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Abstract

In-homogeneous self-similar measures can be viewed as special cases of nonlinear
self-similar measures. In this paper, we study the asymptotic behaviour of the Fourier
transforms of nonlinear self-similar measures. Some typical examples are exhibited,
and we show that the Fourier transforms of those measures are usually localized, i.e.,
the Fourier transforms decay rapidly at co. We also discuss the infinity lower Fourier
dimension of in-homogeneous self-similar measures and obtain its non-trivial bounds.
The result confirms Conjecture 2.3 in Olsen and Snigireva (Math Proc Camb Philos
Soc 144:465-493, 2008).
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1 Introduction
Let §; : R? — R? for j =1, ..., N be contracting similarities and let (p1, ..., py)

be a probability vector. Then there exits a unique probability measure ; on R such
that

N
w=) pjnoS; (LD)
j=1
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by Hutchinson [9]. The measure u is called the self-similar measure with respect
to the iterated function system (IFS) {S j};\’:l and probability vector (pi, ..., pn)-
Self-similar measures have been studied intensively for the past 30 years and many
literatures investigated various aspects of them (see [6] and references therein). There
are many generalizations of self-similar measures, for example self-affine measures,
self-conformal measures, and statistical self-similar measures. All of them paly an
important role in fractal geometry.

It is natural to write Eq. (1.1) as

N
,u,—ijy,on_l =0.
=1

This viewpoint suggests to investigate the equation with nonlinear or in-homogeneous
term. In [4], Clickenstein and Strichartz studied nonlinear self-similar measures on
R? which satisfy the equation (involving convolutions)

N M
n= meoS}l +qu(u*u) ° Tj’l,
j=1 j=1

where {S j}jyzl and {Tj}ﬁ’lz | are two classes of contracting similarities, nonnegative
numbers p;’s and g;’s satisfy the equation ij:] pj+ Z;"zl qj=1,andLip7T; < %
for all j. Under condition that nonlinear self-similar measures are not degenerate,
they investigated the decay rate at oo of the Fourier transforms of these measures.
Specifically speaking, they found that such measures are usually absolutely continu-
ous, and the density has regularity properties that get stronger as the the linear terms
get smaller. In [14], Olsen and Snigireva studied in-homogenous self-similar measures
on R satisfying the equation

N
=Yy pjpoSi' +pv,
=1

where v is a Borel probability measure on R with compact support, {S j}yzl is a
class of contracting similarities, and (p1, ..., pn, p) is a probability vector. They
discussed the Fourier transforms of the measures whose properties are affected by
the in-homogenous term v to a large extent. More precisely, they obtained the lower
bounds for infinity lower Fourier dimension and 2’nd lower Fourier dimension of the
in-homogenous self-similar measures. Besides, other aspects of in-homogenous self-
similar measures are also investigated by many authors, for example L9 spectra and
Rényi dimensions [11-13], lower and upper quantization dimensions [15,17,18], and
box dimensions of in-homogeneous self-similar sets [1,7].

In this paper, we generalize the definition of nonlinear self-similar measures and
then use Fourier transform methods to study such measures.
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We begin by introducing some notations that will be used throughout this work.
Let (R, p) be the d-dimensional Euclidean space with Euclidean metric. The open
ball centered at x with radius r is denoted by B(x,r) := {y € R9 . px,y) <r},
and B(x,r) is its closure. We denote the set of all nonempty compact sets of R?
by H(R?). Let P(R?) denote the set of all Borel probability measures on R? with
compact support. For ¢ € P(R?), the Fourier transform of ¢ is defined by

() = / Y dg(y).

Here x -y = Z?: 1 xiyi forx, y € R¢. The infinity lower Fourier dimension of ¢ is
defined by

A..(¢) = liminf log supj, |~ g Igo(x)l'

R—00 —logR
Remark For ¢ € P(R?), if A, (@) > C > 0, then we could find some R > 0 such
that |¢(x)] < |x|~C forall |x| > R. Alternatively we could find some constant D > 1
such that |@(x)| < D|x|~€ for all x. On the other hand, if there are C’ > 0, D’ > 1
such that |¢(x)| < D'|x|~C for all x, we have A () > C'.

For D € H(RY), let P(D) denote the set of probability measures on D. For ¢, ¥ €
P(D), we set

Lp(e,¥) = SUP{|/Dfd<P—/Dfd¢|ifELipl(D)},

where Lip (D) :={f : D - R:|f(x)— f(y)| < p(x,y) forany x,y € D}. Lpis
called Hutchinson metric. Note that (P(D), Lp) is a complete metric space (refer to
[2, Chapter 9, Theorem 5.1]). We denote the Hausdorff metric of H(RY) by dpy . For
E, F € H(RY), it is well-known that

du(E, F) =sup{p(x, F),p(y,E) :x € E, y € F},

and (H(R?), dy) is also a complete metric space (refer to [2, Chapter 2, Theorem
7.1)).

