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Abstract

In this paper we construct a wavelet basis in L (R"; 1) possessing vanishing moments
of a fixed order for a general locally finite positive Borel measure . The approach
is based on a clever construction of Alpert in the case of the Lebesgue measure
that is appropriately modified to handle the general measures considered here. We
then use this new wavelet basis to study a two-weight inequality for a general
Calderén—Zygmund operator on R and conjecture that under suitable natural con-
ditions, including a weaker energy condition, the operator is bounded from L?(R; o)
to L>(R; w) if certain stronger testing conditions hold on polynomials. An example
is provided showing that this conjecture is logically different from existing results in
the literature.

Keywords Calderon-Zygmund operators - Two-Weight inequality - Alpert basis

1 Introduction and Statement of Main Results

The use of weighted Haar wavelet expansions has its roots in connection with the
T'b theorem in [2,3], and came to fruition in treating the two weight norm inequality
for the Hilbert transform in [9,13], the two part paper [5,6,8] . The key features of
the weighted Haar expansion {h}'},_, are threefold (below, D is a dyadic lattice;
explained below):
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(1) The Haar functions {A'},_,, form an orthonormal basis of L? ():

f= Z (f. hl;)Lz(u) Ry both pointwise  -a.e. and in L? (),
1D

where ('}, b)) =35,

L2(u)

(2) Telescoping identities hold:

e Y (f W) M =EXf—ELf, KGL,
1€D: Kgch

(3) Moment vanishing conditions hold:

/h‘;(x)d,u(x):O, I €D.

In the setting of Lebesgue measure, Alpert [1] introduced new wavelets with more
vanishing moments in (3), while retaining orthonormality (1) and telescoping (2). The
expense of imposing these extra moment conditions is that one requires additional
functions in order to obtain the expansion. The purpose of this note is to extend exis-
tence of Alpert wavelets to arbitrary locally finite positive Borel measures in Euclidean
space R", and to investigate degeneracy and uniqueness in the one-dimensional case
as well. To state the main result in this paper requires some notation.

Let u be alocally finite positive Borel measure on R”, and fix k£ € N. Let P" denote
the collection of cubes with sides parallel to the coordinate axes. If Q is such a cube, its
“dyadic children” or just its “children”—denoted € (Q)—are the 2" subcubes whose
side lengths are half the side length of Q. So, for example, if n = 1 and Q = [0, 1),
then the two children are [0, %) and [%, 1).Orifn =2and Q = [0, 1) x [0, 1), the
four children are [0, §) x [0, 3), [0, ) x [3, D), [3, 1) x [0, ), [5. 1) x [3, 1.

For Q € P", denote by LZQ; « () the finite dimensional subspace of L? (n) that
consists of linear combinations of the indicators of the children € (Q) of Q multiplied
by polynomials of degree at most k — 1, and such that the linear combinations have
vanishing pu-moments on the cube Q up to order k — 1:

L ()

=1f= > 1gpgu@): / f ) xtdp (x) =0,
0'eC(Q) ¢
forO<{{<k—1landl <i <n}, (1.1)

where por.x (x) = Zaem:mgk—l ag.qx® is a polynomial in R" of degree |a| =
o) + -+ a, at most k — 1. Here x* = x|'x3%..x;". Let dp.x = dim L2Q;k (1) be
the dimension of the finite dimensional linear space LZQA « ().
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Define

fc’jo(u)z{aeziz|a|gk—1;x“eL2(u)}, (1.2)
and Pk, (1) = Span {x"‘}ae]__go ) (1.3)

Let A’é; « denote orthogonal projection onto the finite dimensional subspace LZQ; « (1),
let E’é ;. denote orthogonal projection onto the finite dimensional subspace

Span{lp (x)x% : 0 < || < k — 1}, (1.4)

and let A%n; « denote orthogonal projection onto Pﬁn (). The projections A’é; ¢ are

often referred to as multiresolution projections. Observe that in many cases, fé‘o ()
is empty and so Aﬂ’én;k =0.

'Finally, by a dyadic lattice on R, we mean the collection of intervals of the form
[ZL,,,, leml) where j, m € Z. A dyadic lattice on R” is the collection of cubes of the
form Iy x --- x I, where each I; is a member of the dyadic lattice on R (and, as the
name “cube” implies, the side lengths of each factor are equal).

The first of two main results proved in this note is the following theorem, which
establishes the existence of Alpert wavelets in all dimensions having the three impor-

tant properties of orthogonality, telescoping and moment vanishing.

Theorem 1 (Weighted Alpert Bases) Let i be a locally finite positive Borel measure
onR", fixk € N, and fix a dyadic grid D in R".

(1) Then {Afé,,_k} U [Ag‘k}Q > is a complete set of orthogonal projections in
; ik oe
L3, () and

=0+ D Bouf feLin ).
QeD

<Af§n;kf, Ag;kf> - <A’Iﬁ;kf, A’é;kf> —0for P # 0,

where convergence in the first line holds both in LHZQ,, (n) norm and pointwise
u-almost everywhere.
(2) Moreover we have the telescoping identities

lg Y o), =Ep, —Eh, forP,QeDwithPSQ, (15
0GIcP

(3) and the moment conditions

fRn Ay f () x*dp(x) =0, forQeD, 0<lal <k—1.  (L6)
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In the special case of dimension n = 1, we further investigate uniqueness and
degeneracy of the wavelets constructed in Theorem 1. The system of one-dimensional

Alpert wavelets is underdetermined, in general having <§) additional degrees of

freedom which can be used to impose additional moment conditions in (3). The degen-
eracy condition for Alpert wavelets is phrased in terms of a matrix of moments M ¢
and positive semi-definiteness, and can be interpreted as the degree to which u is a
finite sum of point mass measures within a given child of a cube. Here is our second
main result, which includes the main points of our investigation into uniqueness and
degeneracy, but not all of them—see Sect. 3.4 for more. Let

o1 X . xk—2 xk—l T
v x2 e k3 k2
0
xk72 xk73 x2k74 x2k73
| kol k=2 L 2k3 22 |

be the non-negative symmetric matrix of moments of the measure p up to order k — 1
on the interval Q.

Theorem 2 Let i be a locally finite positive Borel measure on R, fix k € N, and fix a
dyadic grid D in R. Then, in addition to parts (1) and (2) of Theorem 1 (restricted to
n = 1), we also have:

(1) The dimension oszQ;k (w) is given by

dim LZQ;k (n) = dim (RangeLQ,k ﬂ RangeRQ,k) ,

where L i and R g i denote the matrices M g, k and M g, k respectively and
Oleft/ Qright are the left and right halves of the interval Q. This shows in particular
that L2Q;k (1) = k for all dyadic intervals Q ifand only if M g i > O for all dyadic
intervals Q.

(2) Inthe case when M g . > O for all dyadic intervals Q, we can choose an orthonor-

k
mal basis {a’é’e ] 1 of LZQ, « (W) so that in addition to the moment conditions given

in part (3) of Theorem 1, the following additional moment conditions hold:

/ag’e(x)xidu(x)zo, forall2 <f <kandk <i <k—+1€-—2.

The additional moment conditions in part (2) consume the remaining (; ) degrees

k
of freedom available in defining the 2k? coefficients in the functions [ag’e }e r which

we refer to as Alpert functions.
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Remark 3 There is an analogous theorem in higher dimensions n > 1, whose formu-
lation and proof we leave for the interested reader.

When k = 1, these theorems reduce to the well-known weighted Haar basis in
LZ(M) which is recalled in detail in Sect. 2. However, when k > 2, new wavelet
bases are provided by this construction, and in Sect. 3, we prove our two main results
regarding these new bases, Theorems 1 and 2. In the final section of this paper, we
use the Alpert basis to study weighted inequalities for Calderén—Zygmund operators
on the real line. A natural proof strategy is to decompose f € L*(0) and g € L*(w)
via a wavelet basis and then analyze the behavior of the matrix of T relative to this
basis. One then arrives at testing conditions related to the number of moments that the
basis possess, as well as a relaxation of the energy condition required to control certain
terms in the matrix. With this new basis we study a 7'p type result in the two weight
setting. See Conjecture 17. In addition, these wavelets were first used to study integral
equations numerically on unweighted spaces. Perhaps similar methods can be used
to study integral equations or Toeplitz-like operators on weighted spaces. In addition,
papers like [4] study the problem of reconstructing a function with knowledge of its
“local moments” (i.e. unweighted averages on dyadic intervals of a fixed scale). A key
tool in papers like [4] is the Alpert wavelet basis. So, it seems possible that similar
reconstructions can be done using weighted local moments and these weighted Alpert
bases.

