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Abstract

We consider the pointwise convergence problem for the solution of Schrodinger-type
equations along directions determined by a given compact subset of the real line. This
problem contains Carleson’s problem as the simplest case and was studied in general
by Cho et al. We extend their result from the case of the classical Schrédinger equation
to a class of equations which includes the fractional Schrodinger equations. To achieve
this, we significantly simplify their proof by completely avoiding a time localization
argument.
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1 Introduction

Letd > 1, a > 0 and consider the fractional Schrodinger equation

dux,t) =i(—A)Tu(x, 1) (x,1) e R xR
u(x,0) = f(x) x e R4,

It is well-known that for a sufficiently nice initial data f, the solution can be written
as
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a d
uux>=em‘M7fay=(éL) / e/ EFEI) f(e) de,
T R‘[

where f(é) = fRd e—ivE f(x)dx. When a = 2, this is the standard Schrodinger
equation from quantum mechanics. The general case arose in recent years in physical
models and turns out to be a fundamental equation in fractional quantum mechanics
(fQM), and may be traced back to work of Laskin [20,21]. Motivated by this, the
fractional Schrodinger equation and related nonlinear models have been the subject of
numerous recent papers (see, for example, [5,7,13-16,18,23]). From a rather different
viewpoint, certain nonlinear equations were the subject of study in recent work of
Tonescu and Pusateri [17] and arise from models of water waves. In addition, the
fractional Schrodinger equation is a model case in studies of more general dispersive
equations; see, for example, [8,19].

Associated with the fractional Schrédinger equation, it is natural to try to determine
the minimum level of regularity s which guarantees that the limit

lim SR ) = £ e )
(’y,t)ei“;

holds whenever f € HY (R9). Here, H® (RY) is the Sobolev space of order s whose
norm is given by

1 s ey = 11— A)2 fll 2ga)

and Iy CRY x [—1,1]isa convergence domain corresponding to each x € RY.
The classical case, known widely as Carleson’s problem, is concerned with the case
of vertical lines I'y = {x} x {0}. Here, when d = 1 and @ > 1 it is known that (1)
holds if and only if s > %; see the work of Carleson [3] and Dahlberg and Kenig [10]
for the case a = 2, and also see the work of Sjolin [27] for general @ > 1. The higher
dimensional case d > 2 has been subject to a recent flurry of activity. When a = 2,
Bourgain [2] showed that s > % — m is necessary for (1) for d > 2, and Du et

al. [11] and Du and Zhang [12] have shown s > % — m is sufficient for (1) for
d = 2 and d > 3, respectively (for important earlier contributions see, for example,
papers by Vega [29], Lee [22] and Bourgain [1]). For, a > 1, Cho and Ko [4] proved
analogous result that (1) holds if s > % — m and d > 2. In addition, we also note
that Prestini [24] showed that for d > 2, a > 1 and f radial, (1) holds if and only if
s > 41'1' Results are also available for 0 < a < 1 (see, for example, [9,25,30]) but these
cases are of a rather different nature and from now on we focus entirely on the case
a> 1.

Non-tangential convergence corresponds to the case
'y ={(x+10,t):t €[—1,1] and 6 € B},

where B c R is a given euclidean ball which is centered at the origin, that is, Iy is
a conical region with vertex at (x, 0) and aperture determined by the radius of B. In
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this case, it is known that (1) with ¢ > 1 holds if and only if s > %’. The sufficiency
part of this claim follows easily by a well-known argument using Sobolev embedding
and the delicate necessity part has been proved by Sjogren and Sjolin in [26] (strictly
speaking, the case a = 2 was considered in [26] but their argument extends to a > 1
without difficulty).

When d = 1, the classical case and the non-tangential case were unified in a natural
way by Cho et al.[6] who proved that (1) holds in the case

Ty ={(x+10,1):te[—1,1]and 0 € O}

whena =2ands > }1 + @. Here, ® C Ris a given compact set and 8(®) denotes
the upper Minkowski dimension of ®. We note that establishing the necessity of the
condition s > 4—1‘ + @ is an interesting but still open problem. Our main goal in this
paper is to improve the result in [6] by extending to a class of equations which includes
the fractional Schrodinger equation for @ > 1. We define the evolution operator S; on
appropriate input functions by

S f () = % /R SUEHOE) Fz) .

