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Abstract

Consider L groups of point sources or spike trains, with the /th group represented
by x;(¢). For a function g : R — R, let g;(r) = g(¢t/u;) denote a point spread
function with scale p; > 0, and with u; < --- < pup. With y(¢) = Z{‘Zl(gl*xl)(t),
our goal is to recover the source parameters given samples of y, or given the Fourier
samples of y. This problem is a generalization of the usual super-resolution setup
wherein L = 1; we call this the multi-kernel unmixing super-resolution problem.
Assuming access to Fourier samples of y, we derive an algorithm for this problem for
estimating the source parameters of each group, along with precise non-asymptotic
guarantees. Our approach involves estimating the group parameters sequentially in
the order of increasing scale parameters, i.e., from group 1 to L. In particular, the
estimation process at stage 1 <[/ < L involves (i) carefully sampling the tail of the
Fourier transform of y, (ii) a deflation step wherein we subtract the contribution of
the groups processed thus far from the obtained Fourier samples, and (iii) applying
Moitra’s modified Matrix Pencil method on a deconvolved version of the samples in

(ii).
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1 Introduction
1.1 Background on Super-Resolution

Super-resolution consists of estimating a signal x, given blurred observations obtained
after convolution with a point spread function g which is assumed to represent the
impulse response of the measurement system, such as for e.g., a microscope in high
density single molecule imaging. Mathematically, x is typically modeled as a super-
position of K Dirac’s, i.e., a sparse atomic measure of the form

K
x(t) =) uid(t —1); wu; € C,1; €[0,1),

i=1
while g is a low pass filter. Denoting

K

Yy =Y uiglt — 1) (1.1)

i=1

to be the convolution of x and g, one is usually given information about x either as
samples of y, or the Fourier samples of y. This problem has a number of important
applications arising for instance in geophysics [31], astronomy [49], medical imaging
[26] etc. The reader is referred to [13] for a more comprehensive list of applications.
Super-resolution can be seen as a highly non-trivial “off the grid” extension of the finite
dimensional sparse estimation problem in compressed sensing [22,24] and statistics
[11]. In the new setting, instead of estimating a sparse vector in a finite dimensional
space, the goal is to estimate a sparse measure over the real line R endowed with its
Borel o-algebra.

Recently, the problem of super-resolution has received a great deal of interest in the
signal processing community, triggered by the seminal work of Candes and Fernandez-
Granda [12,13]. They considered the setup where one is given the first few Fourier
coefficients of x, i.e., for a cut-off frequency m € Z*, we observe f(s) € C where

1 K
f(s):/ e‘Z"”x(dt)zzu,-eﬂ“’i; sef{-m,—m+1,....,m}. (1.2)
0

i=1

Note that this corresponds to taking g(t) = 2m sinc(2mt) in (1.1), and sampling the
Fourier transform of y on the regular grid {—m, —m + 1, ..., m}.
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1.1.1 Total Variation and Atomic Norm-Based Approaches

In [13], the authors consider the noiseless setting and propose solving an optimization
problem over the space of measures which involves minimizing the total variation
(TV) norm amongst all measures which are consistent with the observations. The
resulting minimization problem is an infinite dimensional convex program over Borel
measures on R. It was shown that the dual of this problem can be formulated as a semi-
definite program (SDP) in finitely many variables, and thus can be solved in polynomial
computational time. Since then, there have been numerous follow-up works such as
by Schiebinger et al. [50], Duval and Peyre [18], Denoyelle et al. [17], Bendory et
al. [6], Azais et al. [3] and many others. For instance, [50] considers the noiseless
setting by taking real-valued samples of y with a more general choice of g (such as
a Gaussian) and also assumes x to be non-negative. Their proposed approach again
involves TV norm minimization with linear constraints. Bendory et al. [6] consider g to
be Gaussian or Cauchy, do not place sign assumptions on x, and also analyze TV norm
minimization with linear fidelity constraints for estimating x from noiseless samples
of y. The approach adopted in [17,18] is to solve a least-squares-type minimization
procedure with a TV norm based penalty term (also referred to as the Beurling LASSO
(see for e.g., [3])) for recovering x from samples of y. The approach in [19] considers
a natural finite approximation on the grid to the continuous problem, and studies the
limiting behaviour as the grid becomes finer; see also [20].

From a statistical view point, Candes and Fernandez-Granda [13] showed that
their approach exactly recovers x in the noiseless case provided m > 2/A, where A
denotes the minimum separation between the spike locations. Similar results for other
choices of g were shown by Schiebinger et al. [50] (for positive measures and without
any minimum separation condition), and by Bendory et al. [6] (for signed measures
and with a separation condition). In the noisy setting, the state of affairs is radically
different since it is known (see for e.g., [13, Sect. 3.2], [41, Corollary 1.4]) that some
separation between the spike locations is indeed necessary for stable recovery. When
sufficient separation is assumed and provided the noise level is small enough, then
stable recovery of x is possible (see for e.g., [3,17,18,23]).

Recently also, Tang et al. [57,58] studied approaches based on atomic norm min-
imization, which can be formulated as a SDP. In [57, Theorem 1.1], the authors
considered the signs of the amplitudes of u; to be generated randomly, with noise-
less samples. It was shown that if m > 2/A, and if the Fourier samples are obtained
atn = Q(K log K log m) indices selected uniformly at random from {—m, ..., m},
then x is recovered exactly with high probability. In [58, Thorem 1], the authors
considered Gaussian noise in the samples and showed that if m > 2/A, then the
solution returned by the SDP estimates the vector of original Fourier samples (i.e.,
(f(=m),..., f(m))T) at a mean square rate O(c?*K lo%), with o2 denoting vari-
ance of noise. Moreover, they also show [58, Theorem 2] that the spike locations
and amplitude terms corresponding to the SDP solution are localized around the true
values.

From a computational perspective, the aforementioned approaches all admit a finite
dimensional dual problem with an infinite number of linear constraints; this is a semi
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infinite program (SIP) for which there is an extensive literature [27]. For the particular
case of non-negative x, Boyd et al. [8] proposed an improved Frank—Wolfe algorithm
in the primal. In certain instances, for e.g., with Fourier samples (such as in [12,13]),
this SIP can also be reformulated as a SDP. From a practical point of view, SDP is
notoriously slow for moderately large number of variables. The algorithm of [8] is a
first order scheme with potential local correction steps, and is practically more viable.

1.1.2 Prony, ESPRIT, MUSIC and Extensions

When one is given the first few Fourier samples of the spike train x (i.e., (1.2)), then
there exist other approaches that can be employed. Prony’s method [16] is a classical
method that involves finding the roots of a polynomial, whose coefficients form a null
vector of a certain Hankel matrix. Prony’s method and its variants have also been
recently studied by Potts and Tasche (for e.g., [46,48]), Plonka and Tasche [44], and
others. The matrix pencil (MP) method [29] is another classical approach that involves
computing the generalized eigenvalues of a suitable matrix pencil. Both these methods
recover x exactly in the absence of noise provided m > K (so 2K + 1 samples), and
are also computationally feasible. Recently, Moitra [41, Theorem 2.8] showed that the
MP method is stable in the presence of noise provided the noise level is not too large,
and m > % + 1. Moitra also showed [41, Corollary 1.4] that such a dependence is
necessary, in the sense that if m < (1 — €)/A, then the noise level would have to be
0 (27K to be able to stably recover x. Very similar in spirit to the MP method for sum
of exponential estimation are the Prony-like methods ESPRIT and MUSIC which can
also be used for spike train estimation using the same Fourier domain measurement
trick as in [41]. These methods can be interpreted as model reduction methods based on
low-rank approximation of Hankel matrices [40]. The ESPRIT method was studied in
[45] based on previous results! from [5]. Another line of research is about relationships
with AAK theory of Adamjan, Arov, and Krein as developed in [44] (see also [43]).
The MUSIC method was also studied in great detail in [37, Theorem 4]. The modified
Matrix Pencil method, on the one hand, is often considered as less computationally
expensive than MUSIC and, on the other hand, is amenable to an error analysis quite
similar to the one in [45].

1.2 Super-Resolution with Multiple Kernels

In this paper, we consider a generalization of the standard super-resolution problem by
assuming that the measurement process now involves a superposition of convolutions
of several spike trains with different point spread functions. This problem, which
we call the “multi-kernel unmixing super-resolution problem™ appears naturally in
many practical applications such as single molecule spectroscopy [30], spike sorting
in neuron activity analysis [9,33], DNA sequencing [34,36], spike hunting in galaxy
spectra [10,38] etc.

! The estimation error on the ti's,i=1,..., K, can be deduced from [45, Theorem 5.1], while the error
in the coefficients u;, i = 1,..., K comes as a result of a perturbation analysis based on the condition
number of the Vandermonde matrix associated with the frequencies.
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Fig. 1 22Tp spectrum showing escape peaks and annihilation peaks [55, p.9]

A problem of particular interest at the National Physical Laboratory, the UK’s
national metrology institute, is isotope identification [39,54] which is of paramount
importance in nuclear security. Hand-held radio-isotope identifiers are known to suffer
from poor performance [54] and new and precise algorithms have to be devised for
this problem. While it is legitimately expected for Radio Isotope Identifier Devices to
be accurate across all radioactive isotopes, the US Department of Homeland Security
requires all future identification systems to be able to meet a minimum identifica-
tion standard set forth in ANSI N42.34. Effective identification from low resolution
information is known to be reliably achievable by trained spectroscopists whereas
automated identification using standard algorithms sometimes fails up to three fourth
of the time [55]. For instance, the spectrum of 232T# is plotted in Fig. 1, which is
extracted from [55, p.9]. Isotope identification involves the estimation of a set of peak
locations in the gamma spectrum where the signal is blurred by convolution with
kernels of different window sizes. Mixtures of different spectra can be particularly
difficult to analyse using traditional methods and a need for precise unmixing algo-
rithms in such generalised super-resolution problems may play an important role in
future applications such as reliable isotope identification.

Another application of interest is DNA sequencing in the vein of [34]. Sequencing
is usually performed using some of the variants of the enzymatic method invented by
Frederick Sanger [1]. Sequencing is based on enzymatic reactions, electrophoresis,
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Fig.2 Capture of the result of a sequencing using SnapGene_Viewer [52]

and some detection technique. Electrophoresis is a technique used to separate the
DNA sub-fragments produced as the output of four specific chemical reactions, as
described in more detail in [34]. DNA fragments are negatively charged in solution.
An efficient color-coding strategy has been developed to permit sizing of all four
kinds of DNA sub-fragments by electrophoresis in a single lane of a slab gel or in
a capillary. In each of the four chemical reactions, the primers are labeled by one of
four different fluorescent dyes. The dyes are then excited by a laser based con-focal
fluorescent detection system, in a region within the slab gel or capillary. In that process,
fluorescence intensities are emitted in four wavelength bands as shown with different
color codes in Fig. 2 below. However, quoting [7], “because the electrophoretic process
often fails to separate peaks adequately, some form of deconvolution filter must be
applied to the data to resolve overlapping events. This process is complicated by
the variability of peak shapes, meaning that conventional deconvolution often fails.”
The methods developed in the present paper aim at achieving accurate deconvolution
with different peak shapes and might therefore be useful for practical deconvolution
problems in DNA sequencing.

We will now provide the mathematical formulation of the problem and describe the
main idea of our approach along with our contributions, and discuss related work for
this problem.

1.3 Problem Formulation
Say we have L groups of point sources where {tz,,-}l.K:l C [0,1) and (ul,l-)l.K:1 (with

ur; € C) denote the locations and (complex-valued) amplitudes respectively of the
sources in the /th group. Our signal of interest is defined as

L K

L
x(0)=Y x@ =y | > w;s—u;
=1

1=1 \ j=I

) Birkhduser
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Let g € Li(R) be a positive definite function? with its Fourier transform g(s) =
ng(t)exp (2mst)dt for s € R. Consider L distinct kernels g;(¢) = g(t/w),
[ = 1,...,L where 0 < pu; < --- < pz. Let y() = Y (gx)(t) =
Zle Zle u;,j gt — 1, ;) where x denotes the convolution operator. Let f denote

the Fourier transform of y, i.e., f(s) = fR y(t) exp (12w st) dt. Denoting the Fourier
transform of g; by g;, we get

L K
£ = "a) [ D urjexp (2msn ) |- (1.3)
I=1 j=1

Ji(s)

Assuming black box access to the complex valued function f, our aim is to recover
estimates of {tl,i}l.l(zl and (u;;)X | foreach ! = 1,..., L from few possibly noisy
samples f (s) = f(s) + w(s) of f. Here, w(s) € C denotes measurement noise at
location 5. We remark that the choice of having K summands for each group is only
for ease of exposition, one can more generally consider K; < K summands for each

l=1,...,L.

