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Abstract

We consider nonlinear Schrédinger equations in Fourier—Lebesgue and modulation
spaces involving negative regularity. The equations are posed on the whole space, and
involve a smooth power nonlinearity. We prove two types of norm inflation results. We
first establish norm inflation results below the expected critical regularities. We then
prove norm inflation with infinite loss of regularity under less general assumptions.
To do so, we recast the theory of multiphase weakly nonlinear geometric optics for
nonlinear Schrodinger equations in a general abstract functional setting.
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1 Introduction
1.1 General Setting

We consider the nonlinear Schrodinger (NLS) equations of the form

1
iy + S AY =uly ¢, xeRY ¥ (0,x) = Yo(x), (1.1)

where v = ¥ (t,x) € C,o0 € N, u € {1, —1}. We prove some ill-posedness results in
Fourier—Lebesgue and modulation spaces, involving negative regularity in space. We
recall the notion of well-posedness in the sense of Hadamard.

Definition 1.1 Let X,Y < S’(R?) be a Banach spaces. The Cauchy problem for
(1.1) is well posed from X to Y if, for all bounded subsets B C X, there exist T > 0
and a Banach space X7 < C([0, T], Y) such that:

(1) Forall ¢ € X, (1.1) has a unique solution y € X7 with ¥;—o = ¢.
(i) The mapping ¢ +— ¥ is continuous from (B, || - ||x) to C([0, T'], Y).

The negation of the above definition is called a lack of well-posedness or instability.
In connection with the study of ill-posedness of (1.1) and nonlinear wave equations
Christ, Colliander, and Tao introduced in [14] the notion of norm inflation with respect
to a given (Sobolev) norm, saying that there exist a sequence of smooth initial data
(¥ (0)),>1 and a sequence of times (#,),>1, both converging to 0, so that the corre-
sponding smooth solution v, evaluated at 7,,, is unbounded (in the same space).

The solutions to (1.1) is invariant under the scaling transformation

Ut x) > Aoy (A%, kx) . A 0. (1.2)

The homogeneous Sobolev space HS (R9) is invariant exactly for s = s., where

d 1
Se == — —.

2 o

Another important invariance of (1.1) is the Galilean invariance: if ¥ (¢, x) solves
(1.1), then so does

GVIIP20 ) (1.3)

forany v € R, This transform does not alter the L?(R?) norm of the function. From
these two invariances, well-posedness is not expected to hold in H*(R%) as soon as
s < max(0, s.). In this paper, we consider the case of negative regularity, s < 0, in
Fourier-Lebesgue and modulation spaces, instead of Sobolev spaces.

Kenig, Ponce and Vega [26] established instability for the cubic NLS in H* (R) for
s < 0. Christ, Colliander and Tao [14] generalized this result in H* (Rd) fors < Oand
d > 1.In the periodic case x € T, instability in H*(T%) for s < 0 was established in
[15] (d = 1) and [10] (d > 1). Stronger results for the cubic NLS on the circle were
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proven by Molinet [29]. In [31, Theorem 1.1], Oh established norm-inflation for (1.1)
in the cubic case o = 1, in H*(R) for s < —1/2 and in H*(R?) fors < 0ifd > 2.
He actually proved that the flow map fails to be continuous at any function in H*, for
s as above. Norm inflation in the case of mixed geometries, x € RY x T", for sharp
negative Sobolev regularity in (1.1), is due to Kishimoto [27], who also considers
nonlinearities which are not gauge invariant.

The general picture to prove ill-posedness results is typically as following, as
explained in e.g. [14]: at negative regularity, one relies on a transfer from high fre-
quencies to low frequencies, while to prove ill-posedness at positive regularity, one
uses a transfer from low frequencies to high frequencies. In particular, the proofs are
different whether a negative or a positive regularity is considered.

Stronger phenomena than norm inflation have also been proved, showing that the
flow map fails to be continuous at the origin from H* to H k even for (some) k < s, and
so a loss of regularity is present. This was proven initially for 0 < s < s, by Lebeau
[28] in the case of the wave equation, then in [8] (cubic nonlinearity) and [1,36] for
NLS. In the case of negative regularity, an infinite loss of regularity was established
in [11] for (1.1) in H*(R%) (d > 2 and s < —1/(20 + 1)), and in the periodic case
x € T¢ in [12], in Fourier—Lebesgue spaces. Typically, the NLS flow map fails to be
continuous at the origin from H*(R¢) to H*(R¥), for any k € R.

1.2 Fourier-Lebesgue Spaces

The Fourier—Lebesgue space FLY (R?) is defined by
FLE®RD = {1 € SR 1fzr =170V v < 0},

where the Fourier transform is defined as

fe) =FfeE =

Q2m)d /Rd e_ix.sf(x)dx’ fES(Rd),

and where 1 < p < o0, s € R, and (£)° = (1 + |£]>)°/2 (¢ € RY). For p = 2,

fL? = H’ the usual Sobolev space. For s = 0, we write ng (RY) = FLP(RY).
The scaling (1.2) leaves the homogeneous F LY (R%)-norm (replace the Japanese

bracket (-)* with the length | - |* in the definition of L (R?)) invariant for s = s.(p),

where
1 1
se(p):i=d <1 — —) - —.
p o

Of course when p = 2, we recover the previous value s.. On the other hand, the
Galilean transform (1.3) does not alter the FL? (R?) norm of v/, and so well-posedness
is not expected to hold in FL! for s < max(0, s.(p)). Note however that the recent
results from [22] show that this heuristical argument is not always correct: in the case
p = 2,d = 1 = o, well-posedness may hold for min(0, s.(2)) = —% <5 <
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max (0, s¢(2)) = 0. Therefore, s < min(0, s.(p)) is a safer assumption to obtain
ill-posedness results. In this paper, we consider cases where s < 0.

In [24, Theorem 1], Hyakuna-Tsutsumi established local well-posedness for the
cubic NLS in FL?(R?) for p € (4/3,4) \ {2}. Later this result is generalized in [23,
Theorem 1.1] for p € [1, 2].

Our first results concern norm inflation of the type discussed above:

Theorem 1.2 Assume that 1 < p < 00,d,o0 € Nand s < min (0, s.(p)). For any
8 > 0, there exists Yo € FLY (R?) and T > 0 satisfying

I¥ollgrr <8 and 0 <T <3,

such that the corresponding solution r to (1.1) exists on [0, T] and
I (Tl > 87"

As discussed above, in the case s.(p) > 0, norm inflation is expected in F LY (R¥) for
0 < s < sc(p), but with different arguments. The proof of Theorem 1.2 is inspired
by the two-scale analysis of Kishimoto [27]. We also prove norm inflation with an
infinite loss of regularity: the initial regularity must be sufficiently small, and we leave
out the cubic one-dimensional nonlinearity.

Theorem 1.3 Leto € N, 5 < —ﬁ and assume do > 2. There exist a sequence of

initial data (Y, (0)),> in S(R?) such that
19n @)l 1y =0, ¥p el o,

and a sequence of times t, — 0 such that the corresponding solutions r, to (1.1)
satisfies

”wn(tn)”}‘Li’ njo)o 0o, VkeR, Vpell, o]

Remark 1.4 There is no general comparison between the assumptions on s in The-
orems 1.2 and 1.3: for p = 1, min(0, 5.(1)) = —1/0 < —1/(20 + 1), while if
s¢(p) = 0, we obviously have min(0, s.(p)) =0 > —1/(20 + 1).

