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Abstract

We show the counter-intuitive fact that some weighted isoperimetric problems on
the half-space Rﬁ , for which half-balls centered at the origin are stable, have no
solutions. A particular case is the measure du = x3 dx, with & € (—1,0). Some
results on stability and nonexistence for weighted isoperimetric problems on R" are
also obtained.
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1 Introduction

A manifold with density is a manifold endowed with a positive function, the den-
sity, which weights both the volume and the perimeter. This mathematical subject
is attracting an increasing attention from the mathematical community. The related
bibliography is very wide and, in this short note, it is impossible to give an exhaustive
account of it. Hence we remind the interested reader to [19] and [21] and the references
therein. One natural issue in this setting consists of finding families of densities for
which one can determine the explicit form of the isoperimetric set, see for instance
[5-10,12,17,23].
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The problem becomes more challenging when perimeter and volume carry two
different weights. One important example is when the manifold is RV, (N > 2), and
the two weight functions are powers of the distance from the origin, see [1], and the
references cited therein. The theorem proved in [1] states that all spheres about the
origin are isoperimetric for a certain range of the powers. One can modify this problem
by inserting a further homogeneous perturbation term, namely x7,, both in the volume
and in the perimeter, see [2] and [3]:

Minimize / Ix*x% H—1(dx) (P)
aQNRY

among all smooth sets 2 C Ri’ satisfying / |x|ex% dx =1
Q

where R_’X ={x € RN . xy > O}and k, ¢, o € R.

Adapting some new methods introduced in [1], in [2] and [3] the authors find, for any
given positive number «, a range of parameters k and £ for which the isoperimetric sets
are intersections of balls centered at the origin, denoted in the sequel by Bg, with Rﬁ .

In the present paper we discuss again problem (P), but for @ € (—1, 0). It turns out
that for a certain range of the parameters k and ¢, the problem has no solution despite
the fact that half-balls Bg N Rﬁ are stable. By this, we mean that the first variation of
the weighted perimeter vanishes while the second variation is nonnegative under every
smooth perturbation of d Bg N Rﬁ which preserves the measure constraint contained
in problem (P) (for a precise definition of stability see Sect. 4).

Our main result is the following

Theorem 1.1 Assume that a € (—1, 0), and that the conditions

k+N+a—1<\/(N—1)(N+oc—1), (L.1)

Nk+N+a—1)< @+ N+a)N—-1), (1.2)
N+a-1

+1<k+——-—— 1.3

ti= +k+N+a—l (1.3

are satisfied. Then the isoperimetric problem (P) has no solution, nevertheless half-
balls Bg N Rﬁ are stable.

Note that the conditions (1.1), (1.2) and (1.3) are satisfied in the model case k = £ = 0.

The delicate part in the proof of Theorem 1.1 relies on finding the best constant,
uy (Sﬁ ~1,ina weighted Poincaré-Wirtinger inequality on the half-sphere Sﬁ =
SV RY.

In Sect. 2 we prove a compact imbedding property for some weighted spaces for
functions defined on the upper half-sphere. To this aim we use stereographic coordi-
nates, since, in this coordinate system, the metric is just the conformal factor times
the identity. This allows us to use an already known compact imbedding result for
weighted spaces in RV~1,

In Sect. 3 we first note that uf (S_’X*l) represents the first nontrivial Neumann
eigenvalue of some self-adjoint compact operator on the half-sphere. In view of the
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imbedding result this implies that ¢ (Sﬁ - appears as a minimum of an appropriate
Rayleigh quotient. Then we write the operator in spherical coordinates and, using sep-
aration of variables and comparing the eigenvalues of two Sturm-Liouville problems,
we show that the exact value of 11 (Sﬁ ~1)is N+-a—1. This implies the stability of half-
spheres in view of Theorem 4.1 in [2], which holds true irrespectively of the sign of «.

In order to prove that the problem has no solution, we show in Sect. 4 that the
“isoperimetric ratio” (see (4.8)) for a unit ball centered at (0, ..., 0, t) tends to zero
when ¢ goes to infinity. This completes the proof of Theorem 1.1.

