subsection that only fo(o) presents
an obstruction to what we are going to do, and in order to prove the desired claim we
must ensure an appropriate control of the partial Fourier integrals (or sums) for this
function. In some specific but important cases, this can be done indeed, with the help
of a theorem proved in [9] and formulated below.
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Let X be a Banach space whose elements are locally integrable functions on a
measure space (S, n). In a natural way, the space L}OC(M) is locally convex. Next,
we denote by L3°(j4) the space of all essentially bounded functions supported on a

set of finite measure. If g € Lgo (), the formula W, (1) = f gudp defines a linear

s
functional on L }OC(/L), hence on every linear subspace of this space. Suppose that the

following two conditions are satisfied.

Al. The natural embedding X — Llloc (w) 1s continuous and the unit ball of X is
weakly compact in Llloc (w).
A2. Forevery g € L§°(u) we have the weak type estimate

[Py | x+
m({|gl > 1}) = C+,

where ¢ depends only on X.

Theorem 3.9 For every f € L®(w) N L' () with || flleo < 1 and every ¢ > 0, there
exists a measurable function ¢ with O < ¢ < 1l suchthatof € X, u({p # 1}) <e¢,
and ||¢ fllx < constlog(2 + e~ fll1). The constant in the last inequality depends
only on c in A2.

Now, as usual, let G be a nondiscrete locally compact Abelian group. For a subset
e of G with 0 < |e| < 0o, we introduce the space

w(G,e;B)=1{f: f € L*(G), supp f Ce, and || f]l, = sup 1PB flloo < 00}
Be

It should be noted that all functions f from this space lie in fact in L°>°(G) with
I fllocec < Il fllu. If G itself is compact, we need only the case where e = G and write
u(G, B) in place of u(G, G; B). For some discussion around the space u(G, e; B) and
the norm || - ||,,, see Sect. 1 of [7].

Now, we explain which spaces will play the role of X in Theorem 3.9. Let B be the
summation basis for the unit circle or the real line consisting of all symmetric intervals
centered at zero in the dual group Z or R. For short, we denote the corresponding
spaces u(T, B) and u(R, e; B) (where ¢ C R is of finite positive measure) by u(T)
and u(R, e), or even simply by u. Next, we take for u the Lebesgue measure on the
circle or on the set e. Then the two above spaces do satisfy Axiom A2 (Al being a
triviality), but this is quite involved. Indeed, eventually this is based on the Carleson
almost everywhere convergence theorem for classical Fourier expansions. See [13]
and [12] for the proof of A2 in these cases, and also Sects. 2.5 and 2.6 in [9] for
some explanations. Hint: in the case of u(R, e), it is convenient to consider first the
situation where e is open, and then pass to its subsets of positive measure by using the
arguments at the beginning of Sect. 3 in [9]. It is important to note that the constant
in A2 does not depend on the set e in the case of the real line.

Thus, given a weight w (we still assume that w < 1), a number ¢ > 0, and a
measurable set a of finite measure on the line or on the circle, we start as at the
beginning of Sect. 3.3, but first we modify f = x,w in accordance with Theorem 3.9
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(with u(T) or u(R, a) in the role of X) The resulting function f = fo satisfies
0< f<wand

~ w
I fllu < constlog (2 + f“—) , (3.11)
e

where the constant is independent on a, and also || x,w — )7 1 < e. Next, we put
fo(o) = f * @y, as before, so as to ensure (3.2) but with ¢ + pp instead of ¢ on the

right. This new function fo(o) will satisfy (3.11) because f does. Then we proceed
as previously. All O (¢)°‘s in Sect. 3.4.2 will remain O (g). We do not enter in further
details.

Remark 3.10 By [10], the conclusion of Theorem 2.6 is also true for certain zero-
dimensional compact groups, specifically, for those linked with bounded Vilenkin
systems (in particular, the dyadic group with the Walsh system in the usual ordering
fits). Again, the verification of Axiom A2 for the corresponding space of functions
with uniformly bounded Fourier sums is based eventually on an analog of the Carleson
almost everywhere convergence theorem for Vilenkin systems.

Finally, we prove the announced correction theorem about essentially bounded
functions with support of finite measure, as opposed to the mere indicator functions.
We restate it and sketch the proof for the group R, but it will be clear that similar
arguments apply to T and to the zero-dimensional groups mentioned in the last remark.
As above, on R we consider the summation basis of symmetric intervals, and also we
are given a sufficient pair (R, S) of subsets of R.

Theorem 3.11 Let ¢ > 0. Given a function h € L*°(R) supported on a set of finite
measure and with ||h|coc < 1, there is a function f € u(R) such that || f|lcc < 20,

{h # f}] < e, and f satisfies an estimate like (3.11). Furthermore, the spectrum of
f isincludedin K U R U S, where K is a compact set depending on h.

Proof Here h is, in general, complex-valued, but the claim can be reduced to the case
of a positive & if we ensure a smaller constant (say, 3) in place of 20. So,let0 < h < 1,
and let A be the support of /. Find a compact set @ C A with |A\a| < ¢ such that
h is continuous on a, and then extend /|, up to a nonnegative uniformly continuous
function v on R with v < 1. Finally, consider the weights (“rails”) w; = v + 1 and
wyr =lonRJS

We apply Theorem 2.6 to the set a consecutively with the weights w; and w,
obtaining two sets b1 and by. The function xp,, w1 — xp, w2 does the job. O

Note that we cannot eliminate the uncontrollable set K in this statement because
of the sharp estimate (3.11). (Should this be possible, all L!-functions would have
spectrum in R U §.) To the contrary, in the results of [1,2], and [7], the spectrum of a
corrected function always lies in R U S, but, naturally, the control of the size of this
function and its partial Fourier integrals is much weaker.

5 Surely, the fact that now the weight w is no longer bounded by 1 from above does not present an
obstruction.
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