Gaussian Kernels For ease of exposition, we will from now on consider g to be a
Gaussian, i.e., g(f) = exp(—t2/2) so that g (1) = exp(—t2/(2u}), 1 = 1,..., L.
It is well known that g is positive definite [60, Theorem 6.10], moreover, g;(s) =
V27 exp(—2rr2s2u12). We emphasize that our restriction to Gaussian kernels is
only to minimize the amount of tedious computations in the proof. However, our
proof technique can likely be extended to handle more general positive definite g
possessing a strictly positive Fourier transform. Examples of such furllctions are: (a)

(Laplace kernel) g(¢) = exp(—|t]), and (b) (Cauchy kernel) g(t) = e

1.4 Main Idea of Our Work: Fourier Tail Sampling

To explain the main idea, let us consider the noiseless setting w(s) = 0. Our main
algorithmic idea stems from observing (1.3), wherein we notice that for s suffi-
ciently large, f(s) is equal to fi(s) plus a perturbation term arising from the tails
of f2(s), ..., fL(s). Thus, f(s)/g1(s) is equal to Zj-{:l uy,jexp (LZ]TS[LJ‘) (which is
a weighted sum of complex exponentials) plus a perturbation term. We control this
perturbation by choosing s to be sufficiently large, and recover estimates 7 jou1,j (up
to a permutation ¢;) via the Modified Matrix Pencil (MMP) method of Moitra [41]
(outlined as Algorithm 1). Given these, we form the estimate ﬁ(s) to f1(s) where

K
F1(9) = 81(9) D W1.61(j) eXP27sTr gy.)-
j=1

2 Recall from [60, Theorem 6.11] that a continuous function g € L1 (R) is positive definite if and only if
g is bounded and its Fourier transform is nonnegative and non vanishing.
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Provided the estimates are good enough, we will have 1 (s) — ﬁ(s) ~ Zf:z f1(s).
Therefore, by applying the above procedure to f(s) — fi(s), we can hope to recover
estimates of #; ;’s and u; ;’s as well. By proceeding recursively, it is clear that we

. K
can perform the above procedure to recover estimates to each {t[, i }i:] C [0,1) and

(u[’,')l.K:1 foralll =1, ..., L. Adelicate issue that needs to be addressed for each inter-
mediate group 1 < [ < L is the following. While estimating the parameters for group
f©=241 i)

1 <[ < L, the samples FIO) that we obtain will have perturbation arising

due to (a) the tails of fj+1(s),..., fr(s) and, (b) the estimates ﬁ(s), el ﬁ_l(s)
computed thus far. In particular, going “too deep” in to the tail of f;(s) would blow
up the perturbation term in (b), while not going sufficiently deep would blow up the
perturbation term in (a). Therefore, in order to obtain stable estimates to the parameters
f1,j, uz, j, we will need to control these perturbation terms by carefully choosing the
locations, as well as the number of sampling points in the tail.

Further Remarks Our choice of using the MMP method for estimating the spike
locations and amplitudes at each stage is primarily dictated by two reasons. Firstly,
it is extremely simple to implement in practice. Moreover, it comes with precise
quantitative error bounds (see Theorem 3) for estimating the source parameters—
especially for the setting of adversarial bounded noise—which fit seamlessly in the
theoretical analysis of our method. Of course, in practice, other methods such as
ESPRIT, MUSIC could also be used, and as discussed in Sect. 1.1.2, there also exist
some error bounds in the literature for these methods. To our knowledge, error bounds
of the form in Theorem 3 do not currently exist for these other methods. In any case,
a full discussion in this regard is outside the scope of the paper, and analyzing the
performance of our algorithm with methods other than the MMP method is a direction
for future work.

1.5 Main Results

Our algorithm based on the aforementioned idea is outlined as Algorithm 2 which
we name KrUMMP (Kernel Unmixing via Modified Matrix Pencil). At each stage
I =1,..., L, we choose a “sampling offset” s; and obtain the (potentially noisy)
Fourier samples at 2m; locations s; + i fori = —m;y ..., m; — 1. Our main result for
the noiseless setting (w = 0) is stated as Theorem 5 in its full generality. We state its
following informal version assuming the spike amplitudes in each group to be® = 1.
Note that dy, : [0, 11> = [0, 1/2] is the usual wrap around distance on [0, 1] (see
(2.1)).

Theorem 1 (Noiseless case) Denote /; := min; jdy(t1;,1,;) > 0 for each 1 <

I < L. Let0 < g <& < --- < egr satisfy eg S N1/2 for each l. Moreover, let
er—1 < ae% and g1 < Bi(e141)* ) hold for 1 <1 < L — 1 witha, B,y > 0

depending on the problem parameters (see (3.25), (3.27)). Finally, in Algorithm 2, let
mp < 1/Ap, sp =0, and

3 The symbols < and x are used to hide positive constants, see Sect. 2.
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myp =< 1/A;, s <xmy
K3 (L -

+—log1/2< >; I<I<L-1
Wiy =)' 1t

Then, for eachl =1, ..., L, there exists a permutation ¢; : [K] — [K] such that

dw(g (s 11) < e g —urjl S Elener; j=1,...,K.

K K 1 1/2 K3/2(L*I)H«L)
Here; EL(gL) 5 AL’ E](E[) 5 <Al + (H12+1_M12)1/2 log ( forl S

el
I <L-—1.

The conditions on ¢; € (0, 1) imply that the estimation errors corresponding to group
[ should be sufficiently smaller than that of group / + 1. This is because the estimation
errors arising in stage [/ percolate to stage / 4 1, and hence need to be controlled for
stable recovery of source parameters for the (/4 1)th group. Note that the conditions on
s; (sampling offset at stage /) involve upper and lower bounds for reasons stated in the
previous section. If y; is close to w41 then s; will have to be suitably large in order
to distinguish between g; and g;+1, as one would expect intuitively. An interesting
feature of the result is that it only depends on separation within a group (specified by
A7), and so spikes belonging to different groups are allowed to overlap.

Our second result is for the noisy setting. Say at stage 1 < p < L of Algorithm 2,
we observe f(s) = f(s) + w,(s) where w,(s) € C denotes noise at location s. Our
main result for this setting is Theorem 6. Denoting w, = (w,(s, — mp), wp(sp —
my+1),...,wy(sp +my — 1)T e C?"» to be the noise vector at stage p, we state
its informal version below assuming the spike amplitudes in each group to be < 1.

Theorem 2 (Noisy case) Say at stage 1 < p < L of Algorithm 2, we observe f(s) =
f(s) +wp(s) where wy(s) € C denotes noise at location s. For each 1 <1 < L, let

. , 2 A2
1, my, 51 be chosen as specified in Theorem 1. Say ||wp|lco S Hre Hi/hL \g/—%, and

also

§ (e 0y) HC W m+1.80
w )
” l”OO ~ R(K3/2LML)C(;,L[,MH1,AI)

2<l<L-1

where C(uy, i1, A1) > 0 depends only on g, pi+1, ;. Then, for each | =
1, ..., L, there exists a permutation ¢; : [K] — [K] such that

dw@ ) 117) < e g —urjl S Eener; j=1,...,K,

where E;(-) is as in Theorem 1.

As remarked earlier in Sect. 1.3, one can more generally consider K; < K summands
for the /th group—our algorithm and results remain unchanged.
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2 Notation and Preliminaries

Notation Vectors and matrices are denoted by lower and upper case letters respectively.
For n € N, we denote [n] = {1, ..., n}. The imaginary unit is denoted by ¢ = +/—1.
The notation logl/z(-) is used to denote |10g(|-|)|1/2. The £, (1 < p < oo)norm of a
vector x € R” is denoted by ||x||, (defined as (}; 1x;|”)V/P). In particular, [|x|/s =
max; |x;|. For a matrix A € R™*", we will denote its spectral norm (i e., largest
singular value) by || A|| and its Frobenius norm by || A|| r (defined as (Z )2y,
For positive numbers a, b, we denote a < b to mean that there exists an absolute
constant C > O such thata < Cb.If a 5 b and b < a then we denote a =< b. The
wrap around distance on [0, 1] is denoted by d,, : [0, 11?2 = [0, 1 /2] where we recall
that

dy(t1, 1) = min{|ry — 2|, 1 = [t1 — 12} 2.1)

2.1 Matrix Pencil (MP) Method

We now review the classical Matrix Pencil (MP) method for estimating positions of
point sources from Fourier samples. Consider the signal x(¢) := Zj-(:] u;jd(t —tj)
where u; € C, t; [0 1) are unknown. Let f : R — C be the Fourier transform of
x so that f(s) = Z —1Ujexp (LZJT vtj) For any given offset so € Z™, let s = so + i
where i € Z; clearly

=
=

f(so+1) Z exp L2n(so+l)t Z exp L2mt )

Whereu; =ujexp (t27rsotj), j=1,...,K.Choosei € {-m,—m+1,...,m — 1}
to form the m x m matrices
S (s0) Slso+ 1) s f(sot+m—1)
flso—1) S (s0) e flso+m—2)
Hpy = ) . ) (2.2)
fGo—m+1) flo—m+2) --- S (s0)
and
Sflso—1) f(s0) oo flso+m—2)
fso—2) flso—1) < flso+m—3)
H| = : : : . 2.3)
flo—m) f(op—m+1) --- fGo—1)
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Denoting o; = exp (—L2nt j) for j = 1,..., K, and the Vandermonde matrix
1 1 1
o] [0%) e aK
V= . . . , 2.4)
ozi"_l ozS”_l a%_l

clearly Hy = VD, V¥ and H; = VD, D,V . Here, D,; = diag(u/, ..., u) and
D, = diag(ay, ..., ax) are diagonal matrices. One can readily verify* that the K
non zero generalized eigenvalues of (Hy, Hp) are equal to the «;’s. Hence by forming
the matrices Hy, Hy, we can recover the unknown ¢;’s exactly from 2K samples of
f. Once the ¢;’s are recovered, we can recover the u’j’s exactly, as the solution of the
linear system

£ 1 1 aE 1 /

f o - ag u_‘

'_ m—1 m—1 m—1 M/K
fim—1) o o, S Ay

Thereafter, the u;’s are found as u; = u/j/ exp(t2msot;).

In [29], the authors elaborate further on this approach and in the noiseless case,
propose an equivalent formulation of the Matrix Pencil approach as a standard eigen-
value problem. Using continuity of the eigenvalues with respect to perturbation, they
also suggest that this eigenvalue problem provides a good estimator in the noisy case.
In the next section, we discuss an alternative approach proposed by Moitra, which
involves solving a generalised eigenproblem, and for which Moitra provided a precise
quantitative perturbation result.

2.2 The Modified Matrix Pencil (MMP) Method

We now consider the noisy version of the setup defined in the previous section. For a
collection of K point sources with parameters u; € C, ¢; € [0, 1], we are given noisy
samples

f(s) = f(s) +ny, (2.5)

for s € 7Z and where n; € C denotes noise.

Letuschoose s = so+i foragiven offsetso e ZT,andi € {—m, —m + 1, ,m— 1}
for a positive integer m. Using (f(so + l))l_ > 1€t us form the matrices Ho, H1 €
C™>™M asin (2.2), (2.3). We now have Ho = Hy+ E, H1 = H| + F where Hy, H|

4 Recall (see [56, Definition 2.1]) that A = B/y (where (B8, y) # (0,0)) is a generalized eigenvalue of
(Hy, Hyp) if it satisfies rank (y Hy — BHp) < Max . -eC2\(0,0} rank(¢1 H1 — o Hp). Clearly, this is only
satisfied if A = aj (see also [29, Theorem 2.1]).
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are as defined in (2.2), (2.3), and

1o n cee Nm—1 n-1 1o cee NMm=2
n-1 no cee Nm=2 n-2 n-1 cee Nm=3

E = ) ) . , F=| . . .
N—@m-1) N—m-2) .- 1o N—m N—m-1) -.-- N-1

represent the perturbation matrices. Algorithm 1 namely the Modifed Matrix Pencil
(MMP) method [41] outlines how we can recover/t}, ilj forj=1,..., K.

Before proceeding we need to make some definitions. Let uy,x = max; |u ;| and
Umin = min; |u;|. We denote the largest and smallest non zero singular values of V by
Omaxs Omin respectively, and the condition number of V by x where k' = 0max/Omin- Let
Nmax = max; |n;|. We will define A as the minimum separation between the locations
of the point sources where A := minj.; dy/(t;, ;). The following theorem is a

Algorithm 1 Modifed Matrix Pencil (MMP) method [41]
: Input: K, m, sq, ﬁo, ﬁl.

: Output uj,tjj=1,.

: Let U € C"*K be the top K smgular vector matrix of Hp.

tLet A= U HyU and B=U"H U.

: Find generalized eigenvalues (A )" - of (B A)

:Letaj = exp(— L27‘[t )_k /M \Wheretj € [0, 1).
(meK

: Form Vandermonde matrix V € using a ’s.