Here, ® : R — R is a C2 function which satisfies for some C 1 >0,

&119" (&) = € 2

for all |£| > 1. Moreover, for some C, > 0,

E11D" (&) = C2|P" ()] 3

for all |&] > 1. It is trivial to verify that ®(§) = |£|“ satisfies these conditions when
a> 1.
Our main result is the following.

Theorem 1 Let ® C R be compact and suppose ® € C*(R) satisfies (2) and (3). For

anyq € [1,4]and s > ‘_11 + @, there exists a constant Cy s such that

sup [S: f (- +16)]
(t.0)e[—1,11x0

=< Cq,s ”f”H“(]R)
L9(—1,1)

whenever f € H*(R).
By standard arguments, we thus obtain the associated pointwise convergence.

Corollary2 Let ® C R be compact and suppose ® € C*(R) satisfies (2) and (3). If
s > % + @, then

lim S f(y)=f(x) ae. )
».0)—(x,0)
y—x€et®

whenever f € H*(R).
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Theorem 1 improves the result in [6] in two respects; the class of evolution operators
has been widened from the case ® (&) = |£|? to those satisfying (2) and (3), and our
maximal estimates are valid for ¢ € [1, 4] (the estimate in [6] was proved in only the
cases ¢ € [1, 2]). While the proof in [6] may be modified in a straightforward way
to go beyond the classical case ®(§) = |& |2 to a certain extent, it seems to us to be
difficult to handle case ® (&) = |£]¢ with a close to 1. Indeed, the argument in [6]
rests on a certain widely used time localization argument which becomes increasingly
weak as a approaches 1. To overcome this significant obstacle, we remove the use of
the time localization lemma; this simplification to the proof has allowed us to handle
the case ® (&) = |£|? for any @ > 1. Further explanation of this point will follow our
proof of Theorem 1 in Sect. 3. Prior to that, we prepare for the proof of Theorem 1 in
Sect. 2.

2 Preliminaries
Notation

Associated with the operator S; given above by

Sif(x) = % /R e EHPE) Fg) dg

and a fixed compact set ® C R, we define the maximal operator Mg by
Mo f(x) =sup{|S; f(x +10)|: =1 <t <1, 0 € O}
Also, we recall that the upper Minkowski dimension of ® is defined by

B(®) = inf{r > 0 : limsup N(®, §)8" = 0},
§—0

where N (®, §) denotes the smallest number of §-intervals which cover ®.
We will use the following notation frequently:
I =[-1,1].
—L-: Holder conjugate of ¢ € [1, co].
: A < CB for some constant C > 0.
: A > CB for some constant C > 0.
:C~'B < A < CB for some constant C > 0.
u: The Lebesgue space with norm

N ERY
IFllppory = /(f(/mx,r,e)r'de) dr) x|

where the domains of integration will be clear from the context.

~

S

e 6 o o o o
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~ VAN
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~
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Useful Lemmas

The following lemmas will be crucial for the oscillatory integral estimates in the proof
of Theorem 1. Applying these lemmas appropriately essentially allows us to avoid the
time localization lemma, which is used in [6].

Lemma 3 (van der Corput’s lemma) Let —00 < a < b < 00, ¢ be a sufficiently
smooth real-valued function and W be a bounded smooth complex-valued function.
Suppose we have |¢p® (x)| > 1 for all x € [a,b]. Ifk = 1 and ¢' is monotonic on
(a, b), or simply k > 2, then there exists a constant Cy. such that

b
/ e”“p(x)w(x) dx

a

b
< CpATE (/ W/ (x)] dx + ||¢||Loo)

forall ). > 0.
For a proof of van der Corput’s lemma, we refer the reader to [28].

Lemma4 Let 1 < g < 4. There exists a constant C, such that

‘//// g(x,)h(x', t")|x —x’l_% dxdtdx'dt’

where the integrals are taken over (x,t), (x',t") € I x I.

< Callglqy Il

Proof Denoting G (x) = [g(x, )|, and H(x) = [|h(x', )l .1,

V/// g, DA’ 1")]x —x/l_% dxdx'drdt’

By the Hardy et al. inequality,

1 1
< / / GOH)x — x|~ 2 dxdy’.
—1J-1

1 1
/ _ / -1 / <
| [ cwne—s1tasay Sicn iy,

Sl Il

where tbe last inequality is obtained by Holder’s inequality since % < ¢’ from our
assumption. O

3 Proof of Theorem 1

Proof of Theorem 1 We fix ¢ € [2,4]. The case ¢ € [1, 2) follows immediately by
Holder’s inequality.