We say that a map ¢ : H(RY) — H(R?) is a monotone transformation if ¢ (A) C
¢(B) for A, B € H(RY) with A C B.

Definition 1 For a transformation ® : P(R?) — P(RY), we say that ® satisfies
condition (H) if there exists a monotone transformation ¢ : H(R?) — H(R?) such
that for any ¢ € P(R?), spt ®(¢p) = ¢ (spt @), where spt ¢ is the support of .

Remark For any D € H(RY), there exists a Borel probability measure ¢ such that
spto = D. Hence if & satisfies condition (H), the monotone transformation ¢ is
unique. Because of this fact, we also say ¢ is determined by .
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Definition 2 Let {S f}i'v: | be a class of contracting similarities on R4 such that
Sj(x):rjRJ-x—f—aj, j=1,...,N,

where R is an orthogonal matrix,0 < r; < l,anda; € RY. Let ® : P(RY) — P(RY)
be a transformation satisfying condition (H) and (py, ..., pn, p) a probability vector.
Assume ¢ is determined by . We obtain a nonlinear self-similar identity

N
w=) pjnoS; +pou). (1.2)
j=1

If the solutions of this equation exist, we call them nonlinear self-similar measures.
If ®(u) = v for some v € P(R?), the solution of the equation exists and is unique,
which was called in-homogeneous self-similar measure (refer to [3,13,14]).

We consider nonlinear self-similar measures in Sect. 2. At the beginning of the
section, we give a necessary condition and a sufficient condition for the existence of
nonlinear self-similar measures. The proofs are based on Banach’s fixed-point theorem
and rather standard, but to the best of our knowledge, no literature supplied complete
and clear proofs for existence of nonlinear self-similar measures. After that we shall
exhibit some typical nonlinear self-similar measures, and study the decay rate of the
Fourier transforms of them. We find that the Fourier transforms of these measures
are usually localized and that the decay rate at co is dependent on the probability
vector and the contraction ratios of contracting similarities. Moreover, let ¢ be the
positive constant such that Z;V: | Pj rj_’ = 1, we prove that the infinity lower Fourier
dimension of these measures is not less than ¢. Afterwards we give a example to show
that the lower bound ¢ is the best possible.

In Sect. 3, we study the infinity lower Fourier dimension of in-homogeneous self-
similar measures. The main result is Theorem 7. We obtain the lower and upper bounds
for infinity lower Fourier dimension, which are dependent on the infinity lower Fourier
dimension of the in-homogeneous term. The result improves the works of Olsen and
Snigireva (see [14, Theorem 2.1]). In [14, Conjecture 2.3] the authors proposed the
following conjecture:

Conjecture 1 For equation (1.2), we assume ® () = v for some compactly supported
probability measure v and let © be the in-homogeneous self-similar measure that
satisfies this equation. Let t be the positive constant that satisfies Z?’:l Dj rj_t =1L
Then, for all choices of ry, ..., rny we have

Ay (u) = min(r, Ay (v)).
Our result also confirms this conjecture.
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2 Nonlinear Self-similar Measures
2.1 Existence of Nonlinear Self-similar Measures

Now, we consider the existence of nonlinear self-similar measures. First of all, we
claim that if w is the solution of Eq. (1.2), the support sptu of p must satisfy the
following condition.

Lemma 1 If u is a solution of Eq. (1.2), then

N

Sptp = U S;j(spt ) U (spt ).
j=1

Proof 1t is easy to see that

N
/“’Sj_l JSiGsptwy Ug(sptp) | =1 forall j,
j=1

N
@) [ | Sitsptmw) Ugtsptp) | = 1.
j=1

Hence spt u C U;VZI S;(spt ) U p(spt u).

On the other hand, since w(spt ) = 1 and (py, ..., pn, p) is a probability vector,
we have

D(uw)(sptp) =1 and po Sj_l(spt w) =1 forall j.
Hence
¢(sptu) Csptp and S;(sptu) Csptpu forall j.

That is U;V:l Sj(spt ) U@ (spt ) C spt . We complete the proof. O

Lemma 1 gives a necessary condition for the existence of solutions of Eq. (1.2), i.e.,
there exists K € H(R?) such that K = U?/:l S;i(K)U¢(K). We give an example to
illustrate this.