: Find @' = Vv where v = [j(vo) f(?() + l) - f(so+m— DIT.
: Find w uj = u exp(— 127TS01‘]) j=1,

O 00 3 O bW N~

more precise version of [41, Theorem 2.8], with the constants computed explicitly.
Moreover, the result in [41, Theorem 2.8] was specifically for the case so = 0, and
also has inaccuracies in the proof. We outline the corrected version of Moitra’s proof
in Appendix A.1 and fill in additional details (using auxiliary results from Appendix
B) to arrive at the statement of Theorem 3.

1 1
Theorem 3 [41] For(0 < ¢ < A/2, saym > z—5. + 1. Moreover, for C = 10+ 53
say

2mC Umin

2 —1
UminO —: u
Nmax < e“‘—\‘;? (1 +16 Kzﬂ) ) (2.6)

Then, there exists a permutation ¢ : [K] +— [K] such that the output of the MMP
method satisfies for eachi = 1,..., K
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dy gy, ti) < &, iy — ulloo

2 -1
3/2 UminOpin 2 Umax
2nm/Kumax+2C K <1+16K Zm—m)

1
(m = =3z = D'/?

=<

+ 2T UmaxSo | €

Q.7

where 1ty is formed by permuting the indices of @ w.r.t ¢.

The following Corollary of Theorem 3 simplifies the expression for the bound on
iy — ulloo in (2.7), and will be useful for our main results later on. The proof is
deferred to Appendix A.2.

Corollary 1 For 0 < & < cA/2 where ¢ € [0, 1) is a constant, say ﬁ +1<m<

ﬁ + 1. Denoting uy] = ’le:ll: C =10+ 2—«15 and B(ugl, K) = Sci/f(l +
48ure)) ", say
Nmax < €lmin B (Urel, K). (2.8)

Then, there exists a permutation ¢ : [K] +— [K] such that the output of the MMP
method satisfies for eachi = 1,..., K

dw(piy, 1) <&, iy — tlloo < (C(A, ¢, K, ttre) + 2750) max € (2.9)

where C(A, ¢, K, ur)) = 47K (ﬁ + 1) + #E (urel + 16ur2d)_1, and T is

formed by permuting the indices of U w.r.t ¢.

3 Unmixing Gaussians in Fourier Domain: Noiseless Case

We now turn our attention to the main focus of this paper, namely that of unmixing
Gaussians in the Fourier domain. We will in general assume the Fourier samples to be
noisy as in (2.5), with f defined in (1.3). In this section, we will focus on the noiseless
setting wherein f (s) = f(s) for each s. The noisy setting is analyzed in the next
section.

Let us begin by noting that when L = 1, i.e., in the case of a single ker-
nel, the problem is solved easily. Indeed, we have from (1.3) that f(s) =
g1(s) Zle uy,j exp (thstl’j). Clearly, one can exactly recover (tl,j)f:1 € [0, 1)
and (uq, J-)f(:1 € C via the MP method by first obtaining the samples f(—m),
f(=m+1), ..., f(m — 1), and then working with f(s)/g1(s).

The situation for the case L > 2 is however more delicate. Before proceeding, we
need to make some definitions and assumptions.

o We will denote umax = max;,j |u; j|, min = miny j |uy |, and ure) = 722
min

e The sources in the /th group are assumed to have a minimum separation of

Ap=mindy(t;,1,7) > 0.
i#]
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e Denoting oy j = exp (—i2w1;;), V; € C™*K will denote the Vandermonde

matrix
1 1 ... 1
a1 (075 N T ¢
my—1 m;—1 m;—1
IR 2 ok
foreach/ =1, ..., L analogous to (2.4). 0max.i» Omin,; Will denote its largest and

smallest non-zero singular values, and k; = Omax,//Omin,/ its condition number.
Recall from Theorem 8 that if m; > Al[ + 1, then crr%laxl < m + Al[ — 1 and

1
mi+ 4 —1
my — ALI —1 andthus;cl2 < m—ll

2
Omin,l =

Algorithm 2 Kernel Unmixing via Modified Matrix Pencil (KrUMMP)

1: Input: K, my,s;, uy 50 =1,..., L.

2: Initialize:'u\l,j,/ﬁ,j =0;l=1,...,L;j = 1,...,K.A]so,ﬁ =0.

3: Output:ﬁlyj,’ﬁ_j;l =1,...,L;j=1,...,K.

4:forl=1,...,L do

Fla+-YZ FjGsi+i)
81(sy+i)

5 Obtain samples fori = —my,...,m;— 1.

6 Form ﬁél), ﬁl(l) € C™MI>MI yging the above samples as in (2.2) and (2.3).

7:  Input ﬁél), ﬁfl) to MMP algorithm and obtain estimates (iil,j)j.(:l, @,J');(:l'
8

9:

Define fj : R — Cas fj(s) := g(s) Zle up eXp(LZﬂS’IIj).
end for

3.1 The Case of Two Kernels

We first consider the case of two Gaussian kernels as the analysis here is relatively
easier to digest compared to the general case. Note that f is now of the form

K K
F&) =216s) [ D urjexp(@ust ) | +22(s) | Y uzjexp2nsty,j)
j=1 j=1

where we recall g;(s) = /27 p; exp (—2n2s2u12); [ = 1, 2. The following theorem

provides sufficient conditions on the choice of the sampling parameters for approxi-
mate recovery of 1 j,# j, u1,j,up jforeach j =1,..., K.

Theorem 4 Let 0 < &y < cAy/2 for a constant ¢ € [0,1), s, = 0, and mp € 7™
satisfy 5255 + 1 < my < 54— + 1 (= Maup). For B(usel, K) as in Corollary
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1, let 0 < g1 < cA1/2 also satisfy

202 (22 - - C B, K
P My (=) <2an,up+C1 + Gy log!? (_3>> P I((rel )’
€1 25}

3.1

where Cy, Ca, C3 > 0 are constants depending (see (3.11), (3.12)) on ¢, rel, 1, 12,
Ay, K and a constant € > 1. Say my, s1 € Z* are chosen to satisfy

2
+1<m

1 :M s S< <~S,
A — 2 - ( 1,up) 1 <81 =<c¢81

“ad-o "

= 1 qoel/2 ( Kurans ; ;
where S| = m1+ D) log (MB(urel,K)ﬂ ) Then, there exist permutations

é1, 92 : [K] — [K] such that for j =1,..., K,

- . Cs
duw (@ g0 (i), 11,7) < €10 U1y — Ul < <C1 + Cylog!/? (Z)) Umax€1,
dy(Br.gy(j)s 12.)) < €20 [@2.5() — 12.j| < Cottmaxea,

where

5[ = G(Alv ¢, K, urer) = 4'7'[[(]‘/11,up

2 “1
N (e +1602y) 5 1=1,2, (3.2)

and 5(-), C are as defined in Corollary 1.

Interpreting Theorem 4 Before proceeding to the proof, we make some useful obser-
vations.

(a) We first choose the sampling parameters ¢ (accuracy), m (number of samples),
s (offset) for the inner kernel g> and then the outer kernel, i.e., g;. For group i
(= 1, 2), we first choose ¢;, then m; (depending on ¢;), and finally the offset s;
(depending on m;, &;).

(b) The choice of ¢ is free, but the choice of ¢ is constrained by &> as seen from
(3.1). In particular, €1 needs to be sufficiently small with respect to &, so that the
perturbation arising due to the estimation errors for group 1 are controlled when
we estimate the parameters for group 2.

(c) The lower bound on s ensures that we are sufficiently deep in the tail of g», so that
its effect is negligible. The upper bound on s; is to control the estimation errors
of the source amplitudes for group 1 (see (2.9)). Observe that s, = 0 since g3 is
the innermost kernel, and so there is no perturbation arising due to the tail of any
other inner kernel.

(d) In theory, &1 can be chosen to be arbitrarily close to zero; however, this would
result in the offset s; becoming large. Consequently, this will lead to numerical
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errors when we divide by g1(sy +1i);i = —my, ..., m; — 1 while estimating the
source parameters for group 1.

Order Wise Dependencies The Theorem is heavy in notation, so it would help to
understang the order wise deNpendencies of the terms involved. Assume tmax, Umin < 1.
We have C; < K/A1 and C, < K /A, which leads to

él = £ Cz = —1 63 = —KS/ZMQ
Ay (u5 —up/?’ 1

(a) For group 2, we have g3 < Ag, my < 1/As, 50 =0, and

—~ K
dw @00 (j)s 12,)) < €2, [2,g0(j) — U2,j] S A—282-

(b) For group 1, &; < Ay and (3.1) translates to
1 K 1 K31,
—+—+-—5—5—log'? <—> el
(Az Ay (us—uhl2 H1€1

n2 212 (ud — 1)
<o —L2 - il o Bl ity 3.3
N82<M1K3/2)exp< A3 Gy

Moreover, m; < 1/A1 and 51 =< ALI + (u% — ;/.%)_1/2 logl/z(%). Finally,

dyw (1 .g,)11,) < €1, [W1g) — urjl

K 1 K3/?
SJ — 4+ 2—212 logl/z (—m> 1. (34)
Ar o (uy —pY H1€1

Condition on ¢, &; It is not difficult to verify that a sufficient condition for (3.3) to
hold is that for any given 8 € (0, 1/2), it holds that

1
e1 S &y ' Cur, ma, Ay, L2, K, 0), (3.5

where C (w1, n2, A1, A2, K, 60) > 0 depends only on the indicated parameters. This
is outlined in Appendix C for Theorem 5 for the case of L kernels. In other words,
€1 would have to be sufficiently small with respect to &7, so that the estimation errors
carrying forward from the first group to the estimation of the parameters for the second
group, are controlled.

Effect of Separation Between (i1, ;7. Note that as p; — 2, then (3.3) becomes
more and more difficult to satisfy; in particular, C (i1, 2, Ay, A2, K, 60) — 0in(3.5).
Hence, we would have to sample sufficiently deep in the tail of g1 in order to distinguish
g1, &2 as one would intuitively expect. Next, for fixed uy as u; — 0, we see that (3.3)
becomes easier to satisfy. This is because gi(s) is now small for all s, and hence
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the perturbation error arising from stage 1 reduces accordingly. However, notice that
s1 now has to increase correspondingly in order to distinguish between gi, g» (since
g1(s) = Oforall s). Therefore, in order to control the estimation error of the amplitudes
(see (3.4)), ¢1 now has to reduce accordingly. For instance, €1 = 0(;/.}/ 3) suffices. On
the other hand, for fixed w1, as up — oo, satisfying (3.3) becomes more and more
difficult. This is because the tail of g» becomes thinner, and so, the deconvolution step
at stage 2 blows up the error arising from stage 1.

Proof of Theorem 4 The proof is divided into two steps below.

o Recovering Source Parameters for First Group For offset parameter s; € Z™
(the choice of which will be made clear later), we obtain the samples (f(s; +

,‘));”:1:’:1] . Now, for any i = —my,...,m; — 1, we have that
. K
f(s1+1) .
= up,j exp (2w (s +i)t,;
gi(s1+1) g ! ( 1)
K
gz(Sl +1)
Uy, j exp L27T(S1 + i,
81(51 +l) Z J i)

uy,jexp (2msty, ;) exp (2mity, ;)

I
.MN

~
I
_

’
Ui

K
w2 . .
+ E exp (—2712(s1 + 1)2(/L% — ,u%)) E up, j exp(i2mw(sy + i)tz ;)
j=1

!
Mi

uy jexp (2min ;) +n) ;. (3.6)

Il
.MD‘

1

J

Here, 7| ; € C corresponds to “perturbation” arising from the tail of f>(s). Since
the stated choice of s; implies 51 > m1, this means min; (s] + i? = (s1 — ml)z,
and hence clearly

K2 :
il = 72 exp (<2761 =m0 = D) Kitmas, i = =mi ooy = 1.

From (3.6), we can see that ﬁél) viD, VH—i—E(l)and H(l) ViD, DO,1 V1 +
FO Here, Dy = diag(u ..., u} ) and Dy, = diag(ay 1, .-, al,K), while
EW FD denote the perturbation matrices consisting of (17’1_’1-):.';1:;11 terms, as in
(2.2), (2.3).

We obtain estimates 7; o u g J =1, K via the MMP method. Invoking

Corollary 1, we have for 1 < cA1/2, and +1<m < 1(=

2
Ap— 281 A1(l—c) +
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M up) thatif sy satisfies

M2
E2 exp (=22 (51 = m)? (43 = 1)) Kitman < erttmin B, K), - 3.7)

M“1
then there exists a permutation ¢ : [K] — [K] such that foreach j = 1,..., K,
dw @60 11,7) < €1, W19y — Ut jl < (51 + 2751) Umax€1, (3.8)

Urel + 1612 )_l. Clearly,

rel

where Ci = C(A1, ¢, K, ttye]) = dr KMy up +
the condition

L(
cVK

sy = my +

1 1/2 Kugeipio
27 o208
(2r2(ny — p©y)) / w11 B (urer, K)

implies (3.7). Moreover, since s1 < ¢S} and m; < M 1,up» We obtain

~ 1 Kue o
s1 < T My + log!/? <— .39
< P @23 - uh)' 2 1121 B (tre1, K)

Plugging (3.9) into (3.8) leads to the bound

Cs

|it\1,¢l(j) — ul,j| < <Cl +6210g1/2 (81

))”maxﬁ‘l; j=1...,K, (3.10)

where Cy, Cp, C3 > 0 are constants defined as follows.