Our paper concludes with a few remarks on stability and nonexistence for some
weighted isoperimetric problems on R" in Sect. 5.

2 Notation and preliminary results

Throughout this paper the following notation will be in force:

Rﬁ = {x = (X1, . xy) €ERY 1 xy > 0}, x| :=

H={x=(,...,xy): xy =0},

BR(xO) = {xeRN: |x—x0| <R}, (xoeRN, R > 0),
B := Br(0), B} :=BrNRY,

sN=1 =3By, SY~1:=s¥"'nRY,

By i=1y=1...yn-1) e RV 1o |y =

The stereographic projection

Sf’lagr—nz:S({)eIB%l

from the south pole Ps = (0, .., 0, —1) and its inverse are given by

yi = di forl<i<N-—1,

1+ ¢n
and

2.

= forl<i<N-—1
[yl©+1
1= Iy2

V= 2IyI PN
Iyl©+1

respectively. As well known, in this coordinate system, see e.g. [13] p. 444, the metric
on SV~ 1is
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2 2
wor=(—2- Vs,
Y 2+1/)

SN—I

Hence do, the volume element on

2 N—1
da:,/detg“(y)dyz( ) dy.
N y?+1

For any function u : S_’K*I — R we define 2 : B} — R by

, is given by

ay) :=u), (y=5¢), cesi™.

Note that, if # is a smooth function, then

A = . 2 _
Vsu()| = /g ity, (x)ity,; (y) = |Vid(y)| - SErT ¢ esif™h.

For @ € (—1, 400), we consider the measure do,, defined on Sﬁ‘l, given by do
times ¢y In stereographic coordinates, such a measure takes the following form

A A
doy = 5 . 5 dy.
Iyl=+1 lyl*+1

Define the weighted Sobolev space W12 (Sﬁ -1 dcro,) as the closure of COO(Sﬁ -1
under the norm

2
l[ull

2 2
= ||lu + || Vsu
(st sam) = W IVsul?,

L2<S171;daa> L (Sﬂfl;daa) ’

Theorem 2.1 The space W2 (Sﬁ_lg daa> is compactly embedded in
L? (Sﬁ_l; daa> .

Proof As already noticed the stereographic projection from the south pole of Si\_’ ~lis
just B;. Let us first write the weighted norm of a function in stereographic coordinates.

2
[Vsull

A A — o
=Z/ [gua_ua_u} (L)Nl =Py,
(s o) = oy 1 0y 9y I\ Iy 4+ 1 P +1

2 -2 = 5 N—1 1—|y|2 o
=/ <_2 ) il ( k ) ! dy
B | \yI"+1 lyl©+1 [y|=+1

2N—3 1%
=/ ‘Vﬁz (|}’|+ ) (1_|y|)a dy
2 N—-3+a

B, (Iy>+1)
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and

2V gyl + D
el =/ WP - (1= YD dy.
12(sY " o) Jg, (|y|2+1)N o
Note that there exists C € (0, 1) such that for any y € B there holds

A (IR V|

< — =< = 2.1

and

Vol 1 N—-1+« " 1
C=<2 P+ (Iyl+ D" =< ok (2.2)

Now consider a bounded sequence {u,},cn of functions in w2 (SQ/ - doa> , that

is,

fluen |l ) <C VneN 2.3)

w12 (s} da,
Writing

d(y) =dist(y, 0B1) =1 —|yl,
and using (2.1) and (2.2) one immediately realizes that (2.3) is equivalent to

fB Vit |* d(n)* dy + fB i2d(y)*dy < C.
1 1

Now using Theorem 8.8 in [14] we deduce that, up to a not relabelled subsequence,
we have that there exists a function u € W12 (Sﬁ_l; daa) such that

/ i, — > d(y)*dy — 0
B
and therefore

u, — u strongly in L? (Sﬁfl; daa) .

) Birkhduser
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Theorem 2.2 The following Weighted Poincaré inequality holds true

1
u— W /SN—I udoyg <C ”VSMHLZ(Sﬁ*‘;daa) , 24
o + + L2<S§71;d0¢1)

where C € (0, +00) is a constant which does not depend on u.