1.3 Modulation Spaces

We now turn our attention to the theory of modulation spaces. The idea of modulation
spaces is to consider the decaying properties of space variable and its Fourier transform
simultaneously. Specifically, we consider the short-time Fourier transform (STFT)
(sliding-window transform/wave packet transform) of f with respect to Schwartz
class function g € S(RY):

Vof(x.6) = f FWRE e, (x,8) < B,
R
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whenever the integral exists. Then the modulation spaces M (e ’q(Rd Y1 < p,qg <oo,
s € R) is defined as the collection of tempered distributions f € S’(R?) such that

1 ps = [1Veslp @ +1872]

, <00,
§

with natural modification if a Lebesgue index is infinite. For s = 0, we write
Mé’ ARY = MP-9(R?Y). When p = g = 2, modulation spaces coincide with
usual Sobolev spaces H*(R?). For the last two decades, these spaces have made
their own place in PDEs and there is a tremendous ongoing interest to use these
spaces as a low regularity Cauchy data class for nonlinear dispersive equations; see
e.g.[2,5,6,32,33,37,38]. Using the algebra property and boundedness of Schrodinger
propagator on MY ARy, (1.1) is proved to be locally well-posed in MY o1 (R?) for
1<p<oo,s=>0, andian’q(Rd) forl < p,g <ooands > d(1 — 1/q), via
fixed point argument; see [2,5,7]. Using uniform-decomposition techniques, Wang
and Hudzik [37] established global well-posedness for (1.1) with small initial data
in MZL(RY. Guo [21] proved local well-posed for the cubic NLS in M?%49(R)
(2 < g < 00), and later Oh and Wang [32], established global existence for this
result. In [13], Chaichenets et al. established global well-posedness for the cubic NLS
in MP-?' (R) for p sufficiently close to 2. The well-posedness problems for some other
PDEs in M!*? (R?) are widely studied by many authors, see for instance the excellent
survey [33] and references therein. We complement the existing literature on well-
posedness theory for (1.1) with Cauchy data in modulation spaces. First, observe that,
in view of Proposition 2.6 below,

3% max (1,2 11| o if 1<q<2,

I AN 2e SV (1
M; 2 a(1 q)maxa,p) ¥l 20, if 2<g <o,

forall . < 1 and s € R. Invoking the general belief that ill-posedness at positive
regularity is due to the transfer from low frequencies (0 < X <« 1) to high frequencies,

the scaling (1.2) suggests that ill-posedness occurs in M, Sz 4 (Rd) if

The following analogue of Theorem 1.2 then appears rather natural.
Theorem 1.5 Let d, o € N and assume that
° 5 < min(% — %,0) when 1 < q <2, and

® s <min(d<l—l) —1,0) when 2 < g < o0.
q o
For any § > 0, there exists ¥y € Msz’q (R and T > 0 satisfying

1Yol 20 <8 and 0 <T <§
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such that the corresponding solution r to (1.1) exists on [0, T] and
1V (D)l 20 > 87"

We also have some infinite loss of regularity of the flow map (1.1) at the level of
modulation spaces with negative regularity. We no longer assume p = 2, and show a
stronger result, provided that the negative regularity s is sufficiently small, and (again)
that we discard the one-dimensional cubic case.

Theorem 1.6 Leto € N, s < —ﬁ and assume do > 2. There exists a sequence of
initial data (,(0)),,>1 in S(RY) such that

[0 O)ll yypa —> 0, Vp,g €[, 00],
S n—00

and a sequence of times t, — 0 such that the corresponding solutions v, to (1.1)
satisfies

IIWn(tn)IIMlgq 200 Vk e R, Vp,q €[1,00].

Remark 1.7 Contrary to the Fourier—Lebesgue case, the assumption regarding s is
always weaker in Theorem 1.5 than in Theorem 1.6 (recall that the cubic one-
dimensional case is ruled out in Theorem 1.6).

1.4 Comments and Outline of the Paper

As pointed out before, the numerology regarding the norm inflation phenomenon
(Theorems 1.2 and 1.5) is probably sharp, up to the fact that the minimum should be
replaced by a maximum in the assumption on s, and that at positive regularity, different
arguments are required. On the other hand, we believe that the restriction s < —5-—
in Theorems 1.3 and 1.6 is due to our approach, and we expect that the result is true
under the mere assumption s < 0if do > 2, and fors < —1/2ifd =0 = 1.

The analogue of our results remains true if we replace A by the generalized disper-
sion of the form A, = Z?:l nj 8)%],, n; = %1. The (1.1) associated A, (with the non
uniform signs of ;) arises in the description of surface gravity waves on deep water,
see e.g. [35].

In [34], Sugimoto-Wang-Zhang established some local well-posedness results for
Davey—Stewartson equation in some weighted modulation spaces. We note that our
method of proof can be applied to get norm-inflation results for Davey—Stewartson
equation, and infinite loss of regularity in the spirit of [ 11], in some negative modulation
and Fourier—Lebesgue spaces.

Theorems 1.3 and 1.6 cover any smooth power nonlinearity in multidimension, and
power nonlinearities which are at least quintic in the one-dimensional case. Our method
of proof seems too limited to prove loss of regularity in the case of the cubic nonlinearity
on the line. It turns out that the method followed to treat the cubic nonlinearity on the
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circle in [12] seems helpless in the case of the line. On the other hand, Theorems 1.2
and 1.5 include the cubic one-dimensional Schrodinger equation.

The rest of this paper is organized as follows, In Sect. 2, we recall various properties
associated to modulation spaces. In Sect. 3, we prove Theorem 1.2, and we adapt
the argument in Sect. 4 to prove Theorem 1.5. In Sect. 5, we show how the theory
of weakly nonlinear geometric optics makes it possible to prove loss of regularity at
negative regularity for (1.1). A general framework where multiphase weakly nonlinear
geometric optics is justified is presented in Sect. 6, and it is applied in Sect. 7 to prove
Theorems 1.3 and 1.6.

Notations The notation A < B means A < c¢B for a some constant ¢ > 0, Let
(A®)o<e<1 and (Y¥)p<e<1 be two families of positive real numbers.

e We write A® « Y if limsup, ,q A®/T? =0.

e We write A® < Y*if limsup,_, g A®/YT? < 0.

e We write A® ~ T?if A® < Y%and T8 < A°.

2 Preliminary: Modulation Spaces

Feichtinger [18] introduced a class of Banach spaces, the so-called modulation spaces,
which allow a measurement of space variable and Fourier transform variable of a
function, or distribution, on R4 simultaneously, using the short-time Fourier transform
(STFT). The STFT of a function f with respect to a window function g € S (R?) is
defined by

Ve f(x,y) = / f(gt —x)e ™"de, (x,y) e R, (2.1)
Rd

whenever the integral exists. For x,y € RY, the translation operator Ty, _and the
modulation operator M, are defined by T, f (t) = f(r —x) and M, f (t) = € f(1).
In terms of these operators the STFT may be expressed as

Ve f(x,y) = (f, MyTcg) = e ™ (f * Myg*) (x), 2.2)

where (f, g) denotes the inner product for L functions, or the action of the tempered
distribution f on the Schwartz class function g, and g*(y) = g(—y). Thus V :
(f., &)+ Vg(f) extends to a bilinear form on S (R%) x S(R?), and Vg (f) defines a
uniformly continuous function on R? x R? whenever f € S'(R?) and g € S(RY).