Ci = C +27EM yp, (3.11)

_ 2n¢ - Kurepn
2= 3 FNTER C3=—r—".
Q2w (Hz - /Jq)) w1 B (urer, K)

(3.12)

e Recovering Source Parameters for Second Group Let ﬁ denote the estimate
of fi obtained using the estimates (i1, ;) 5.(:1, (1, i) 5.(:1 , defined as

K
fi(s) = 21(s) Y i1 jexp (12771 js) -
j=1
For suitable s>, my € Z4 (choice to be made clear later), we now obtain samples

fla+i) — fila+1)
- - ;o i=—mp,...,my— 1.
82(s2 +1)
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Let us note that

Lo~ . _ LK
fG2+D)— fita+1)  gilsa+1i) .
= § ; 2 ,
g2(s2+1) ICRE 1(”]‘-’ exp (22 +)1.5)

i=
—ii1.:() exp (27 (52 + D)1g,(7)))
K
+ Zuz,/- exp (127 (s2 + Dz, j)
j=1
K
= % exp(2m?(sy + i)z(u% — pc%)) Z (u1,j exp(i27 (s2 + D)t1,j) — U1,g, () exp (127 (s2 + i)/tl@(j)))
j=1

i
K

+ Z uz,j exp(i2mwsaty j) exp(i2mwity ;)
- —
j v,

= Z”/Z,j exp(i2ity j) + 1) ;.- (3.13)

K
j=1

Here, 1, ; € C corresponds to noise arising from the estimation errors for the
parameters in the first group of sources. As a direct consequence of Proposition 3,
we have foreach j =1, ..., K that

1N, exp(:2m(s2 + Dty j) — ﬁl,(ﬁl(j) exp(:2m(s2 + i)a,dbl(j))'
< 2 tmax|s2 + ildu (11 1, 11, () + 1) — W)l

. c
< 2Tumaxls2 +ile1l + (C1 + Calog!/? <8—3>> Umax€1, (3.14)
1

where the last inequality above follows from the bounds on |u1 j — &1,¢,(j)l,
dy(t1,}, t1,¢,(j))» derived earlier. Now for s, = 0, and using the fact |i| < my <
ﬁ + 1 (= M3 p), we obtain from (3.14) the following uniform bound on

|77/21,'|-

2 - C
.41 < %Keenzm%(u%—ul)) (anz + G + Calog!”? (8_3)> o
2 1

202 (22 - _ C
< ﬂKe(ziT szup(ﬂz M) (27TM2,up + Cl + C2 10g1/2 (_3>> Umax€1-
&1

)
(3.15)

From (3.13), we see that Hy” = VoD, Vi1 + E®@, HY = V,D, Do,V +
F® _ Here, D, = diag(u’z’l, e ”/2,1() and Dy, = diag(az 1, ..., a2 k), while

mo—1

E® F® denote the perturbation matrices consisting of (17’2 l.)l.:_m2 terms, as in

(2.2), (2.3).
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We obtain the estimates (72, ;) #_, and (it2,;) f_; using the MMP method. Invoking

Corollary 1 and assuming & < cAjy/2, I < my < Mj yp hold, it is

. . .. Ap—2e)
sufficient that £ satisfies the condition

2072 2 2 - - C
ﬂKe(zﬂ Mz,up(liz uy)) <27TM2,up + Cl + C2 10g1/2 <_3>> Umax €1
H2 €1

< &2Umin B (urel, K).

Indeed, there then exists a permutation ¢, : [K] — [K] such that for each j =
1,...,K,

duw(@,05(j), 12,j) < €2, |l2,g,(j) — U2, < Cart2,

~ ~ —1 .
where C; = C(A2, ¢, K, ure)) = 4n KM yp + #E (urcl + 16u3 ) . This com-

rel

pletes the proof.

3.2 The General Case
We now move to the general case where L > 1. The function f is now of the form
L K
£ =Y "2 [ D urjexp2rsn,j)
=1 j=1

where we recall that g;(s) = V2w exp(—27r2s2M12). Before stating our result, it
will be helpful to define certain terms for ease of notation, later on.

(1) Forl=1,...,L,

2 ~ 2 e
Miw = gq—g t1 Ci= |:4nKMl,up toTm (urel n 16urel) ]
(3.16)
with constants ¢ € (0, 1) and C = 10 + #ﬁz (from Corollary 1).
(2) Forl=1,...,L —1,and aconstant ¢ > 1,
Cr 1= C) +27EMj up, C 2me (3.17)
= e , = , .
S T ey, — k)1
Kurel(L —Dpg = D ;=1
D= —F—, = ’ 3.18
121 B (e, K) 2D 11> 1. (3.18)

where B (ur], K) is as defined in Corollary 1.
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(3) Forl =1,..., L, define

~ ~ 172 @D )

E(e) = (C“ +Cialog ( e)) <L (3.19)
CL ) l=1L.
where ¢ € (0, 1).
@) Forl =2,...,L — 1, define

2D
Fi(e) := C] | + C} , log"? (—’) ; (3.20)

’ ’ I
where C] | :=27(@E+ DMjup, Cj, = Cio. (3.21)

Here, ¢ > 1 is the same constant as in (2).

We are now ready to state our main theorem for approximate recovery of the source
parameters for each group.

Theorem 5 For a constant ¢ € (0, 1), let 0 < e < cAL/2, ﬁ <mp < Mpup
and sy, = 0. Moreover; forl = L — 1, ..., 1, say we choose €1, my, s; as follows.

1. 0 < g < ¢/ /2 additionally satisfies the following conditions.

=217 (U ~uDM] y 11 B(urel, K)
(@) QaMpu + Er—1(6L-1))€L—1urel < €L€ =D

(b) Ifl <L —1,thene; < eq1, Ei(e))e; < Ejp1(8141)e141 and

oy D i Burer, K)
(Fiy1(e1) + Ej(en)equre < epppe” Ptz — 18 77

2Ky
(3.22)
2. ﬁ <m; < Mjup, and Sy < s; < CS; (for constant ¢ > 1) where
1 b K L—1
S =m+ 575 log”? ( K )ML> :
(2772(Ml+1 _Ml))]/z &1 B (urel, K) g
with by = 1 ifl = 1, and by = 2 otherwise.

Then, for eachl =1, ..., L, there exists a permutation ¢; : [K] — [K] such that

duw (g jys11) < &1 gy — urjl < Er(e)ema; j=1,...,K.
Interpreting Theorem 5 Before proceeding to the proof, we make some useful obser-
vations.

(a) We first choose the sampling parameters (g, m, s) for the outermost kernel gz,
then for g;_1, and so on. For the /th group (1 < [ < L), we first choose ¢,
(accuracy), then m; (number of samples), and finally s; (sampling offset).
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(b) The choice of 7, € (0, cAr/2), while free, dictates the choice of €1, ..., e1_1.
To begin with, condition 1a essentially requires €7 to be sufficiently small with
respect to ¢ . Similarly, for/ = 1, ..., L — 2, the conditions in 1b require ¢; to be
sufficiently small with respect to &;41. It ensures that during the estimation of the
parameters for the (I 4+ 1)th group, the estimation errors carrying forward from
the previous groups (1 to /) are sufficiently small.

(c) Foreachl (< L), the lower bound on s; is to ensure that we are sufficiently deep in
the tails of g;+1, &/1+2, . - -, &L- The upper bound on s; is to control the estimation
errors of the source amplitudes for group / (see (2.9)).

Order Wise Dependencies We now discuss the scaling of the terms involved, assum-
ing Umax, Umin < 1.

(i) Forl=1,..., L, we have Mj p < A%,a = Aﬁ,'
(i) Forp=1,...,L — 1 we have

K 1 K32(L—pur -
Co1x—, Cppx—F——F—+, Dpyx —————, Cp3 <X D).
Lp (U3 gy — K212 Mp

(iii) For!l =1, ..., L, we have

327 _
K 4 1 - log1/2<K (L l)m) <L

N eI
Ei(g)) = e (3.23)
K R
£ =L
@iv) Forq =2,...,L — 1, we have
1 1 K3*(L —
Fy(eq) < — + —————— log!/? <(—‘1)“L> . (3.24)
Dy gy — Eqltq

Conditions on ¢; Theorem 5 has several conditions on ¢;, which might be difficult to
digest at first glance. On a top level, the conditions dictate that the accuracies satisfy
&1 < & =< --- < ¢gr. In fact, they require a stronger condition in the sense that for
each 1 <[ < L — 1, g is required to be sufficiently smaller than &;4 (the choice of
er < Ap/2isfree). This places the strongest assumption on £ meaning that the source
parameters corresponding to the “outermost kernel” in the Fourier domain should be
estimated with the highest accuracy. Below, we state the conditions appearing on ¢
in the Theorem up to positive constants; the details are deferred to Appendix C.

1. Condition la in Theorem 5 holds if e7,_1, ¢, satisfy

e1-1 S aler)™ (3.25)

~

forany givend € (0, 1/2).Here,« > Odependsonf, K, L, Ap_1, Ap, r, Lp—1,
M1
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2. Forl < L—1,letuslook atcondition 1bin Theorem 5. The requirement E; (g7)&; <
Ej1(e141)€1+1 holds if g7, €741 satisfy

K up (L —z>>

e S A log2<1 0) < € (3.26)
El+1MI+1

for any given 6 € (0, 1/2). Here, A; > 0 depends on A, Aj41, (1, Ri+1, Ki+2, L,
K,o.
Furthermore, the condition in (3.22) is satisfied if ¢;, €41 satisfy

14y
e S Bi(er41) 0 (3.27)

for any given 6 € (0, 1/2). Here, 8; > O dependson L, K, A;, Ajy1, Ap—1, AL,

M5 415 M+25 BL> KL—15 K1, 0, While y; > O depends on 1, wit1, fit2, Dii1-
Note that the dependence on &;4 1 is stricter in (3.27) as compared to (3.26).

Effect of Separation Between ), ;41 for/ =1, ..., L — 1 The interaction between
WUr—1, ;L occurs in the same manner as explained for the case of two kernels, the
reader is invited to verify this. We analyze the interaction between ;, (;+1 below for
Il <L—1.

1. Consider the scenario where w; — ;41 (with other terms fixed). We see that s;
has to be suitably large now in order to be able to distinguish between g; and g; 1.
Moreover, conditions (3.26), (3.27) become stricter in the sense that A;, 8; — 0.

2. Now say py4 is fixed, and u; — O (and hence w1y, ..., w;—1 — 0). In this
case, the conditions E{(g1)g; < --- < Ej+1(e/+1)€14+1 become vacuous as the
estimation error arising from stages 1, ...,/ — 1 themselves approach 0. How-
ever, sq, . .., §; now increase accordingly in order to distinguish within g1, ..., g;.
Hence, to control the estimation error of the amplitudes, i.e, E;j(¢;); | <i <1,
1, ..., & have to be suitably small.

Proof of Theorem 5 The proof is divided in to three main steps.

e Recovering Source Parameters for First Group Fori = —my,...,m; — 1, we
have

foi+D) o
m—§ 1j exp (127 (st + D)1, )

L
gis1+10) .
+ E up,jexp (2w (sy + i),
;gl(ﬁ +i) p(27 (s i)

K
Zu i eXp L27TY111j)eXp (L27Tll1j)
j=1

’
ul,j
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L K
i . .
+ Z = exp (—27z2(51 + )2} — M%)) Z up j exp(i2m(sy + i)t ;)
1= M =1
M
K
= Z u'y jexp (2miny j) +n ;. (3.28)
j=1
Here, ’7/1 ; is the perturbation due to the tail of g2, g3, ..., gr. Since the stated

choice of s1 implies 51 > m1, this means min; (s + i)2 = (51 — ml)z, and hence
clearly

L
1
il = K 3 exp (<2771 = m*f = )
=2

nr
< Kutmax(L = ' L exp (=271 = mn? (3 = d).