2 Weighted Haar Bases

In this section we review the existence, uniqueness and degeneracy of the weighted
Haar wavelets, beginning with the local case. Let x be a locally finite positive Borel
measure on the unit interval [0, 1).

Definition 4 Set Ig =[0, 1), IO1 = [O, %), Il1 = [l, l), and in general

IRV ER .
1;”:[27, S > 0<j<2"—1,meZ;.

Note that the left half of the interval / j’” is ] ;’fleft = Izmj+1 and that the right half of
the interval 17" is I = [t

Jight = D2ji1 ..We begin by briefly rev'iewing the Weighted Ha'ar
wavelet bases on the real line and in Euclidean space, and in the next section we will
turn to weighted Alpert wavelet bases with more vanishing moments.

Suppose that u is a finite positive Borel measure on [0, 1) and define

L?(n) = {f : [0, 1) — C pu-measurable : / |f|2du < oo} .

Birkhauser
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Let |E|, denote the u-measure of a Borel set E. Assume first the nondegeneracy
condition that p charges every dyadic subinterval of [0, 1),

[J1,, > O for all for all J = I;”, meZy, 0<j<2"—1. 2.1

Definition5 Forallm € Z; and 0 < j < 2™ — 1, define

h’;;n (x)=—

Finally define

hy (x) =

Theorem 6 The collection

[0,1) mn

Haar,u __ [, 1t 12
U = {hy} U {h }
7 YmeZy and 0<j<2m—1

is an orthonormal basis for L* ().

Proof 1t is a straightforward computation to see that L{[Polaf)r " is an orthonormal set in

L? (), and the dyadic Lebesgue differentiation theorem with respect to the measure .,
together with the multi-resolution telescoping identities, show that L{[Igaf)r " is complete

in L2 (w). o

2.1 Derivation of the Explicit Formula (2.2)

The coefficients on the functions 1 " and 1 I o are derived in the following way.
Js Js

h
If we set

h];_" ()C) = —Olllm

m
J.left +h Ij,right’

and demand that both

_ _ m m
0= /1, hppdp = —o | B ‘Ij,right‘u’

1=
1y

’

2 2| ym

2
u +B ‘Ijr"?right

Birkhauser



Journal of Fourier Analysis and Applications (2021) 27:1 Page70of41 1

then we must have

‘ J, left

——Foand 1 =o? ‘ et
) jl‘lght‘
m
‘IJ left| m ‘ Joleft],
‘ rlght‘MZa ‘I ‘
‘ nght‘ ) Jﬂght‘

which implies

where we see that « and § are uniquely determined up to sign.

2.2 The Haar Degenerate Case
Here we examine what happens when the nondegeneracy condition (2.1) fails.

Lemma 7 Ifat least one of the two children of I]'.” fails to be charged by i, then if h m
is defined according to the derivation outlined above, we have that h m= 0.

Proof Fix I’.” withm € Zyand 0 < j <2" — 1. If ‘I’”‘ = 0, then clearly h,;n =0

in L2 (). If just one of the children of I ™ is not charged by u, say ‘I juet|, = =0
but |1 ’ Jjoight |, > 0, then the moment requirement above becomes 0 = —« ’ et +
B )I/. right‘ =B I/.’right K which implies § = 0, and hence h,m = —ozllmleﬁ +
,Blmnght = onl,ml W = = 0in L? (u). Thus we see that h,m = 0 if at least one of its
children is not charged by w. O
The resulting pared collection ¢/ Oaf)r = {h“ } {h’;m } , where

/) YmeZy and 0<j<2m—1

now h“ is removed if it vanishes identically, is still an orthonormal basis for L? ().

Indeed this follows from the fact that the telescoping identities still hold, and hence
Lebesgue’s dyadic differentiation theorem continues to show the pared collection

L{[}gflf)r’“ is complete in L ().

Birkhauser
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2.3 The Global Case

If 1 is a locally finite positive Borel measure on the real line R, D is a dyadic grid in
R, and

|[11ghl | heft]

I
Wy =17V mﬂ\/ her,e Vhert + ulﬂ [Trigh], L, 1 mm |I“g‘“| |Ileftlﬂ}
"x) =

if mm“[nght| |Ileft|/4} 0

for each dyadic interval I € D, then the collection
Haar,;u __ "
M]R = {h 1 }1 eD

is an orthonormal basis for L? (1) (where we of course discard those h'f that vanish
identically).

2.4 The Higher Dimensional Case

Again the local case L? ([0, n"; ,u) and the global case L% (R"; ) are treated sim-

ilarly and we only consider the global case L?(n) = L? (R"; ) here. So suppose
that w is a locally finite positive Borel measure on R” and that D is a dyadic grid on
R". Given a dyadic cube Q € D with |Q],, > 0, let A’é denote orthogonal projec-

tion onto the finite dimensional subspace Lé,l () of L? (1) that consists of linear
combinations of the indicators of the children € (Q) of Q that have -mean zero over

Q:

Ly, w={f= Y agly: aQ/eR/fdu—O
0'ee(0)

= Span{ly : Q' € €(0Q)

! . > 0} © Span{lp}.

Thus, among other things, we see that dim LZQ;1 =#{Q' € €(Q): |Q/|M >0}—1.1If

|0, =0, set A’é = 0. Then we have the important telescoping property for dyadic
cubes Q1 C Qs (below [Q1, Q2] ={Q : Q1 C Q C O2}):

Lo,y [ > Ahr =IQo(x)(E’éof—E’ézf>’
0¢€[01,02]

Qo e€(Q1), feL* . (2.3)

We will at times find it convenient to use a fixed orthonormal basis {h’éa} of
ael’y,

L2Q () where I';, is any convenient index set with cardinality equal to the dimension
of L’é (n), i.e.

Birkhauser
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#T, = dim L?) (,u):#{Q’eQﬁ(Q) o, >0} -

where the second equality here follows from the fact that the functions in L2Q (n)

have vanishing mean. Then {h'é“ is an orthonormal basis for L (u),

}aer‘,, and QeD
with the understanding that we add the constant function 1 if u is a finite measure. In

particular, if w is an infinite measure, we have

f) =Y Ahf(), p—aexeR" (2.4)
QeD
17120 = Z I D 3B Mt 2.5)
QeDacel’,

where

2

’

Fof=3 ’(f,hg“)

ael’y,

nw

and the measure is suppressed in the notation. Indeed, this follows from (2.3) and
Lebesgue’s differentiation theorem for cubes.

3 Weighted Alpert Wavelets with Higher Vanishing Moments

Let u be a locally finite positive Borel measure on R", and fix k € N. In analogy
with the definition of L2Q_ | (u) above for Q@ € P", we denote by LZQ‘ « (1) the finite
dimensional subspace of L? () that consists of linear combinations of the indicators
of the children € (Q) of Q multiplied by polynomials of degree at most k — 1, and
such that the linear combinations have vanishing p-moments on the cube Q up to
order k — 1:

ouw=1r= Y torguw: [ reodinm=o
0'e€(Q)
forO0<f¢<k—1landl <i <n},

where por.x (x) = Zaem:mgk—l ag.qx® is a polynomial in R" of degree |a| =
o] ,.02

aj + -+ + o, at most k — 1. Here x* = x| 'x5°. ox)n Let do.x = dimLzQ_k(,u)
be the dimension of the finite dimensional linear space L2Q, « (1) Note that the space

Birkhauser
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LZQ. « () can also be written as:

Span{lyx® : Q" € €(Q),

0|, > 0.lal <k =1} © (®ajaizk—110x%) . (3.1)

We begin with the proof of Theorem 1 in the next subsection below, and we will
complete the proof of Theorem 2 in the third subsection. In the final subsection we
will give a complete and detailed answer to both uniqueness and degeneracy in the
special case whenn = 1 and k = 2.

3.1 Proof of Theorem 1

We begin with an estimate of the dimension dg..

Proposition 8 We have:

n

k—1
0<dpr=<(2"—1)Arn=(2"—1) (” * ) (3.2)
where Ay , denotes the number of non-negative integer solutions to oty 4 - - - + oty <
k—1.
Proof First, if the functions {19 (x)x® : || < k — 1} are linearly independent, then
dim Span{lp (x)x% : || <k — 1} = A .

Let B denote dim Span{1¢ (x)x® : || < k — 1}. Then it follows that

dimSpan{lQ/(x)x"‘ ‘el <k—1}< B, forall Q' e €(Q).

Thus

dimLzQ;k (w) <#{Q e€¢Q: |Q/|M >0B—B<Q"—1DB<Q2"—1)Ag,.