Definition 2.1 (Modulation spaces) Let 1 < p,g < 0o, s € Rand 0 # g € S(RY).
The weighted modulation space M/*? (R?) is defined to be the space of all tempered
distributions f for which the following norm is finite:

q/p 1/q
||f||MS"vq = (/ </ [Vg f(x, y)|”dx> (1+ |y|2)W/2 dy) ’
R4 R4

for I < p,q < oo.If p or g is infinite, || | ,r« is defined by replacing the corre-
sponding integral by the essential supremum.
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Remark 2.2 The definition of the modulation space given above, is independent of the
choice of the particular window function. See [20, Proposition 11.3.2(c)].

We recall an alternative definition of modulation spaces via the frequency-uniform
localization techniques, providing another characterization which will be useful to
prove Theorem 1.5. Let Q,, be the unit cube with the center at n, so (Q},),c7¢ consti-
tutes a decomposition of R?, thatis, RY = U,e7d On.Letp € S(Rd), P RY — [0, 1]
be a smooth function satisfying p(§) = 1 if |§]eo < % and p(&) = 0if |&]oo > 1.
Let p,, be a translation of p, that is,

pn(€) = p(E —n), neZ
Denote

pn (&)
Zkzd pe(§) '

ne74

on(§) =

Then (0,,(£)),,cz« satisfies the following properties:

0w (&) > ¢, V& € Qn,
suppo, C {§: | —nle < 1},
> o) =1,V e R, (2.3)

nezd

D0 (§)] < Claj, V& € R ar € (NU{O)?.
The frequency-uniform decomposition operators can be exactly defined by
0, = F o F.
For 1 < p,q < o00,s € R, it is known [18] that

1/q

1 ygza =< D2 IR (ONL, A1 |,

nezd
with natural modifications for p, g = oo.

Lemma 2.3 ([20,33,38]) Let p,q, pj,qj €[1,00], s,5; e R(j =1,2). Then

(1) Mslil’q] (Rd) — Méz’qz(Rd) whenever p1 < pr and q1 < q» and s < s1.In
particular, H(R?) — MP 4 (R?) for2 < p, q <ocoands € R.

) MIMTN(RYY s MP>(RY) for 1 > qa, 51 > sp and 51 — 53 > d /g2 — d/q).

(3) MP1(RY) — LP(RY) — MP-2([RY) holds for qi < min{p, p'} and q» >
max{p, p'} with % + ﬁ =1

@) Mmnlr 2 RY) — FLPRY) > MO0 20RY), L S =1,

(5) S(RY) is dense in MP-9(RY) if p and q are finite.
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6) MP-P(RY) < LP(RY) < MPPRY) for 1 < p < 2 and MPP'(RY) —
LP(RY) «— MP-P(R?) for2 < p < oo.

(7) The Fourier transform F : MPP (R - MPP(RY) is an isomorphism.

(8) The space M. (e (Rd) is a Banach space.

(9) The space M (e (Rd) is invariant under complex conjugation.

Theorem 2.4 (Algebra property) Let p, q, pi,qi € [1,00] (i =0, 1,2). If% —i—% =
1 1 1 _ 1
%andq—]—i—q—z—l—i—qo,then

MPa RYY L MP2a(RYY s ppPo-90 (RY); 2.4)

with norm inequality || fgllmroa < || fllmrra |gllmr2az. In particular, the space

~

MP-4(RY) is a pointwise FL'(R?)-module, that is, we have

I fglimra SNFlFLrlIglmra.
Proof The product relation (2.4) between modulation spaces is well known and we
refer the interested reader to [5] and since FL'(R?) «— M 1(R?), the desired
inequality (2.4) follows. O

For f € S(R?), the Schrodinger propagator ¢ 38 4 given by

e f(x) =

2n)d /ﬂ;d e Ee ISR f(g)de.

The first point in the following statement was established in [4], and the second, in
[37, Proposition 4.1].

Proposition 2.5 ([4,37])
(1) Lett € R, p,q €[1,00]. Then

1e'22 fllprra < C® 4+ D4 fllagra

where C is some constant depending on d.
(2) Let2 < p < 00,1 <q <o0. Then

ot —d(Li-1
”elef”MlW <A+t (p 2)Hf”/y[/?’,q-
For (1/p, 1/q) € [0, 1] x [0, 1], we define the subsets

I ={(p,q); max(1/p,1/p") < 1/q}, I{ ={(p,q); min(1/p,1/p") = 1/q},
L ={(p,q); max(1/q,1/2) < 1/p'}, I ={(p,q); min(l/q,1/2) > 1/p'},
I3 ={(p.q); max(1/q,1/2) < 1/p}, I3 ={(p,q); min(1/q,1/2) = 1/p}.
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We now define the indices:

—1/p if (1/p, 1/q) € I},
ni(p,q) =31/q -1 if (1/p,1/q) € I3,
=2/p+1/q if(/p,1/q) € I5,

and
—1/p if(1/p,1/q) € I,
na(p,q) ={1/q —1 it (1/p,1/q) € I,
=2/p+1/q if(1/p,1/q) € Is.

The dilation operator f; is given by

filx) = fGx), A >0.

Proposition 2.6 (See Theorem 3.2 1in [17]) Let 1 < p,qg < 0o, s € R. There exists a
constant C > 0 such that for all f € MPYRDY, 0 < A < 1, we have

C LMD min(1, 2% fllypa < 1 fillype < CAP2PD max{ 1, 27)1 £l yypa.

3 Norm Inflation in Fourier-Lebesgue Spaces

Define
o+1 20+1
HO‘(Zlv°"1Z2(f+l)=l_[Z( 1_[ Zm-
(=1 m=o+2

Definition 3.1 For v € L2(RY), define U} [v0](t) = €' 22,

. NG}

Vvl =—i Y / 528 g (U [0, o Uy, [W0]) (DT, k2 2.
ki,...kao+1>1
k1+-+koor1=k

It is known that the solution i of (1.1) can be written as a power series expansion
V= Z,fi 1 Ukl¥ol, see [3], and [25,27] for later refinements of the method.

Definition 3.2 Let A > 0 be a dyadic number. Define the space M4 as the completion
of C§° (R?) with respect to the norm

I, = Y Ifli2er0q, Qa=I[-A/2,A/2)%

EcAZd

Lemma 3.3 ([3,27]) Let A > 0 be a dyadic number.

Birkhauser



Journal of Fourier Analysis and Applications (2020) 26:78 Page110f34 78

(1) Ms ~4 My, and for all € > 0, HIte < M, — L2
(2) M4 is a Banach algebra under pointwise multiplication, and

I felim, < C@AY fllm,liglim, Vf.g € Ma.

(3) Let A > 1 be a dyadic number and ¢ € Ma with ||Yollm, < M. Then, there
exists C > 0 independent of A and M such that

k—1
1U[Y0)(0)llar, <12 (CAY2MY 1M,

foranyt > 0andk > 1.
(4) Let (bk)}:i | be a sequence of nonnegative real numbers such that

be<C > kb, Vk=2.

kisekoo 121
kit koo 1=k

Then we have

2

e p N\ 1/C0)
be <biC§T! Yk = 1, where Co = " (C(Zo 1) )

by.

Corollary 3.4 (See Corollary 1in [27]) Let A > 1 be dyadicand M > 0. If0 < T <«
(A2 M)=29 | then for any Yo € M with |[Volly, < M:

(1) A unique solution  to the integral equation associated with (1.1),

. (1—1)

t
w(t>=ef%Awo—i/0 T (p (o))

exists in C([0, T], M4).
(i1) The solution  given in (i) has the expression

Y=Y Uyl = Y _ Usors1l¥0] 3.1

k=1 =0
which converges absolutely in C([0, T], My).