We obtain estimates ﬂ s uy, j» J = 1,..., K via the MMP method. Invoking
Corollary 1, we have for ¢; < c¢A1/2, and ﬁ +1<m < ﬁ + 1(=
M up) thatif sy satisfies

KL

Kuma(L = D7 £ exp (=277 (51 = m1)? (23 = 41])) < ertmin B, K)
(3.29)
then there exists a permutation ¢ : [K] — [K] such that foreach j =1, ..., K,
duw (@ gy, 11,5) < €1 W1,g,() — u1,j] < (51 +27s1) umaxer.  (3.30)

Clearly, the condition

S = my (3.31)

+ 1 10g1/2 <Kurel(L - 1)ML>
Qr2(u3 — ui)l/? €1 B (rel, K)

implies (3.29). Moreover, since s < ¢S} and m; < M 1,up» WE Obtain

- 1 K(L—1
s1 < T M+ — log'/? (M) . (332
(2772(N2_M1))1/2 w1€1 B (urer, K)

Plugging (3.32) in (3.30), we obtain

_ - - Cis
1.1y — 1,51 < <C1,1 + Ci2log!? (8—1>) €1Umax

:El(gl)glumax; j:15""K7 (3'33)
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where 6_‘1,1, C_‘l,z, 61,3 > 0 are constants defined in (3.17), (3.18), and E,(-) is
defined in (3.19).

e Recovering Source Parameters for /th(1 </ < L) Group Say we are at the /th
iteration for 1 </ < L, having estimated the source parameters up to the (I — 1)th
group. Say that foreach p =1,...,/ —land j =1, ..., K the following holds.

dw Wy, ()s 1p.)) < €ps |Bpg iy = Up,jl < Ep(ep)timaxép, (3.34)

for some permutations ¢, : [K] — [K], with

l.eg<---<¢g-1; Ei(ener <--- < E1(g-1)&-1;5
2. ep <chp/2,

2y e
3. (Fyt1(eg) + Eq(eg)urereq < ggy1e ot 1 2
<l-2

Mq+lB(urelyK) <
2Kquqg 1 q

Fori = —my,...,m; — 1, we have

Flsi4i) = Y0 Fplsr+10)
8i(sy +1)

gp(si +1i) . ~ o~
Z gf(sl D Z[”P*f exp(27 (51 + i)ip,j) — Up.g,(j) eXPU2T (51 + D)Ep ¢, ()]

’
nl.i.past

L gD
+ Z _in.Zuq,j exp(2m (s; + i)tg, ;)

g Q1+ D)

nl’,i,fut
K
+ Z uy,j exp(i2ms;ty ;) exp(i2miy ;)
—_—

j=l1
u;.j

K
= Zu;,j CXp(Lzﬂl'tl’j) + 77;,i,past + n;,i,fut'
=1

Here, n;i past denotes perturbation due to the estimation errors of the source

parameters in the past. Moreover, 7, ; fut denotes perturbation due to the tails of
the kernels that are yet to be processed.

(i) Bounding ’71/,1', past To begin with, note

-1
n )
Mipast = D M—’; exp(2m* (U] — up)(si +i)?)
p=1
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K
Z[“P’j exp(i2m (s; +1i)tp, ;)
j=1

— Wp.g,(j) XP27 (51 + ) p., ()]-

Using Proposition 3, we have foreach p = 1,...,[—land j = 1,..., K
that

lup, j exp(2m(s; + i)ty j) — it\p,(pp(j) exp(:2m(s; + i)/t;,,¢p(j))|
< 2umax|si + ildw (tp. . Tp.g, () + lp.j = Up.g, ()]

< 2 umax|s; +ilep + Ep(€p)€pUmax, (3.35)

where the last inequality is due to (3.34). Since s; > my, hence (s; + H? <
(s;+mp)?foralli = —my, ..., m;—1. With the help of (3.35), we then readily
obtain

-1
nw
|77;,i,past| < Z ((Tl; eXP(ZTFz(Mlz - M%)(Sl + ml)2)>
p=1
(2 umax (s1 + ml)ep + Ep(gp)gp”max)K)
< (K@ehz(/t,z/t%)(xwmz)z)
122}
-1
Z 2 umax (st +mp)ep + Ep(€p)€pUmax

p=1
< (K(l _ l)l/Ll—l eZnZ(MIZ—M%)(s1+ml)2>
M
Qrumax (51 + mp)er—1 + Er—1(81-1)&1—1Umax) » (3.36)

where in the last inequality, we used 1.
(ii) Bounding 1, ; sur We have

L

1% .
Wi = D M—"eXP(—an(SIJrz)Z(Mﬁ—/L,Z))
g=Il+1

K
Zuq,j exp(i2m (s + )4, ;)
j=1

Since s; > my, we have (s; +i)? > (s; —my)?> foralli = —my, ..., m; — 1.
This, along with the fact % < % gives us

UL
k. gurl = Kt (L =) exp(—272 (s — m)*(ufyy — u).
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(iii)

It follows that if s; > S; where

2K uwe (L — 1
S =my + rel ( )ML)

172
g
Qr2(ui, —ui)'/? ( &1 141 B (ure1, K)
then fori = —my, ..., m; — 1, we have

Umin B (trel, K)

> (3.37)

|n;,i,fut| <é&

Back to 77; i, past We will now find conditions which ensure that the same bound

as (3.37) holds on |n;’ i past |, uniformly for all i. To this end, since s; < €S
and m; < M yp, we obtain

- 2K L —1
5 <3 (Ml’up+ M) ,

logl/2 (
Qr2(uf, —up)'? e1141 B (urer, K)
(3.38)

This then gives us the bound

2 (s +my) < 2m(C+ DM p

2,2 71z 1O
Q2r (MI—H — 1)) &1/t B (urer, K)

2D,
=Cp 1 +Clylog? (8_1) = Fi(e),

where we recall the definition of F;, and constants C l/ - C l/ 5. D; > 0 from
(3.20), (3.21). Since ¢, < 1 < D; and g; > g1, hence 27 (s; + m;) <
Fi(e1) < Fi(g;—1). Using this in (3.36), we obtain

— 2 2 Fz(ﬁ])
70 past| < (K(l _ Mt i )
- 141

(Fi(er—1) + Ei—1(e1-1)) tmax&i—1 (3.39)
Therefore if ;1 satisfies the condition

2
M%)w Umin i B (rel, K)

2
Fi(sr_ Ei (s < ge— M-
(Fi(er-1) + Ei—1(e1-1))umax€1-1 =< €re 2K — D

then it implies [1;; ., < 81w. Together with (3.37), this gives
|772,,'| =< |nl/,i,fut| + |771/,i,pas;| < & Umin B (Urer, K).
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‘We obtain estimates ’ﬁ s uy, j»J =1,..., K via the MMP method. Invoking
Corollary 1, if & < ¢/A;/2, then for the stated choice of m;, there exists a
permutation ¢; : [K] — [K] such that foreach j =1,..., K,

duw(@g () t17) < e gy — u,j
< (Cl + 27Tsl) Eiumax < Ei(€1)&Umax. (3.40)

The last inequality follows readily using (3.38).

e Recovering Source Parameters for Last Group Say thatforeachp =1, ..., L—
land j =1,..., K the following holds.

dw(tp.g,() 1p.j) < €ps |p.g,(j) = tp.jl < Ep(ep)epimax, (341

for some permutations ¢, : [K] — [K], with

l.eg<---<eg_1;E1(e1)e1 =+ < Ep_1(ep—1)eL—1;

2. ep <chp/2;
3. (F E < —(;LZH—/L%)M tg+1B (Urel, K) 1 <
- ( q+£(5q)2+ q(8g))EqUrel < Egy1€ 7 T 2Kqu, L =
q=4L—"2
We proceed by noting that for eachi = —myp,...,mp — 1

Flr+i) = Xo2] Fplor +1)

grlsy +1)
L-1 - . K
gplse +1) . ~ o~
= _[)7 Z[up’j exp((2m(sp + l)lp,j) —Up.¢,(j) exp(2m(sp + l)tpy¢p(j)]
o grlsy +1) =
M
K K

+ ZMLJ exp(i2m sty j) exp(i2mity j) = ZM/LJ exp(i2mitr, ;) + 1y ;-
j=1 , j=1
uy

Using Proposition 3, we have foreach p =1,...,L —land j =1, ..., K that

lup,j exp(27 (s + D)1, j) — Wp.g,(j) XPU2T(SL + i)ip.g, ()
< 27 umaxlse +ildw (tp.j Tp.p, (i) + Upj — Wp.p, (i)l

< 2mumax|sL +ilep + Ep(€p)eptimax, (3.42)
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where the last inequality follows from (3.41). Since s; = 0, hence (s; + i )2 <

< MI% up foralli = —my,...,mp — 1. Using (3.42), we then readily obtain
L—1
Hp 272 M
|77/L,i| < Z ((’up 7= MP) Lup) QrumaxMp wpep + Ep(s,,)e,,umax)K>
L
p=1
HL—1 272 =
L1 2 M
< <K 72 (3 —ud) Lup> Z (2numaXML,up€p + Ep(ep)epumax)
1599 el
2 2
(K(L . I)ML 1 27‘[ (ML ny )ML up) (ZﬂumaXML,ung—l
nr
+EL—1(6L-1)€L—1U4max) (3.43)

where in the last inequality, we used (1).

We obtain estimates TL, ur, j»J =1,..., K via the MMP method. Invoking
Corollary 1 and assuming 7, < cAr /2, it follows for the stated conditions onm ,
that it suffices if &7 _1 satisfies

_2”2(M%_M%)M%,up UminiL B (Urel, K)
K(L—Dur—1

QaMpup + EL—1(6L-1))6L—1Umax < €€

Indeed, there then exists a permutation ¢; : [K] — [K] such that for each
j=1,...,K,

dw(L.g,()s10.) < €Ly UL, () —uL,jl < CLéLUmax = Er (L)€L Umax-
(3.44)

This completes the proof.

4 Unmixing Gaussians in Fourier Domain: Noisy Case

We now analyze the noisy setting where we acquire noisy values of the of the Fourier
transform of f at the sampling location (frequency) s. In particular, at stage p (1 <
p = L) in Algorithm 2, and frequency s, let w,(s) denote the additive observation
noise on the clean Fourier sample f(s). Denoting the noisy measurement by f (s),
this means that at stage p,

Fs) = f(s)+wpy(s)
L K

= Zg,(s) Z uy,j exp(2msty ;) | + wp(s).

I=1 j=1
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In addition to the terms defined at the beginning of Sect. 3.2, we will need an additional
term (defined below) which will be used in the statement of our theorem.

3D;

Fi(e):=Cp, + C,/,zlogl/2 ( ;

); l1=2,....,L—1, “.1)

where Cl/,l , Cl/,z are as defined in (3.21).
Theorem 6 For a constant ¢ € (0, 1), let 0 < e < cAL/2, ﬁ <mp < Mp
and sy, = 0. Moreover, forl = L — 1, ..., 1, say we choose €1, my, s; as follows.

1. 0 < g < ¢/ /2 additionally satisfies the following conditions.

—2m2(u3 —uHM? i B, K)
@ QaMpuwp+ Er—1(ep—1))er—1urel < €€ IR T—Dpr

(b) Ifl < L — 1, then g1 < g141, Ej(e1)e; < Ej41(e141)€141 and

2
%)M i1 B (urer, K)

2
F/ (1) + Ei(e)))e < g HinH
(Fiy 1 (&) + Er(en)eurel < &41€ Kl

2 ~ ~
2. Aoy S < M up, and S; < s; < ¢S (for constant ¢ > 1) where

1 biK(L — l)ﬂL”rel)
S =my ,

+ logl/2 (
Qr2(uf, — up)'? e1141 B (urer, K)

with by = 2 ifl = 1, and by = 3 otherwise.

Assume that the noise satisfies the conditions

H _ wi(+) <& Umin B (trel, K) ’ 4.2)
81051+ ) [l 2
. inB , K
_wl() < g, min (urel, K) ), l=2,....,L—1, and (4.3)
81651+ ) |l oo 3
‘ _ wr(+) <& Umin B (e, K) ) (4.4)
8L +9) [l 2
Then, for eachl = 1, ..., L, there exists a permutation ¢; : [K] — [K] such that
gy (s 11.7) = €15 (g = | < EreDepma; j=1,.... K.

Since the organisation and the arguments of the proof of Theorem 6 are almost identical
to that of Theorem 5, we defer this proof to Appendix D where we pinpoint the main
differences between the noiseless and the noisy settings.