Finally it is well-known that the number of nonnegative solutions to oty +- - -+, = j
is ("7}.“ ) (simply choose n — 1 boxes from a row of n 4 j — 1 boxes and put a single
ball in each of the unchosen boxes—then let o; be the number of balls between the
(i — 1)th box and the ith box), and so Ay, = Z];;(l) ("_;.4'-’) = (”;Fl'k) by induction
on k. O

We restrict attention to a fixed dyadic grid D in R". For P, Q € D dyadic cubes,
the subspaces L%,;k () and L2Q;k (p) are orthogonal for P # Q, i.e. (f, g)r2¢) =0
for f € L%,. ((w)and g € LZQ‘ « (). Indeed, the only case that needs checking is when
either PG Qor Q G P.If P C Q, then the restriction of ¢ to P is a polynomial
of degree less than or equal to k — 1. But by definition, L%,, « (1) is orthogonal to

Birkhauser
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such functions and so (f, g);2(,) = 0. Of course similar reasoning holds in the case
QCP.
Next define

]:Cl;o(u) = {an'j_ ol <k —1:x% eLZ(M)},
and Pg. (u) = Span {x"‘}ae]__go )
We claim that L? (1) is the Hilbert space direct sum of Pﬂgn (w) in L? (u) and the

finite dimensional subspaces {L2 . } , namel
P 0:k () 0eD y

L2 () = Pha (1) @ (@0en L, ().

To see this, fix a large dyadic cube P € D. Set

Ph={f=1px) pr ()@ eZ :|a| <k—1}

to be the linear space of restrictions to P of polynomials py (x) having degree at most
k — 1. Then for Q C P, we have

Loaw=1f= ), aQ/1Q/iaQ’€R,/ fdu=0
0'e€(Q) e

C Span {Pk, {L%ﬂk (M)}REDZ QcRcP} '

Now let P tend to infinity to conclude that

L2Q;] (M) C % {lpﬂgn (/'L) ’ {L%?;k (M)}RG'DZ QCR} ’

But we already know that the Haar spaces Pﬂlv (n) and Lz),l () form a direct sum
decomposition of L? (1), i.e.

L2 (1) = P (10 ® (®0en Ly, ().

and hence we see that

L2 (1) = Pho (1) @ (S0enLY (1)) C Phs (10) @ (®0enLiyy (10) € L2 ().
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Formula (3.1) gives the telescoping identities (1.5), and the moment conditions (1.6)
are immediate from the definition of LZQ‘ « (). This completes the proof of Theorem
1.

3.2 Uniqueness and Degeneracy

In this subsection we begin to investigate the lack of uniqueness of the orthogonal
rojections HA“ . } U ’A“ , } and their degeneracy when
proj R7;k 0k f e g y

do < (2”-1)(”“‘_ 1)

n

is not maximal. We can of course use the Gram-Schmidt orthogonalization algorithm to

find an orthonormal basis {kf;"}, - (@ Of P, (1) where T'¥ (R") is any convenient
index set with cardinality equal to dim 73{[‘{,, (n) = #ﬂh?’-'é‘O (), and also an orthonormal

basis [h’é’a] . of L2Q, ; () where T¥ is any convenient index set with cardinality
aely ’

equal to dg., the dimension of LZQ’1 (), i.e.

#0) (Q) = dim L, ().

w,a Mm.a
Then for any J € D U {R"}, the set {k/ }aer’,g(J) U [hQ }aerk(Q) wd 0eD with 00

is an orthonormal basis for L% (1 1).
In the case of dimension n = 1 with k& = 1 vanishing moment, Proposition
8 shows that the dimension dg.| of the subspace LZQ_1 (n) satisfies 0 < dg.1 <

(21 — 1) (l Ti; 1) = 1. Soif LZQ;1 () # {0}, the orthogonal projection A’é;l
()

o
ho-hg

is one-dimensional, and hence is given by A’é‘ S = h’é for a function h’é,

which has the especially simple formula given by (2.2). We next investigate to what
extent one can find “nice” explicit bases of LZQ, x (1) in dimension n = 1, where in

this case 0 < dgx < (2" — 1) (IZfI 1) — k.

3.3 Proof of Theorem 2

To prepare for the proof of Theorem 2, we first turn to the explicit construction of
weighted Alpert bases in dimension n = 1 when the number of vanishing moments is
k>2.

Birkhauser
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3.3.1 An Explicit Basis forn = 1and k > 2

Let u be a locally finite positive Borel measure on R that satisfies the Alpert nonde-
generacy condition (recall that |J (k)}u =/ 7 xkdu)
B |J(0)} |J(1)| |J(k*2)‘ |J(k*1)| 7
Iz I Iz Iz
|j(1)| |J(2)| |_/(/<—1)| |j(k)|
Iz I Iz Iz
MJ,kE > 0, 3.3)

|J(k—2)’ ‘J(k—1)| |J(2k 4)‘ |J(2k 3)’
|J(k—1)|M |J(k)| " |J(2k 3)| |J(2k 2)|
L 3 u u

for all / € D, and where we denote a positive definite matrix A by A > 0. For each
x € J we have that

o X C k=2 k=17
1
X x2 xk73 xk72 X
M (x) = = : [1x~-~xk’2xk*]]
. xki
xk—2 )Ck_3 .. x2k—4 x2k—3 xk*
| kol k=2 L 2k k=2 |

r 1 X . xk*Z xkfl I
o g2 e gk=3 k2
Mj,k=/ SRR dM(X)=/M(X)dM(x)
J J
xk—z )Ck_3 )C2k_4 x2k—3
|kl k=2 L 2k-3 (22 |

is also a nonnegative semidefinite matrix.
We claim that the matrix M ; j is positive definite if and only if the functions

{1,(x), xlj(x),...,xk_llj(x)}

are linearly independent in L? (11). Indeed, in the special case k = 2 we have

|](0)| i](1)|
det M‘]’z == det }J(])| |J(2)| O

if and only if

Birkhauser
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‘J(l)‘z _ (/ xdp (x)>2 < </ 12du (x)> (/ xzdu(x)> _ ‘J(O)‘ ‘Ja)‘ ’
In 7 S ; . .,

with strict inequality if and only if the functions 1; (x) and x1; (x) are linearly inde-
pendent in L? (1). Here is the general case.

Theorem 9 Let w be a locally finite positive Borel measure on R. Then:

(1) the k x k matrix of moments

1 x o xk=2 k1T
o 2 e k3 k2
MJ,k:/ Dol el : dp (x)
k=2 k=3 . 2k—4 (2k=3
_xkf xk= x2k73 x2k72_

is nonnegative semidefinite, and
(2) M has rank € if and only if the span of the functions 1,x,x>, ..., x*=1 has
dimension € in L* (), ie.

k-1
rank M ; ; = dim Span {x/] e
j=

Proof With Vi (x)" = [1x - x*=2 x¥~1], we compute

r o1 X _xk—z xk—l .
1
X x2 . xk—3 xk—z X
= Do [lx e X2 AR = Ve (o) Ve (o)
xk—z
xk—2 xk= x2k—4 x2k—3 .
| x -1 X x2k73 x2k72_
and so

My, = /R V@) Ve 0 dpt ()

is a positive integral of dyads, hence nonnegative semidefinite. Note that the quadratic
form

E"MyiE = /Rk (E" Vi (0)) (Ve )" §) dp (x) = /Rk (& Vi (0))dp(x)

Birkhauser
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is strictly positive if and only if Span {V} (x) : x € supp u} has dimension k. Indeed,
dim Span { Vi (x) : x € supp u} = k if and only if the function & - V} (x) is not trivial
for every & € RK\ {0} , and this in turn happens if and only if £*M ; ;& > 0 for all
£ e RK \ {0}. Similarly we have dim Span {V} (x) : x € supp u} = £ if and only if the
vector subspace of R¥ defined by

S = {g e R¥: £V, (x) is not trivial}

has dimension ¢, and this in turn happens if and only if dim Span {xj }]]:2) ={ O

Remark 10 The Vandermonde determinant formula shows that dim Span {xj }];;(1)
£ < k if and only if the measure p is a sum of positive multiples of £ point masses,
ie. = Y"_ c;8,; withc; > 0 and the x; distinct.