Proof One can obtain the proof repeating the arguments of the classical one for the
unweighted case (see, e.g., [16], Th. 8.11, page 218). We include it for reader’s con-
venience. Assume, arguing by contradiction, that there exists a sequence {u}reny C

w2 (S_’Xﬁl; daa) such that
! d >k|V
ug — —) v ug doy >kl S”k”Lz(Sﬁ—l;d%‘)

L2<S$71;doa)

Consider now the normalized sequence

1
Up — —/ uy dog,
e (271) o
Vg = Vk € N.

i)
Uy — ———— uy doy
o (SY71) et

Lz(Sﬁfl;do—a)

Clearly

1
ng*I vrdoy =0, ||vk ”LZ(SZ_';d%) =1 and Hvsvk”Lz(Sﬁ_l;d%) < z 2.5)

+

for any k € N.
Thanks to Theorem 2.1 we have that there exists a function v € W12 (Sﬁf -1 ) oa)
such that, up to a subsequence,

vr — v strongly in L? (Sﬁ_l; daa> .
Finally from (2.5) we deduce that

_ _ _ N—1
/SAH vdo, =0, ”v”LZ(SQ’*I;daa) =1, and Vsv =0 ae.onS;, ",
N

which is impossible. O
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Journal of Fourier Analysis and Applications (2020) 26:15 Page70f19 15

Remark 2.1 Note the aim of the next Section is to find the best constant in (2.4).
Using Theorem 2.1 and Theorem 2.2 we immediately deduce the following
Theorem 2.3 Let
Vg i= :u e wh? (Sﬁ_l; daa) : / udoy, = 0} .
st

Every sequence {u,},cn C Vi such that

Vsl ) <CVneN

L? (SI_;_FI 1 dog
for some C € (0, +00), admits a subsequence, still denoted by u,,, such that

|, — ul| — 0 for some u € V. (2.6)

Lz(Sffl; daa)

3 An optimal weighted Wirtinger inequality

The spherical coordinates on Si\_’ ~Lare given by

IN = cosb
IN—1 = sinfy cos by
{N—2 = sin# sin 6 cos O3

& =sinbysinb; - ... -sinfy_pcosOy_1

g1 =sinf;sinb; - ... - sinOy_o sinOy_1
where
b4
01€ (0.5) 02 Oy-2 (0.7): Oy-1 € (0.27).

Let Agn be the classical Laplace Beltrami operator on S”. We consider the following
differential operator

1 0 ou
A% u=——n— | sinV 26 cos® 9] —
sV N2, 96, (1 ! lael> +

cos® 0y
T ASN—Z u.
sin“ 0

SN u = SN*lu.
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Finally we will denote by 1. (Sﬁ ~1) the first non-trivial eigenvalue of the following
problem

—AgN,lu = [t cos® Oju on Sﬁ_l

/ udo, = 0.
sy-!

Note that, by Theorem 2.3, u‘i‘ (Sﬁ -1 ) has the following variational characterization

3.

2
[, 1veuP dos

pg (SY = min § = withu € W2

/ u’ doy
si—1

(SQM; dao,) \{0) : /Sﬁl udoy = o} .

Indeed, the differential operator appearing in (3.1) is self-adjoint and compact.

Theorem 3.1 The following holds true:
pdSY H=N+a-1.
Proof We start by using standard separation of variables. Hence let
Y=g O) f6r,...0n1): SV > R

be an eigenfunction of problem (3.1) corresponding to an eigenvalue . A straightfor-
ward computation yields

! ! d d 11 Agv
P e (sinN‘Zel cos“@l_g) PR 2f
g sin’' 7= 0 cos* 0 db do; gsinlo,  f

Since, see [11] and [22],

Agn- Acn-
—S’}zf _ Constant & 221k (k 4 N —3), withk e NU{0},
we have
1 d (. yo d ) k(k+ N —3)
— = —— | S1In 0 COSae —_— + —yg = .
sinV =29, cos® 6, d91( ! 1d91g sin? 6, &= 8l

(3.2)

Let us denote with {4 }repy, the sequence of eigenvalues of the Sturm-Liouville prob-
lem (3.2).