Interpreting Theorem 6 Theorem 6 is almost the same as Theorem 5 barring the
conditions on the magnitude of external noise (and minor differences in some con-
stants). Specifically, conditions (4.2)—(4.4) state that at stage /, the magnitude of the
noise should be small relative to the desired accuracy parameter ¢;. This is examined
in more detail below. For convenience, we will now assume #min, Umax =< 1.
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1. (Condition on ||w;(-)||oo for 1 <[ < L — 1) Let us start with the case 2 <[ <
L — 1. Condition (4.3) states that

wy (i) &l .
_ §—§ i=-my,...,m— 1. 4.5)
gi(sy +1) VK
wi@) | Jw@] 27 (s+04d j
Now, |gl(s1+i)| — «/ﬂme . Since s; > my, therefore s; +i > 0 for

the given range of i. Hence, (s; + )2 < (s +mp)? < Fl/2 (¢;) for each i. Since
Fl/ (¢) < Fi(e), therefore using the order wise dependency from (3.24), we obtain
for each i that

. . 3/2 C(prspri41,41)
0D om0 <K Lm) O ue

V27T 1y 127 e
where C(u;, i+1, A7) > 0 depends only on uy, 141, A;. Hence from (4.5),
(4.6), we see that (4.3) is satisfied if
(SIMI)1+C(H1s1M+1»A/)

||wl||oo ~ «/E(K3/2L,U«L)C(M’WH’A’) - - ( )

In a similar manner, one can easily show that (4.2) is satisfied if

1l < (SIMI)HC(M’M’AI)
w .
Hioo ~ VK (K320 )C im0

| (4.8)

2. (Condition on ||wy ||oo) In this case, sz = 0 and so (s + i) < m% Therefore

foreachi = —my,...,my — 1, we obtain
o | 1wl g < WO arti g 49)
gr(sy +1) V2 ML

Hence from (4.9), we see that (4.4) is satisfied if

EL

2 A2
lwellso < Hre “L/AL\/?.

(4.10)

(4.8), (4.7), (4.10) show the conditions that the noise level is required to satisfy at
the different levels. From the discussion following Theorem 5, we know that the &;’s
gradually become smaller and smaller as we move fromi = L toi = 1 (with & being
the smallest). Therefore the condition on ||w ||~ is the strictest, while the condition
on ||wr |lco is the mildest.

Corollary for the Case L = 1. As noted earlier, the case L = 1 is not interesting
in the absence of external noise as we can exactly recover the source parameters.
The situation is more interesting in the presence of noise as shown in the following
Corollary of Theorem 6 for the case L = 1.
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Corollary 2 Foraconstantc € (0, 1), let0 < g1 < cA1/2, ﬁ <mp < ﬁ—{—

1 and s1 = 0. Moreover, denoting C = 10 + \/LE assume that the noise satisfies

wi(+) H Umin 1
— <e1——— (1 +48u) ™ . 4.11)
H 210) oo = 10CVEK *
Then, there exists a permutation ¢ : [K] — [K] such that for j = 1,..., K, we

have

dw @6, 11,j) < €1,

—~ 2 2 5\l

|u1,¢1(j) — ul,j| < |47 K m +1)+ ﬁ (Mrel + ]6urel) E1Umax-

Assuming umin, Umax < 1, we see from (4.10) that (4.11) is satisfied if |willeo <
le“%/A%j—'?.

5 Experiments

In this section, we present some numerical experiments for our method® pertaining
to the error in the recovery of the locations of the spikes. Our setup is as follows. We
fix L = 4 groups, and consider K € {2, 3,4, 5}. We fix the variance parameters of
the Gaussian kernel to be p;, = 0.01 and ; = wy41/2forl =1,...,L — 1. The
minimum separation parameter A is set to 0.05 and m; is fixed to 1/A 4 5 for each

I =1,..., L. Furthermore, we fix the sampling parameters as s; = 0, 7 = 0.01,
and foreach!/ =1, ..., L — 1 choose
C
g1 =gy, S =m+ log'/? (ﬂ) (5.1)
i€l

V2P Wiy = 1)

for a suitably chosen constant C > 0. This is in line with our theory since &; is smaller
than &;41 and s; too is of the form specified in Theorem 5.

In each Monte Carlo run, we choose K € {2, 3, 4, 5}, and then randomly generate K
spikes foreach/ = 1, ..., L. In particular, the amplitudes of the spikes are generated
by first uniformly sampling values in [#min, Umax] With umin = 3 and umax = 10,
and then randomly assigning each one of them a negative sign with probability 1/2.
Moreover, the spike locations are sampled uniformly at random in (0, 1) with the
minimum separation A; for each group ensured to be greater than or equal to A.
Thereafter, each Fourier sample (for every group) is corrupted with zero-mean i.i.d
Gaussian noise. For each group /, upon obtaining the estimated spike locations 7, j
and amplitudes u;, jforj=1,..., K (via Algorithm 2), we “match” (for each group)
the estimated set of spikes with the input spikes based on a simple heuristic. We first

5 Code available here: https://hemant-tyagi.github.io.
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Fig.3 Scatter plots for maximum wrap around error (dy, ;, max) v/s minimum separation (4;) for 400 Monte
Carlo trials, with no external noise. This is shown for K € {2, 3,4, 5} with L = 4 and C = 0.6. For each
sub-plot, we mention the percentage of trials with dy, ; max < 0.05 in parenthesis

find the estimated spike location that has the smallest wrap around distance from
an input spike location—this gives us a match. This pair is then removed, and we
repeat the process on the remaining sets of spikes. This finally gives us a permutation
¢ : [K] — [K] where 1; ; would ideally be close to ’ﬁ,(p( - Finally, we evaluate the
performance of our algorithm by examining (a) the maximum wrap around distance
dy,1,max = max; dy (1 ;, E,q’)(j)), and (b) the average wrap around distance dy, ; avg :=
(1/K) Zle dw(t1,j, 1.4(j))- This is repeated over 400 Monte Carlo trials.

Figures 3 and 4 show scatter plots for the above notions of error and the minimum
separation A; for each group, in the absence of external noise. Figures 5 and 6 show the
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Fig.4 Scatter plots for the mean wrap around error (dy,;,avg) V/s minimum separation (4;) for 400 Monte
Carlo trials, with no external noise. This is shown for K € {2, 3,4, 5} with L = 4 and C = 0.6. For each
sub-plot, we mention the percentage of trials with dy, j ayg < 0.05 in parenthesis

same, but with external Gaussian noise (standard deviation 5 x 10~). Both these plots
are for C = 0.6 in (5.1), we found this choice to give the best result. We observe that
for [ = 1, 2, the spike locations are recovered near exactly in all the trials and for all
choices of K—both in the noiseless and noisy settings. For I = 3, 4, the performance
isreasonably good for K = 2, 3. In particular, for both the noiseless and noisy settings,
dy, 1, max 1s less than 0.05 in at least 82% of the trials while dy ; avg is less than 0.05 in at
least 93% of trials. While the performance is seen to drop as K increases—especially
in terms of dy ; max—the performance in terms of dy, ; avg is still significantly better
than dy, ; max. In particular, for K = 4, dy ; ave s less than 0.05 in at least 86% of the
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Fig.5 Scatter plots for maximum wrap around error (dy, ;, max) v/s minimum separation (4;) for 400 Monte
Carlo trials, with external Gaussian noise (standard deviation 5 x 10_5). This is shown for K € {2, 3, 4, 5}
with L = 4 and C = 0.6. For each sub-plot, we mention the percentage of trials with dy, ; max < 0.05 in
parenthesis

trials (in both noiseless and noisy settings), while for K = 5, the same is true in at
least 73% of the trials.

As mentioned earlier, we found the choice C = 0.6 to give the best performance,
in general. In the noiseless scenario however, the choice C = 1 results in near exact
recovery for all groups as shown in Appendix E (see Figs. 7, 8). However in the
presence of external Gaussian noise of standard deviation 5 x 107>, the recovery
performance breaks down for groups I = 2, 3,4 (see Figs. 9, 10). Since we are
sampling relatively deeper in the Fourier tail (compared to that when C = 0.6),
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Fig. 6 Scatter plots for mean wrap around error (dy,;,avg) V/s minimum separation (4;) for 400 Monte

Carlo trials, with external Gaussian noise (standard deviation 5 x 10*5). This is shown for K € {2, 3, 4, 5}
with L = 4 and C = 0.6. For each sub-plot, we mention the percentage of trials with dy, j avg < 0.05 in
parenthesis

the deconvolution step blows up the noise significantly, leading to the worse recovery
performance. Finally, in the noiseless case, we observed that the recovery performance

breaks down for larger values of C (i.e., for C > 4) due to numerical errors creeping
in the deconvolution step.

6 Discussion and Concluding Remarks

We now compare with closely related work and conclude with directions for future
research.
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6.1 Related Work on the Multi-kernel Unmixing Super-Resolution Problem

Despite is natural role in many practical problems, the study of super-resolution
under the presence of multiple kernels has not attracted much theoretical activity
until recently. In [35], the authors introduce an interesting variant of the atomic norm
approach to sparse measure reconstruction. They prove that the resulting convex opti-
mization problem recovers the original measure in the noiseless case and they provide
an interesting error bound in the noisy setting. The assumptions underlying this latter
result is a standard separation assumption on the spike localization and a uniform
random prior on the Fourier coefficients (when considered to lie in R/Z) of the point
spread functions. In comparison, our assumptions are quite different. In particular, we
do not make any assumption about the randomness of the Fourier coefficients of the
point spread function. Moreover, we use Moitra’s Modified MP method instead of the
atomic norm penalization considered in [35]. As a main benefit of our approach, we
do not need any hyper-parameter tuning when the signal is sufficiently larger than the
noise level.

Another interesting work on multi-kernel super-resolution is the technique devel-
oped in [51], where the setting is very close to the one of the present paper. A set of
relevant modifications of the LASSO estimator and Matching Pursuit method, com-
bined with post-processing techniques, are proposed in [51] and shown to perform
well on real datasets. However, to the best of our knowledge, the practical value of
these methods is not rigorously supported by theoretical results.

6.2 Future Directions

In this paper, we provide a simple and intuitive algorithm for multi-kernel super-
resolution, and also provide strong theoretical results for our approach. There are
several directions for extending the results in this paper, we list two of them below.

Firstly, our analysis assumes that the kernel variance parameters (i.e., t;) are known
exactly. In general, the analysis can be extended to the case where upper and lower
estimates are available for each p;. Hence one could consider estimating the variance
terms, and using these estimates with our algorithm. The choice of the method for
estimating (1;); should be investigated with great care. One possible avenue is to use
Lepski’s method [25] and its many recent variants and improvements (see for e.g.,
[14]).

Next, it is natural to extend the techniques developed here to the multi-dimensional
setting as multivariate signals are of high importance in many applications such as
DNA sequencing and Mass Spectrometry. This could be investigated using for instance
multivariate Prony-like methods such as in [2,15,21,28,32,42,47]. Another interesting
avenue is the one discovered in [4] where refined bounds on the condition number of the
Vandermonde matrices are devised. It would be of particular interest to understand how
such bounds could be employed in our framework in order to accomodate separation
conditions below the threshold discovered by Moitra [41].

6 what sufficiently larger means is elaborated on in Theorem 6
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A Modified Matrix Pencil Method
A.1 Proof of Moitra’s Theorem

We now outline the steps of Moitra’s proof [41, Theorem 2.8] for completeness. In
particular, we note that the result in [41, Theorem 2.8] does not detail the constants
appearing in the bounds, while we will do so here.

To begin with, recall the notion of chordal metric for measuring distance between
complex numbers.

Definition 1 The chordal metric for u, v € C is defined as

lu — v

VT PV P

x(u,v):

Denoting s(u), s(v) € S? to be points with u, v as their respective stereographic
projections on the plane, we also have x (u, v) = %Hs(u) — s(v)|. It is useful to note
that if (u, v) € R? is the stereographic projection of a point (a, b, ¢) € S?, then

2u 2v —1+u2+v2)

1b1 = 9 9
@5,c) (1+u2+v2 1+u?+v2" 1+u?+ 02

Definition 2 Let (1;);_; denote generalized eigenvalues of (A, B), and also let (/):i)g':]
denote generalized eigenvalues of (A, B). Then the matching distance with respect to
x is defined as

md, [(A, B), (A, B)] := ngnmiaxx(ki,%a)),

where ¢ : [n] — [n] denotes a permutation.
The key to the analysis in [41, Theorem 2.8] are the following two technical results.

Theorem 7 ([53, Corollary VI.2.5]) Let (A, B) and (A, B) be regular’ pairs and
further suppose that for some nonsingular X, Y we have (XAY" , XBYH) = (I, D)
where D is diagonal. Also let e; be the ith row of X (A — A\)YH, fi be the ith row of
X(B — E)YH and set p = max;{|le;ll1 + || fill1}. If the following regions

Gi ={n | x(Dji, n) < p}

are disjoint then the matching distance of the generalized eigenvalues of (§ , Z) to
{Dii}i is at most p with respect to the chordal metric.

TA pair (A, B) is regular if there exist scalars «, g with («, ) # (0, 0) such that det(BA — aB) # 0 [53,
Definition VI.1.2]. For (A, B) to be regular, it suffices that A and/or B is full rank.
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Recall that for any pair (A, B), and non-singular X, Y, the pair (XAYH, XBY™) s
equivalent to (A, B). In particular, they both have the same generalized eigenvalues
[53, Theorem VI.1.8].

Theorem 8 ([41, Theorem 1.1]) Provided thatm > & +1, we have 0.2, < m+ 1+ —1

and o%, >m — % — 1. Consequently, the condition number of V satisfies

min

m~|—%—1

by
IA

.
m—1t 1

Step 1: Recovering Each ¢;. Let U denote the top K left singular vectors of Hy. The
following lemma shows that there exists an orthonormal basis for the column span of
V that is well aligned to U .