Remark 3.5 By Definition 3.1, we obtain Ui[¥](f) = O unless k = 1 mod 20. For
instance, Ui[¥o](f) = 0 for all k € 20N. To see this, fix ¢ € N. Then clearly
Uas[Y0] = 0 because there does not exist k; > 1 such that ky + - - - + koo 41 = 20.
Now since Uz [Yo] = 0, it follows that U, [Y/9] = 0 and so on. Thus, U[¥o]() =0
forall k € 20N.

The general idea from [3] to prove instability is to show that one term in the sum (3.1)
dominates the sum of the other terms, and rules out the continuity of the flow map.
Usually, the first Picard iterate accounting for nonlinear effects, that is, Uzs41[¥0] in

Birkhauser



78 Page 120f34 Journal of Fourier Analysis and Applications (2020) 26:78

our case, does the job. The proof of Theorems 1.2 and 1.5 indeed relies on this idea,
for a suitable v as in [27].

Let N, A be dyadic numbers to be specified sothat N > 1and 0 < A < N. We
choose initial data of the following form

Yo =RAPNS g, (3.2)

for a positive constant R and a set €2 satisfying

Q= Ju+ 0.
ney.

for some > C {£ € RY : || ~ N} such that # ) < 3. Then we have

dl_1 _
1ol rr ~ R, lIWollar, ~ RAYCTP N,

In fact, we have

”WO”;_-M; = RPATINTP /Q(l + |%-|2)17s/2d%.

= RPA*dN*SPZ/ (14 &P/ 2dt.
n 77

+04

Since A < N and || ~ N, we have N> < (1 + |£]?) < N%for& € n+ Q4 and
so NP5 < (1 + |E)P/2 < NPS.As#Y. < 3and |n+ Qal ~ A%, we infer that
||Wo||§ELSp ~ RP.

Lemma 3.6 (See Lemma3.6in[27]) There exists C > O such that for any Yy satisfying
(3.2)and k > 1, we have

supp Ux[Wol()| < C* A4, vt > 0.

The next result is the analogue of [27, Lemma 3.7].

Lemma 3.7 Let g given by (3.2), s < 0and 1 < p < 0. Then there exists C > 0
depending only on d, o and s such that following holds.

10 Yol (D)l 7,p < CR. VT 20, (3.3)
Ul (Dll e S oy~ CHATPRNT () ILr (o), (3.4)

1
where p| = RN_SAd(1 ”>T2%.
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Proof The Schrodinger group is a Fourier multiplier,

10Ol ey = (2P0 )0

L, = Wollzp < CR.
hence (3.3). We note that

L= Ul l (D)l g1 r

= ||(')S||Lp(suppﬁk[1/,0](;)) sup ’Uk[lﬂo](f,f)’
EeRd

t
<O v upp Gitvoy 2 / vk, (@) 5 -+ 5 Vg, 4 O,  d
ki +kag 1=k * 0

—

where vy, is either U;[%] or Uy, [Yo]. By Young and Cauchy-Schwarz inequalities,

”vkl ko R Vo ”L"0 =< ”vkl * vk2||L°° ||vk3 ko R Vpgog ”Ll

20+1
Vv .V
< gl [T loellz
{=3
20+1
<l llz2lvilize T okl
(=3
20+1 - 1/220+1 -
< [T [supp G twal| T 1001l
£=3 (=1

Thus, we have
L=< 1Y N 2 supp Tetworon 115
where

t 20+1 20+1

ni= Y [T e ditoio| ” TT 10nmooiade
=3 (=1

ki Fkoo 1=k

d _d
By Lemma 3.3 (3) (with M = CRN™AZ?" 7), we have, for all k > 1,

d_d

k-1 d_d\k—1
10l Ol2 < 1Vl 0l = Ci'% (C2RAYPNTATTR) RN ™A

=
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Note that, by Lemma 3.6,

1 20+1 o410 J(1-1 ke—1 d_d
S Z /0 l_[ Al l_[ {rn (RA (_P)N_S) RN_SAZP:|dr
=3

k14 +kog 1=k =1

o Z 1) (k20— d_d [
< (RN‘X)"AMZ I)Ad(l p)(k 2 1)A(2 1))(20+1)/ et
0
1 _
< A"(“F)“‘*“A—d/P(RN—*‘)kz%.
Since s < 0, for any bounded set D C R4, we have

[{(&)* > AU D| < |{(§)* > A} UBp

, YA>0,

where Bp C R is the ball centered at origin with |[D| = |Bp|. This implies that
1Y NiLrpy < IKE)* lLr(Bp)- In view of this and performing simple change of vari-
ables (¢ = C/4¢"), we obtain

I N Lo supp Trtworny = 1Y e qei<crraay < CHICY e e <ap.
and the lemma follows. ]
In the next lemma we establish a crucial lower bound on U, 1[¥0].

Lemma3.8 Let 1 < p <00, 1 < A K Nand ) = {Neg, —Neg,2Ney} where
eq=1(0,...,0,1) € R, Ifo<T< N2, then we have

4
1026111901 (T) | e1p Z RA™2 N0 [()* Lo (o)

d
where p1 = RN—SAY 5T

Proof Note that

' a+lA 20+1 _ T,
Uso 1 Pl(T, §) = ce™ 71T /F [Tvo€ [] voéw fo 2% dtdg, ...dE,
=1 m=o+2

where

o+1 20+1
r= {(51,...,520+1> eRCIFDI N g — N &, =s},

=1 m=o-+2
o+1 20+1
2 2 2
o= =) &P+ Y. l&nl*
=1 m=o-+2
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By the choice of initial data (3.2), we have

o+1 20+1 o+1 20+1
/Hwo(so I1 wo@m)—/]_[RA YN xo@) [ RA™PNT xa(m)
m=o+2 m=o+2
20+1
= (ra~tion =) [ [T xateoder ..t
20+1 20+1

- (RA"’/PN

Z/ l_[ Xne+0Qa Eo)déEr ... d&g,

where the sum is taken over the non-empty set
o+1 20+1
C= {(m,...,nzaﬂ) € {£Neg, 2Nea¥* ' 2 ne— Y nm = 0} :
(=1 m=o+2

For& € Qa, wehave |§* < |£]* < A> < N?and so |®| < N2. Then |§®(§)| < 1
for 0 < T « N72. In view of this, together with the fact that the cosine function
decreasing on [0, /4], we obtain

T
| e
0

Taking the above inequalities into account, we infer

L 1
> Ref 2%Egr > .
0 2

— 20+1
Usani[ol(T, )] 2 (RAPN) T (A0 Ty 110, (35)

Hence, we have

2041
U201 [¥0) (Tl 10 2 (RA—””"N—S) ADP T o (2o41)-10,4)

_i
> RAT PN 1) lLr (o)

d
where p; = RN—SAY v T O

For the convenience of reader, we compute the L”-norm of weight (-)* on the cube

Oa.

Lemma3.9 Let A > 1,d>1,5s <0and 1 < p < oco. We define

. d
1 ifs < L

A = log )P ifs =14
Ad/pts ifs>—%.
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Then we have f"(A) S 1V llLrg, S £ (A) and f2(A) = () 0, ~ 1. In
d
particular;, f(A) 2, ArtS foranys < 0.

Proof We first compute the || - || L »-norm on ball of radius R; in RY, say Bg, (0). Since
()% is radial, we have

1 ogd/2 pRI d—l
I(R)) ::/ dt = A"
B, 0 (14 [§[H)75P/2 r@/2) Jo A+r2)=sr?