The proof begins with a reduction to the case where f is frequency-localised to
a large annulus and 6 belongs to an interval of an appropriately small length. This
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reduction to the forthcoming Proposition 5 essentially follows the argument in [6];
our main novelty is the proof of Propositon 5.

Suppose Yo € C3°(I) and ¢ € C3°((-2, —%) U (%, 2)) give rise to a standard
dyadic partition of unity yo(§) + Zkzl Y = 1, where Y = W(Z,C;_l). For each

0 < k € Z,the frequency localization operator Py is defined by f;{?(é ) =Y (&) f(é ).
Then,

||M(~)f||14£1(1) 5 ||M®P0f||Lq(1) + Z ||M®Pl<f||Lq(1) . (5
k>1

The first term is relatively easy to estimate. In fact,

IMePofllLau) S leﬁo(E)lf(S)ldé Sl SIf llas

for s > 0, and thereby this term can be easily handled.
For the remaining terms, first note that for each £ > 1, there exists a finite collection

of intervals {2 ;)| which satisfies
Ny
O C U Qe js
j=1

where [ ;| < 2_% for each j and Ny = N(O, 2_%) is the smallest number of

k k
2~ -intervals which cover ©. (The reason for the choice of scale 2= will become
clear as we proceed.) For x € I,

N
MoPif(0)? <) sup |SPuf(x +10)I7,

-1 tel
T 0ey

therefore

1

Ny
Z ”M(”)Pkf”L"(I) = Z Z “MQk,ijszq(I)

k>1 k=1 \ j=1
Now, we shall introduce the following crucial proposition.

Proposition5 Let2 < g < 4,k > 1 and Q be an interval with |Q2| < 2_%. Then,
there exists a constant Cy such that

k
IMaPifllaqy < Cq2%11 fli2 (6)
holds for all f € L*(R).
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Proof of Proposition 5 Set . = 2 and
Tf(x,1,0) = x(x,1,6) / oM OHOEHPED) £y (5) dE,
R
where x = x7x7xq. Then (6) follows from
1
||Tf||LzL;>oLgo SASfll2 2D 7

since

I~ 1

IMaPifllLay ~ IT flipapeopee S AN 2 S A% fllL2
Xt ]

by Plancherel’s theorem. Let us consider the dual form of (7), which is

1
IT*Flip2 S A%IF ®)

Ly
where

T*F () =w(§)//fx(x’,t’, 0 )e I (WHOEHCEN (' 0"y dx'dr b’
Then,

IT*F|7,

:A/wz@/// ///x(x,r,e)x@’,rﬁe’)

x o A= H0—rE+(=VCOE) F (¢ OVF (x', 1, 0") dxdtdOdx'dt' d0'dE

=A/ / x (W) x (wW)F(w)F(w)K; (w, w') dwdw’
w JwW’

3
= ZA// x (W) x (W) F(w)F Ww)K(w, w') dwdw’
— Ve

=1
=: A1 + Ay + As.

Here, wedenotew = (x,¢,0) € Wandw' = (x/,¢',0") € W,where W := [ xI xQ.
Also,

K, w') = / QPCE Y2 (6) d,
R

P& w,w) = (x —x" +10 =100 + (1 — )P (&),
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and

Vi ={(w,w)eW xW:|x—x'| <4t -1},
Vo ={(w,w)eW xW:|x—x'|>4)t—¢ and |x — x| > 41"},
Vs ={(w,w)eW xW:|x—x'| >4t —]and |x — x| < 4r"%)}.
Thus, (8) follows from
A < ,\%||F||iq, foreach ¢ = 1,2, 3.