Example 1 We define @ : P(R) — P(R) by

D)= (@xp*xp)oT ', ¢eP®),

where T'(x) = 5. Assume that S(x) = 5 + 1. We obtain a nonlinear self-similar
identity

1 1
MziﬂoS*wE(u*M*u)oT”. (2.1)
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If the above equation has a solution, we could find K € H(R) such that
1 1
K = (EK—i—l)UE(K—i—K—i—K).

Since K \ {0} # @, we assume x| € K \ {0}. One can verify that (3/2)"x; € K for
all n € N. But K is a compact set, which is a contradiction. Thus Eq. (2.1) has no
solution.

Now we present a sufficient condition for the existence of the solutions of Eq. (1.2).
In what follows, for D € H(Rd) and ¥ € P(D), we define the measure ¥/p € P(RY)
by

Yp(E) =v(E N D) forBorel sets E. 2.2)

If o € P(RY) and spt ¢ C D, ¢ can be regarded as a member of P (D) of course.

Theorem 1 Assume that there exists K € H(R?) such that K = U;-V:] Si(K)Ue(K).
Iffor any f € Lip|(K) and any ¢, ¥ € P(K), we have

|/de<19(901<)—/de<D(WK)| < Lg(p. ¥).

Then there exists a unique measure L € PRY) satisfying Eq. (1.2) with sptu C K.
Moreover, if the set K € H(R?) satisfying K = U;-V:l S;(K) U@ (K) is unique, then
the solution of Eq. (1.2) is unique too.

Proof Define a map M : P(K) — P(R?) by

N
M@) =) pjex o S;' + pP(px).
j=1

Note that spt px = spteo C K, we obtain that Uj.vzl Sj(sptogx) U@ (sptog) C K.
But
N
M@)(| Sj(sptox) Ug(sptex)) =1,
Jj=1
hence spt M(¢) C K. Thus it is proper to regard M as a map from P(K) to itself.

Now we show M is a contraction from P(K) to itself with respect to the metric
L. Forany ¢, ¥ € P(K) and for any f € Lip,(K), we have

I/deM(w)—/deM(w
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N
sij}/I(quykoS;‘ —/dewos,f‘HpI/de@(wK)
j=1

- / fdo k)|

2

= . pjl o f o Sjdek — /s—l(m foSidyk|+ pLk (e, ¥)

N
-y, r,|/ f03d¢/ —f o S;d¥|+ pLx(@, )
j=1
N
< (D piri+p)Lr(e.¥).
j=1

By the arbitrariness of f, we have

k (M(p), M(¥))

N N
<(X_piri+p)Lx@. ) < | D pj+p | Lrlp, V) = L (9, ¥).

j=1 j=l1

By Banach’s fixed-point theorem, there exists a unique w € P(K) such that M(w) =
. Set L = wg. u is actually a solution of Eq. (1.2).

If v; € P(RY) satisfies Eq. (1.2) and sptv; C K, there is a unique A; € P(K)
such that v = (A1)g. M(X1) = A obviously. Still by Banach’s fixed-point theorem,
A = w, thatis vi = .

Now assume the set K € H(R?) satisfying K = U;V:l §;(K)U ¢(K) is unique.
If v; € P(RY) satisfies Eq. (1.2), we have sptvy = U;V:l S;j(sptvz) U ¢ (sptvz) by
Lemma 1. Thus spt v, = K. By the above argument, we have v, = p of course. The
proof is complete. O

Inspired by Theorem 1, Eq. (1.2) may have more than one solution. We give an
example to illustrate this.

Example 2 We define @ : P(R) — P(R) by

—1 .
poS if 0 ¢ spto,

o =
() {%(poS_l+%60if 0 € spto.

where S(x) = 3 + % and § is the Dirac measure supported at {0}. ¢ is determined by
® and we have

[ S(E) if 0¢E,
PE) = {S(E)U{O} if 0eE.
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We obtain a nonlinear self-similar identity

1 1
w= Euos—l + 5@ (). (2.3)

Since there exist two compact set that satisfy K = S(K) U ¢(K), i.e., K = {1/2} or
K is the unique compact set satisfying K = (%K + %) U {0}, the uniqueness of the
solution may break down. Actually, Eq. (2.3) has two solutions, one of which is § !

and the other is the unique Borel probability measure satisfying u = % moS~!4 }‘80.