Notice that (1 + r2)~P/2 > max{l, r %P}, and assuming that R; > 1, we obtain:

1 rd—l Ry rd—l

I(R)) < — dz —d
(R) S o max{l, r=sr} + 1 max{l, r—=r} "

1 doi R 1
:/0 r dr—}—/l —r_sp_der.

Using conditions on s, we have I(R}) < (fsp(Rl))p . Notice that Q4 C BﬁA/z(O)’
1/p
we have [|[(-)*lr(g,) < (I(\/EA/2)> < fF(A). On the other hand, we notice

that 1 +7> <2if0 <r < land 1 +r2 <2r2if I < r < R, for some appropriate
R;. Using this together with the above ideas, we obtain fi”(A) < [[{-)*lLr(g,)- This
completes the proof. O

Proof of Theorem 1.2 By Corollary 3.4, we have the existence of a unique solution to

_1
(1.1) in M4 up to time T whenever p; = RN_SAd(1 P)Tl/(z") & 1. In view of
Lemma 3.7 and since p; < 1, ZZ.;Z Uz o+1[%01(T) ||]_-L€ can be dominated by the
sum of the geometric series. Specifically, we have ’

o0
g A_d/zRN_sﬂ-p(A) Zp%aﬁ
FLE =2
SATIPRNT R (Aol (3.6)

Y Uroesi[$ol(T)

(=2

By Corollary 3.4 and the triangle inequality, we obtain

> Usees1 [0l

=0

1 (D)l prr =

FLY

D Usoes1l¥ol(T)

=2

Z 020 +1 o)D)l 7 p = WU YOI 7 1p —

FL{

In order to ensure

WDl prp 2 1Uso 1[0l (Dl e,
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we rely on the conditions

102641 [0l | g2 > 1ULTVO I 1 2, 3.7
U0 111901 (T | 0 > | Y Usgoralyol(T) (3.8)
=2 FLY

To use Lemma 3.8, we require

(i) T « N2
In view of Lemma 3.7, to prove (3.7) it is sufficient to prove

.. 2, _d oD . d—4 1
(i) RoiA PN fi(A) > R, with py = RNT°A" »T2.

Finally, in view of Lemmas 3.7, 3.8 and 3.9, and (3.6), to prove (3.8) it is sufficient to
prove:

(i) p1 K 1,
: 20 4—4 —s P 40 4—4 —s P
(iv) Rpi® A" P N~* f7(A) > Rp{"A" » N7° £ (A).

We now choose A, R and T so that conditions (i)- (iv) are satisfied. To this end, we
set

_ 2042 1_
R=(IogN)™!, A~(ogN) S N, T=A"VN")2,
Then we have
—s 4d=< L -1

p1=RN A" PT2 =(logN) " <K 1.
Hence, condition (iii) is satisfied and so condition (iv). Note that

T = (log N)f%d(%fl)20Nd(%71)2<7+2rrs.
Since s < d (1 — %) — % and log N = O(N€) for any € > 0, we have

T < N2,

d
and hence (i) is satisfied. By Lemma 3.9, we have f(A) > A for any s < 0 and
A > 1 and so

d
RpI"A" P N~ fP(A) > 1logN > (logN)"' =R

and hence (ii) is satisfied. Thus, we have ||/ (T) || z.» pe U261 [0 1(T) | £ >

log N. Since ol zrp ~ R = (log N)~!and T « N2, we get norm inflation by
letting N — oo. O
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4 Norm Inflation in Modulation Spaces
The proof of Theorem 1.5 follows the same general lines as the proof of Theorem 1.2

from the previous section. Let N, A be dyadic numbers to be specified so that N > 1
and 0 < A < N. We choose initial data of the following form

— RA—4/2N—s if 1<g<?2
{ X, 1 1=4 =% (4.1)

VO= | RA-aN S xo, if 2<g <00,
where

Q=Jm+0a), 0a=[-4/2,4/2),
ney.

for some Y. C (£ e R? : || ~ N} such that #)_ < 3.

4.1 APrioriEstimates:1 < g <2
Then we have, for any s € R,

Ivollms ~ R, l¥ollm, ~ RN".

Lemma4.1 Let g € [1,2], Yo given by (4.1), s < 0. Then there exists C > 0
depending only on d, o and s such that following holds.

1010 l(D)l 20 = CR, ¥T =0, (4.2)
U 20 S P CEATPRN T [+ 10D |y 0cpmizny s 43)
where p = RN~ A42T 3% .
Proof By Lemma 2.3 and Proposition 2.5, we have

1Yl 20 S 1o (Dlly2e S 10T 20 S R,

hence (4.2). By Plancherel theorem and (2.3), for s < 0, we have

10Dl 20 = | (4 I 0w Ul T) 2

1z

< Uelvol(t, ‘ 1 s —
< sup |Gilyolce. & H( D19 20,0 s 77810) |,
=< sup ‘Uk[WO](tv éj)‘ H (1 + |n|)Y Hl‘7(0<\n|<CA) .
£cRd -
This yields the desired inequality in (4.3). O
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Lemma4.2 Lets <0,g €[1,2],2 <A <K Nand) ={Neg, —Neg,2Ney} where
eq=1(0,...,0,1) € Rd.IfO < T <« N2, then we have

_d .
U261 [90) (D)l 20 Z RAT2NT 0% [ (14 10D° | 1y g <) -

where p = RN~ A42T % .

Proof By (2.3), we note that

102041 W) oy = D 100 U201 Y] (M) (1 + )™

neZd
= > llowUso 1[0l 1%, (1 + n)*?
neZd

n

1 S , \1?
2 ZZW</ |Uzo-+1 00 T d&) :

where Q, is a unit cube centered at n € Z¢. Arguing as before in the proof of
Lemma 3.8 (specifically, by (3.5)), for§ € Q4 =[—A/2, A/2)d, we have

— 20+1
Usg (T, 6)| 2 (RATPNT) T (AD Ty 4110, ).

It follows that

2041 14/2] 1 e
> —d/)2 —s) d\20
1U2o 1 [Y0l(D)l 20 2 (RAT2N Ol D D=
Inl=1—A/2]
14/2] | 1/
> RA—d/ZN—SPZG Z -
~ 1 —sq ’
mi=ayzy L H 12D

where the floor functionis [x| = max(m € Z | m < x) and p = RN’SAd/zTi. m]
4.2 A PrioriEstimates:2 < g < o0

Then we have, for any s € R,

dii=1y
1ol zre ~ R, 1Wolla, ~ RAYGT2 NS,

Lemmad4.3 Lets < 0and?2 < g < oo. Then there exists C > 0 depending only on
d, o and s such that following holds.

IU1 o l(D)l 20 = CR, ¥T =0, 4.4
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UKD 20 S 05~ CEATVIRN [+ 10D* | 1y o<y 4.5)

_1
where pr = RN_SAd(1 ‘i)T%.
Proof By Lemma 2.3, we have
||U1[1/f0](T)||M§.q N ||U1[¢0](T)||ng <CR.

The proof of (4.5) is similar to Lemmas 4.1, (4.3) and 3.7, (3.4), we omit the details.
O

The next lemma is the analogue of Lemmas 3.8 and 4.2, so we leave out its proof.

Lemma44d Lets < 0,2 <qg <00,1 <A K Nand)> = {Nes,—Neg,2Nes}
whereeqg = (0,...,0,1) € R4, Ifo<T< N2, then we have

_d
|Uzos1 0] (D20 Z RA™SNT 037 (14 10D° | 1y 02y
g ad—2 L
where pp = RN™*A" 4T 2.

