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Abstract

Norm equivalences between a function and its Hankel transform are studied both in
the context of weighted Lebesgue spaces with power weights, and in Lorentz spaces.
Boas-type results involving real-valued general monotone functions are obtained. Cor-
responding results for the Fourier transform are also given.
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1 Introduction

Given a 2 -periodic function f with Fourier series

o
Sx) ~ %0 + Zan cosnx + by sinnx,

n=1

a classical problem is to study relations between the integrability of f and the summa-
bility of its Fourier coefficients {a,}, {b,}. One of the most celebrated results in this
direction is the Hardy-Littlewood theorem [20], which states that for 1 < ¢ < oo
there exist a constant C; such that
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2 1/q o0 1/q
Cq1< /0 If(x)l"dX> s(|ao|‘f+zln‘f2(|an|‘f+|bn|q))
27 1/q
scq(/ lf(x)lqu) . (L1
0

This representation of L9 norms of functions via the weighted ¢ norms of their
Fourier coefficients is useful for applications in other problems (cf. [18,30,33] and the
references therein). Thus, two interesting problems are to study what kind of weights
may be incorporated in (1.1) and what generalizations of monotone sequences may
be considered in such a way that relation (1.1) still holds. It is worth mentioning that
such a relation with Lorentz norms instead of Lebesgue norms has also been object of
study, although we omit such results for the sake of simplicity.

Extensions of the equivalence (1.1) have been given for more general weights in
[34], and the monotonicity condition was replaced by general monotonicity in [12,
13,40,42], among several other works. It is worth to mention that a general monotone
sequence need not be nonnegative (although it is a typical assumption in this kind
of problem, in order to show the left-hand side inequality of (1.1)). Thus, one may
wonder if (1.1) also holds when the nonnegativity assumption is replaced by a milder
one. The answer is positive if we consider {a, } and {b, } to be real-valued and to satisfy
the general monotonicity condition

2n an |Ck|

Yla—anl=C Y. ==  a=a b, (1.2)
k

k=n k=n/1

for all n, where C, A > 1 are absolute constants. More precisely, in [12], the authors
proved that for real-valued sequences {a,} and {b,} satisfying (1.2), the equivalence

i , 1/q
<|ao|q + Y 0P (| + |bn|4))

n=1

27 1/q
x</ xq/p—l|f(x)|qu) , l<p<oo, 1=5g=o00,
0

holds, with the usual modification for ¢ = oco. Here and in what follows the symbol
= is defined as follows: if A < C B, where C is independent of essential quantities of
A and B, we write A < B. Likewise, A 2 B will denote A > CB, and if A < B and
A 2 B simultaneously, we write A < B.

A converse equivalence for Lorentz norms was also obtained in [12], i.e.,

o0 1/q
((aa‘)q + > P (@ + (b;:)"))

n=1

2w 1/q
x(/ xq/p]f*(x)qu) , l<p<oo, 1<g=<oo,
0
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where f* denotes the decreasing rearrangement of f (defined below), and {a;} and
{b}} are the decreasing rearrangements of {a, } and {b, } respectively, or in other words,
the sequences {|a, |} and {|b,|} rearranged in decreasing order.

Before discussing the analogous inequalities to those presented above for Fourier
transforms instead of Fourier series, let us introduce the basic notions we will use.
All functions considered in this paper will be defined on an interval of R (mostly on
R4 := (0, 00)) and Lebesgue measurable. Non-weight functions are also assumed to
be locally integrable on their interval of definition.

For 0 < ¢ < oo and a weight w : Ry — R,, the weighted Lebesgue space
L9 (w) is defined as the set of all complex-valued measurable functions f for which
the functional

1/q
(fooo w(x)|f(x)|qu> , if0 < g < o0,

SUP¢(0,00) W) (X1, if ¢ = oo,

1 fllLaqw) ==

is finite. A particular example of weighted Lebesgue space that plays a significant role
in this paper is the space L9 (w) with w(x) = x9/?~! and 0 < p < oo (where in
the case p = oo we take the convention 1/p = 0 and in the case ¢ = 0o, we set

w(x) = x/P). Following Sagher [34], such a space will be denoted by L;’( ) and
obviously L? = L9. We may also refer to Lebesgue spaces for functions defined

on R; in this case the integration is obviously performed on R, and if the corresponding
functional is finite we write that f € L% (w).

We also define the Lorentz spaces L4, introduced in [27] (see also [2]). To this
end, recall that for a function f defined on an interval (a, b) C R, the distribution
function of f (with respect to the Lebesgue measure) is

di(s) =l{x € (@, D) : [f(X)| > s}, s=0,

where | E| denotes the Lebesgue measure of a set E. The decreasing rearrangement of
f is then defined as

ffx) =inf{s >0:ds(s) <x}, x=>0.

The Lorentz space L9, with0 < p, g < o0, is the set of all complex-valued functions
f defined on (0, oo) for which the functional

1/q
® (y1/p rx 9dx if0
X X , if0 < p,g < oo,
”f”Ll’v‘l = (fo ( f ( )) x) 2%
SUP, ¢ (0.00) X /7 f¥(X), if0 < p <ooandg = oo,
is finite. We will denote the corresponding Lorentz space of functions defined on
R as LE?. It is well known that for any 0 < p < oo, L”"P = L”, and for any

0 < g <r < o0, LP1 is a subspace of L?" [19], or in other words, there exists a
constant C,, 4 - such that for every f € L9,
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Il fllepr < CpgrllfllLra.

Note that if we restrict ourselves to considering only decreasing functions, the spaces

L?(p " and L”? coincide. Another useful expression for the Lorentz norm is [19]

1/q
g [ 1/p\4ds i
I fllre =47 (fo (sdy&)P)1S ) » M0 <pg<oo 4

SUPse(0,00) Sdf(s)l/pa if g = o0.

As one may expect, the equivalence (1.1) has its analog in the case of Fourier
transforms, whose one-dimensional version reads as

R 1/q 1/q
(/ |x|472|f(x)|q dx) = (/ |f(x)4 dx) , l<qg<oo, (1.4)
R R

for any even function f nonincreasing on (0, oo) (cf. [41, Ch. IV]). What is more,
Boas conjectured [3] that a similar relation to (1.4) with weights should be satis-
fied for sine and cosine transforms. More precisely, the conjecture is as follows. Let
G(x) = fooo g(t)p(xt) dt, where ¢(s) is either sin s or coss. If g is nonnegative and
nonincreasing and —1/¢’ < y < 1/q, then

x’H=24G(x)e LY ifandonlyif Vg(t)elL!, 1<gq < oo.

An extended version of this conjecture was proved by Sagher in [34], where he
also considered Lorentz spaces L?”¢ in place of the Lebesgue spaces LY. Recent
developments on general monotone functions (whose definition is analogous to (1.2),
cf. Sect. 3) gave rise to further generalizations of Boas conjecture, see [23,39,40]. In
particular, the Boas problem was studied for the one-dimensional Fourier transform
[24] (see also [25]), the multidimensional Fourier transform of radial functions [16],
and for Hankel transforms [8]. In these works the involved functions were assumed to
be nonnegative.