LiL}

The Term A,
Let us start with an estimate of A{. Since
16" (1) = A2t — 1| @"(AE)| 2 Ax — x’
holds from (2), we are allowed to apply Lemma 3 to get
K (w, w))] S e = x')7 7,

By using Lemma 4, it follows that

A <2 ff X @)IF @) x @) Fwllx — &' dwdw’
Vi

< A2||F|? .
S Az ”Lz’L;L(g

The Term A,

Next, we shall consider Aj;. In this case, we firstly observe the following key relation-
ship:
|x —x" +16 —1'0"| ~ |x — x| 9)

Indeed,
X—x"+t0 -t |>|x—x'| =t =1t -0 -0

3 q
> Slx = x| =274

4

\Y

> —|x —x'|.
2

Similarly, the other way holds, too.
Now, let us observe that for all (w, w’) € V,, we have

K5 (w, w)| < (M —x]) 2. (10)
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Before proving (10), we note that

1
Ay SAZ|FI?, |
LY LILy

immediately follows by using Lemma 4 as before.
To see (10), let us split K, into B; and B as follows

Kuwow) = [ @080y ae 4 [ d00enny e ag
Uy U
=: By + B>,

where

Up={Eesuppy:|x —x' +10 —1'0'| = 2|t — t'||®' (1)}
and

Uy ={£ esuppy: |x —x' +10 —1'0'| <2|t —1'||® (AE)]}.
For By, we have

|¢'(AE)| = Alx —x" 410 — 10" — A|r — 1'[| D' (A8)|

)\' / 'n/
> —|x —x' 4160 — 16|
2
> —|x — x|
4
1—-4
> A4
> 1,

where we have used the fact that ¢ < 4. From (2) and the intermediate value theorem,
@ (&) is single-signed on (—oo, —1] and [1, 0o), which guarantees that ®'(&§) is
monotone on these intervals. Hence, U; consists of at most two intervals. Invoking
Lemma 3,

Bi S (x —x'D7! S Gilx =77
On the other hand, for By, it follows from (3) that

9" (A&)| = A%t — ]| D" (AE)|
> Mt — 1|9/ (1)
> AMx —x" 410 — 6]
> Alx —x'].
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Then, by using Lemma 3, we obtain
By S Gy —x')7 2.
Therefore, (10) holds.

The Term A3

It remains to show

1
Ay <A Z|F|?, . .
SSAIFI,

Trivially,
K (w, w)] <1

so by the dual form of Young’s convolution inequality

1 1
!/ / /
[1[1 IIF(x,-,-)IIL;Lg)IIF(x,~,~)||L;L;x[_4x_%’4k_%](x X)) dxdx

< |IF|*.,
SUFEy 10y,

¢ _a | ¢
T 4042

|
~AT2||F)? .
Il ”L,’(/L,]L};

Here, we have used the fact that ¢ > 2. Therefore, we conclude that

1
Az < AZ|F|?
s SAFI,,

as claimed. O

By the definition of the upper Minkowski dimension, for small ¢ > O there is a
constant C, > 0 depending on ¢ such that

N@©.27%) < C 25 BO+e)

Thus, if we also let Py f = 1/7/(]/”\, where ¥ € Coo((—4, —21;) u (%, 4)) with ¢y = 1 on
(=2, =3) U (3, 2), then

Np q Np q
DD WMo Pty | =0 D0 Mo PePif Iy

k>1 \ j=1 k>1 \j=1
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1

Ny q
gk~
SY D2 AL
k=1 \ j=1
14 80©) ey ~
S Y RGEETED B f 2
k>1
1

- sz%ks </ ) 22k(i+fﬁ@+s)|f(§)|zd€)z

k>1 upp Yk

Sy ee,

Therefore, for arbitrary ¢ > 0,

Mo fllLaa) S ||f||Hz|[+ﬁae>)+g

holds, which ends the proof. O

Remarks The crucial component in the above proof of Theorem 1 is Proposition 5.
The corresponding result in [6] (Lemma 3.1), stated for ¢ = 2 and ®(§) = |§|2, is
established through the following steps: T T* argument, the time localization lemma,
Schur’s lemma and then an oscillatory integral argument. Following this approach in
the case ®(£) = |£]%, one may extend by simple modification to the range a > %
However, the time localization lemma reduces to the case of time intervals of length
A1=¢ and for a close to 1 this causes certain technical difficulties in the estimation of
the oscillatory integrals which arise; in particular, the relationship (9) breaks down if
we follow their argument as it stands. In order to overcome the significant technical
difficulty, we removed the use of the time localization lemma and replaced this with
appropriate decompositions of the domain W x W.
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