2.2 Some Typical Examples

In what follows, we focus on some typical nonlinear self-similar measures. Let {S; }lN: 1
{Tj}?/l= | and {Qk}}("lz | be three classes of contracting similarities on R4 with

Si(x) =riRix +a;, Tj(x)=p;jPjx+b; and Qi(x) = yxOrx + ci,

where R;, P;, Oy are orthogonal matrices, r;, pj, vk € (0, 1),and a;, bj, ¢k € RY, Let
(p1,-.-. PN 41, ..., qum) be a probability vector. Assume v; is a Borel probability
measure with compact support C; for all j. Set p = ij:l qj. We could define three
transformations from P(RR?) to itself:

M M

qj - — qj _

| :wa;’(gooT,. N (po 07, ¢2:¢HZ?’<¢0TJ- Nk vj,
j=1 Jj=1

M
qj _
¢>3:¢+—>Z—J(¢)*~--*¢))0TJ I
j=1 k; times

In addition, we assume p; + y; < 1 for all j when talking about ®1, and assume

pj < ki < % for all j when talking about ®3. Suppose ¢; is determined by ®;. For
; J

D € H(RY), it is easy to obtain that ¢;(D) = UL, (T;(D) + Q;(D)). ¢2(D) =
M M

Uiz (T3(D) + Cj), and ¢3(D) = UL, Tj(D +- -+ D).

k; times
By Definition 2, we obtain three nonlinear self-similar equations, that is

N M
w= pinoS; '+ qiuoT Hx(uoQ;h, (2.4)
Jj=1 j=1
N M
“ZZPjM°S]1+qu(MoT[1)*v,-, (2.5)
Jj=1 j=1
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w= ZP;MOS +Zq](u* k) o T (2.6)

k times

The existence and uniqueness of solutions of Egs. (2.4-2.6) is stated below.

Lemma 2 There exists a unique K; € H(R?) such that K; = Uj-vzl S;(Ki) U ¢i(K;)
fori=1,2,3.

Proof Foreachi,wedefineamapV; : H(R?) — H(RY) by N;(E) := U;.VII Si(E)U
¢;(E). It is easy to see that \/; is a contraction mapping from H(R9) to itself. By

Banach’s fixed-point theorem, there is a unique nonempty compact set K; such that
K; = Ui'v=1 S;(K;) Ui (K;). We complete the proof. O

Theorem 2 Equations (2.4-2.6) all have a unique solution and we denote them by
W1, w2, w3 respectively. Moreover, spt u; = K; fori = 1,2, 3.

Proof We just prove this theorem fori = 1 while you could use very similar arguments
to prove the rest. For j = 1,2,..., M, f € Lip;(K;) and ¢ € P(K}), by Fubini’s
theorem, we have

B fd(k, o T, ) * (pk, 0 07 = f J(Tj(x) + Qj(y)dpk, x ¢k, (x, ).
1
We define
1
hj(y) = —/ fTjx)+ Q;(y)dek,(x) and
y] K
1
gi() = — / FT500) + Q5 Ndvx, ().
Pj JK,

Note that 4, g; are members of Lip;(K1). For ¢, ¥ € P(Ky), still by Fubini’s
theorem, we obtain

| / F(T;(x) + Q;(")dok, x gk, (x, )
- / F(Tj(x) + Q;("dyk, x Yk, (x, y)]
< il / 7 dek, () — / hi DAYk, )| + o] / ¢ ()dox, (x)

—/gj(x)d¢K1(x)|
<+ o)Lk (o, ¥).

In conclude, we have
] fd<I>1(<pK1)—fK Fd® k)| < Liy (9. ).
1 1
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Then the result is an easy consequence of Theorem 1. O

Now we discuss the decay rate at oo of [i1, (12, [13. Observe that the Fourier trans-
form versions of Egs. (2.4-2.6) are

N M

() =Y pie Ui Rix) + Y qie™ Pt fu(p; Prxfi (v 07x0)(2.7)
j=1 j=1
N M )

fa(x) =) pje™ U fa(rj R5x) + Y qje™ i falp; Px)vj(x), 2.8)
j=1 j=1
N M

A3(x) =Y pje™ U fa(rjRix) + Y qje™ P pa(p; Pix)ti 2.9)
j=1 j=1

We also assume w1 and w3 are not degenerate in the rest of this subsection. For
@ € P(RY), if there exists an affine hyperplane {x : x - w; = [{} for w; a unit vector
such that spto C {x : x - w1 = [}, we say that ¢ is degenerate. Otherwise ¢ is not
degenerate.

Lemma 3 If u is not degenerate, then (1 vanishes at infinity. The same holds true
for fi3.

Remark The conclusion of Lemma 3 is similar to [4, Lemmas 2.1, 3.1], but our proof
is different and simpler.