A complex-valued function defined on R and locally of bounded variation f is
said to be general monotone (f € GM) [23] if there exist constants C > O and A > 1
(depending on f) such that

2x rx
/ |df ()| < C/ Utﬂdt, for all x > 0. (1.5)
X X/

Our main goal is to prove a version of Boas conjecture for Hankel transforms of
general monotone functions with the assumption g > 0 replaced by g real-valued,
from which all previous results, such as Hardy-Littlewood theorem, can be derived.
We also give corresponding integrability theorems on Lorentz spaces. We emphasize
that results in this direction were obtained very recently for Fourier series in the paper
[12].
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For @« > —1/2, the Hankel transform of a function f € L! (0, 00) (see [41, Ch.
VIII] and [38, Ch. IV]) is defined as

Hof(y) = fo FOOVT Gy dx,  y € Ry, (16)

where J, denotes the Bessel function of order « (cf. Sect. 2.1). It is well known that
Hankel transforms describe the Fourier transforms of radial functions defined on R”.
More precisely, if f € L'(R") and f(x) = fo(|x|), its Fourier transform is also
radial, and moreover

Y7 Fo) = 'y'%l/w F@EY dx = ey Hy i [s"F Ho©))D. (A7)

see [38, Ch. IV, Theorem 3.3]. Furthermore, since the Fourier transform in one dimen-
sion can be written as a sum of two Hankel transforms (see Sect. 2.1 below), obtaining
Boas-type results for Hankel transforms allows to derive the corresponding theorems
for the Fourier transform.

In what follows we consider the Hankel transform of f to be the pointwise limit

N
Hy f(y) = Agiino fM F ) /xyJo(xy)dx. (1.8)
N—o0

Our main results read as follows.

Theorem 1.1 Let f € GM be real-valued. For 1 < q < oo and < p < 00,

a+3/2
one has

Ix!P=YaHy fllpe < |1x/P7Y4 £ 1,

. q . 3 q
or in other words, [ € Lt(p,q) ifand only if Hy f € Lt(p',q)'

Theorem 1.2 Let f € GM be real-valued. For1 < p < o0 and 1 < g < 0o, one has

I Ho fll g < N fliLra,

or in other words, f € LP9 ifand only if Hy f € LPa.

Theorem 1.1 was proved for nonnegative f and 1 < g < oo in [8] (see also [16]
for the case of Fourier transforms of radial functions, and the earlier [24,25] for the
sine and cosine transforms).

It is worth mentioning that the inequality < in Theorem 1.1 is a particular case of
the well-known Pitt’s inequality (see, e.g., [1,7,17,31,32]). Such kind of inequalities
are often studied excluding the cases g = 1, oo.

With Theorem 1.1 in hand, we can easily derive the promised integrability results
for the Fourier transform in one dimension, and also for Fourier transforms of radial
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functions in several dimensions. The corresponding Boas theorem for the Fourier
transform in one dimension reads as follows (a version of this result was proved for
nonnegative G M functions in [5]).

Corollary 1.3 Let f be a function defined on R and such that the even and odd parts

of f,

f)+ f(=x) f&x)— f(=x)

Je(x) = ) > Jo(x) = B

are real-valued GM functions (when restricted to (0, 00)). Then, for 1 < p,q < oo,
v(x) = [x|9/P=1, and w(x) = |x|9/P"~],

feLliw o feliw) & felh? o feLb
In higher dimensions, identity (1.7) allows to characterize power weights for which

Pitt’s inequality (on R") for radial GM functions holds.

Corollary 1.4 Let f be a real-valued radial function defined on R", ie., f(x) =
fo(lx|), and such that fo € GM. Then

/ P F Lol dx = / 79 F GOl dx < f = fo)[9 dt,
R R R,

n—+1
2

. . 2n n n
ifandonlyify = p+n— — and — — < B < -
q q q

Finally, we also give a generalization of Hardy—Littlewood theorem for the Fourier
transform of real-valued radial functions [41, Ch. IV], which immediately follows
from Corollary 1.4 with the appropriate choice of 8 and y.

Corollary 1.5 Let f(x) = fo(|x|) be a real-valued radial function defined on R", and
such that fo € GM. Then

f | F 0l dx =< / lx|"@=2] £ ()] dx
n Rn

2n
n+1

if and only if < g < 00, and

/|x|”<‘f*2>|f(x)|‘fdxx/ | f (019 dx
Rn Rn

2n
-1
The paper is structured in the following way. In Sect. 2 we introduce the preparatory

material concerning Hankel transforms, which includes their definition in the distribu-
tional sense. Section 3 is devoted to the discussion of general monotone functions. In

ifandonly if 1 < g <
n
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particular, we prove Theorem 3.3, which relates weighted norm inequalities between
a general monotone function and its maximal averaging operator, a central tool to
carry out this work. Section 4 is devoted to find sufficient conditions on a function f
so that its Hankel transform H, f is well defined as an improper integral (where we
also assume f is general monotone), and as a distribution. Finally, in Sect. 5, we put
everything together in order to prove our main results, namely Theorems 1.1 and 1.2.
The mentioned results for the Fourier transforms (Corollaries 1.3 and 1.4) are also
proved.

2 Preliminary Concepts

2.1 Bessel Functions

For o« > —1/2, the Bessel function of order «, Jy, is defined as
)

(=¥ a+2k
Jo(x) = Zk'F(k+cx+1)< ) , x >0,

and the series converges absolutely and uniformly on every compact interval. Let us
now mention some useful properties of J,, which can be found in [15], together with
alternative definitions and several additional properties. First of all, we have the upper
estimate

Cyx“, ifx <1,
Jo ()| < - 2.1
Halx)| = {Cax_l/z, ifx > 1, @1
or equivalently, |Jy (x)| < C, min{x®, x~1/2}. For @ = +1/2, one has
7 ) 2 cosx i () 2 sinx 2.2)
_12(x) =4/ — , X) =,/— , .
1/2 T /x 1/2 T

so that the cosine and sine transforms of f are equal (up to a constant) to H_1 > f and
Hy )y f, respectively.
For o« > —1/2, let us denote by

X
K% (x) =/0 112 I (ty) dt,

so that

i o _ .12
dey(x)_x Jou(xy). 2.3)
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Such a function is well defined, since J, is continuous and 7 J, (ty) vanishes as ¢t — 0.

_ 2 sin
For o = —1/2, it follows from (2.2) that K, 1/z(x) = —%
T y3/

It is shown in [10] (see also [8]) that

satisfies (2.3).

KEI Sy x>0 24)

This estimate is particularly useful when integrating by parts.

2.2 Distributional Hankel Transforms

Under the assumption f € L'(0, 00), the integral in (1.6) is absolutely and uniformly
convergent on R, and if H, f € L'(0, 00), the inversion formula

Fo) = fo Ho f (0) /T3 Ju () dy 25)

holds. Furthermore, if f and G are in LI(O, o0), and F and g denote the direct and
inverse Hankel transforms of order @ of f and G, respectively, Parseval’s formula

/‘00 fx)gx)dx = /OO F(x)G(x)dx (2.6)
0 0

holds.