3.3.2 An Orthonormal Basis of the Multiresolution Projections
Let u be a locally finite positive Borel measure on R that satisfies the Alpert nonde-
generacy condition (3.3), i.e. the determinant of all principal £ x £ submatrices M ; ;

is positive for i = (i1, i2, ..., i¢) and 1 < £ <k,

detM;; >0, foralll <l <k,andallJ =1I", meZy, 0<j<2"—1;

o
(34)
B |_](2i1)| |J(i1+i2)| ’](i1+il—l) |](i1+iz)| ]
n n “ n
| @2t lge| )J(i2+il—l)‘ | @20
I Iz “ 12
where M ; ; = : . . . :
‘J(i571+i|)‘ ‘J(i(,H»iz) ‘J(2ig,1) ‘](ief1+i[)
5 w 5 %
|_](i/z+i1)| |j(iz+i2)| ’J(W‘HZ—I) |J(2ie)|
L n n “ wo |
(3.5)

If fori = (i1, iz, ..., ig) we set V; (x) = [x“ xi2 ... xler yle ] then by the above
theorem,

My = / Vi (o) Vi (0 dpe (x) (3.6)
J

is nonnegative semidefinite; and is positive definite if and only if the the span of the
functions x'!, x'2, ..., x*¢ has dimension £ in L? (), i.e.

Y
rankM ; ; = dim Span {x’-/'} 1
j:
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Remark 11 Recall thata matrix M is nonnegative semidefinite if and only if det M; > 0
for all principal submatrices M (the numbers det M are usually referred to as principal
minors); and that a matrix M is positive definite if and only if det M; > O for the special
subset of leading principal submatrices M havingi = (1,2, ...,¢) and 1 < £ <k (in
which case det M; > O for all principal submatrices Mj).

Recall that we can use the Gram-Schmidt orthogonalization algorithm to find an

orthonormal basis ih’éa} . of LZQ. ¢ (1) where Fll‘ is any convenient index set with
ael’y ’

cardinality equal to d ., the dimension of LZQ’1 (n), i.e.
#I = dim L3, (1) .

Then {x*} 7. U {h‘é” }aer{; wnd 0D is an orthonormal basis for L]%gn ()

In the case of dimension n = 1 with k > 2 vanishing moments, the above propo-
sition shows that the dimension d.; of the subspace LzQ; () satisfies 0 < dgp;x <
1+k—1
1_
(2'-1) 1
dg.r = k. Next, we begin an explicit construction of an ‘Alpert’ orthonormal basis.
We require the Alpert functions

= k, and in the case where M ;  is positive definite, we have

a?’[ x) = (a,f_lxk_l + oc,f_zxk_2 + -+ ozfx + aé) 1 (x)
(B B T Blx ) L ().
namely
a}"l (x) = (a,l_lxkfl ol TP alx + a(l)) 1., )
(Bl B T Bl ) L (0,
aj"z (x) = (a,%_lxk_l +of TP adx + a%) 1. (x)

(B B 2 B B]) L ).

.k — k k—1 k k=2 k k
ay” (x) = (ak_lx Fop H,x" T A+ Fapx + 0‘0) 1, (x)

+ (’Bllg—lxk_l + IBII:—ZXk_Z +o ﬂ]fx + ,35) llright (x) ’

to satisfy the k> moment properties,

/a;‘f(x)x"du(x):o, forall 1 <¢ <kand0<i<k+0—2,
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the <l§> orthogonality properties,

fa;“ ) a"" (x)du(x) =0, foralll <€ ¢ <k,

and the k normalization properties,

1

2 2
(/ ‘a’;*‘(x)) d,u(x)) —1, foralll <¢<k.

Remark 12 (Dimension Count) Note that k2 + <I;) +k = 2k — <l;), so that

there are (g) degrees of freedom remaining in the choice of the 2k* coefficients

¢ gt
{of. B! }15451( and 0<i<k—1"

We will later show that we can impose ( 5

k ) additional

moment conditions.

So with the definition | J® |u = f 7 x'du (x), we first tackle the moment properties:

0= /a;**‘ () x'du (x)
= f (a,fflxk_l + oz,ffzxk_z + oy + aé) xldp (x) 3.7
Tiefit

+ /1 (B! + Bl 2+ Blx ) ¥ 0 B38)
right

13 (i+k—1) ¢ (i+k—2) IAN10]
= oy | lieg, ’ + oo | hegy ‘ + g D (3.9
n w n
14 (i+k—1) 14 (i+k—2) e y@)
+ Bi—1 Lrignt + B2 | Lright ++ By | Lighe| - (310
n n I
which lead to
¢ ¢
(@) (i+k—1) %0 @) (i+k—1) 0
l 1 - . 1 1 - .
|: Ileft e Ileft ] : + [ Iright PN Iright ] : = O’
I n n I .
Oy Br—1
0<i<k—1, 3.11)
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which in matrix form is,

) (1) (k=2) (k—1)
Ileft I]eft I]eft Ileft ‘
(1) ©) (k—1) (k) %o
8 Degy i Diety " Liegy ‘u Dieg B al
: (k—.2) (k;l) (2k—4) (2k;3) ¢
0 Ly Tieqy et e a’;*Z
(07
(k—1) (k) (2k—3) (2k—2) k—1
Ileft I]eft P Ileft Ileft
M| 7O) (1) (k=2) (k=D | ]
Iright “ Iright‘ right Iright ¢
TN N Tl T A
right u right " right right " B 1
+ : : : :
(k—2) (k—1) (2k—4) (2k—3) 2
Iright Iright “7 | fright Iright " '8]§72
7%=D 1® 72k=3) 72k=2) B
right right ©7 | fright right
L W I3
But this says that
0) (k—1) 0) (k—1)
Ley " L " otg Liight " Liign "
k—1) (2k—2) ¢ k—1) (2k—2)
Tiee o et %=1 Liign “ right
"
for 1 < £ < k, which we write as
k¢ k pt
Ljo; = —R} By,
with
B ©) (D (k—2) (k=D 7]
Ileft P [left “ Ileft Ileft
(D 2) (k—1) (k)
1 left 1 eft Ileft ‘ 1 left
W W w W
k _ .
L; = : : : J
(k=2) k—=1) (2k—4) (2k=3)
I]eft Ileft T | M eft Ileft
k—1) k) (2k=3) (2k—2)
Yy left 1 left M SR left I left
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170 (1 (k=2) k=1 7
A 1 I I
rglg:lt P r(lzg)ht M r(lfhtl) r1(g]i1)t “
I ) In ’ L I
right “ right l/- right right “
R' = : : : : (3.17)
(k—2) (k—1) (2k—4) (2k—3)
Iright 1 right ©7 | Pright Iright
I(k—l) I(k) (2k—3) (2k—2)
right right u right “ right "
o By
ab=| gi=1 : (3.18)
k= : ’ k : :
14 14
X1 Br—i

and by our determinant assumption we can then solve for aﬁ in terms of ,Bﬁ;

-1
of =-[L4] RiBL 1st=k (3.19)
Thus using the Gram-Schmidt orthogonalization algorithm, there is an orthonormal

k
basis {a? -4 (x)}l | of LZQ; « () consisting of Alpert functions if and only if at least

one of the matrices L]; and R’; is nonsingular (equivalently positive definite, since
these symmetric matrices are always nonnegative semidefinite). For example, if we
assume that L]; is invertible, then just as in the case k = 2 discussed above, a function

aﬁ"z (x) is orthogonal to aé"z (x) in L% (), i.e.

0= /a’;’e (x) a’;‘el (x)du (x)
= / {(a,ff]xk_l + a,ffzxk_z + o+ afx + ozg) (a,fglxk_l
ol i el ag) 1., (x)
+ (B T+ B 2 Bl ) (B!
B2 B4 BY) Vg 0] di ()
= (ef) Liaf + () RiBY
) [ 1 3

equivalently

0—( z)tr{R L7'L,L7'R, + R } v
= ﬂk 1L 1L I+ Ry ﬂk
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= (ﬁﬁ)tt R/L;' (R, + L1} Bf = (ﬁﬁ)tr X1,

where X = L1R1Ll_l {R; + Ly}isinvertiblesince R;+L; = M > 0by (3.25).
Thus the orthogonality can be achieved simply by choosing ﬂf perpendicular to the
vector (,Bﬁ)tr X7.