Proof We just prove this lemma for f1;. Firstly, we prove |fi1(x)| < 1 for x # 0.
Suppose |ft1(xg)| = 1 for some xg # 0. Since Zjv:l pj+ ij:l q; = 1, we have
|1 (rj R;‘xo)| = 1 for some j. By iteration we obtain a sequence of points x; =
(r R;f)lxo tending to zero with |1 (x;)| = 1. Because p; is not degenerate, for any
x1, 1 € Z4, there exist &, n; € spt g such that x; - (§ — ;) # 0. Since spt u; is
compact and the sequence of points x; tends to zero, there exists k € Z, such that
0 < |xx - ¢k — nr)| < m. For some sufficiently small § > 0,if y € E(ék, 8) =: By,
x € B(ni, 8) =: By, we have |x; - (y — x)| € (0, 7). Note that

1= /e”‘"'()‘_”dm X pi(x, y) =/ Oy (x, y)
By x By
+/ TGy X g (x, ).
R4 xR4—B, x By
Thus

f e Oy X (x, y) = i (Bnk. 8)) i (Br. 8)) > 0.
By x By
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Hence
/B ., cos (xx - (x — y))dp1 x pi(x, y) = 1 (B, )1 (B 8)),
2X D1

which is a contradiction.
We have proved |11 (x)| < 1 for x # 0. Thus there exists ¢ < 1 such that

()] < ¢ for 1 < x| < A, (2.10)

rl,, L L Take a number B > 1 such that B is
J P Yi

less than all rij, pij, % Thus for A < |x|] < BA, by Egs. (2.7) and (2.10) we have

[ (x)] < Z;-V:] pjc+2§/’=1 gjc? < c. Similarly, we can prove that Eq. (2.10) holds
forall A < |x| < B"A,wheren = 1,2, .... That is, Eq. (2.10) holds for all |x| > 1.
Since each time we apply Eq. (2.10) we square the values of fi(x) in the second
sum, so |11 (x)] < (Z?’:l pj)c+ (Z?’Izl gj)c* = (1 —e)cfore=(1—c) Zﬁwzl qj
provided |x| > A. By iterating this argument we obtain |1 (x)| < (1 — e)ke if
x| > Ak, O

where A is chosen larger than all

Theorem 3 Lett denote the positive constant satisfying the equation Z?’:] Dj r;’ =1

(1) For any positive constant € < t, there exists a positive constant c such that
I (O] < elx| ™. 2.11)

The same holds true for [13.
(i) Assume lim|y|o0 [Vj(x)| = O for all j. Then for any positive constant & < t,
there exists a positive constant ¢ such that

2 (0] < clx| ™.

Proof We just prove this theorem for [i;. Choose a positive § such that

N M
ijr]._s+82quj_s <1. (2.12)
j=1 j=1

Then by Lemma 3, we can find B such that
|1 (x)] <8 for |x| > B.

We choose a constant A such that A is larger than all yl, and then we choose a ¢ such
that Eq. (2.11) holds for |x| < BA. Set p = max{r}, ,0}}.
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If BA < |x| < p~'BA, then |rjij|, |,0jP/’Fx| < BA and |yj07x| > B. Thus we
obtain

N M
A1) < D pjelrix| ™+ q;8¢lpjx| ™ < clx| ™.
j=1 j=1

By iterating this argument we obtain Eq. (2.11) holds for BA < |x| < p~¥BA for all
k, hence it holds for all x. O

Theorem 3 implies that fi1, [12, i3 decay rapidly at co and they all have a decay
rate of O(|x|™*), where 0 < ¢ < t. In other words, A (u;) > tfor j =1,2,3. A
simple example in next subsection shows ¢ is the best possible. Next theorem shows
if we add some restrictions on contracting similarities, they will have a decay rate of
O(Ix|™.

Theorem 4 For Egs. (2.4-2.6), we assume S;(x) =rRx +a; and Tj(x) =rRx +b;
in addition. Let t = log ( Z?’:l pj)/ logr. Then

@) a0 = O(x|™") as |x| — oo fori =1,3.
(i) If Ay (vj) > 0all j, then |f12(x)] = O(|x|™") as |x| — oo.