) Birkhduser
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We claim that
wo > (N — 1 — ). 3.3)

Clearly the first “radial” eigenfunction, go(61), of (3.1) corresponds to k = 0. Since
go0(6#1) has exactly two nodal domains there exists 6 € (O, %) such that

g0(61) = 0if and only if 6 = 8.
Therefore
1o = 11 (0),
where A1 (5) is the first eigenvalue of the following Dirichlet problem

—Agy_ v =Acos”Hiv on Sﬁfl Nn{0 <6 <§}
(3.4
v=20 ona[Sﬁ_lﬂ{0<91<9}].

Since, as well known, the Dirichlet eigenvalues are monotone with respect to the
inclusion of sets, we have

A (/9) > Al (%) .
Let us conclude the proof of the claim by showing that
T
A (E) = (N =D —a).
A straightforward computation shows that
Yo(01) == cos' 7 0

is an eigenfunction of problem (3.4) with 6 = 7. corresponding to the eigenvalue
(N — 1)(1 — ). Indeed we have

1 d d k(k+N -3
R — (SinN_z 61 cos® 6 75,) + %8
sin’¥ == 0 cos® 0] dO; do; sin“ 0] k=0, g=cos'—@ 6,
-«

d (. N 1-
=————— — (sin 9):1—a N —1)cos' ~“ 0.
sinV =26 cos® 0 db; ( : ( ) ) !

Since o (61) does not change sign on Sﬁfl N {0 <60 < % }, it must be an eigenfunc-
tion corresponding to A (%) , and the claim follows.

Now let us turn our attention to the case k = 1, which corresponds to the first “angular”
eigenfunction. That is an eigenfunction ¢ of problem (3.1) in the form

Birkhauser
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@ =g1(0) f(O2,....,0N 1)

where

2161) >0 V6 e (0, %)

Note that, since any eigenvalue of the problem (3.2) is simple, the function g (6) is
unique, up to a multiplicative constant.
We claim that

g1(01) =sin 6.

Indeed we have

dgl) N -2
81

1 d . N=-2 o
T N=—2 A o an. s 91 Ccos 91— )
sin 01 cos? 6y db; do, sin” 6
1
=—— (N =2)sinV 30, cos*? 0
sinV—2 01 cos® 6, (( ) : :

N -2
— (@ + 1) sin¥~16; cos® 91) T
sin 0}
cos201 . N -2
=—(N-2)— + (@ + 1)sin6; + —
sin 0 sin 01

=(N4+a—1)sinf =(N+a—1)g16).
The claim is proved.
Gathering the above estimates, taking into account that « € (—1, 0), we have

-~ b3
u0=x1(9)>11(5)=(N—1)(1—a)=—Na+N+a—1>N+a—1=m.

m}

Remark 3.1 By equality (4.11) of [2], we have just proven that, the second variation of
the perimeter w.r.t. volume-preserving smooth perturbations at the half ball is nonneg-
ative for @ € (—1, +00). Note that in [7], see Proposition 2.1, the case of nonnegative
« is addressed.

4 An isoperimetric problem in the half space and a curious example
In this section we consider an isoperimetric problem that we have studied in [2], but
we will change the range of one of the parameters in it.

Let k, £ and « be real numbers satisfying

o> —1, 4.1)
L+ N+a>0, “4.2)

Birkhauser
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k+N+oa>0. “4.3)
We define a measure (¢ o ON Rf by
dpeq(x) = |x|x% dx. (4.4)

IfM C Rﬁ is a measurable set with finite p¢ o-measure, then we define M*, the
e, o-Symmetrization of M, as

M* = BY, 4.5)

where R is given by
tew (BR) = tea (M) =/ dppea(x). (4.6)
M

Following [21], the pux o—perimeter relative to Rﬁ of a measurable set M of locally
finite perimeter - henceforth simply called the relative jux o—perimeter - is given by

Py (M, RY) = /QMORN x§|xF Hy—1(dx). 4.7
+

Here and throughout, 9 M and Hy_; will denote the essential boundary of M and
(N — 1)-dimensional Hausdorff-measure, respectively.