Finally we note that the system of equations that we have solved to obtain an

orthonormal basis of Alpert functions is underdetermined since we have not yet solved
for the additional moment conditions,

/a,’**‘(x)x"du(x)zo, forall2 <f¢ <kandk <i <k+4¢—2,

and we now explicitly compute the additional equations under which these additional
moment conditions can also be achieved for the orthonormal basis of Alpert functions.
As above have

_ 0 (i+k—1) V4 (i+k—2) @
0=y |leq + o Lep o g
I I n
V4 (i+k—1) 14 (i+k—2) JANO)
+Bi—1 | Lright + Bi—2 | Lright + -+ Bo | Lrighe| >
I I n
butnow forall2 < ¢ <kand k <i < k + ¢ — 2, which leads to
¢ ¢
(@) (i+k—1) %0 @) (i+k—1) 0
l 1 - . 1 1 - .
[ Lefe| = et ] : +[ Lighe| = Tright ] : =0,
I I . n I

¢
Y1 Br—1
forall2 <{¢{ <kandk <i <k+4¢-—2,

and can be written as

(i+k—1,i)

¢ (itk—1,i)
Vieft otV

dehoBi=0, 2<t<kandk <i <k+€—2,320)

where

J10)

0)
left L

right u

w

left =

(i+k—=1,0) _
v [ right

(i+k—1) (+k—1,0) _
Liegy ] > Vright =

JGtk=1) ] .
0

We consider the (k — k=D

5 >— orthogonality conditions among the k Alpert

k k
functions {af )e}e ' and the (2) additional moment conditions arising from the
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index choices (¢, i) in (3.20), which for convenience in visualizing we arrange in
triangular form as

k, k) G k+1)  (kk+2) - (k2k—4)  (k,2k—3) (k2k—2)
=1,k k=1Lk+1) (k=1 k+2) - (k= 1,2k —4) (k—1,2k — 3)
=2k (k=2k+1) (k—=2,k+2) - (k—2,2k —4)

(4,. k) 4, k.—i- 1) (4, k.—i— 2)
(3, k) G, k+1)

(2,0
(3.21)
Using oeﬁ = — [L’;T1 Rl; ﬂi, the corresponding additional moment conditions are
given by

(Hk=10) 0 | Gthk=10) pt [ Gtk=10) npk | G+hk=10)] ol _ i af
0= Vyep 0+ Viight B = [ Vieft "My + Vion } B =W - By

for2 <l <kandk<i<k-+4{-2,

where Mk = — [L’;]_1 R% Bt and

(i+k—1,0) _ @) (i+k—1) (i+k—1,i) _ @) (i+k—1)
Vieft [ Ileft ‘Ileft ‘ ] Viight [ Inght " | Tright ]
® ®
and
_ (i4+k—1,i) k (i+k—1,i)
ch = “Viert M +v rlght

Thus the additional moment conditions are 0 = w}; . ﬁf forall 2 < ¢ < k and
k <i <k + ¢ — 2, and written in the form of triangular matrix (3.21) are

k k k+] 2k—2 k
0=wi B =wit = =il

k k—1 k+1 2k—3 k—1
Ozwk.ﬂk = +~ﬂk = ... = ﬁk s

k k=2 k+1 k=2 2k4 k—2
O=wi-B, "=w," -B, "= =W ko

k 4 k+1 k+2 4
OZWk~}3k=W ﬁk— 'ﬁ,

k 3 k+1
0=Wk,3k=W ﬂk’

0=wk.pg7.

k
Recall that mutual orthogonality of the k Alpert functions {a ;‘ £ }e | requires choos-

ing ,Bﬁ/ perpendicular to the vector (,Bi)tr X for £ # £'. In addition we must have
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from (3.21) that

wﬁ,w,’i“, ...,w,%kfz € (ﬂi)l_,
koktl 2%-3 —1\"
Wi, WL W (ﬂk ) ,
ko ket 2%k—4 —2\"
Wi, Wi W e(ﬂk ) ,

Wl/fvwlliﬂ 1]§+2 c (ﬂi)L,
wh,witl e (ﬂz)L,
A
where ,BJ‘ = {u eRF:u- B = 0}. Now each of the matrices R1L1_1R1 and R; is

symmetric and positive definite, and so then is their sum X; = R IL;1 R;+ R;. Thus
we can consider the inner product defined by

(v,w); =V X w.

This gives us a k-dimensional inner product space which we denote by X7. The con-
dition wj, - ,3,{ = 0 can be written as

i g — (W) x,8 =w .8 =0 3.22
“Iwﬂkl_ u, Iﬂk—wk'ﬁk— (3.22)
if we define uj = X ;] (w};)tr. Then our conditions become

<ﬂ£,/3£’>l —O0forl <<t <k,

<u;;,p,§>l=0 for2<¢<kandk <i<k-+0—2, (3.23)

and the second line above can be written out in triangular form as

k k41 2k 2 ¢

w,u, (ﬂk) ,

k o k41 2k 3 —1

w,u o, (ﬂk ) ,
L

ko k+1 2k—4 k=2

ww o, e(ﬂk ) ,
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Ly

ko k+1 k42 4
w,w 6<ﬂk) ;
1

ko k+1 3
ukauk € (ﬂk) )
L

u’,je(ﬂi) , (3.24)

where B+ = {u e &) : (u, B); =0}.
We can satisfy conditions (3.23) by first choosing a unit vector ﬂﬁ € A so that the
firstline in (3.24) holds. Then we choose a unit vector 8 ﬁ_l € ( B IIE)LI so that the second

1
line in (3.24) holds. Then we choose a unit vector ﬂfz € (Span [ﬂiil: .Bi }) "so

that the third line in (3.24) holds. Continuing in this way, we find unit vectors {8} }15;1
in the inner product space X so that our conditions (3.24) and (3.23) hold. For the

. . i+k—1,i i+k—1,i . k .
generic choice of vectors viit* " and v, the choice of {B{},_, will be

unique up to sign. This completes the proof of part (2) of Theorem 2.

We have adopted the additional moment conditions introduced by Alpert in the
setting of Lebesgue measure in [1], but one can in fact replace these conditions by an
essentially arbitrary collection of the correct number of moment conditions. We leave
the nondegenerate case for the reader in the following exercise, and the degenerate
case is not treated here at all, except for the simple case when k = 2 and n = 1 solved
below.

Remark 13 If M« > 0, Mk > O and M C {(¢,i): 1 <€ <kandi >k}

k
has cardinality (;), then we can choose an Alpert basis {aﬁ‘ 12]@ ' satisfying the

additional moment conditions w}; . ﬂﬁ =0 forall (¢,i) € M.

3.3.3 The Alpert Degenerate Case

In the event that one or more of the matrices L'; and/or R'; is singular, then it is easy
to see from ( 3.14) that the maximum number of independent Alpert functions equals
the dimension of the intersection of the ranges of L’; and R]; in R¥, ie.

dim LZQ;k (n) = dim (RangeL]; ﬂ RangeR];) .

In the special case when & = 2—when there are only two Alpert functions aﬁ‘ ’1,

a? 2 and just one additional moment condition for ay’z—we will show in the next

subsection that it is not always possible to arrange for this additional moment condition
to hold. In fact we will show there that it holds if and only if

(2)
Iright ‘

(3)
Iright

2
€ RangeRy7.

‘ I

Birkhauser



1 Page24of41 Journal of Fourier Analysis and Applications (2021) 27:1

Similar results hold for larger k, but we will not pursue these here.

3.4 The Special Casen = 1and k = 2

First we quickly review and set notation for the nondegenerate case when k = 2, and
later proceed to the degenerate case. Let u be a locally finite positive Borel measure
on R that satisfies the Haar nondegeneracy condition |J|, > 0 for all J € D and in
addition satisfies the Alpert nondegeneracy condition

JO| |10
det [’J<1>|“ ‘J(z)d >0, forallJ eD. (3.25)
n nw

Recall that the determinant in (3.25) is nonnegative by the Cauchy-Schwarz inequality,
and is positive if and only if the functions 1; (x) and x1; (x) are linearly independent
onJ:

‘1(1)‘2 _ </ xdu (x)>2 3 (/ lzdu(X)) (/ X2y (x)> _ ‘J«))‘ ‘](2)‘
n 7 ; ’ } .,

with equality if and only if the functions 1; (x) and x1; (x) are linearly dependent on
J.
We require the functions

a0 = (alx ) L (0 + (B + ) Lz 0,

a¢’2 (x) = (O‘%x + a(z)) L (X) + (ﬂlzx + ,33) Drign () 5
to satisfy the moment properties,
w1 u,1
(A) /al (x)du (x) = 0and /al (x)xdu (x) =0,
(B) fa;‘*z (x)dp (x) = 0 and /a;"z (x) xdpu (x) = 0,
w2 2
©) / a}? (x) x2dp (x) = 0,
the orthogonality property,
(D) / ait (v alf? () dp (x) =0,

and the normalization properties,

(/ 0 @) au (x))% — 1,
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(/ a2 @) an (x))% 1.

Theorem 1 above gives the following conclusion.

Theorem 14 The collection

w2
Z{Alpen,u — {a ,a }
! L 1€D

is an orthonormal basis for L* ().