4.3 Proof of Theorem 1.5
Lemma4.5 Lets < 0. In the limit A — oo, we have, for 1 < g < oo,

1 if —sq >d,
0zini=a) & (A) = 1 (og )V if —sq =d.
Allats if —sq <d,

|1+ 1n)?

and | (1 L.

s ~
10D e 0zpuizay , T

Proof Since (1 4 |£|)%? is a decreasing function in |£|, in view of the integral test and
Lemma 3.9, we have, for | < g < oo,

| 1/q de 1/q
=iy ”M<0<nl<A>=( 2 (1+||)‘1) ol i)

0=<|n|=A
1
/A rd_la'r /4
Asoo\Jo (1+r)—%4 ’
hence the result for ¢ finite. The case g = oo is straightforward. O

To prove Theorem 1.5, we distinguish two cases.
First case: 1 < g < 2. By Corollary 3.4, we have the existence of solution to (1.1)
in M4 up to time T whenever p = RN *A4/2T1/2%) « 1. In view of Lemma 3.7
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and since p < 1, Zl?iz ||Uzgg+1[w0](T)||Mz,q can be dominated by the sum of a
geometric series. Specifically, we have ‘

> Usees1[Y0l(T)

(=2

o0
SATPRNT G @A) Y o7
Mm>1 =2
SATPRN gl (A (4.6)

By Corollary 3.4 and the triangle inequality, we obtain

(0.¢]
I (Dl 20 = || Y Usorrilvol
’ =0 M2
o
= V20+1190)(Dll 2.0 = 1U1OND 20 = | 3 Uzges1 [0)(T)
(=2 vaq

In order to ensure

I (Tl 20 2 N1U26+1 101D 20

we rely on the conditions

10261 1% (T 20 > U1 I y2.0 4.7
oo
1026111801 Dll 2.0 > | Uaoer1[$ol(T) 4.8)
(=2 Mm>1
In view of Lemmas 4.1 and 4.2, (4.7) amount to the condition
20 4—% a7—s 4
Rp™A"2N "gs (A) > R 4.9)

In view of Lemmas 4.1 and 4.2, and (4.6), (4.8) amount to the condition
T<N2 p<l. RO¥ATENTGI(A) > Rp*¥ A™2AN""gl(A). (4.10)

We now choose A, R and T so that conditions (4.9) and (4.10) are satisfied. To this
end, we set

2042
R=(ogN)~!, A~(ogN) & N, T=(A"92N"2.
Then we have
p=RNSAYT%H = (logN)! < 1.
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Note that
2042

T = (log N)~ 54120 y—do+20s.
Since s < % — ol and log N = O(N€) for any € > 0, we have
T <N
We have gg(A) pe Agﬂ forany s < 0and A > 1. Thus, for 1 < g < 2, we have
RP¥ A™EN"g1(A) Z (log N)~ 27D (log nyor249() 2 log N
> (logN)~! =

and (4.9) is satisfied. Thus, we have ||1p(T)|| 2 2 ||U20+1[1ﬁ0](T)|| 20 2 > log N.

Since %ol ,, 20 S < R = (logN)~ Vand T « N , We get norm 1nﬂat10n by letting
N — oo. ThlS completes the proof for g € [1, 2].

Second case: 2 < g < co. By Corollary 3.4, we have the existence of solution to (1.1)

_1
in M4 up to time T whenever py = RN_SAd(1 ") T1/2%) « 1. By Lemmas 4.3 and
4.4, the conditions

d
T<N72 ppkl and RpIA"4N*gl(A) > R 4.11)
ensures that
_d
I (Tl 20 2 1026110120 ~ Rpi”A"a N gl(A).
We now choose A, R and T so that conditions (4.11) satisfied. To this end, we set
2042 1
R=(ogN)™!, A~(ogN) ® N, T=(A% G VnN"H2
Then we have
—s d—4,. L —1
pp=RNTA" ¢Tw =(logN)" < 1.

Note that

—1)20 d($—1)20+2os

T = (log Ny~ “F 4GPy

Since s < d (1 — é) - % and log N = O(N°) for any € > 0, we have

T <« N2
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d .
Note that g (A) > Aa™ for any s < Oand A > 1 and so

d
Rp3°A"4NSgl(A) > 1logN > (logN)~! = R.

Thus, we have [[Y(T)ll 20 2 1Uss 41 [%0l(Tll 20 2 log N. Since [[¥oll,20 <

R = (logN)™ ' and T « N2, we get norm inflation by letting N — oo. This
completes the proof of Theorem 1.5.

5 Norm Inflation as a By-product of Geometric Optics

The proof of Theorems 1.3 and 1.6 follows the same strategy as in [11]: through a
suitable rescaling, we turn the ill-posedness result into an asymptotic result, which can
be expressed in the framework of weakly nonlinear geometric optics. More precisely,
we change the unknown function v to u, via

U (t, x) = £ 3 (et x), 5.1)

where the parameter ¢ will tend to zero. For v solution to (1.1), u® solves

2
ied,u’ + %Aue = e uf )P ul. (5.2)

The case J = 1 corresponds to weakly nonlinear geometric optics (WNLGO), as
definedin [9]. As noticed in [11] in the framework of Sobolev spaces, a phenomenon of
infinite loss of regularity can be proved via this WNLGO setting, under the assumption
s < —1/(20) in the analogue of Theorems 1.3 and 1.6. Like in that paper, in order to
weaken the assumption on s to s < —1/(20 + 1), we will have to consider some value
J > 1, and perform some “asymptotic sin”, in the sense that we change the hierarchy
in an asymptotic expansion involving the limit ¢ — 0.

The heuristic idea is the same as in [15]: when negative regularity is involved, the
zero Fourier mode plays a stronger role than (large) non-zero modes, which come with
a small factor. With the scaling (5.1) in mind, our goal is to show that we may consider
initial data (for u) of the form

u(0, x) = Zeij'x/saj(x),
j#0

that is containing only rapidly oscillatory terms, and such that the evolution under
(5.2) creates a non-trivial non-oscillatory term.

To be more specific, recall the strategy of multiphase nonlinear geometric optics
(see [10] for more details): we plug an ansatz of the form

u(t,x) = Z ei¢j(”x)/8aj (, x)
J
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into (5.2), and order the powers of e. The most singular term is of order &Y, it is the
eikonal equation:

1 2
09 + §|V¢j| =0.

In the case of an initial phase ¢;(0, x) = j - x, no caustic appears, and the global
solution is given by
Tk
oit,x)=j -x— Tt. (5.3)
In the sequel, we consider such phases, for j € Z¢. The next term in the hierarchy is
of order ¢!, but as evoked above, we “cheat”, and incorporate some nonlinear effects
evenif J > 1 (and J < 2),

ataj +] . anj = —i/,LSJ_l aklc_lkz s lkypyys (54)

by =Gyt F Py =)

where we have used V¢, (¢, x) = j. Again in view of the specific form of the phase
(5.3), the condition on the sum involves a resonant condition, (ky, ka, ..., kys41) €
R j, where

20+1 20+1
Rj={<ke)15egzg+1, DD Tk =G, > (=D kP =151 ¢
=1 =1

In the cubic case o = 1, those sets are described exactly:

Lemma 5.1 (See [10,16]) Suppose o = 1.

o Ifd=1then R; ={(j. L, 0), (£, L, ]); L €L}

o Ifd > 2, then (ki,kz, k3) € R; precisely when the endpoints of the vectors
k1, ka, k3, j for four corners of a non-degenerate rectangle with ko and j oppos-
ing each other, or when this quadruplet corresponds to one of the following two
degenerate cases: (ki = j, ko = k3) or (k1 = ko, k3 = J).