We will call a set Q C Rﬁ a C"-set, (n € N), if for every M easan Rﬁ, there
is a number > 0 such that B,(x?) N © has exactly one connected component and
B, (x") N 8L is the graph of a C"-function on an open set in RV~

We consider a one-parameter family {¢, }; of C"-variations

RY x (e, 8) 3 (x,1) —> ¢(x,1) = ¢ (x) € RY,

with ¢(x,0) = x, for any x € Rﬁ. The measure and perimeter functions of the
variation are m(t) = peo (¢ (2)) and p(r) := Py, ,(¢:(£2)), respectively. We say
that the variation {¢;}; of 2 is measure-preserving if m(t) is constant for any small
t. We say that a Cl-set Q is stationary if p’(0) = O for any measure-preserving C'-
variation. Finally, we call a C?-set 2 stable if it is stationary and p”(0) > 0 for any
measure-preserving C2-variation of .

If M is any measurable subset of RY, with 0 < Mea(M) < 400, we set

Pl’l’k,a (M’ Rﬁ)

. (4.8)
k+N—+a—1 {+N+o

Rie.N,a(M) =

Finally, we define
CIC,HZN,a = Rk,(,N,a(BlJr). (4.9)

Birkhauser
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We study the following isoperimetric problem:
Find the constant Ci ¢ .« € [0, 400), such that

Cre.No :=1Inf{Ri e n.o(M): M is a measurable set with locally finite perimeter
and 0 < g o (M) < 400}. (4.10)

Moreover, we are interested in conditions on k, £ and « such that
Rie.Na(M) = Ri o n,o(M¥) (4.11)

holds for all measurable sets M C Rﬁ with 0 < py (M) < 400 and locally finite
perimeter.
Let us begin with some immediate observations.
The conditions (4.1), (4.3) and (4.2) have been made to ensure that the integrals (4.6)
and (4.7) converge. The cases « = 0 and @ > 0 were analysed in the articles [1] and
[2], respectively. Here we are only interested in the case

a e (—1,0),

that is, our weight functions are singular on the hyperplane {xy = 0}.
The functional Ry ¢ n « has the following homogeneity properties,

RieNa(M) = R e, N, (tM), (4.12)

where t > 0, M is a measurable set with 0 < g (M) < 4ocand tM :={t¢ : ¢ €
M3}, and there holds

C/Cflgd,zv,a = Rie.n,a(B). (4.13)
Hence we have that
CreNa < Ci%y o (4.14)
and (4.11) holds if and only if
Crina =Ci%y o (4.15)

We have the following

Lemma4.1 Leta € (—1,0). Then a necessary condition for the existence of minimiz-
ers of problem (P) is

kN > ¢(N — 1) —a. (4.16)

Birkhauser
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Proof In the following we write for any two continuous functions f, g : (0, +00) —
(0, +00),

f2g &= caf@®) <glt) <cgl) Vtell, +00),

for some constants 0 < ¢; < ¢».
Assume that (4.16) does not hold. Let Q(¢) := B1(0,...,0,1), (¢t > 1). Then we
have

Riona(Q(0)) ~ (atk—(k+N+a—1)(@+0)/(E+N+a)
Since KN < £(N — 1) — «a, it follows that
lim R e.v.a(R(0) =0,

that is, problem (P) has no minimizer. O
Remark 4.1 (a) Observe that (4.16) is equivalent to

Nk+N+a—-1)>(N-1){+ N + ). (4.17)

Note also that (4.16) is not satisfied if
k=¢=0,

that is, problem (P) has no minimizer in this case.
(b) Using trial domains

Q)= Bi(t,0,...,0),

and proceeding similarly as in the above proof, leads to another necessary condition
for existence of minimizers of (P), namely:

k(N +a) > (N +a —1). (4.18)

This necessary condition has been obtained in the case o > 0 in [2], Lemma 4.1.
Note that in our case, @ € (—1, 0), it holds true, too. However, if « € (—1, 0),
then (4.16) is more restrictive than (4.18).