If we wish to include the additional moment condition (C), i.e. f a? 2 () x2dp (x) =
0, then we must in addition solve

0= / [(afx + a(%) L () + (ﬁlzx + ,33) 1 (x)} X2du (x)

_ 2@ 2|;3 2], 2|;3
= o | Legy B +ai |l " + B0 | Lrighe p + BT | Lrighe B
2 2
are) ©) o @) ©) By
= ( Ileft u Ileft M) (a%) + ( ]right @ Iright H) <:312
@ O] -1 O 1,0 By
= {‘( left left )L1 Ry + ( right| [ Lright )} 2
n I n I Bi

A

B2 ) perpendicular to the vector
1

3
Iright l/«> .

which means we must choose (

-

Thus it must be the case that the two vectors

/@

3)
left Yy

2)
left 1

right P

YL R+ (
n w

(BY Bl)RILT (R, + L)
and

/@

(3)
left 1

(2)
left 1

right "

- )R

are parallel. But since R 1L1_1 {R; + Ly} is invertible, this can clearly be achieved by
choosing (ﬂé B 11 ) appropriately, thereby using up our last degree of freedom in the
case k = 2.

Finally, we examine what happens when one or more of the nondegeneracy condi-
tions (2.1) and (3.25) fails. Note that for a given interval J, we have that (2.1) holds
and (3.25) fails if and only if nl; is a point mass. Indeed, 1; (x) and x1; (x) are

(3)
" Iright 1 )
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dependent if and only if 11 is a point mass, which we locate at x; € J. In this case
we set

l'l’lj = |J|/,L BX‘/-
We also recall

0)
‘Jleft
M;=M;,= ’

(1
‘ Jleft

"
’ J@
w W

for J € D.

Lemma 15 Let I = IleftUIright be the decomposition of I into its two children.

(1) If (2.1) holds for both hef and lLiight, and (3.25) holds for Leg but fails for Light,

then a“ L gt T 7& 0in L? (). This conclusion persists in the opposite situation

where (2 1) holds for both het. and Ilyight, but (3.25) fails for hegt and holds for
Irighl~
(2) In all other degenerate cases, where at least one of the matrices

(] (Y]

|(Ileft)(0)|u ’(Ileft)(l)|u ‘(Iright) ‘u )(Iright) ‘u . N

|:|(Ileft)(1)|u |(Ileft)(2)| )(Iright (1)‘ ‘(]n (2)’ Jails to be positive def-
w1

inite, we have a}’" = al =0inL?(w).

Proof Fix I € D.
Assertion (1): We have

1
‘ nght ’ ’Irlght)()’

=0.

2

‘ rlght ‘ ‘]rlght)()‘
n

|(het) @], |(her)™ |
d H H Oand d
[|uleﬂ><l>|ﬂ|<zleﬂ><2>|u - Dand et

¢
. . o,

Thus 1;# w is a point mass located at x;m . Now (3.19) shows that ( %)
Jjright Jright o

1
J4

is uniquely determined by p (l? for 1 < ¢ < 2, and we know that the
A

N NG
(Ij r1ght> (Ij,right)
o s ) "1 is just one-dimensional, since 1;»
(07000200
Jj,right J,right
w W

is a point mass located at x;m_ " It follows that both aﬁ‘ )1 and aﬁ‘ 2 are con-

range of

rigl

stant on the interval I”’nght in the space L2 (u), and since the null space of

©) (1
(1;!,!right) (I]r‘r,lright> ‘
"

()] (@) g
‘ (I]r'r,lright) ‘ ‘ (I]r‘r,lright>
12 12
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see that the functions a// T "and a¥ 7 2 are linearly dependent, i.e. there is only one Alpert

1 2
= A

Assertion (2): From above we have dim L? 0.0 () = dim (RangeL? [ RangeR?).
Thus if one of the ranges is {0} we are done. So we are left with the case where (2.1)

function in this case, i.e. a

holds for both 7 mleﬂ and / ]’"nght, and (3.25) fails for both 1 ]’.’fleﬂ and I Htight- We then
have
’ (0) ' (1) ‘ (0) ' (1)
J, left Js left 1 Jj.ri ht j.ri ht
G [t it (€
/ left j lett j rlght / rlght

The point mass 1y, 1 is located at x I and the point mass 1, u is located at

N w O
( j,left) (Ij,left)
(e)) " (@) g
‘ (I]r"?left) ' ‘ (I;nleft) ‘
u n

. Xpm
are respectively spanned by the vectors ( 1_,1,1en )

xpm s and thus the one-dimensional ranges of and
J.le

0 (e))
‘ (I]r'r,lright) ‘ ‘ (I;?,lright) '
I3 @ 23
‘ (Ijr"?right>
n w

Xy,
and ( 1-/-1“g'“ ) which are independent since 17"

nre

joright = = (. Thus only the trivial

Jj,left

1 1
solution a(l) —(” )= 0 exists, and it follows that both a*;,! and a’;* vanish
o Bi 0 1 I

in L2 (). O
The resulting pared collection

1 2
Y Alpert. e — {a}‘ a’; } 7
1D

.1 ,2 - .
where af or ag or both are removed according to the lemma above, is an orthonor-

mal basis for L~ (u).
Finally, we consider the additional moment condition (C) in the case where assertion
(1) of the above lemma holds, namely when (2.1) holds for both 17", . and I"

j left Jj,right®
and (3.25) holds for I’”left but fails for I’” In this case alm = bI,,, #0in L% (),

and this is the only case in which there is just one Alpert functlon (apart from the
symmetric case when (3.25) holds for / ’"nght but fails for 7 f M eft)-
From the calculations above we must have that the two vectors

,right*

(BY BI)YRIL; (R + Ly}
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and

1@

3)
left 1

2
left I

3
right 1

right

= (Jnal, e, ) 27" R+ ([, 15, )

are parallel. But since R;j LI_1 {R;+ L} is no longer invertible - indeed,
RILI_1 {R; + L;} has rank 1 since R; does - we cannot necessarily solve

@

3
right /

2
right 1

3)
left 1

left

0 [ = (], ) - (B, ) o)

W W

In fact, there is a solution if and only if the transpose of the vector

@

2
right 1 Yy

(3)
left Yy

left

(3) -1
& ) - ( )L R
( right " " 1 1

m

lies in the one-dimensional range of the matrix R;, which in turn holds if and only if

2
Iright
(3)
Iright

m

€ RangeR;.

I

Remark 16 The authors thank Fletcher Gates for showing them that in the case under
consideration this latter condition is always satisfied.

3.5 Some Examples of Wavelets in the Special Case

Here are some sample graphs (graphed on desmos.com) for measures x’%dx, dx,
xdx, and x2dx. Since these are all line segments, it is easy (though tedious) to verify
that they satisfy the conditions claimed (except they don’t satisfy normalization since
this would make them too difficult to graph). However, in the unweighted case, many
properties can be verified by appealing to properties of odd and even functions. The
wavelets graphed with dashed lines are “odd” and the ones graphed with solid lines
are “even’.
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4
7
,I
7,
1 ," \ # 1
dp de / \ yd dp = Wd:v;
o k=1 0/ 05 ’ k=2
4
—_— ’I
,4
Y
1 05
g
/'/\
4 4
dp = du; /'// \ d dp = dx;
0 k=1 of /7 DERID; =9
’I ,I
7’
4
,I
1 05
05
LA
S— l, \
,4, \ I’
dp = wdx; R4 / 7 dp = xdx;
2 0 ¢ = of 05 P —
K . ’,l / ”I \ K .
ansy
vdSung
2 05
g I
e
’4
l,’
I”
= du = z2dz: + // du = z2dz:
- (:/L_fl rdx; oF o5 ,’,\ 111_721 dx;
K= 1. 2 K= 2.

4 Application: A Two Weight Tp Conjecture

Using the weighted Alpert wavelet bases constructed in Theorem 1, we can formulate
an associated 7 p-type theorem in dimension n = 1 where testing over indicators is
replaced by testing over indicators times polynomials of degree at most k — 1, and the
energy condition is replaced by an associated k-energy condition. Unfortunately, at
this point in time, we cannot demonstrate that Conjecture 17 produces new interesting
weighted inequalities, despite that fact that we provide an example to show that the
k-energy condition is strictly weaker than the usual energy condition, even in the

) Birkhduser



1 Page30o0f41 Journal of Fourier Analysis and Applications (2021) 27:1

presence of the Muckenhoupt condition. But see Sect. 4.4 for a demonstration that
Conjecture 17 differs ‘logically’ from existing T 1-type theorems in the literature.