Proof Setq = Z?’zl P p/j = % and q;. = %. Fori =1, 2, 3, we define
N M
gi(x) =Y pie™ U+ gie™*biny j(x),
j=1 j=1

where h; j(x) = e”“cjﬁl(yjo;ﬁx), ha j(x) = D;(x) and h3 j(x) = [ RFx)ki—L
By Theorem 3 and Assumption (ii) of Theorem 4, there exist s > 0 and D; > 0

such that for i = 1,2, 3, we have |h; j(x)| < Dj|x|™* for x € R?. Hence for
xeR |gi(x) <1+ (Zyzl q;.Dj)|x|_S =: 1 4+ D|x|~*. Take Fourier transforms

of Egs. (2.4-2.6), we obtain [i; (x) = gg;(x)i; (r R*x) fori = 1, 2, 3. Iterating these
functions, we have

n—1
i) =q" [ ]/ (R x) | (" (R")"x). 2.13)
i=0
For any x with |x| > %, there exists n(x) € N such that |[r"®x| € [1, r~!]. If we
write |[1; (x)]| = mi(r’"(")r"(")xﬂ, then
nx)—1
i@l =g" O TT |80 R O] ] | (R 70|
Jj=0
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n(x)
< rtn(x) l(_[ |gi (r—k(R*)n(x)—krn(x)x)|
k=1
n(x)
< rtn(x) 1_[(1 + Drsk) < rtn(x)5
k=1

< IN)rtn()C)r—l‘lrn(x)xl—l‘ — 5r—l|x|—l’
where D := 22 (1 + Dr*%) < 400. The proof is complete. O

2.3 A Simple Example

In this subsection we shall construct a nonlinear self-similar measure (4 under the
hypothesis of Theorem 4 and compute the exact decay rate of [i4. Let ug € P(R) be
the solution of following identity

1 1 1 1 1 _1
/,L:Z/LOSI +§,4,LOS2 +§/LOS3 +§(/LOT JERA (2.14)

Here S;(x) = px, S2(x) = px+2m, S3(x) = px—2mand T (x) = px for0 < p < 1.
v € P(R) with A (v) > 0. Before stating our results it is useful to introduce the
following terminology and notations.

Definition 3 An algebraic integer 8 > 1 is called a PV-number if all its conjugate
roots have modulus strictly less than 1

For any real number a, we denote ||a|| = min{la—n]| : n € Z}.If k is the integer nearest

toa,wewritea = k+ (a) (If ||a| = % we let (@) > 0). It is well known that if p~! is

not a PV-number, then for any s € R — {0}, we have Zj’il ||s,o_-/ ||2 = 00. Otherwise

if p~! is a PV-number, then for every integer k, we have Zfozl lkp=7||*> < oo. For

more details about PV-number, we refer to [16]. For j € Z, we define d;(x) =
log2

%(1 + cos(2mp’ x)). In this example, note that t = — o

The Fourier transform version of Eq. (2.14) is

. 1., 1 N L, .
fa(x) = 7fta(px) + 7 cOSQmX) (14 (px) + ZV(x)iL4(px)

1 PR
= 2 (dox) + D)) s ).
Iterating the above equation, we get

n—1

1 .
fa) = o | T +0(07x) | a(o™). (2.15)
j=0
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Replacing x by p™"x, we get

n

Pap™"x) = — | [T (- 0) + 9077 0)) | Aatx). (2.16)
j=1

Next lemma derives some properties of {d;(x)} jez, and we omit the simple proof
here.

Lemma4 For any integer j and x € R, we have
Q=V2(pix)? <1—d j(x) <7*(p~ x)% (2.17)
Theorem 5 If p~! is not a PV-number, then |i4(x)| = o(|x|™") as |x| = oo.

We need the following lemma in order to prove Theorem 5.

—1

Lemma5 If p~" is not a PV-number, then for any x # 0, lim,,_ o0 2" fi4(p"x) = 0.

Proof We fix ax # 0 and take s € (O, éoo(v)). Then there exists C > 1 such that
[D(p~/x)| < Cp* for all j € N. Since p~! is not a PV-number, by Eq. (2.17), we
have

Yol—d jx)=2-v2)) (p7/x)* = 0. (2.18)
j=1

j=1

Take strictly increasing positive integer sequence {ay};' ; for m = oo or is finite,
where {a};"_; includes all the numbers such that d_, (x) + [D(p~%x)| > 1. Note
that

m m
[Tld-a, )+ 90~ < [T+ Cp*™) < 00 (2.19)
k=1 k=1
and
m m m
Do l—dog () =) 10(p x| < Y Cp*® < oo, (2.20)
k=1 k=1 k=1

Let {bi}p2, be the strictly increasing positive integer sequence such that {b;}2 | U
{ar};; = Nand {b}72 | N{ar};_; = ©. By Egs. (2.18) and (2.20), we have

D 1= dp ) + 90 x0)| = D (1= dp (x) = [D(p~ " x)]) = oo
k=1 k=1
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Since d_p, (x) + [D(p b x)| < 1, we obtain that

(d—p, (x) + D(p~"x)) = 0. (2.21)

18

=~
I

1
Here we use the fact that if positive sequence {di};2 | has the property di < 1, then

Y ie (1 = di) = oo implies that T2 | di = 0.
Combining Egs. (2.19) and (2.21), we have

(d—j(x) +D(p~'x)) = 0.