However, such integrability conditions for the above theory to work are rather
restrictive. We can define the Hankel transform of functions from wider spaces in
the distributional sense, analogously as done for the Fourier transform [19], based on
Parseval’s formula (2.6). We follow the theory of Zemanian. In [43], he constructed,
forany o > —1/2, topological linear spaces H,, of test functions defined on (0, oo) for
which the Hankel transform H, is an automorphism. We now briefly present the basic
elements of this theory that will be useful for our purpose. Before proceeding further,
we refer to [22,26,29], where the reader may also find a distributional approach to the
Fourier transform of radial functions.

Definition 2.1 A complex-valued function ¢ € C°°(0, oo) belongs to H, if for any
nonnegative integers m, n,

Y (@) = sup X" (xT' D) (x T 2p(x))| < o0, (2.7)
x€(0,00)

where D = d/dx.

The space H,, is linear over C, and its topology is the one given by the seminorms
(2.7). In [43], the author also proved the following.

Lemma 2.2 Let « > —1/2. Then the Hankel transform H, is an isomorphism from
‘H, onto itself.

Birkhauser
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For a fixed « > —1/2, the space H,, in the theory of the Hankel transform (of
order «) plays an analogous role as the Schwartz space . in the theory of the Fourier
transform. For a more exhaustive treatment of the spaces H,, see Sect. 2 of [43].

Let us denote Ry := (0, 00). By Dr, we denote the space of smooth functions
supported on R, with the topology that makes its dual D}, the space of Schwartz
distributions on R (cf. [36, Ch. III] for further details). Under these definitions, it
turns out that

Lemma 2.3 The space Dy, is a subspace of Hy, for any o > —1/2.

It should also be mentioned that the space Dg, is not dense in H,.

The analogue to the space of tempered Schwartz distributions .¥” is defined as
follows. We denote by H,, the dual space of H,, which is a linear space. By (T, ¢),
we denote the complex number that 7 € H,, assigns to ¢ € Hy.

The spaces H,, are equipped with the weak topology generated by the seminorms

ne(T) =T, @), ¢ € Hg arbitrary.

Moreover, for any T € H,,, there exist » € N U {0} and C > 0 such that for every
¢ € Hy,

T, ¢)l < C max Yorn (#)

0<n<r

which is proved in an analogous way as its counterpart for tempered distributions [44].

Let us now define the Hankel transform of a distribution T € H,. It is defined
similarly as the Fourier transform of a tempered Schwartz distribution, that is, via
Parseval’s theorem (2.6).

Definition 2.4 The Hankel transform of order « > —1/2 of T € 'H,,, H, T, is defined
by the relation

(T.Hyp) = (HoT. @), ¢ € Ha. (2.8)

Relation (2.8) determines a functional H, T on H,,, and it can also be used to define
the inverse transform H,, !.

Theorem 2.5 Let o > —1/2. Then the Hankel transform Hy is an isomorphism from
H,, onto itself.

The ordinary Hankel transform defined for functions f € L' (0, co) is then a special
case of the distributional Hankel transform (2.8).

We emphasize that all the results presented in this section can be found with more
detail in Sects. 2-5 of [43].

3 General Monotone Functions

The concept of general monotonicity (already defined in (1.5)) was first introduced by
Tikhonov for sequences in [39,40] (see also [23] for a comprehensive survey on GM
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functions and sequences). Note that without loss of generality, if f € GM, we may
take a different GM constant A’ = 2" > A with v € N in place of A. For convenience,
we will use this property repeatedly.

We now list some properties of GM functions that will be useful later.

Lemma 3.1 [23] Let f € GM.
(1) The function x? f(x) is general monotone for any y € R.

v
(i) Foranyt > 0and anyu € [t, 2t], | f(u)] 5/ |f Ol
X

t/h

dx.

o0 o0
(iii) Foranyt > 0 and any y € R, / xVdf(x)| < / x’ 7N F ()] dx.
t t/A

(iv) Lete > 0. If f € L'(0,¢), then xf(x) — O asx — 0. If f € L'(g, 00), then
xf(x) > 0asx — oo.

Remark 3.2 1t is shown in [9] that if instead of f € Ll(s, 00), the function f is real-
valued and f 800 f(t) dt converges in the improper sense, then xf (x) — 0 as x — oo.

The following result due to Booton [4] relates the Lorentz and weighted Lebesgue
norms of GM functions. It was originally stated in more generality, but we present a
simplified version that is enough for our purpose.

TheoremA Let f e GM. Forl < p <oocand1 < g < 00, 0or p =g = 00, one has
10, = 1 e

Define, for g, ¢ : Ry — C,
o
P, (1) = (@1, 8) =f0 @r () g (u) du, (3.1

where ¢; (u) = t~'o(u/t). We also denote

M®g(t) = sup |Pg(x)]. (3.2)

x>t
1 X
—/ gm)du
x Jo

norm inequality for a weighted averaging operator applied to G M functions, which is
the key result of our approach. The statement is as follows.

Note that if ¢ = x(0,1), then M @4 () = sup . We now aim to prove a
x>t

Theorem 3.3 Let 0 < g < o0. Let g € GM be real valued, vanishing at infinity, and

such that x" g(x) — 0 as x — 0 for some r > 0. Define ¢ = assume

C426rv+8v+16°
¢ : Ry — [0, 1] is supported on the interval (0,1 4 ¢/2), and that ¢(x) = 1 for
x € (0,1). Letw : Ry — R, beaweight satisfying w(s) < w(t) foralls,t € [x, 2x]
and x > 0. Then

lgllLaw) S NIMPgllLaw).
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In order to prove Theorem 3.3 we need some auxiliary results. From now on, we
assume without loss of generality that the GM constant A (see (1.5)) equals 2" for
some v € N. Let us define, for any function g € GM and any n € Z,

Ap:i= sup g,
2"5152"+1
B, = sup lg@®)].

on—2v §t§2n+2v

Given r > 0, for n € Z, we say that n is a good number if B, < 22’”An. The
rest of integer numbers consists of bad numbers. Recall that the constant v comes
from the GM condition. The parameter » will be arbitrarily chosen at each point
according to our convenience. In contrast with [9,14], here we consider a slightly
different definition of good numbers by incorporating the parameter » > 0 (in the
cited papers r = 2 is fixed). The reason to do this is that every power function x”
(which is a GM function for any p) will have an infinite amount of good numbers if

r is chosen appropriately according to p. We give two examples illustrating this fact.
-2

On the one hand, if g(x) = x™*, since
1 1
Ay = ﬁ’ B, = 22,1—_41},

then B, = 2*”A,,, and all natural numbers n (associated to g) are good (with r = 2).
On the other hand, if g(x) = x~3, since

1 1
An = o3, By = 23n—6v’

then B, = 2%V A,,, thus all natural numbers n are good if r = 3, and bad if r = 2.

Lemma 3.4 Let g be a GM function. For any good number n, there holds

on
>
— C22rv+v+3’

|Enl := (3.3)

_ A
{x €', 2] g()] > C223’+3}

where C and v are the constants from the GM condition.