The above lemma explains why our approach distinguishes the one-dimensional case

and the multi-dimensional case, and in particular why the cubic one-dimensional case
is left out in Theorems 1.3 and 1.6.

5.1 Multi-dimensional Case

The leading idea in [11] is to start from three non-trivial modes only, in the case d > 2,
and create at least one new mode (possibly more if o > 2), corresponding to j = 0.

Lemma5.2 Letd > 2 and o € N*. Define ki, ky, k3 € 74 as
ki =(1,0,...,0), k=(,1,0,...,0), k3=1(0,1,0,...,0).
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For initial data of the form

3
(0, x) =a(x) Y e o e SR (0},
j=1

J

we have ag;=o = 0 and 9;a0;,=0 = € “lega(x), with cg = R > 1.

This lemma is straightforward, in view of (5.4), and since (k1, k2, k3) € Ry if
o =1, (ki, ko, ks, k1, k1, ..., k1) € Roifo > 2.

5.2 One-Dimensional Case

In the one-dimensional case, we have a similar result, provided that the nonlinearity
is at least quintic, in view of [12, Lemma 4.2] (and Example 4.3 there):

Lemma5.3 Letd = 1 and o > 2. Define k1, ky, k3, k4, ks € Z as
(k1, ko, k3, ka, ks) = (2, —1, 2,4, 3).
For initial data of the form
5
u(0.x) =ax) Yy e a e SR\ {0},
j=1

we have ag;—o = 0 and 9,ap;=0 = 8J’1cooz(x), with co = iRo > 1.

5.3 How to Conclude

Supposing that we can prove that the geometric expansion recalled above provides an
approximation u,p, for the solution u to (5.2), suitable in the sense that the error is
measured in a sufficiently strong norm, the idea is that both u|;—o and u — wuap) are
small in spaces involving negative regularity in x, while Lemma 5.2 or 5.3 implies
that u,pp is large in many spaces.

6 (Very) Weakly Nonlinear Geometric Optics
6.1 A Convenient Functional Framework
Throughout this section, we denote by X a Banach algebra in the space variable, that

18
C >0, |fgllx =Clflixlglx. Vf.geX. (6.1)

We suppose that X is translation invariant and, denoting by 7 f (x) = f(x — k),

lafllx =l fllx, YkeRY, VfeX. (6.2)
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We assume in addition that the multiplication by plane wave oscillations leaves the
X -norm invariant,

I fexllx = I fllx, Yk € RY, where e;(x) = e/*. (6.3)

Note that this assumption rules out Sobolev spaces H* (R?), unless s = 0. Finally, we
assume that the Schrodinger group acts on X, at least locally in time:

Assumption 6.1 There exists Ty such that ei%A maps X to X forz € [0, Tp], and
3C >0, [e'2%cxx) < C. Vi €0, Tol.

In[10,19], the case X = FLY(M) was considered, with M = T¢ (a choice resumed in
[12]) or R4, In [11,30], the choice X = FLIn L2(Rd) was motivated by the presence
of more singular nonlocal nonlinearities. We shall consider later two sorts of X spaces:
FL'NFLP or FL' N M1,

We denote by

Y =1(@aj)jezs. Y llajllx <oop =e1(X),
jezd

and
— -\ 2 .
=1 @pjez € ¥, Y. (0G0 lajllx + () 1 Vaslx + 1 Aallx ) < o0
jezd

We suppose that u solves (5.2) with initial data

u(0, x) = Z aj(x)eij'x/e.

jezd
6.2 Construction of the Approximate Solution

The approximate solution is given by
uapp(t’ x) = Z aj (t, x)eiqb_,v(t,x)/a’
jezd
where ¢; is given by (5.3) and the a;’s solve (5.4), with initial data o;.

Lemmaé6.2 Letd > 1,0 e N*and J > 1.

o If(aj)jcza €Y, then there exists T > 0 independent of ¢ € [0, 1] and a unique
solution (aj)jezd € C([0,T); Y) to the system (5.4), such that aj;—0 = a; for
all j € 74
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e [fin addition (Olj)jezd € Yy, then (Clj)jezd e C([0, T]; Yy).
Proof In view of Duhamel’s formula for (5.4),

t
ajt,x)=aj0,x — jt) —ir Z / (akl&kz...ak2d+l)(s,x—j(l—s))ds,
(k1,k2,....k25+1)ER

the first point of the lemma is straightforward, as an easy consequence of (6.2) and
(6.1), and a fixed point argument. The second point requires a little bit more care: it
was proven in [10, Proposition 5.12] in the case X = FL' (Wiener algebra), and the
proof relies only on the properties of X required at the beginning of this section. O

From now on, we assume (Olj)jezd e Y.

6.3 Error Estimate

First, in view of the assumptions made in this section, a standard fixed point argument
yields, in view of (6.1) and Assumption 6.1:

Lemma6.3 Letd > 1,0 € N*and J > 1. If ug € X, then there exists T > 0 and a
unique solution u € C([0, T*]; X) to (5.2) such that u;—o = uo.

To construct the approximate solution u,pp, we have discarded two families of
terms:

e Non-resonant terms, involving the source term

. J - i —
rli= € Z Z Ak A, - - - ak20+1el(¢kl Dy + +¢20’+1)/€.
J(ki k2, koo 1D)ER

e Higher order terms, involving
e’ 3 i/
i idile
ry = A Aaje™i’".
J

Indeed, u,p) solves

2
) e
180 Uapp + 3Auapp = M51|uapp|zauapp +r1+r2. (6.4)

Duhamel’s formula for u — uapp =: w reads
. J—1 ! ie 5TA 20 20
w(t) = —ije e (|u|  — |ttapp| uapp) (0)d~
0

¢ —T
—ipe’ ! Z / e‘stTArj(t)dt.
0

Jj=1.2
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In view of our assumptions on X, we readily have, thanks to Minkowski inequality,
' 2 2
lw@®llx < c/ (Naapp (I3 + 1w (@I ) (@)l xd
0

! —T
+ce Y /e”’TAr,-(r)dz
0

j=12

bl

for some C independent of ¢ € [0, 1] and ¢ € [0, Tp]. In view of the second point of
Lemma 6.2, we readily have

By construction, r1 is the sum of terms of the form g (¢, x)e’**/¢=®1/C8) with k € 74,
o € Z, and the non-resonance property reads exactly |k|? # w.

< &2,
X

t
L 1T
f T Ary(t)dr
0

Lemma 6.4 Letk € RY, w € R, with |k|? # w. Define
t

Dé(t, x) = f JETEA <g(r’ x)eik»x/s—iwr/(Za)) d.
0

Then we have

—2ie s 1—T . . t
£ — ie5-A ik-x/e—iwt/(2¢) ‘
D (t, x) e _we 2 (g(t, Xx)e ) 0
2ie Dietsta (ikexje—iowr)2e) (1
+ A et 2 e E(sAg—{—Zk-Vg)—{—a,g (t,x) ) dr.