Lemma 4.2 A necessary condition for radiality of the minimizers of problem (P) is

N+aoa-—1

+1<k4+-—----r.
+ +k+N~|—a—1

(4.19)

Moreover, if (4.19) is satisfied, then half-balls B;, (R > 0), are stable for problem
(P).

Birkhauser
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Proof This property has been obtained for the case @ > 0 in [2], Theorem 4.1. The
proof essentially depends on the fact that the first eigenvalue of the problem (3.1),
uy (Sﬁfl) is equal to N + o — 1. As we have proven above in Theorem 3.1, that
property still holds for « € (—1, 0). Hence the proof of [2] carries over to our case. O

Now we are the position to prove our main result.

Proof of Theorem 1.1: Non-existence follows from Lemma 4.1, while the fact that half-
balls are stable for problem (P) follows from Lemma 4.2—see also [2], Theorem 4.1
and Theorem 5.2 for the special case N =2,k = £ = 0. O

Remark 4.2 Observe that for each o € (—1, 0), the set of pairs (k, £) satisfying the
conditions (1.2) and (4.19) is non-empty in view of (1.1). In particular, it contains the
point (0, 0).

We conclude with a result that has been obtained for the cases e = 0 and @« > 0 in
the papers [1] and [2], respectively.

Theorem 4.1 Letk > (+1anda € (—1,0). Then (4.15) holds. Moreover, ifk > £+1
and

Rio.N.a(M) = CzaedN o Jor some measurable set M C Rﬁ with 0 < pg.q(M) < 400,
(4.20)

then M = B; for some R > 0.

For the proof we need a property that has been known for the cases o > 0, see [2],
Lemma 4.1. The proof carries over to our situation without changes.

Lemma4.3 Let k, ¢ and o be as above and ¢! € (—N — «, £). Further, assume

d d .
that Cy e N = Ci'f .o Then we also have Cy ¢ N0 = C,ifle,’N’a. Moreover, if

Rio.No(M) = CZ_“Z‘,I_N o Jor some measurable set M C RY, with 0 < He o(M) <

400, then M = B; for some R > 0.
Proof of Theorem 4.1: We proceed similarly as in [2], proof of Theorem 4.1. The idea
is to use Gauss’ Divergence Theorem. We split into two cases.
1. Assume that k = ¢ + 1, and let Q a C!-set. Define the domain
Q=QUHNIVDUx = (x1,...,—xy): x € Q.
Then we have in view of the assumptions (4.1), (4.3) and (4.2),
2 f x| xfy (x - v) Hy—1(dx) = / xSy O - v) Hy -1 (dx),
JQNRY aQ
(v : exterior unit normal ), 4.21)

2/ |x|€xj'(,dx:/N|x|le\‘,dx. (4.22)
Q o}

Birkhauser
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Furthermore, Gauss’ Divergence Theorem yields

1
/ x| fx Ydx = / div <|x|zxj‘\‘,x) dx
£+ N+«

= / _Ixl xfy (x- vyHN-1(dx)
IR

< / xR My - (dx), (4.23)
oQ

with equality for Q= Bg. Using this, (4.21), and (4.22), we obtain (4.15) for Cl-sets
when k = £+ 1, and then by approximation also for sets with locally finite perimeter.
2.Letk > £+ 1. Then, using Lemma 4.3 and the result for k = £+ 1, we again obtain
(4.15), and (4.20) can hold only if M = B;. ]

5 Some remarks on isoperimetric problems on RV

Ideas as they were used in the last section are useful in other situations as well. In
this section we are interested in criteria for nonexistence and nonradiality of solutions
to some weighted isoperimetric problems on RY. More results to these and related
questions can be found in the papers [12,15,20,21] and in [18].