Proof The proof just consists on rewriting that of [9] in the context of functions, with
the difference that in the mentioned work the parameter r = 2 is fixed (see also [14],
where this idea was originally carried out for sequences). Assume (3.3) does not hold
forn € Z. Let us define D, := [2"7", 2"*V]\ E,,. Then, since n is good,

2n+v
/ Ig(X)Idxz/ |g(X)|dx+/ LGN
n—v X D, X E, X

21TV A, 2" B, Ay B, Ay

= Con—v2v+3 + C2n—v2rv+v+3 = 3C + C22rv+3 = AC”
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The GM condition implies that for any x € [2", 2”“],

on+l

18] = A, —/
2n

on+v

8@l .
n—y t

A A
g = 4, - C SR

which contradicts our assumption. O

Note that in particular, Lemma 3.4 implies that if n is a good number, then A, > 0.
Before stating the next lemma, let us introduce the following notation:

El={x€E,:gx)>0}, E,={xeckE,:gk) <0}

Lemma 3.5 Let g be a real-valued GM function. For any good number n there is an
interval (£, m,) C [2"7V, 2" V] such that at least one of the following holds:

1. forany x € (£,, my,), there holds g(x) > 0 and

n

N e
|En N Ly, mp)| > C324rv+5v+127

2. forany x € (£, my), there holds g(x) < 0 and

n
[E, Ny, my)| = it
where C and v are the constants from the GM condition and r is the parameter from
the definition of good numbers.

n

Proof On the first place, by Lemma 3.4, either |E,[| > o O |E,; | >
2”
R We assume the former, and prove that item 1. holds.

Let us construct a system of disjoint intervals {/; = [s;, tj]}jp":l in [2"‘“, 2V 4

82”] (where ¢ < 1 will be conveniently chosen later) as follows: Let s; = inf E,J[ R
and

71 = inf{x € [s1,2""]: g(x) < O}.

If such 7; does not exist, then we simply let #{ = 2" and the conclusion follows
with (¢, m,) = (s1, t1). Contrarily, we define

=1 +&2".
Once we have the first interval I = [sq, 1], if |E,;7\I1| > 0, we let s = inf E;F\ I},
and define 7, similarly as above, thus obtaining a new interval Ip = [s2, f2]. We

continue this process until our collection of intervals is such that

IENN(LZWULU---UI,)| =0.
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By construction, for any 1 < j < p, — 1, we can find y; € [s;, 7;] such that
yj € E;f,and z; € [z}, #;] such that g(z;) < 0. Thus,

1 An
/1,. dg(r)] = f 4801 = 80) ~ 8(2)) 2 80 > gy

Hence,

ontv pn—1

A,
[ o= 2 /1,. 48] = (= 1) s

On the other hand, the G M property and the fact that n is good imply that

on+v 271+2U 2n+2u

/ dg(1)] < C2v/ 8O < csz,,/ S dx
on—v on=2v X =2 X

= C2vB, 10g2* < C2¥"81%A, log2 < C22" 234,

We can deduce from the above estimates that

pn 5 C222rv+4v+6 + 1 S C222rv+4v+7.

By the pigeonhole principle (or Dirichlet’s box principle), there is an integer j such
that

n

+ . - -
|E" n IJ' = C324rv+5v+11°

Given this j, we set ¢ = ez and (£, my) = (sj,t; —&2") = (5, 7)) C

[27~V, 2"tV], and the result follows. O
Concerning bad numbers, we have the following result.

Lemma3.6 Let g € GM be vanishing at infinity and such that x"°g(x) — Oasx — 0
for some 0 < ro < r. Then, for every bad number m € 7 there exists either a finite
sequence

m=yy>yl > >V = Vms, (3.4)
or
m=y) <yl <-<Vs=Vms (3.5
such that yo, Y1, . .., Ys—1 are bad, y; is good, and the inequalities
Ay < Z_MAVM’ lyj — vj+1l < 2v,
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hold for every 0 < j < s — 1. In particular, there are infinitely many good numbers
associated to g.

Proof Let m € Z be a bad number. Then A,, < 272"VB,,, and we can find y € Z
satisfying B, = A, and |[m — y| < 2v. Let

yi =min{y € [m —2v,m +2v) NZ: A, = By}.
We now have two possibilities, either y; < m, or y; > m. Assume first y; < m.
Then either y; is a good number, or there exists y satisfying |y; — y| < 2v for which
B, = A, . Note that in this case y < yj, otherwise we arrive at a contradiction. Set

y2=min{y € [y1 —2v,y1)NZ: A, = By }.

Continuing this procedure, we can prove that we eventually find a good number y;,
so that the sequence

m=y >yr>-->Ys
is such that yy, ..., ¥s—1 are bad numbers, and y; — yj31 <2vfor0 < j <s—1.

Indeed, if we could not find such a y;, then there would exist an infinite sequence of
bad numbers

y0>y1>...>ys>‘}/s+1>-..’

sothat yj_1 — y; < 2v and

0<272VAy, <274, <. <27¥4, (3.6)
for all j > 1. Now, note that

royj = royo — 2rojv.
Combining this with (3.6), we obtain, since 0 < ry <r,
2r0y_,'Ay. - 2;*0)/0—2;*(”‘u—i-Zru(j—l)Ay1 — 2r0y0—2ruAy] 22jv(r—ro) > 2ry0—2ruAyl > 0.
; >

Letting j — oo, we find that x"°g(x) /4 0 as x — 0, which contradicts our hypothe-
ses. This concludes the part of the proof corresponding to the case y; < m. Let
us now assume y; > m. Then either y; is good, or there exists y > y; such that
y—v1<2v—1,and A, < 2_2”’B,,1 = 2_2"’AV (the case y < yj is not possible,
as it leads to a contradiction). We now define

2 =max{y € (y1,y1 +2v)NZ: A, = By},
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and similarly as above, we can continue this procedure and obtain a finite sequence
m=y)<yr<--<Ys 3.7
where the numbers yy, ..., ys—1 are bad, y; is good, and moreover,

Viel—vi S20—1, A, <277VA,

forall 0 < j < s — 1. If we could not find the finite sequence from (3.7), then there

would exist an infinite sequence of bad numbers

y0<y1<...<ys<‘}/s+1<'..’
and we would obtain

2r(sp—s1)v
A),_Y2 > 2 AySl, s1,82 >0,

thus contradicting the hypothesis that g vanishes at infinity. O

Note that in the proof Lemma 3.6, for any bad number m, the number y;, s obtained
in (3.4) or (3.5) is uniquely determined. The natural number s will be called the length
of the bad number m. We also define the sets

Ql := {m € Z : m is a bad number and (3.4) holds with y,,, s = n},

n

Q% :={m € Z : m is a bad number and (3.5) holds with y,,, s = n},

and note that Q{;l N Qﬁz = () for every n1,n, € Z and j, k = 1, 2. Moreover, if we
denote by G the set of good numbers, one has

Z:Gu(UQ},)U(UQﬁ),

neG neG
where all the unions are disjoint.