—

j=1

Hence by Eq. (2.16), we have
n
im 2" (o "x) = li : Do~ ) -
lim 2" fi4(p™"x) = lim_ 1‘[l(d_,<x)+v<p X)) | fa(x) =0.
J=

The proof is complete. O

Proof of Theorem 5 Assume the conclusion is false. Without loss of generality, we
assume there are § > 0 and a strictly increasing positive sequence {x,} >, with
lim,,_, 50 X, = 400 such that |x,|"|fs(x,)] > 8. Fix some s € (0, éoo(v)). Then
there exists C' > 0 such that D) < C’|x|’s for x € R. Take a constant C such that
C >[I, (1 +Cp=*pk).

Forevery x,, there exists k,, € Z such that ,ok"xn € [p, 1]. Without loss of generality,
we assume lim,,_, o pk"x,, = x0 € [p, 1]. By Lemma 5, for any ¢ € (0, %), there
exists ng € N such that 2"0|i4(p "0 x0)| < &. Since 2" |14(p~"0x)| is a continuous
function, if n is sufficiently large, we have

2" g (p "0 pkr x| < e

If k, > no and n is sufficiently large, we write 25| /14(x,)| = 25| /14 (p =% pFrx,) |,
thus

kn

2 g (x| = 271 a(p ™0 ) x | [T (dea(o™xa) + D07 1))
k=ngp+1

< 2"0C|fua(p ™" p*on)| < 6.
By previous assumption, we also have

1| s Gen) | = 105 o5, || fia (o) | = 257 | g Q) | 0% x| > 6.
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Hence 2% |14(x,)| > 8, which is a contradiction. m]
Assume p~! is a PV-number. By Eq. (2.17) it follows that

o0 o0

do1—d j(1) < 7 p ) < oo
Jj=1 J

—1

Thuslim;_, oo d_ (1) = 1, and we may a find positive integer M such thatd_; (1) > %
forall j > M.Now we fix some v = v(p‘l, M) € P(R) in the rest of this subsection.
Let f(x) = %e‘g. Then w := fdx is a Borel probability measure and & (x) =
e ™ Let ¢(x) : R — R be a C* function with the following properties:

l.ox)=1 if |x] <1; 2.¢(x)=0 if [x]>2; 3.0<¢p((x)<1.

Define ¢ (x) = ¢(;{—“) for k € N. Set ¢, = (fqbk(x)f(x)dx)_1 for k € N and

cy = (f_]1 f(x)dx)_l. Note that 1 < ¢; < co and that limy_, o cx = 1. We define
vk := ckdk fdx. Then v € P(R) with A (vx) = oo and Dy € C*. A very standard

—7'L’)C2

argument shows D (x) uniformly converges to e as k — o00. So we could find

A A~ _ —2M . .
some k € N such that ||[Vy — @|lco < %e P =" Set v = v, which is the measure we
need.

Theorem 6 Assume p~' is a PV-number and v = v(p~', M) is the measure con-

structed above, then lim,,_, oo 2" |fi4(0™™)| > 0. Hence |fi4(x)| = O(|x|™") and t is
the best possible.

We need the following lemma in order to prove Theorem 6.

1

Lemma 6 Assume p~ ' isa PV-numberandv = v(,o_l, M) is the measure constructed

above, then

() d;(1) + D(p/) # 0 forall j € Z;
(i) f14(1) #O; '
(iii) I—[?L ld_j(1) +D(p~7)| > 0.
Proof (i) If j > —M, note that [D(p/) — e ™| < Lo ™" e have Re(D(p/)) >
Le=mr™" ‘Since d;(1) > 0, we have d; (1) + D(p/) # 0.
2M

If j < =M, |d;(1) + D(p)| = |d;(D| — [D(p))] > 5 — 3™ > 0.
(i) We define G(x) = 3 (M + D(x)). It is obvious that G € C'. Thus there
exists L > 0 such that

. 1 . .
IG(p?) = 1] = z(dj(l)Jrf)(,O’))—l < Lp’ forj=0.