Let0 <o <1,k e Nand 0 < § < 1. We define a (k + §)-smooth a-fractional CZ
kernel K*(x, y) to be areal-valued function defined on R x R satisfying the following
fractional size and smoothness conditions of order 1 + §: For x # y,

K (e, y)| = Cez lx = y*™" and [V/K (6, )] = Cez lx = y1*™' 7, 1= =k,

s R
[VEk () — 9K (1) = Gz (B2 ooyt B2l L
lx =yl =yl =2

4.1

and the last inequality also holds for the adjoint kernel in which x and y are inter-
changed. We associate a corresponding Calderén—Zygmund operator 7¢ is the usual
way (see e.g. [7] or [10]).

The following conjectured T p theorem with an energy side condition differs from
the corresponding 7'1 theorem with an energy side condition in two ways:

(1) Because of the stronger moment conditions satisfied Alpert wavelets, the usual
energy condition assumption from the 7'1 theorem can be weakened in the Tp
theorem.

(2) Dueto the weaker telescoping identities satisfied by Alpert wavelets, the 7'1 testing
conditions must be strengthened to testing polynomials times indicators.

Conjecture 17 Let 0 < o < 1l and 0 < § < 1. Let T* be a (k + 8)-smooth o-
fractional Calderon—Zygmund operator on the real line. Suppose o and w are locally
finite positive Borel measures on R that satisfy the k-energy condition

" 1 & (PY(, 150))\? k
0= o, o () o)

IZOSZIIV |I|g r=1

2

, 4.2
L2 (llr w)

as well as the dual k-energy condition obtained by interchanging the measures o and
. Then the operator Ty f = T (fo) is bounded from L% (0) to L? (w) (in the sense
that tangent line truncations are uniformly bounded by a constant Nre (o, w)) if

(1) there is a positive constant T’}D, (0, w) such that
o 2 k 2 2
|Ta 1QP| da)f (gTa (O’, w)) |P| dO',
o 9

for all intervals Q and polynomials p (x) = co+c1x + - - - + cx—1x¥~ 1 of degree
at most k — 1, as well as the dual testing conditions obtained by interchanging the
measures o and w and replacing T with its dual T ; and

(2) the fractional Muckenhoupt condition is finite: S (o, w) < o0.
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A proof of this conjecture would follow the somewhat standard lines of proof
for T'1-type theorems already in the literature ([5,6,8,9]), namely an inner product
(T2 f.g) 12 () 18 expanded in Alpert projections as

a Aol w,l
T3 felewm= 2 2 <T Al S8y >L2() 4.3)
IeD JeG
I1=<l<k1<¢'<k/

and then decomposed into many separate infinite sums according to the relative sizes,
locations and goodness of the intervals I and J, which are then all controlled differ-
ently. We first highlight the two main points of departure in controlling these different
sums, followed by a brief description of the sums themselves and how they are handled
in the T'p situation, as well as pointing to an obstruction to the proof.

e The estimate for norms of Alpert projections” AT ,uHiz (@) called the Mono-
tonicity Lemma below and in [7,10], is improved by the extra vanishing moments
of Alpert wavelets to

PY(J, )\2 k
“ AwTa/’L“LZ(w) ~ (ku—'k) H (x - mlj>

2

L2(1y0)

which in turn can then be controlled by the k-energy condition (4.2) above, weaker
than the usual energy condition with k = 1;

e The telescoping identities (1.5) reduce sums of consecutive Alpert projections
A’; . to projections E’é ., onto spaces of polynomials of degree at most k — 1, thus
requiring the use of stronger testing conditions, taken locally over polynomials
of degree at most k — 1, in order to the bound the consecutive sums of Alpert
projections that arise in the paraproduct and stopping forms in [7,10].

With these two changes in mind we can now review the main steps in the standard
proof strategy for the interested reader, whom we alert to the fact that we are using here
the formulation of the Lacey—Wick monotonicity lemma with an error term in [7,10],
as opposed to the stronger formulation used in [6,8] that exploited special properties
of the Haar basis to hide the error term. As a consequence, the reader can follow the
broad outline of the one-dimensional proof in [6,8], but handling the error terms as in
[7] and/or [10] (see also [11,12]). We ignore the case of common point masses, and
refer the reader instead to [5,7,12].

Step 1 Using the random grids of Nazarov, Treil and Volberg, a reduction is made
to good functions f and g, i.e. those whose wavelet expansions involve
only cubes from one grid that are good with respect to the other grid. The
orthogonality of Alpert projections plays a key role here.

Step 2 Using the testing conditions, one further restricts the supports of f and g to
a finite union of large cubes.

Step 3 Then one can implement corona constructions with Calderén—Zygmund
stopping times on the averages of f, and with k-energy stopping times in
place of the familiar energy stopping times.
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Step 4 The sum of inner products in (4.3) is then grouped into coronas relative to
these stopping times and further decomposed into global, local and error
pieces.

Step 5 The error pieces are handled by NTV methods from [9].

Step 6 The global inner products are controlled by the k-Poisson operator as in [7]
and/or [10], which in turn has its norm inequality controlled by k-Poisson
testing conditions. This latter result is proved in the same way as is done for
the familiar Poisson operator.

Step 7 The local terms are handled by Lacey’s bottom/up stopping time and recur-
sion as in [6], with error terms from the monotonicity lemma handled as in [7]
and/or [10]. The difficulty lies in using the Nazarov, Treil, Volberg method
connecting back to the appropriate paraproduct terms; at the moment we are
unable to control those terms and so do not have a proof of Conjecture 17.

Remark 18 There is an analogous conjecture in higher dimensions following the argu-
ments in [7] and/or [10], but we will not pursue this.

4.1 The Monotonicity Lemma

For0 <o < 1 and m € R, we recall the m-weighted fractional Poisson integral

PY (J, ) =/ Ll du(y)
e R (IJ]+ |y — ¢yt '

where PY (J, n) = P% (J, u) is the standard Poisson integral.

Lemma 19 (Monotonicity) Suppose that I and J are cubesin R suchthatJ C 2J C I,
and that | is a signed measure on R supported outside I. Finally suppose that T“
is a standard fractional singular integral on R with kernel K® (x,y) = K§ (x),
0 < a < 1. Then there is a positive constant Cy such that

O (], 1) = Coa W (/. |u)? < | AT 1|72,y S O (T, 1007 + CaW (. u)?,
“4.4)

where for a measure v,

O (J, )% = 1/(K“)( (mj)du(y)' | a9 "\

LX)’
(J,v) k|?
po (J ) <k+8—k (X — ka> ,
[J] L2(1,0)
2
where m¥ € J satisfies (x — mk)k = inf H (x—=2c) ‘
J 4 2w € L20,0)
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and where if v is a positive measure, then there are positive constants c, C such that

P (J,v)\? 2
2 k ’ k 2
Cq)a (J, l)) < (T) H A’})x L2) < C@a (J, U) .

Remark 20 The right hand side of (4.4) is what determines the definition of the k-
energy condition (4.2) used in the stopping time arguments adapted from [7] and/or
[10].

Proof (Proof of Lemma 19) The proof is an easy adaptation of the proofs in [7,10]
restricted to dimension n = 1, but using an order k Taylor expansion instead of an

order 1 expansion on the kernel ( K ‘j‘) (x) = K% (x, y). Due to the importance of this

lemma, as explained in the above remark, we give the short argument.

Let {hw ”} be an orthonormal basis of L2 & (u) consisting of Alpert functions
as above. Next we use the (k + §)-smooth Calderon—Zygmund smoothness estimate
(4.1), together with Taylor’s formula

ki@ =7 (k) o+ (k9 0w o - o
Tay (K§) (x, ¢) = K& (€) + (K;‘>/ (©) (x =)+
r (K)o w ot
and the vanishing means of the Alpert functions 44", to obtain
(1), = | { [ Ko ng o do (x)} = [ (K2.437), an )
= [ {0 =y (K5) () 5 o) e
{0 s oo 5]
- <[/ 2 (k) <y)] (x—mb)". h‘j’“>w
(L )" 0 ) = (s5) ()
(),
[ kl. / (k2)" mydn (y)} (e, ny)
(L 2[5 0 eont)) = (55)" ) o]
(e =mb) o)
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and hence

kaJﬁﬂw—[%/(K@¢Nmnduwﬂ@ﬁh?ﬁJ

1 (k) (k) k k k w,a
=% <[/§2§’ (K3> (9)_(1((;) (mf> d“(y)] ‘x_mf r5| 3
J, D)
5 cg—Fe T k+5 -
[J] L2(1;0)

where in the last line we have used

gl - ()" )

§ o
SCcz/( 1] >|yd|u|(y) _ ¢, Dt o)

— CZ
ly —cyl e |J ¥

du (y)

Thus we have

|57 0 = Xl
ael’(J)
> [fet), ]