Lemma1 ([41, Lemma 2.7]) If |E|2 < ok (VD V), then there exists a matrix U
such that

2| Ell2
ox (VD VH) — | Ell2

U =0l =
and the columns of U form an orthonormal basis for V and those of U form an
orthogonal basis of the K “largest” singular vectors of H.

Remark 1 In the original statement in [41, Lemma 2.7] the denominator term is
ok (VD,, V). But from Wedin’s bound [59], we observe that the denominator should
be ox (VD,VH + E) instead. Since ox (VD,V? + E) > ox(VD,VH) — | E|>
(Weyl’s inequality [61]), the statement in Lemma 1 follows.

By projecting Hy, Hy to U we obtain
A=U"H,u =U"vD,VHU and B=U"HU=U"VD,D,VIU.
As easily checked, the generalized eigenvalues of (B, A) are «q, ..., ag. Similarly,

A=U"HU =0"wvD,V" + EYyU and B=U"HU
=U"wD,D, V! + F)U.
The generalized eigenvalues of (§ , 2) are perturbed versions of that of (B, A). Since®

ox (VD V) > Uiin”min’ therefore if | E||2 < “riin”min holds, then Lemma 1 gives
us the bound

=~ 2| Ell2
-0 < 5——— = (A1)
O hinYmin — I1Ell2
8 Note that D, and Dy have the same singular values as |u§\ = |u;| for each i.
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Let us define the matrices X = D_l/ZVTU, Y : (D_I/Z)HVTU. Clearly, both X

and Y are non-singular. Moreover, one can easily verify that X AY# = Jand X BY # =
Dq,. We now bound the £>-norm of each row of X(A — A)Y* and X(B — B)Y " using
what we have seen so far. To begin with, following the steps in [41], we obtain

1A = Allz < |Ell2 4 020 tmaxT (2 + T)
||E||2 + Inaxl’tnl'dx‘r(2 + T)

= [X(A - Y7 < .
Umin O i
E u
_ ” ”2 + I(2 max ‘E(2 + ‘[).
UminOpin Umin

The same bound holds on || X (B — B)Y H), with E replaced by F. Lete;, f; denote the
ithrow of X (A— A)YH X(B— B)YH respectively and let p = max; {lleillt + I fill1}-
Since foreach i, |le¢j]2 < | X(A — A)YH||2 and || fill2 < | X(B — B)YH||2,theref0re
by using the fact p < \/E max; {|le;|l2 + || fill2}, we get

2
p§ﬁ<llEII2+IIFII2+2K Umax [r(2+r)]>. A2

Umin O ppip min

ummo'

Assume that ||E||2, ||F]2 <8 =5t for some § € (0, 1). Then,

et < —2 (242 B g
~1-4/2 1-6/2)  (a—s/22 """

Applying these bounds to (A.2) leads to the bound

p§ﬁ5<1+16x2”"‘;‘“‘).

Umin

On the other hand, one can easily verify that || E|2, | F|l2 < mnmax. Therefore, if
. 2
Nmax < & %, then we get p < JK § (1 + 16 lczzr‘:‘ﬁ)

Our immediate goal now is to use Theorem 7. (A, B) are clearl)//\ regular since A, B
are full rank matrices. We will show that if § is small enough, then A is full rank, which
in turn implies that (A, B) is regular. To this end, recall that if || E||> < Uriin”min then
A — A||2 < ||E|2+o0, maxumaxr(2+f) holds with T asin (A.1). If | E|], < %Gr%lin”min
for § € (0, 1) then we have seen that this implies 7(2 + t) < 8§; this in turn implies
that |[A — A, < SSG%MumaX + %”minar%lin' Finally, using Weyl’s inequality, we have
that

n T 2 2 2
og(A) =2 og(A) —|A—-Al> = OminYmin — Ssamaxumax - Eummo}mn
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Hence O‘K(;{\) > 0if

2
O hinYmin 2

8<8 2 1 o2 =16K2umax+l'
OmaxUmax + 3UminOppiy Umin

(A3)

Now let us note that x (o, o) > 2dy, (¢, t;) > 2A (see Appendix B.1) fori # j.
So if u is such that x (a;, u) < e, then this would imply x(aj,u) > 2A — €, and
hence if addltlonally € < Aholds, then the regions {u | X(ozl, u) < €} will be disjoint.
Denote (k )” _; to be the generahzed eigenvalues of (B A) Therefore, if § € (0, 1)

satisfies § < \/—? 1416 /cz’;:‘ﬁ) (note that the bound is already less than 1 and
also subsumes (A.3)), then from Theorem 7 we know that there exists a permutation
¢ : [k] — [k] such that x (Rpq). o) < VK 6 (1 116 KZQ—?;) fori =1,...,n.

Let @ = A;/|%|, and set VK 5(1 +16 KN;%) = ¢/C where C = 10 + 2[

and 0 < ¢ < min{l, CA}. This means X(/):¢(i), a;) < &/C holds, and so, from’
Proposition 1 in Appendix B.2, this implies d,, @)(i), t;) < e. Putting it together with
the earlier condition on §, we get that if

UminO, 2 2 Umax -
n <e min (1 + 16« ) (A4)
e 2mC~ K Umin

is satisfied, for 0 < & < min {1, CA}, then dw@(,'), tj) <e.

Step 2: Recovering Each ;. Note that d, (ti,1;) > A—2eforalli # j,soweassume

e < A/2 from now. Also recall that we form the Vandermonde matrix V e CmxK
using @; = exp(—27;). Then, the estimate # = Vv € CK satisfies

=Vhv=Vivu' + Vi

Denote ¢ = ¢! and let u;; € CK denote the permuted version of u’ w.r.t ¢. Also,
let Vq; be formed by permuting the columns of V w.r.t ¢. Then,
=~ OtV — 4 U
u u¢ (VV¢”¢ u¢)+V17
VTV — VT 4 T
=(V V¢> \%4 V)uq;—l—V n
= |[a' - M;;Hz = ||VT||2(||V¢; - V||2||u;;||2 + lInll2)- (A.5)
Now, Vi = (VAV)IVH 5o |VTlly = (omin(V) ™' < (m — 25 — D72 (cf,,

Theorem 8). Next, the magnitude of each entry in V¢3 — V can be verified to be upper
bounded by 27m max; dy, (tl-,’t:/;(l.)) < 2mme (see Proposition 2 in Appendix B.3).

9 The Proposition requires 0 < ¢/C < 1/4, which is the case here.
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Thus, [V; = Vil < Vs = ViiF < 2nm??K'2¢. Also, u;ll2 < vKutmax and
using (A.4), we obtain

2 -1
Umax

1ll2 < Vit < &-omininin (1+16K2—) .
e 2CW Umin

Plugging these bounds in (A.5), we obtain

2C«/
(m = 525 = D2

1
27m3? K maxe + & o 7min ninpiy (1 +16 Kzu""‘x)

~ / -~ /
u —u- < |\u —u- <
7 = ulloo < @' —ull2 <

(A.6)

Step 3: Recovering Each u ;. Given u’ € CX, we obtain our final estimate uj =
exp(—LZnsof})Ti’j for j = 1,..., K. Denoting

o~

D = diag(exp(—2msot1), . . . , exp(—12mw s0ix)),
;= diag(exp(—LZnsotq;(l)), . ,exp(—LZnsotq;(k))),

note that 7 = D’ and u ;=D q;u;;. From this, we obtain

~ D 7
u—u¢—Du Dr/)“qB

_AAI_A/~ "/~_ s
= Du Du¢+Du¢ D¢u¢

_ ~ NP/
=D uq;)—f—(D D¢)ud3
= 11— uglloo < 17 = ;oo + 1D = Dglloollu oo (A7)
where in the last line, we used ||5 lloo = 1. Using Proposition 2 in Appendix B.3 ,

we readily obtain the bound | D — D¢~)||Oo < 2w sy max; dy, (t;, t&(i)) < 2mspe. Using
||u;; lloo = Umax and (A.6) in (A.7), we finally obtain

1
27m3? K umaxe + 822‘"%‘“‘“ (1 +16 K”ﬁi’:)

U—u; 2 .
= uglloo < C s —tE + 27 ttmaxSo€
(A.8)
A.2 Proof of Corollary 1
We need only make the following simple observat1ons Firstly, o mm < a%ax <m+

A + 1 < 2m,sincem > 1/A + 1. Also, since k2 > 1, we get
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2 1
UminOpyin ( 2 Umax ) Umin < Umax >
1+16« < + 16
2C~/m Umin C K Umin
Next, one can easily verify that form > = 2 + 1, we have ‘/ﬁ < 2. Using

NVlLye=r3 Zs -1

these observations in (2.7), along with m < ﬁ + 1, we obtain the stated bound
on ||ty — ut]lco-

Next, let us note that the condition m > ﬁ +1> % + 1 leads to the following
simple observations.

® < — 7T < 5/2
Omin M-z —1 1- 2/AF1
(ii) m++—1
e="TET

Plugging these in (2.6), we have that it suffices for nyax to satisfy

—1 2 -1
Um Umax UminO 2 Umax
Tmax < € (1+48 ) < ¢ Mmin%min (1+16K )
e 5CN/K Umin 2mCVK Ui

B Auxiliary Results

B.1 Useful Relation Involving Wrap Around Metric and Chordal Metric for Points
on the Unit Disk

For t1,1 € [0, 1) let «; = exp(127ty), p = exp(12mty) denote their representations
on the unit disk. We have

loy — az| = |1 — exp(i27(t2 — 11))]

= \/(1 — cos2m (1 — 11)))2 + sin> 2 (tr — 11))
= /2 —2cos2m(r; — 1))

= 2[sin(w (r — 11))|

= 2sin(mw|tr — t1]) (Sincerp — t; € (—1, 1))
= 2sin(wr — |ty — 11]) = 2sin(wdy (11, 12)).

Since sinx < x for x > 0, therefore we obtain |a; — az| < 27wd, (11, t2). Also,
since dy, (1, 2) € [0,1/2] and sinx > 2nx for x € [0, /2], we obtain d,(t1, 1) <
|y — an|/4. To summarize,

o —eal _ ) < ;“2'. (B.1)
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Finally, from the definition of chordal metric (see Definition 1) we know that
X (a1, @2) = | — a2|/2. Thus from (B.1), we obtain

ﬂi@s%mmsﬂ%@. (B2)

B.2 Useful Relation Involving Wrap Around Metric and Chordal Metric When One
Point Lies on the Unit Disk, and the Other Does Not

We will prove the following useful Proposition.

Proposition 1 For a1, ar € C where |a1| = 1, let t1, 1y € [0, 1) be such that ¢y =
exp(i2nty), an/|aa| = exp(i2nwty). If x (a1, a2) < € for some O < € < 1/4, then
du(11. ) = (20 + p)e.

Proof We begin by representing o, a2 in Cartesian coordinates in R? where
ar = (a,b), ar=(x,y).

Lets(ay), s(a2) € S? be such thatay, a are their respective stereographic projections.
Then,

@) 2x 2y —14+x24y2
S = 5 )
’ T+ x2 4327 14224927 142242

s(ay) = (a,b,0).
ls () —s (@)
2

Since x (a1, a) = < €, this implies

—1+x2+y° 2 2
w< € —x_a 526, —y_b 526.
1+x2+y2 1+x2+y2 l_l_x2+y2
(B.3)
Let us assume € < 1/2 from now.
e The first inequality in (B.3) implies
1—2€§x2 y2§1+2é. (B4)
14 2¢ 1 —2¢
e The second inequality in (B.3) implies
1 2 2 1 2 2
@-20 (P ) sxs@roo () @)
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e The third inequality in (B.3) implies

1 2 2 1 2 2
(b~ 20) (%) <y<b+20 (%) . ®6)
Now from (B.4), (B.5) we get
X _ (a+2e)v/1+ 2¢€
S2ry T (d—2epn
_ a1+ 2e¢ 2e/1 4+ 2¢
T -2 T U202
V142 2e/1 4+ 2¢
< X" _ - B.7)
(1 —2€)3/2 (1 —2¢)3/2

where we used |a| < 1. Note that /1 4+ 2¢ < 1+ €. Moreover, we have the following
Claim 1 For0 < e < 1/4, we have (1 — 2¢)73/2 < (1 + 124/2¢).