By Eq. (2.15) we have fi4(1) = 172, G(p/), where 0 < |G(p/)| < 1. But
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oo oo

oo
Y L-1GHI =Y IG() —11 =) Lol <o,
j=0 j j=0

=0

thus |ft4(1)] > 0.
(iii) Note that

" flogld; (1) + 06| =
=1

j=

> Jtog( + 1d_; (1) + (o)1 = 1|
j=1

<3|l + o671 - 1]
j=1

11 —d_;j(D] + [D(p™)|

M

A
.
&

Hence [ 172, |d—;(1) + d(p™/)| € (0, +-00). o

Proof of Theorem 6 By Eq. (2.16) we have

n

. nyA N ) Ao o—j ~

lim 2"|fi4(p™™)| = lim_ f[l(d_](1>+v<p )| 1ia(1D)] > 0.
j:

The proof is complete. O

3 Infinity Lower Fourier Dimension of In-homogenous Self-similar
Measures

In the section, we fix an in-homogenous self-similar measure u € P(R?) satisfying

N
=Y pjnoS; +pv, 3.1
j=1

where v is a Borel probability measure on R? with compact support V. S i(x) =

riRjx +aj, where 0 < r; < 1, R; is an orthogonal matrix and a; € R, for all j.
The support of u satisfies the equation

N
sptu = U Sj(sptpu) U V.
j=1
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Olsen and Snigireva derived a connection between A (1) and A (v) (see [14,
Theorem 2.1]). Now we continue their work with following theorem.

Theorem 7 Let t be the positive constant satisfying the equation Zy=1 pjr;’ =L
Then ‘

(1) If Ay (v) < 1, then Ay (1) = Ay (v);
@) If Ano() > 1, then 1 < Ay () < Ay (V).

Proof (1) Firstly, we prove A (v) > A (). Taking Fourier transforms in both sides
of Eq. (3.1), we have

N
Ax) = ijeixﬂfﬂ(rjR;fx) + pi(x). 3.2)
j=1

We could assume A (u) > 0. Forany ¢ € (O, éoo(,u)), there exits C; > 1 such that
|[(x)] < Cplx|~@xW=4 for all x. Besides, by Eq. (3.2), for all [x| > 1, we have

N

. L s

Pl = |a0) =D pje™ atrj Rj)
j=1

N
Cy —(Ay (W) — _ _
R ] IR

IA

j=1

Thus A, (v) > A () — ¢. By arbitrariness of ¢, we have the desired result.

(2) If A (v) < t, for proving A () > A (v), we may assume A (v) > 0.
For any ¢ € (0, A, (v)), there exists C; > 1 such that |[D(x)| < Calx|”@x™=3) for
all x. Obviously, we have

lim |x|2=M~¢H(x)| = 0. (3.3)
|x]—00
We define A = Zjvzl pjr;(é‘”(v)fs).NotethatA < l.Takeany$ € (0, A(1—A)),

there exists Ry > 0 such that p|x|2*°™~¢|)(x)| < & for |x| > Ry. For any R > Ry,
we define

M(R) == max {|x[A=M"¢|a(x)[}.
Ro<|x|<R

We claim that for all R > Ry,

M(R) < M(Rorp) + 1.
Here ryin = min{ry, ..., ry}.
We prove this by contradiction. Suppose that there is R > Ry such that M(R) >
M (Rorfl) +1 > 1. Then R > Ror*1 obviously, and there is at least one point

min min
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y € {x : Ror, L < |x| < R} such that M(R) = |y|2=™~¢|(y)|. By Eq. (3.2), we
have

N
—en —(As (=) iy.a; —& n
A=W () = 3 pyry T e Ry y A7 i R y)
j=1

+ply[BeM=ED (y).

Let M(R) = max{|r; Riy[2=~"=¢|(r;R¥y)| : j =1, , N}, we have
N
(Z pjrj(A*(””))M(R) +6> M(R). (3:4)
j=1

7-1

Since y € {x : Rorpi,

< |x| < R}, thus
Ro < rjrpmRo < |rjRYyl =rjly| < R

for all j. Then we have M(R) > 1\7I(R). Since M(R) > land § < A(1 — A), we
have

Al — A)+ AM(R) < M(R).
From inequality (3.4), we have
M(R) > A(1 — A) + AM(R) > 8 + AM(R) > M(R),

which is a contradiction.

Thus for any R > Rg, M(R) < M(RorI;iln) + 1. That is for any R > Ry, we have
max {lx[A~"F A} < max  {Ix[AeM7F A+ 1.
Ro<lx|<R Ro<Ix]<Ror iy

1 {lx |2 M7E A (x) |} + 1, we have

min

Now take C3 = max .\ g

[L(x)| < C3lx|~@oM=8) forall x, (3.5)

ie, A (n) > A, (v) — €. By arbitrariness of &, we obtain the desired result.
(3) If A, (v) > t, we need to prove A () > t. In [14], the authors gave a very
detailed proof and we omit the details here. O

According to Theorem 7, if A_ (v) > ¢, we have A_ (u) > t. Theorem 6 also
shows the lower bound ¢ is optimal.
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