Remark 3.7 For any good number n and any s € N, each of the sets Qj, j = 1,2,
contain at most (2v)* bad numbers of length s. Let us discuss the case j = 1 (the case
Jj = 2 is analogous). Indeed, if m € Q,ﬁ is a bad number such that the construction
(3.6) yields y;,.1 = n, then necessarily m € [n — 2v, n) N Z, so that there are at most
2v bad numbers of length 1 in Q. If m is a bad number such that the construction
(3.6) yields y,,,2 = n, we should count all possible choices of yy, y» satisfying

m>yr >y = Ym2- (3.8)
We know that there are at most 2v possible choices of y1, and that y» € [y1—2v, y1)NZ,

so that there are at most (2v)? possible choices 1, y» satisfying (3.8). Continuing the
argument inductively proves our claim.
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We are now in a position to prove Theorem 3.3.

Proof of Theorem 3.3 We first prove that for any good number n, the inequality
M®,(2"7Y) 2 A, holds. Indeed, let (£,,, m,,) C [2"7Y, 2""*+V] be the interval obtained
M®,(2"™") = sup

from Lemma 3.5. Then
1 X 1 x(14¢) u
[ ewans L [T (% )sw
szn—w X 0 X X X

11 [ 1 padre oy
>o|— | gwdu+ — o (7 )8t du
2 my Jo my ly En
l 1 my 1 m/1(1+5) u
+—‘—/ g(u)du+—f go(—)g(u)du
21my Jo my Jm, my

mp mp (1+¢€) u
[ ewans [T o(E gt au

Ly my, mpy

Ly (1+e) u
[ (s au

Uy Zn

M 1 a(1+e)
[ e~ 5 ( [ s

n My Ly

mp(14-¢€)
+/ |g(u)|du>
mp

>
2my

>
2my

mpy mp
> — i _ n2rv—1
> / g(u)du B, > / g(u)du 2 eA,.
2my | Jo, 2 2my | Jy,
By Lemma 3.5, we have
my An
o, | ), 8@ | > Capwse
and thus, by the choice of ¢, we obtain
A A
—v n 2rv—1 _ n
M®C") > cogrmrie — 2 M= cigrmr 39

valid for any good number n. Let us now consider two subcases, namely 0 < g < 0o
and ¢ = o0o. Let G C Z denote the set of good numbers associated to g and W(x) =
SUP; e[y, 2x] W(#). Then, for the case 0 < g < oo,

00 2)1+l
18170y = f w(®)|g®|? dr = Z/ w(®)g®)|? dr
0 nez 2
SO WRHAT =D W@HAT+ Y > WEHAI =S+ 5.
nez neG neG meQluQ?
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On the one hand, by (3.9)

SIS Y WRHIMEL" T S 1My,
neG

where the last inequality follows from the fact that M ®, is nonincreasing. On the
other hand, in order to estimate S», let us first observe that there exists B > 0 such
that for every k, m € N,

W2™) < B-WE"th <... < Bxw ",

Now, for any bad number m € Q,ll of length s, it follows from the inequalities m <
n+2vsand A,, <2 25VA, (cf. Lemma 3.6) that

W(zm)A;]n < W(zm)Azszqu < B2v5272rxuq W(zn)AZ — 22v.§(10g2 Bfrq)W(zn)AZ’

and similarly, for any bad numberm € Q%, itfollows from the inequalitiesn < m+2vs
and A,, < 272"V A, that

W(2m)A21 < 22vs(10g2 B—rq) W(Zn)AZ

From now on, we now assume without loss of generality that r > ¢! log, B. By
Remark 3.7

9]
=Y > WE@MAL <2> W@HALY (2u)2rvilen Bra)

neG meQ,'lUQﬁ neG s=1
S WERHAL S IMD) )
neG

which concludes the proof of the case 0 < ¢ < co. For the case g = 0o, the proof is
similar. First of all, note that

sup W(2")An S sup W(2”)Md>g(2”7") = ||Md>g||L°°(w)-
nez nez
neG neG

Further, for any bad number m € Q) of length s, it follows from the inequalities
m <n+2vsand A, <272V A, that

W™ A, < W™ A 272V < p2sl0a Bmrady omy A, < ||M® || 1o ().

Finally, if m € Q,% has length s, it follows from the inequalities n < m + 2sv and
Ap < 272V A, that

W™ A, <2250aBrawom A, < Mo Low).
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Joining the above estimates we get [|g]lzoc(w) S 1M Pl £ (w)- O

4 Well-Definiteness of H,f in Function Spaces

In this section we show that the Hankel transform H,, f is well defined both as the
pointwise limit (1.8) (provided that f is G M) and also as an element of H,,, whenever
f is from a suitable function space. Both facts put together imply that the inversion

formula (2.5) holds almost everywhere for general monotone functions from such a
space, in virtue of Theorem 2.5.

4.1 Pointwise Convergence of H,f

The goal is to show that the limit (1.8) exists for all y € Ry whenever f is from
certain function spaces; in other words, Hy, f is well defined as an improper integral.

Lemmad.1l Let f e GM and1 < g < oo.

1
1. IffeLt(pq)wzth 3/2<p<oo,0r

.iffeLl’qwzth1<p<oo

then the limit
hm f fx)SxyJy(xy)dx
N—>oo

exists forall y € R,.

Proof. We show that for f € L with p, g as in the hypotheses and given y € R,

t(p.q)

M
A}{imO/ | f(x)/xyJy(xy)|dx =0, lim / FO)/xyJu(xy)dx = 0.
—VJo

Ni,Ny—o00

The result for f € LP9 will follow just by Theorem A. Since J,(z) < z¢ for all
z > 0, by Holder’s inequality, if 1 < g < oo,

M
/0 [f () /Xy Jo(xy) dx
M
S ya+1/2f |f(x)|xa+l/2 dx
0

M , 1/q'
< ||f||Lq( )(/ x@t1/2=1/p+1/a)q dx) -0 asM—0,
1(p.q 0
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for any < p <oo.Ifg =1, wehave

a+3/2

M
ya+1/2/(; |f(x)|x(x+l/2 dx ,S M(X+3/2—1/p||f||L] — 0 as M — 0’

t(p,1)

and if g = oo,

M M
y“+1/2/0 Lf )XV 2dx < | fllpee / xet2=Ur gy 0 asM — 0,

1(p,00)

with all the estimates valid for any < p < 0.
a+3/2

Integrating by parts and using (2.4), we get

J)xyJa(xy) dx

‘ N

; < VY(IF(NDKS(N2)| + 1 f (NDKS(ND)])
1

N>
+ ﬁ/N |K§ (x)df (x)]
1

N>

S If(N1)|+If(N2)|+/ ldf (x)|.