Proof Consider the function g(e) = (1 + 124/2€) — (1 — 2¢)73/2. We have g'e) =
124/2 —3(1 —2€)73/2 and s0 g’ (¢) > 0 when 0 < € < 1/4. Thus g is increasing for
this range of €, and so g(€) > g(0) = 0, which completes the proof. O

Applying these observations to (B.7), we get

X

Nl a <[ +e)1+ 12v2e) — 1]+ 2¢(1 + €)23/?
= [(12V/2 + De + 12v/26%] + 4v2(e + €?)
< [(12v2 + 1)e +33/2¢] + 5v/2¢  (Using e < 1/4)

< (202 + 1e. (B.8)

The reader is invited to verify that a — \/ijy? < (2042 + 1)e, which together with
(B.8) implies that |\/X+Ty2 — a] < (20+/2 4 1)e. In an identical fashion, one obtains

the same bound on | ——— — b|. From these observations, we then obtain
xZy?

| =

x(ar, az/]az]) =

2 2
X y 1
(—+y‘) +<xz—+yz‘b> 5<20+ﬁ>6'

Using (B.2), this in turn implies that d, (¢, t2) < (10 + O

1
m)é.
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B.3 More Useful Results

Proposition 2 For any t1, t; € [0, 1), and integer n, we have
lexp(:2mrnt) — exp(i2wntr)| < 2|n|mwdy, (1, 12).
Proof On one hand,

lexp(i12mnty) — exp(2mnty)| = |1 — exp(2wn(ty — 11))]
= 2|sin(zn(t, — 11))|
< 2m|n||t — t1| (Since |[sin x|
< |x], Vx € R). (B.9)

On the other hand, note that

2sin(mn(ry —11))| = 2[sin(z|n|[tz — n|)| = 2fsin(w [n|(1 — 2 — 11]))]
=27 |n|(1 = |tz — 11]). (B.10)

The bound follows from (B.9), (B.10) and by noting the definition of d,,. O

Proposition 3 For any t1, t; € [0, 1), integer n, and uy, uy € C, we have
lug exp(i2wnty) — up exp(i2wntr)| < 2mw|uyl|n|dy(t, t2) + lug — uz|.
Proof Indeed,

luy exp(i2mnty) — up exp(i2mwnty)|
= luy exp(i2wnt) —uyg exp(i2wnty) + uy exp(l2mwnty) — uz exp(i2mwnty)|
< |upllexp(i2wnty) — exp((2rwnty)| + |ug — uz|
< 2m|uyllnldy (t1, ) + [uy — uz|

where in the last inequality, we used Proposition 2. O

C Conditions on &;in Theorem 5

We treat conditions 1a, 1b separately below. In this section, for a given i € N, we
will denote C; (u;, v;, w;, . ..) to be a positive term depending only on the parameters
Ui, Vi, Wi, ....

1. Condition 1a is equivalent to
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K 1 K3?u;
er—1 + —5——— log'/? (—) EL—1
Ap—1 (n3 —pi_pi2 EL—1ML—1

22 (2 —u3)/ 0k

eLpre
< C.1
S K7L, (C.1D
K32y
& C1(K, Ap—1, ur, pp—1) log!/? <—> L1
EL—1ML-1
S Colpr, pp—1, 1, K, L, Ap)er. (C2)
Since for any 0 < 0 < 1, we have!©
K32 |/ K32 g
log (_m) ! (_m) , (C.3)
EL—1ML-1 0 \eL-11L—1
therefore (C.2) is satisfied if for any given 6 € (0, 1/2), it holds that
%
610 < ﬂCZ(MLa mr—1, m1, K, L, Ar) ( ML—1 > . (C4)
Ci(K,Ap—1, pp, hL—1) wr K372

From this, (3.25) follows easily.
2. Wenow look at condition 1b starting with the condition E; (¢;)e; < Ej41(€141)&1+1-
Using the order dependency of E;(-) from (3.23), this is the same as

K32 (L —1)
C3(K, A, g, 1) log!/? <—) & (C.5)
EL

K32 (L —1)

< Ca(K, At it s i42) log!? (—> El4+1- (C.6)
El+1M+1
Using (C.3), it follows that Ej(¢;)e; < Ej41(€141)€1+1 1s ensured if
1-0 \/§C4(K, A1, 41, Hi42) 2] o
o~ C3(K, A L — K3
3(K, Apy s 1) mr( )
K32 (L -1
10g1/2 (L) €141 (C.7)
El+1MI+1

holds for any given 6 € (0, 1/2).

Now consider the other condition, namely (3.22). Using the order dependency
of Fi11(e7) and E;(g;) from (3.24), (3.23) respectively, this can be equivalently
written as

10 Here, we use the fact log x < nxl/m forn, x > 0.
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1 1 K32(L —1
+— 2 12 logl/z (—( )ML) &l
AVES| (M1+2 - M1+1) / EL+1

K 1 K32(L —1
(B e ()
AN (H‘l+1 - Ml) / el

FZ
N

< —(u?,  —p
= El+1€ I+1 1 ,LLIIKS/Z . (C.S)
Since ;41 > w, therefore the L.H.S of (C.8) is
K32(L =Dy,
S Cs(A1, iy, s it g, K) log'/? (T) e, (C9)

Moreover, since

F2 (1)

K32 (L — e
(Ufg1 — 1D 5 —) :

5C6(M1»Ml+l»ﬂl+2’Al+1)10g< El+1M0+1
+1H+

therefore the R.H.S of (C.8) is

- Wit IRy Co (11 11415 1+2,D1+1)
~ k32 )\ KL = Dy,

2 (ery) TOOUT I BD C (g iy, i, K L), (C.10)

Therefore from (C.9), (C.10), it follows that a sufficient condition for (C.8) to hold
is

3/2
logl/Z (K 2L~ DML) g < (81+1)1+C6(M1,Ml+1»Ml+2,Al+1)
1t ~

Cr(pr, i1, wr, K, L)
Cs(Ar, Aty s i1, g2, K)

(C.11)

Using (C.3), we have that (C.11) holds if for any given 6 € (0, 1/2),

-0 < /o Cr(uas ti1s o, K, L) (Sl+1)1+Cﬁ(u1,M1+1,ul+2,Az+1)
~ o Cs(Ar Nty (s g1 g2, KD

0
M
(m) ' (C.12)

Comparing (C.12) and (C.7), we see that the dependence on &;41 in (C.12) is in
general stricter than that in (C.7).

1
€
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D Proof of Theorem 6

As for the proof of Theorem 5, the proof of Theorem 6 is divided into three main steps.
We will only point out the relevant modifications in the proof of Theorem 5 that we
need to make in order to account for the noise term.

e Recovering Source Parameters for First Group For i = —my,...,m; — 1,
equation (3.28) becomes

LT g (s + i)

Fls141) iu
S+ ]

- - cexp ((2mity j) +n
gi1(s1 +1) p( i)

J
j=1

Since the noise term satisfies (4.2), invoking Corollary 1 brings that for &1 <
cA1/2, and ﬁ +1<m; < m + 1(= My yp), we only need to impose
that s satisfies

Kitman (L = D exp (<2201 =m0 = ) = M0 2
to recover the same error bound (3.30) as in the noiseless case. The lower and
upper bounds on s are then obtained in a similar way as (3.31) and (3.32) in the
proof of Theorem 5, and one finally gets the same error bound (3.33) as in the
noiseless case.

e Recovering Source Parameters for /th(1 </ < L) Group Say we are at the /th
iteration for 1 </ < L, having estimated the source parameters up to the (I — 1)th
group. Say that foreach p =1,...,/ —land j =1, ..., K the following holds.

dw@’¢p(j)’ Ip.j) < &p, |ﬁ[’s¢p(j) —up,jl < Ep(ep)éplimax, (D.1)

for some permutations ¢, : [K] — [K], with

Lep<--=<eg-1;5 Eiene = < E—1(g-1)é-1;
2. ep <chp/2,
2 ) A B )
3. (F (eq) + Eq(eg))eqmax < gg1e a1 ™M 2 %T 1 <
qg<Il-2.
Fori = —my,...,m; — 1, we have
= . -1 7 . K
fli+0) =2 = fplsi+1i)
_—p=lop =Zufjexp(t2nitl,j)
gi(si +1) =
wy (i)
+ 00 pase ¥ fur T =
L,i,past L,i, fut gl(sl +l)
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As in the proof of Theorem 5, 7, ; past denotes perturbation due to the estimation

errors of the source parameters in the past, and 7, ; fut denotes perturbation due
to the tails of the kernels that are yet to be processed. Imposing that s; > S; where

Sp=m; + og'/? (—3Kure1(L — Z)ML)
Qr2(uf, —up)'/? e1141 B (urer, K)
we get that, fori = —my, ..., m; — 1,
inB , K
|n;,i,fut| < SZM (D.z)

where we used the same steps as in the proof of Theorem 5. Now, since s; < ¢S
and m; < M, up, we obtain the bound

27 (sp +my) < 27 (C+ 1)Mj up

n 2n¢ logl/2 <3Kurel(L - l),uL)
QUi — Y2 £141 B (ttre1, K)

3D
=Cpy+ Cl/,zlogl/z (s_ll> = F/(e1),

where we recall the definition of F}, and constants C l/,lv C 1/,2, D; > 0 from (4.1),
(3.21). Since ¢ < Dy, hence if ¢ > &1 holds, then 27 (s; + m;) < F/(sl) <
F/(El—l)- Using this in (3.36), we obtain

72
Mi—1 (2,2 e
0i past| < (K(l - 1)76’(“1 M= ) (F(e1-1) + Ei—1(€1-1)) &1—1 Umax.

Therefore if g;_ satisfies the condition

2
(2 D wmin g B (trel, K)
F/g_ + E;j_q1(g— gr_1u <ge(“l “1) 2 @ —_— 7
(Fy(e1-1) 1—1(&1-1))&1—1Umax < & 3K — D
then it implies |1 ; past) < elw. Together with (D.2), (4.3) this gives
for each i that

wy (i)

10
GG +1)

_— < & Umin B (Urel, K).
g_'l(Sl-l-i) [Umin ( rel )

/ /
= |nl,i,fut| + |nl,i,past| +

Thereafter, we obtain the same bound (3.40) as in the noiseless case.
e Recovering Source Parameters for Last Group Say thatforeachp =1, ..., L—
land j =1,..., K the following holds.

dw@,d)p(j)’ tp.j) < €ps lUpg,(j) —up,jl < Ep(ep)eplimax, (D.3)
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for some permutations ¢, : [K] — [K], with

l.ep <---<ep1; E1(eer <--- < Ep_1(eL—1)er—1;

2. ep <chp/2;

+|(q+1)

Hg+1B (urel, K)

— (U2, —ph
3. (F¢;+1(3q) + Eg(eg))equrel < &gyre et 3Kang

< 1 <
g <L-2.

We proceed by noting that for eachi = —myp,...,mp — 1

FlL+i) =52 Fplsr +1)
gr(sy +1)

wr, (i)
gr(sy +1i)

K
= Z”/L/ exp(i2mity j) +np ; +
j=1

Using Proposition 3, we have foreach p=1,..., L —1land j =1,..., K that

lup, j exp(27 (s + i)p,j) — Up.g,(j) eXPU2T(sL + D)ip.g,())]
< 2Mumax|SL +ilep + Ep(ep)€ptmax, (D.4)

where we used (D.3). Since s, = 0, hence (s; + i)? < m% < M2 for all
i = —mp,...,mp — 1. Using (D.4), we then easily obtain as in the proof of
Theorem 5

2
Ing il < (K(L — 1)“:L1 AT W=D M}, up)

(2mMpup+ EL—1(61-1)) Umax€L—1 (D.5)

where in the last inequality, we used (1).
Invoking Corollary 1 and assuming &;, < cAp /2, it follows for the stated condi-
tions on m,, that it suffices if £ _; satisfies

wr B(urer, K)

2% (u] —u) M7 .
2K(L — Dpr—1

QrMpup + Ep—1(6L-1)Ure1éL—1 < €€ Loup

Indeed, combining this last bound with (4.4), we obtain for each i that

In7 g%&?m' < &pUminB(urel, K). Thereafter, we obtain the same bound

(3.44) as in the noiseless case.

E More Experiments

See Figs. 7, 8,9, and 10
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Fig.7 Scatter plots for maximum wrap around error (dy, ;, max) v/s minimum separation (4;) for 400 Monte
Carlo trials, with no external noise. This is shown for K € {2, 3,4, 5} with L = 4 and C = 1. For each

sub-plot, we mention the percentage of trials with dy, ; max < 0.05 in parenthesis
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Fig.8 Scatter plots for the mean wrap around error (dy,1,ayg) V/s minimum separation (A;) for 400 Monte
Carlo trials, with no external noise. This is shown for K € {2,3,4,5} with L = 4 and C = 1. For each

sub-plot, we mention the percentage of trials with dy, j ayg < 0.05 in parenthesis
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Fig.9 Scatter plots for maximum wrap around error (dy, ;, max) v/s minimum separation (4;) for 400 Monte

Carlo trials, with external Gaussian noise (standard deviation 5 x 10_5). This is shown for K € {2, 3, 4, 5}
with L = 4 and C = 1. For each sub-plot, we mention the percentage of trials with dy, j max < 0.05 in

parenthesis
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Fig. 10 Scatter plots for mean wrap around error (dy,j avg) V/$ minimum separation (4;) for 400 Monte

Carlo trials, with external Gaussian noise (standard deviation 5 x 10*5). This is shown for K € {2, 3, 4, 5}
with L = 4 and C = 1. For each sub-plot, we mention the percentage of trials with dy, j ayg < 0.05 in

parenthesis
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