L[ (ge)® p 2
o [ (&) onano
ael(J)

Pis () A
0( Fik )HQ_mJ

LY(1yw)

and hence

(kl' /(K“)()(mj)du(y))zwAf;xk (xfm’j)k

2 Pe (. 1D\’
e\ T
L2 () |J]

L2(1yw)
w o 2
< |ayT MHLZ(w)
1 o ®) : w k
i (f [ 15)" mranen) e,
(e k|2
c k43 ) —mk !
2( |J [ ( J) L1215 0)
where
1 (k) PY (J, 1)
[ (k2)" gy e o]~ P2,
‘H/(y (»;uw‘ YL
O
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1

4.2 Comparison of k-Energy and the Usual 1-Energy

We can write

P¥ (J,1;0)\? k
(k ik ) (v =)

and clearly we have the inequalities

2
2

k
k
X —m
i =P{ (J,1;0) ( T J) ,
e L2(150)

|J ¥
(1] + 1y — ey hti-e

_/< o )H £l do (y)
- rR\(J|+ |y —ciD (|j|_|_|y_cj|)i+l—a y

|J1¢
< do (y) =P; (J,1;0),
/R<|J| +ly —cshitte ¢

PY (J,150) = / do (y)
R

and
k|2 k 2%k
X — m]} X — ml} X — ml}
= dw (x)
[ /] J 11
L2(1yw) L2(1;w)
20 ]2
X — mej X — mt}
< do(x) = ,
J [J] [J]
L2(1;w)
x—me]

for 1 < £ < k since < 1, and as a consequence we obtain

1

Egk fggg, forl < ¢ <k.
4.3 An Example with A9 < oo, 82,( <occand £, = oo
Define intervals

1 1 1 .
]j=|:47_ﬁ,z:|, j=2,3,4,...

and for ¢ > 0 define measures

00 4J
do (y) =80+  ——1;;(»)dy.
= T
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1

dow (x) = Z J—.llj (x)dx,
j=2

(8]

4i

so that
1] =
774
15, = 1y =
j§+£ﬁ4./ jlte
it 1

lilo =5 7721 = 37"

Then we compute that

|]J|0|I]|a) — j]+84Tj _i
D
Nz

and in fact it can be verified that A; (o, @) ~ 1. We also have

2
AN ~ e ™ g2

J

1
x—mlj

1]

L2 (llj a))

and writing P = P(l) with I = [0, 1], we have

|75 |75
P(1;.1;0) :/ sdo () ~ ;
L[]+ [y = en ] [17;]+ 10— ecy]

A o . .
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where we note that the delta mass dg in o contributes the dominant term. From this
we compute

1
X —m
1

|1

2 00 i\ 2 00
4J 1 1
%Z(_l> 42./22_-200'

L2(1,jw) =2

00
531 ZLZP(I]',IIO')Z
1L &

On the other hand, writing Py, = Pg we have

1,0) = |15 . 4] o
Pi (1 110) /1((|Ij|+b’_clj|)> [|I‘|+|y_clj|]2d v

~ ( |1j| )k_l |Ij|
(] +10=er) ) [l +]o -y ]

1\ 1 .
~ | Y% N 1P .
~ ! >+ ~— L~
—_— 1 ‘I | 12 —_— '§+€
47 T J J NaZY J

where when k > 2, the dominant term arises from that part of o supported on /;, and
hence is significantly smaller than P (Ij, 1 10). Then for £ > 2 we compute

and it can be shown that in fact £, < oo by considering arbitrary decompositions
=02 1,.

4.4 A Calderén-Zygmund Operator Satisfying Testing Conditions

We do not have an example of a weight pair (o, w), and a familiar Calderén—Zygmund
operator T, to which Conjecture 17 applies, and to which the known 7 1-type theorems
fail to apply. Our purpose here is to instead construct a rather artificial example to
demonstrate that Conjecture 17 is at least ‘logically’ different from the known 7'1-
type theorems in [7,10].
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For this we first construct a dyadic operator T, Uy ) that always satisfies testing

conditions for a given weight pair (o, w). For an arbltrary weight pair (o, ) define

Towl = 2. <f >L2() a’,

1eD1<i,j<2

where {a,’l ay 2}1 D and { @1 ,ay” 2}1 L e Alpert bases for L? (¢') and L? (w)
€ S

respectively. Then for any interval Q € D and polynomial p of degree at most 1 we
have

2
2 ,
/ ‘ (ow)lQp’ dw:/ Z Z <1Qp7 > 2() w] do
I1eD1<i,j<2
2
=X [ |5 fronar),, | far e
= Qp,a; 12(0) a; w

1eD1<j<2Y 2 |1<i<2

> % e e ao

1€D: 12Q1<1<2

> fier| = | wkae

1€D: 120

Similarly we have the dual testing condition.

To construct a Calderén—Zygmund operator T that satisfies the testing conditions
for (0, w) and whose kernel is (k + §)-smooth as in (4.1) for any k 4+ > 1, we choose
a subgrid D’ of D satisfying:

11 11 10
if I,J € D satisfy |I| < |J] and;lﬂ—] £ 3, the ngl cJ, @5

and define functions a] and af’ to satisfy the following conditions with u equal o and
:

L1l
Suppa; C 31,
0 <da(x)<c|l|"? forx eR,

10
af (x) =cforx e ?I,

[ laif =1

f xalf (x)dp (x) = / a) (v)dp (x) =0,
R R

<C It e

d
e
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Note that these functions are not Alpert functions, but that they do form an orthonormal
collection in L? (;1). Then we set

Tf= Z (fv a7>L2(g) ay

1eD’

and note that T is a (k 4 §)-smooth Calderén—Zygmund operator (see below) that
satisfies the testing conditions for the weight pair (o, @) by the same argument above
that established the testing conditions for the dyadic operator T(iy, )" If we take the
weight pair (o, w) constructed above, then Conjecture 17 gives the boundedness of T
from L2(¢) to L?(w).

Lemma 21 The operator T defined above is a (k + §)-smooth 0 -fractional standard
Calderon—Zymund operator for all k + § > 1.

Proof Note that the kernel is K (x, y) = D ;cp af (x)af (v). Assume that [x — y| =~
%24 (i.e. %2’( Slx—yl < %2’”1). The sum in the expression of K (x, y) only
contains those terms which correspond to the intervals in D’ for which x, y € %I
. The smallest such interval has length 2=t Also, form = 0, 1,...,¢ — 3 there are
at most two intervals of length 2~ for which af(x)aj (y) # 0. Thus there are at
most 2(¢ — 2) terms in the sum for K (x, y).

Also, using the properties of a{’ and af there holds:

_1 _1 _
|a)ag | S =117

d 1 1 _
'8—xa;“(x>a‘;(y> Sz =172,

9 S N _
'aa?’(x)a‘z’(y) Sz =172,

[VHapoag ] = celn 1k,

forall k > 1, and where V = (% aiv .

We use these estimates to show that the kernel K (x, y) is a (k + §)-smooth O-
fractional CZ kernel for all k + § > 1. In fact it is well known (using the mean value
theorem) that it suffices to show

IVK(x,y)] < Ci for all k > 0.

k+1°
lx — y|*t

Recalling that [x — y| ~ %2’6 we have for k > 0,

Vikeow|=a Y Y |(Viarw) (Viag )| = c Yo 1

1eD i+ j=k 1€D’
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-3
_ 1
< e 30 20HDEm) x CtlhH) -
m=0 |)C - )’|

]

Remark 22 However, we can write this measure o as §g + o and note that the weight
pair (¢, w) satisfies the usual energy condition (the 1-energy condition), and so T is
bounded from L2(8) to Lz(a)) by results in either [7] or [10], and hence

/|Tfa|2dw5/|Tf3|2dw+f|Tfao|2dw
2

§/|f|2d8+|f(0)|2/ 3 af 0)af| do.

1eD’

Since | £ (0)1> = [|f1?d8y < [ |fI*>do, it now remains only to prove that

2
/ S af a?| do= 3" la7 O <1,

I1eD’ I1eD’

which in turn holds simply because there is at most one I € D’ containing the origin,
and for such an interval we have that |a;’ (0)| < 1 due to the presence of the unit

point mass at the origin, a much better bound than the general bound c |7 |_% . Indeed,
the only intervals / € D that contain the origin are the intervals K; = [O, 4-J )
for some integer j, and by (4.5) there is at most one of these in D’ containing the
origin. Thus we see that the Calderén—Zygmund operator T constructed above is very
artificial. Nonetheless, it does show that Conjecture 17 contains boundedness results
not included in [7,10], and potentially some not so trivial as that above as well.
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