Ny

By Lemma 3.1, for 1 < g < oo, x?/P f(x) — 0 asx — 00, and so does f(x) (in the
case g = 00, f trivially vanishes at infinity). Therefore,

df )| 5/;0 df ()] s/oo VOl 4
1

Ni/x X

N>
|fF(NDI+ 1 f(N2)] +/
Ny
and by Holder’s inequality, for 1 < g < oo,
o0 00 , 1/q'
/ [EACYI e Sfll e (/ x_l_q/pdx) —~0 asN; - oo.
t(p.q) Ni

Ni/x X

For ¢ = 1, it is clear that

o0 X _
(EACY} )|dx<N YPIfl,h =0 as Ny — oo,
~ 1 L
N1/ X t(p,1)

and finally, for g = oo,

/ RACIpN S fllze

o0 1
————dx —>0 asN; —>o0. O
Ni/A X 1(p,o0)

Ny XD

) Birkhduser
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4.2 Weighted Lebesgue Spaces L9(w)

We first give sufficient conditions on the weight w so that Hy f € H,, whenever
f e Li(w).

Proposition4.2 Let f € L9(w), where 1 < g < oo and w : Ry — Ry is a weight
function satisfying

@) sup x*T2w@)'+ sup xYwx)7! < oo forsomey > —1,ifqg =1;
x€(0,1) x€(1,00)

1 00
(ii) / x@HD9 ()= gx —+—/ X’ w(x)"? /1 dx < oo for somey > —1,
0 1
ifl <q < oo;

1 o]
(iii) / 020 dx +/ x’wx)" dx < oo for somey > —1, ifg = 00
0 1

Then the functional

Hyf :Hy — C
o= (Hof,0) =(f, Huo), 4.1

is continuous.

Proof Let ¢ € H,. By Holder’s inequality, we have

00 -lag if1 <
(Haf ool = [ 1 Haptolax < | Jieeentr ZF Bl 0 =0 < oo
0 Iflzallw™ Hogllp1,  if g = o0

In order to estimate the weighted L4 norm of H, ¢, we first obtain pointwise estimates
for such a function. On the first place, for x < 1 one has |Hyp(x)| < Ca,wx‘”‘l/z.
Indeed, since |J,(z)| < z% for z < 1 and |Jo(2)| < 2712 for z > 1, we have

1/x
| Hop(x)] S x““”f T2\ p@0) dt + 12

o0
f 1129(t) Jo (x1) dt
1/x

0l+1/2 /OO (¥+1/2|(p(t)|dt+x0é+l/2 /OO ta+l/2|g0(t)|dt
0 1/x

o2 / 12 0(1)] di
0

1 1
a+1/2( 1“2 o) dr +/ S lp) dl)
1

8

o\

X2 sup p()] + sup r“+5/2|<p<t)|>

[ER+ IER+
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Secondly, for x > 1 and any y > —1 there holds |Hyp(x)| < C(;,wxy. Indeed,
integration by parts together with (2.4) yield

1/x
| Hep(x)| < x‘”‘”/ (12|90 dr + x1/?
0

/oo 1'20(t) Jo (x1) dt
1

/x

1/x 00
<xv f g dr +x'PIKEA /09 /x)] + x'/? / |K¢ (1) (1)] dt
0 1/x

o0
< x¥ sup o) +x" sup |¢<r)|+x”/ /()| dt
teR4 teRy 1/x

1 o0
1
< x7 sup |(p(t)|+x”/ Iqo/(t)ldt+xV/ —=1*|¢/ (1)] dt

reRy 1/x 1!

Sxy( sup ()| + sup |¢'(1)| + sup |z2<p’(t)|>.

teRy teRy teRy

Assume first that 1 < g < oco. Then

w7 Hyoll, o

l ! ’ 1/q, 00 ! ! l/q/
= ( / w(x) /| Hyp(x)]1 dx) + ( / w(x) "1/ Hyp(x)|4 dx)
0 1

1 , ) 1/q'
< ( f x OTVDE g () =0 /4 dx) ( sup p(1)| + sup t°‘+5/2|¢<r)|)
0

IER+ [€R+

1) , , 1/q'
+ ( / X7 w(x) "1/ dx) ( sup @(1)| + sup |¢'(t)| + sup |r2¢/(r>|>.
1

IER+ [ER+ tE]R+

Note that the suprema involving ¢ and ¢’ need not be functionals from the collection of
seminorms (2.7), but they can be trivially estimated from above by linear combinations
of those.

For the case ¢ = oo, similar calculations yield Hy f € H,,. Finally, if ¢ = 1,

lw ' Hyplize < sup wx) ™ Hep(x)|+ sup wx) ™ [Hep(x)]

x€(0,1) xe(l,00)
5( sup x““/zw(xrl)( sup (1) + sup t“+5/2|¢<r>|)
xe(0,1) teR4 teRy

+< sup X’/w(x)_l)( sup |¢(1)| + sup |¢'(1)| + sup Ilzw/(t)|>,

xe(1,00) teR4 teRy teR4
which completes the proof. O

Proposition 4.2 allows to easily derive sufficient conditions on the parameters p, g,

sothat f € Ltq( ) induces a continuous operator Hy f € H,,.
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Corollary4.3 Let 1 < g <ooand0 < p < co. Let f € L?(p o) Then, Ho f € H,,
provided that

() <p<ooifg=1;

a+3/2 7

<p<ooifl <qg < oo

(ii)

a+3/2

Proof 1t is a direct consequence of Proposition 4.2 with different choices of w: for
g =1,weuse w(x) = x VP forl < g < oo weuse w(x) = x4/P=1 and finally,
for ¢ = oo we use w(x) = x /7. O

4.3 Lorentz Spaces LP-9

We now show that if f is a function from a certain Lorentz space it also induces
continuous operator H, f € H,,. First, let us introduce the following notation. For
1 < p,q < oo, we say that an integral operator 7T is of type (p,q)if T : L — L4
is bounded. Here we need Calder6n’s rearrangement inequality [6] (see also [21]).

Theorem 4.4 Let T be a sublinear operator of types (1, 00) and (a,a’), for some
1 <a < oo. Then

dx

1/y 1 o0 (P*(-x)
(Te)*(» = [ () dx + —; 7
0 Yo Juy X

Remark 4.5 The Hankel transform (1.6) is of types (1, co) and (2, 2) for every o >
—1/2, see [7,28].

Proposition 4.6 Let f € LP9, with]l < p < ocoand 1 < g < oo. Then the functional
Hy f defined by (4.1) is continuous.