In particular, for t € [0, Ty],

&
IDf®)lIx < m(”g”L‘”([O,t];X) + 1AgllLeqo,n;x) + [kIIV gl Lo (0,1 %)
+ 19,81l Lo (q0.11: %)) -
Proof The last estimate follows directly from the identity of the lemma, (6.3) and
Assumption 6.1, so we only address the identity, which is essentially established in

[10, Lemma 5.7] (up to the typos there). Setting n = & — k/¢, the (spatial) Fourier
transform of D is given by
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t
Do g) = e—ist|n+k/£|2/2/ TR/ 12 (7 py it/ 22) g
0
t
_ eﬂsz|n+k/g|z/2/ 62 (1. ) de
0

t
— efistlr]+k/8|2/2/ ei192/2 el"t@l/z[;(-(;7 n)dr,
0

where we have denoted

k> o 2 k|2 — w
0=¢ n+g —;zslnl +2k-n+
———

0 ~———

02

Integrate by parts, by first integrating e/7%2/:

g2 A ) N o2 1. 01~ —

D18 =~ Ph ) | b / &7/ (z‘;‘b(r, m + b (r, n)) dr.
0

The identity follows by inverting the Fourier transform. O

We infer:

Proposition 6.5 Let d > 1, 0 € N*, J > 1, and (@) jega € Y2. Then for T as in
Lemma 6.2,
lu — uappllL=o,71;x) S €-

Proof First, Lemma 6.2 and (5.4) imply that we also have (8,aj)j€Zd e C(0, T, Y).
Then, in view of these properties and Lemma 6.4, we have

where we have used the fact that in the application of Lemma 6.4,
since now k € Z4 and w € 7. We infer

5814—17

1
L l—T
/ T Ar(n)dr
0

X

k> — o] = 1,

t

lw@lx < C/O (lapp @I + 1w @I ) @ lxdT +Ce? + Ce,

where C is independent of ¢ € [0, 1] and r € [0, T]. Lemmas 6.2 and 6.3 yield
w € C([0, min(T, T%)]; X). Since wy;—o = 0, the above inequality and a standard
continuity argument imply that u € C([0, T]; X) provided that ¢ > 0 is sufficiently
small, along with the announced error estimate. O
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7 Norm Inflation with Infinite Loss of Regularity
7.1 Proof of Theorem 1.3

For 1 < J < 2 to be fixed later, let u® defined by (5.1), and consider the initial data
given by Lemma 5.2 (if d > 2) or Lemma 5.3 (if d = 1 and o > 2). We apply the
analysis from Sect. 6 with X = FL!' N FL. This is obviously a Banach algebra,
(6.1) holds, thanks to Young inequality, the X-norm is invariant by translation, and by
multiplication by plane wave oscillations as in (6.3). Assumption 6.1 is satisfied with
C = 1 forany Ty > 0, since the Schrédinger group is a Fourier multiplier of modulus
one. We can therefore invoke the conclusions of Lemma 5.2 (if d > 2), Lemma 5.3
(ifd = 1 and 0 > 2), and Proposition 6.5 (in all cases). In order to translate these
properties involving u solving (5.2) in terms of i solving (1.1), we use the following
lemma:

Lemma7.1 Letd > 1. For f € S'(RY) and j € R?, denote
I(f. ) (@) = fx)e /e,

e Foralls € R, p € [1,00], and f € FLY(RY), |I°(f, Ol grr = 1 flFrr-
o Let j € R4\ {0}. Foralls <0, there exists C = C(j) independent of p € [1, o0]
such that for all f € S(RY),

1 Dllrrg = Ce¥l Iy -

Proof We have obviously
— ~ ]
I5(f, D) = f (5 - E)’

The first point is thus trivial. For the second one, if p is finite,

A J
i(e=3)
£
Note that, for s < 0,

i\ Ps Pl i
1 DI, =/<s>"“ <s—§> <§— §> f<§—é)

i —1\ Plsl
“1[e J p
< Eseuﬂgi ((E) <$ 8> ) ”f”f%

inf <s><s = §> >

EecRd

p
gy = [ 7 dt.

p

dg

For j # 0,

™ | =

k]
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hence the second point of the lemma in the case p finite. The case p = oo follows
from the same estimate, controlling the supremum of a product by the product of the
suprema. O

With u);,—o as in Lemmas 5.2 or 5.3, the above lemma yields, in view of (5.1), and
fors <O,

[NZQUPSS ol
This sequence of initial data is small (in F Ly’ for all p) provided that

2—J
20

|s| > (7.1)

Lemmas 5.2 and 5.3 show that there exists ¢ > 0 independent of ¢ such that
lao(®llFp Z &', Vp e[l 00l, Vk € R.

By construction,

. i, j
flapp (1, €) = Y e 4, (r,s - ;),

jezd

so we infer, at least for ¢ sufficiently small ((a; (7)) jezd €Y from Lemma 6.2),
litapp(Dll pp 2”71, Vp €1, 00], Yk € R.
On the other hand, since X = FL' N FL® c FL?, Proposition 6.5 yields
lu(2) = wapp(OllFpp S Nu(T) = wapp(Dllx S &, Vk <0,
hence, if J < 2,
()l 1 2 e/7!, Vpell, o], Vk <0.

Therefore,
J=2
IV EDlpp 26 xe’™!, Vpell ool VkeR.

The right hand side is unbounded as ¢ — 0 provided that

J-=2 . 20 +2
+J—1<0, thatis, J < .
20 20 + 1

Then given s < —1/(20 + 1), we can always find a J €]1, 2[ satisfying (7.1) and
the above constraint. Theorem 1.3 follows in the case k < 0, by taking for instance
&n = 1/nandt, = ¢,7. In the case k > 0, we just recall the obvious estimate

I Dl zrr = IV Dl FLr,

and the proof of Theorem 1.3 is complete.
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7.2 Proof of Theorem 1.6
In the case of modulation spaces, the proof goes along the same lines as above, up to
adapting the space X and Lemma 7.1.

We choose X = FL'N M. Theorem 2.4 shows that the Banach algebra property
(6.1) is satisfied. FL' is translation invariant, and for M1,

Ve ) Gon) = [ 70— 0g@= e ar = e [ pogarE= e ar
R R4

=e RV () =k, y),

and thus
ek fllpr = WVe @) Ny | = I lagnr

We have used already the fact that (6.3) is satisfied on F L'.On M1 this is the case
too, since for k € R,

Ve (fer) (x. y) = /R P TRE e = Ve () (x,y ),
and so

| ferlla =11V (Fer) iy, = Ve (), = I fllag-

Finally, Assumption 6.1 is satisfied thanks to Proposition 2.5, and we can again invoke
Lemmas 5.2, 5.3, and Proposition 6.5.
Like before, Lemmas 5.2 and 5.3 show that there exists T > 0 independent of &

such that

llao (D)l e 2’7", Vp.g € [1,00], Vk €R.
By the same asymptotic decoupling phenomenon as in the case of FL? spaces, we
infer

litapp (Dl pp0 2 e/7', Vp,q e[l,00l], Vk € R.

In view of Lemma 2.3, X < M} forall p,q > 1 and all k < 0, and so
llu(T) — tapp (D)l 4 S llu(r) —uapp(Dllx S e, Vp,g €[1,00], Yk <0.
The analogue of Lemma 7.1 is the following:
Lemma7.2 Letd > 1. For f € S'(RY) and j € RY, denote
I°(f ) = foe e,
o Foralls €R, p.q € (1,00 and f € M{" RY), [1°(f.0)lyra = || fllyyre.
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o Let j € RA\{0}. Foralls < 0, there exists C = C(j) independentof p, q € [1, 0]

such that for all f € S(RY),

5 CF s Dllygra < Ce¥N fllpga

Proof The first point is proven like (6.3) above. For the second point, write

IICF s Dy

o)
0

o] =i (s+Z)

N —
q
Ly Lz Ly

IA

Ve f ol ()

q’
Ly

where we have used Peetre inequality (a + b)° < (a)’ (b)!. The lemma follows. O

At this stage, we can repeat the same arguments as in the previous subsection, and
Theorem 1.6 follows.
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