Let f, g be two positive functions on RY with g locally integrable and f lower semi-
continuous. For any measurable set M C RY we define its weighted measure and
perimeter by

M|, :=/ g(x)dx, and .1)
M

Pr(M) = /a 0y (@), (5.2)

Then C"-sets, stationary and stable sets are defined analogously as in Sect. 4, replacing
RY, Py, (M) and g (M) by RN, Pr(M) and |[M|g, respectively.
We consider the isoperimetric problem

Find inf {Pf(M) : M has locally finite perimeter and|M|g = d }, d > 0).
5.3)

Let us first assume that f and g are equal and radial, that is, there is a function
h : [0, +00) — (0, 00) such that

f(x) =gx) =h(x|) Vx e RV, (5.4)

It has been known for some time—see for instance [4], Corollary 3.11—that if & €
C?(0, +00), and if log /1 is convex (equivalently, if 4 is log-convex) then balls centered
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at the origin are stable for the isoperimetric problem (5.3). Recently G. Chambers, see
[10] proved the beautiful Log-convex Theorem:

If f = g, f € C! and h is log-convex, then balls centered at the origin solve problem
(5.3).

Note that the smoothness assumption for f at zero in the theorem forces i to be
non-decreasing.

We will show below that the situation is different when £ is log-convex, but decreasing
on some interval.

Lemma 5.1 Assume that f satisfies (5.4), where r — h(r) is log-convex and strictly
decreasing for r € (0, Ry), for some Ry > 0. Then there exists a number dy > 0,
which depends only on Ry, such that for any d € (0, dy], balls centered at the origin
with measure d are not isoperimetric for problem (5.3).

Proof For any d > 0 choose positive numbers R(d), p(d), such that

|Bra)lf = |Bp@a)(y(d))|f =d,
where y(d) = (Ry — p(d), 0, ...,0). (5.5)

If d is small enough—say d € (0, dg]—then we have that

R(d) < Rp —2p(d) and (5.6)
[h(Ry — 2d)1" < h(R(d)) [h(Rp)IV . (5.7)

From (5.5) we find, using the monotonicity of 4,
onh(R@)(R@)N > wxh(Ro)(p@)",

that is,

p(d) < (M)UN R(d). (5.8)
h(Ro)

Hence the monotonicity of &, (5.6) (5.7) and (5.8) yield

Pr(Bya)(y(d)) < Noxh(Ry —2p(d)) (p(d)" ™!

h(R(d))\ N ~V/N
)"

< Nonh(Ro —2p(d)) - (

< Noyh(R(@))(R(d)N ™!
< Py(Br))- (5.9)

This proves the Lemma. O

We conclude this section with a non-existence result.
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Theorem 5.1 Assume that f and g satisfy

f(x) <cilx|™ and (5.10)
g(x) = calx| P for|x| = Ry, (5.11)

where «, B, Ry, c1 and cy are positive numbers and

N
B<N and o >

- B. (5.12)

Then the isoperimetric problem (5.3) has no solution.

Proof Fix d > 0, and set z(¢) := (¢, 0, ..., 0) forevery r > 0. Choose R(¢) > 0 such
that

|Br()(z(1))]g = d. (5.13)
In view of (5.11) this implies that

lim (t — R(t)) = +o0. (5.14)
t— 400
When ¢ is large enough—say ¢ > fp—assumption (5.11) and (5.14) yield

(o) dx = 1V / g(iy)dy
BR(t)/t(Z(l))

|Br(1)(z(£)) g =/

B (z(1))

> eptV P / I dy. (5.15)
BRr(1)/1(z(1))

Now from (5.15) we obtain the following alternative:

. R@®
If8 <N, then lim —— =0, and (5.16)

t——4o00

R(t
if 8 = N, then ¥ <1-—4fort > 1y, forsomed € (0, 1). (5.17)

Further, from (5.13) we have
d > wn(R)Nea(t + R(1)7P. (5.18)

Using this, (5.16), (5.17), (5.12) and again (5.10), leads to

Py (Bray(2(1))) = / () Hy—1(dx)

dBR(1)(z(1))
< ci(t — R(®) *Naoy(R()N !
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g\ N=D/N
< 1= Ry N (O

—> 0 ast — +oo. (5.19)

The theorem is proved. O

Remark 5.1 The case that f(x) = |x|™%, g(x) = |x|™#, (x € RY), with B < N,
was treated in [1], Lemma 4.1. See also [12], Proposition 7.3 for the special case

fx) =gx) = |x|7F.
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