Proof Let ¢ € H,. By Holder’s inequality on Lorentz spaces (cf. [2, Ch. IV, Theorem
4.7]) and the fact that ||g||Lr. < ||gllLps for any s < r (see [19, Ch. I]), we have

oo
(He f, @) = /0 |f () Hap )| dx < || fllzralHa@llppg S I ILra | Ha@ll -

We now estimate ||Hy¢||, ,»1 from above by a finite linear combination of semi-
norms of ¢ on H,, which will yield Hy f € H,,. We have, by Theorem 4.4 (see also
Remark 4.5),

o0 e8] 1/x
I Ho@ll . =/ x VP (Hyp)* (x) dx 5/ x*‘/Pf @* (1) dt dx
0 0 0

o0 [ee) *
1
+/ x*zf‘/f’/ YD i dx.
0 1/x 1
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On the one hand, since ¢* is decreasing, ¢*(0) = supyer, l@(x)|, and le*lli = llelh
(see [2,19]),

00 1/x oo 1/t oo ,
/ x“/f’/ w*(t)dtdxzf w*(t)/ x“/l’dxth/ 7P ) dt
0 0 0 0 0

o0
sup |<p<x>|+/1 G D) di < sup o) + gl

xeRy xeRy

< sup o]+ sup |x2p(x)],

xeR4 xeR4
On the other hand, similarly as before,
/ x_z_l/pf L g)dtdxzf L g) x> VP dx dr
0 1/x 1 0 ! 1/t
w /
x/ 1~VP % (1) dt
0

o0
=< sup |90()C)|+/1 ¢ (1) dt S sup [p(x)]

XER+ X€R+

+ sup |x%p(x)].
X€R+

Combining all estimates, we get

I(Ho f, @) = Cp,qllflle< sup |o(x)| + sup |X2<P(x)|>,

XER+ XER+

which yields the desired result. O

5 The Boas Conjecture

The goal of this section is to prove Theorems 1.1 and 1.2. The approaches we follow
are similar to those considered in [34] and [5], respectively. It is worth emphasizing,
as mentioned at the beginning of Sect. 4, that the inversion formula (2.5) holds for

GM functions from the weighted Lebesgue space L?(p 0 with 1 < ¢ < oo and
1

o+
1<

32 < p < oo (and thus, also for those from the Lorentz space L?-9 with
g <ooand 1 < p < oo, by Theorem A).

5.1 Weighted Lebesgue Norm Inequalities

First of all, we prove a Pitt-type inequality for the Hankel transform of G M functions
that includes the cases ¢ = 1, oo (for the case 1 < g < oo this was proved in [8,11]).
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<p<oolffell

Theorem 5.1 Let f € GM, 1 < g < oo, and « 32 1(p.q)’

q
then Hy f € Lt<p/’q) and

IHe fllpa , S Wflige
t(p'.q)

1)

In order to prove Theorem 5.1 we will need Hardy’s inequalities [45, p. 20].

TheoremB Let 1 < g < oo and o > 0. Then, for every measurable f,

00 y d qd o] d
/ (y“’f If(X)I—x) o 5/ @) =,
0 0 X y 0 X

and

[ele] o0 d qd o0 d
f (y/ If(x)l—x> 2 5/ (1) =
0 y X y 0 X

where the involved constants do not depend on f.

Proof of Theorem 5.1 'We proceed similarly as in Theorem 4 of [5], where an analogous
result was proved for sine and cosine transforms. First of all, it follows by Lemma 4.1
that H, f is well defined as an improper integral. We now apply the estimate (2.1) to
obtain, for any ¢ > 0,

t
|Ho f ()] < y““”/ xOTV2 f(x) | dx + y'/?
0

/ X172 f () I (xy) dx

t

Integration by parts, the estimate (2.4), and the fact that f vanishes at infinity (which

follows from f € L;’(p,q) and < p < 0o, by Lemma 3.1) imply that

a+3/2

Y12

/ Oox”zf(x)Ja(xy) dx
t

1 1 [ 1 o0
< —|f<r>|+—/ df ()] < —/ df )l
y Y Ji Yy Ji

where in the last inequality we used the estimate | f ()| < ftoo |df (x)], which is valid
since f vanishes at infinity. Thus, we deduce by (iii) of Lemma 3.1,

dx.

! [e¢)
Hf 1 S 32 [ Piyax+ 5 [
0

Y X
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Note that since f € L? 1 <g <oo,and

tpgy  —1 = oa+3/2
is finite, by Holder’s inequality. Hence, by letting t = 1/y we obtain

e’} , d 1/q
1Haflls = ( |G |Haf<y>|)"7y)

00 1
< ( | <y"‘+1/2+1/p’ / ! yx“+1/2|f(x)|dx)qd—y> :
0 0 y

N </oo <y—l/p /oo |f(x)|d_x)qdy>l/q
0 1/(Ay) X y
00 1
_ (/ <y—a—1/2—1/p’/ X2 £ () dx)qd)’> 4
0 0 y
00 q 1/q
+(/ (y”f’f fx >|d—x> d—y) ,
0 y/A y

where in the last inequality we applied the change of variables y — 1/y. On the one

< p < 00, the right-hand side

hand, since p > Hardy’s inequality yields
o

+3/2°

(/OO (y—a—l/z—l/p’/ X2 () )qd)’)l/q
0 0 y
00 d 1/q
S (f (xl/”lf(x)l)q—x> = Iflle
0 X 1(p.q)

whilst on the other hand, again by Hardy’s inequality,

[ dx\1d 1/q 00 d 1/q
(/ (y”f’/ If(x)l—x> —y> §<f (x“"|f<x)|)q—x) = fle
0 y y 0 X t(p.q

The case ¢ = oo is similar and is omitted (in fact, this complementary case is dealt
with in full detail in the case of Lorentz spaces, in Theorem 5.5 below; note that
Hardy’s inequalities are not needed in this case). O

Lemma5.2 Let f el? with

1(p.q)

(1) g =1and < p <o, or

a+3/2 -
1

i) 1 <g <ooand < p < oQ.
i I<g= at32 P
Then the inequality
MO, rll, g =M@y pllge  SUfllge (5.1
t(p'.q) t(p.q)

holds for any ¢ € H,.
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Remark 5.3 Given ¢ : Ry — C, the operator ®, was defined in (3.1) for a given
function g. However, if ¢ € H, and f is a function for which Hy f € H,,, abusing of
notation we may write

P, 1 (1) = (f, Hatr),

as done in (5.1), taking into account the definition of Hy f (2.8). This notation is
adopted in what follows.

Proof of Lemma 5.2 The proof is carried out exactly in the same lines as [34, Theorem
3.1]. Indeed, Holder’s inequality implies

Dp, r O <t VPN flle NHeoll o
1(p.q) L

1(p',q")

so that the operator T' : f +— M ®p, r maps L?( 0.a) into L7, Fixing ¢ and interpo-
lating between different values of p, the interpolation theorem with change of measures
by Stein and Weiss (cf. [37]) yields

.74
T : Lt(p’q) —

L
as desired. O

Finally, we are in a position to prove our main result concerning weighted Lebesgue
spaces.

Proof of Theorem 1.1 It follows from Theorem 5.1 that

IHofllge S Wfllge . 1<g =00, < p < o0
t(p'.q) t(p,

0 o +3)2

By Lemma 5.2 (with H, f in place of f), we get

IMPplle S IHofllpe
t(p.q) 1(p'.q)

for any ¢ € H,. Finally, Theorem 3.3 together with the appropriate choice of ¢ yields

q < |M®D a
1, , S IM I,

t(p.q)

with all the estimates valid for the ranges 1 < g < oo and

< p < oo. The
a—+3/2

hypothesis x” f (x) — 0as x — 0 needed to apply Theorem 3.3 follows from the fact

that f € Ltq(p’q) and Lemma 3.1. O

Remark 5.4 Note that in Theorem 3.3, rather than choosing ¢ = x(o,1), we allow ¢ to
be supported on (0, 1 4 €/2), so that it is also valid for some choice of ¢ € H,, which
is needed to prove Theorem 1.1.
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5.2 Lorentz Norm Inequalities

In order to prove Theorem 1.2, we need to establish some auxiliary estimates on
Lorentz norms.

Theorem 5.5 Let f € GM, and assume that f € LP? with 1 < p < oo and
1 <g <o0.Then Hy f € L?P 1, and moreover

IHe fll g S I fllLra.

Proof First of all, we apply the estimate (2.1) to obtain, for any ¢ > 0,

t
| Ho f ()] 5/0 | £ (o) dx + y'/?

foox‘/zf(x)Ja(xy)dx :
t

Integration by parts, the estimate (2.4), and the fact that f vanishes at infinity (which
follows from f € L?(p,q) (cf. Theorem A) and Lemma 3.1) imply that

N—|f(t>| f Rl
t/x X

1/2

y

f T2 F ) xy) dx
t

and thus we deduce

(Ho )" () <f |f<x)|dx+_|f(,)|+ / noy

/X

/|f<x>|d+ / A
X

where the right-hand side is finite, since f € GM and f € L (P From this point,
the proof for the case 1 < g < oo is exactly the same as the one of [5, Theorem 4]
(and similar to that of Theorem 5.1) and is therefore omitted. We give a detailed proof
for the case ¢ = 0o. Since y!/?" = y!+1/2p) fol/y t=1/@P) gt for y > 0, we have

’ / l/y /
VP (Hy ) (y) = y!H1/@P) / 1 YCP) (Hy 1)* (y) dt
0

1/y
1'5'1/(2 ')/ —1/(217)</ |f(x)|dx>

0

1
1/(217)/ oy 1/<2p></ |f(x)|dx) dr

0 X

1/y ) t

: <y1+1/(2p> —1/<2p)</ x_l/pdx> it
t(p,00) 0

Sl

1/y o0
1/<2p>/ _1/(2,,)(/ 11/ dx) dt)
0 m
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= fllc

Hpoo)
e 1 Ho fll oo S 1 F e,

We now prove a relation between the norm of f from a certain Lorentz space and
the corresponding norm of M ® g,  in the corresponding space (cf. (3.1) and (3.2)),
given ¢ € H,. This is an extension of the result by Y. Sagher for the Fourier transform
given in [34] and is proved in the same way.

< N flizpee. O

Lemma5.6 Letl < p <ooand0 < g <oo.If f € LP4, then

IMPr, fll ;g < Copll fliLra. (5.2)

Proof Let f € LP. Since Hy;(u) = Hyp(tu), we have, by Holder’s inequality,

o0 , 1/17/
|y, (] = g, Ho f)] < ||f||Lp</0 | Hyp(ut)|? du)
=7V fllee | Hapll, -

Hence, tl/p/MCDHaf(t) < I fllLr IHa@ll ; - In other words, the sublinear operator T
defined by Tf = M®y, ¢ is bounded from L” = L”'? to LV, Interpolating, we

obtain the boundedness of the operator 7' from L4 to LP"4 for any 0 < g < oo (see
[35, Theorem 26])), i.e., (5.2) holds. O

Corollary5.7 Let 1 < p < ocand1 < g < o0. IfHyf € LY and fisaGM
function, then f € LP9.

Proof By Lemma 5.6 and Theorem 3.3, we get
< /
10, S WHa Nl

Finally, Theorem A yields the desired result. O
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2 First of all, combining Theorem 5.5 and Lemma 5.6 we obtain
IM@fls, = IMPslLra S 1 Haf g SIS Iees.

for ¢ € Hy. Now, Theorem 3.3 together with the appropriate choice of ¢ yields
Wl L SIMDg| Ll Finally, Theorem A completes the proof. O
t(p,q 1(p.q

Putting together Theorems 1.1, 1.2, and A, we can derive the following equivalence.

Corollary5.8 Let f € GM be real-valued and let 1 < p,q < oo. Then, for any
a>—1/2,

felLl

q p.q r'.q
t(p’q)©HafeLt(p,’q)©feL & Hyf e LP1,
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5.3 The Boas Conjecture for the Fourier Transform
5.3.1 One-Dimensional Fourier Transforms
Let f be a function defined on R. We denote

f) + f(=x) £0) = fx) — f(—x)’

ff(x)z 2 ’ 2

the even and odd part of f, respectively, so that f = f, + f,. Theorems 1.1 and 1.2
together with (2.2) and the well-known representation of the Fourier transform f =
H_y1fe + iHy f, allow us to easily derive the solution to the Boas conjecture
for the Fourier transform, in the case of real-valued GM functions. For the sake of
completeness, we first prove a preliminary lemma.

Lemma5.9 Let f : R — C. Let w : R — Ry be an even weight and 0 < q < oo.
Then f € L]({Q(w) if and only if fe, fo € L%(w).

Proof The “if” part is trivial. For the “only if” part, we have, in the case ¢ < oo,

/}Rw(X)If(x)lqu=/o W (£ () + folOl? + 1folo) — folx)|? dx)
z/m W) fu(0)]9 dx,
0

where we used the inequality |a + b|? < 29(|a|? 4 |b]?). This shows that f, € Lﬂq{(w)
and therefore also f, = f — f. € Lﬁ%(w). For the case g = oo, triangle inequality
yields

1 1
SUPw(X)If(x)IZE sup w(x)|fe(x)+fo(x)|+§ sup w(x)|fe(x)

xeR xe(0,00) x€(0,00)
—fo() = sup w(x)|fe(x)],

xe(0,00)

and the result follows similarly as before. O

Lemma5.10 Let f : R - Cand 0 < p,q < oo. Then f € Lfé’q if and only if
fes fo € LR,

Proof Again, the “if” part is trivial. For the “only if”” part, note that
1
dr(s) = E(I{x ER:[fe(x) + fol)| > s} + [{x € R:|fe(x) = fox)] > s}]).
Since

1
Sl eR:ffe > s}l = Hx €R: [ felx) + fo(0)] > s}l
+i{x e R:[fe(x) = fo(x)| > s},
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or in other words, dy,(s) < 4dy(s), it follows that f, € LE? by (1.3), and also
fo=f—fe€LHI§’q~ O

We are in a position to prove Corollary 1.3, dealing with one-dimensional Fourier
transforms.
Proof of Corollary 1.3 The result readily follows from the representation f =
H_1,3 fe +1Hi2 fo, together with Corollary 5.8 and Lemmas 5.9 and 5.10. O

The interval for p in Corollary 1.3 cannot be extended even for weighted Lebesgue

spaces as done in Theorem 1.1, where < p < 00, because the even part of f

1
a+3/2
corresponds to the cosine transform, i.e., the Hankel transform of ordera = —1/2, and
the optimal interval for the cosine transformis 1 < p < oo, according to Theorem 1.1.

Proof of Corollary 1.4 The result follows by using the relation (1.7), and by Theo-
n—1 n

—. |
2 + q

rem 1.lwitha=z—l,and—:y—
2 p
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