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Abstract

We generalize three main concepts of Gabor analysis for lattices to the setting of
model sets: fundamental identity of Gabor analysis, Janssen’s representation of the
frame operator and Wexler—Raz biorthogonality relations. Utilizing the connection
between model sets and almost periodic functions, as well as Poisson’s summations
formula for model sets we develop a form of a bracket product that plays a central role
in our approach. Furthermore, we show that, if a Gabor system for a model set admits
a dual which is of Gabor type, then the density of the model set has to be greater than
one.
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1 Introduction

One of the central themes within Gabor analysis for lattices is a duality theory for Gabor
frames, including Wexler—Raz biorthogonality relations [28] and Janssen’s represen-
tation of a Gabor frame operator [17]. These results are closely connected with the
so-called fundamental identity of Gabor analysis, that can be derived from an applica-
tion of Poisson’s summation formula for the symplectic Fourier transform [8]. These
duality conditions allow us for example to specify whether a given Gabor system is
a tight frame or whether two Gabor systems are dual to each other. An immediate
consequence of the duality theory one can obtain necessary density conditions on a
lattice so that a given Gabor system forms a frame. In this exposition we leave the
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setting of a lattice and consider a certain type of irregular sets of time-frequency shifts,
namely model sets.

The first examples of model sets were studied by Meyer in [22]. Meyer thought of
model sets as generalizations of lattices which retain enough lattice-like structure to
be useful for studying sampling problems in harmonic analysis [20,23]. The crucial
property of model sets is that there exists a form of Poisson’s summation formula,
which in turn will allow us to derive analogous duality theory as in the case of Gabor
analysis for lattices.

First work on Gabor frames for model sets was done by Kreisel [18], where he
showed how Gabor frames for a simple model set can be made compatible with its
topological dynamics and derived existence conditions for multiwindow Gabor frames
for model sets. We will use some of his results here. A constructive approach, that is a
characterization of tight and dual frames of semi-regular Gabor systems (where time
shifts come from a lattice, and frequency shifts come from a model set, or vice versa),
was recently obtained in [21].

For general irregular sets of time-frequency shifts, that are however discrete and
relatively separated, it is difficult to provide any constructive results as the tools to deal
with such sets are missing. However, certain extensions into irregular Gabor frames
were undertaken, for example in [9] or [12]. In [9], the author gave a characterization
of the weighted irregular Gabor tight frame and dual systems in L?(R?) in terms of the
distributional symplectic Fourier transform of a positive Borel measure on R?? in the
case where the window belongs to the Schwartz class. More recently in [13] the authors
study nonuniform sampling in shift invariant spaces and construct semi-regular Gabor
frames with respect to the class of totally positive functions. Their results are Beurling
type results, expressed by means of density of the sampling sets.

We utilize the connection between model sets and almost periodic functions and use
harmonic analysis of the latter to develop a certain form of duality theory for Gabor
frames for model sets. We rely strongly on Poisson’s summation formula for model
sets to introduce the so-called bracket product, in analogy to the bracket product for
lattices introduced in [6] to study shift-invariant spaces, or later in multi-dimensional
setting to study frames of translates [14,19].

Almost periodic functions were recently investigated in the connection with Gabor
frames in [4,10,26]. As the space of almost periodic functions is non-separable, it
can not admit countable frames, and the problem arises in which sense frame-type
inequalities are still possible for norm estimation in this space [4,10,26]. In [4] the
authors also provide Gabor frames for a suitable separable subspaces of the space of
almost periodic functions. We, on the other hand, use almost periodic functions as a
tool to develop existence results for irregular Gabor frames for the space of square
integrable functions.

The article is organized as follows. In Sect. 2 we establish some notations and
definitions that we will use throughout the article. In Sect. 3 we derive main identities
of Gabor analysis for lattices using a different approach than the one presented in the
literature, namely by constructing a certain bracket product. We introduce model sets
in Sect. 4, and we also shortly present main facts from the theory of almost periodic
functions and point out some connections between the two. Section 5 is devoted to
developing a technical tool, that is a bracket product for model sets, that we later use
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in Sect. 6 to obtain fundamental identity of Gabor analysis, Janssen representation and
Wexler—Raz biorthogonality relations for Gabor systems for model sets.

2 Notation and Preliminaries
We will work with the Hilbert space of square integrable functions on L*(R?). The
key element in time-frequency analysis is the time-frequency shift operator m(z),
z = (x, w) € R¥ which acts on L?(R?) by

T(@) f (1) = MuT f (1) = &7 f(1 — ).
Here M, denotes the modulation operator and 7 the translation operator which are

defined as .
Tof(t) = f(t —x) and M, f(f) = ™" f(1).

We define a Fourier transform on L2(R?) as
o= [ roeicar,
R4

and denote the inverse Fourier transform of f by f . In the sequel we will distinguish
between Fourier transform on L?(R¢) and Fourier transform on L?(R?) by writing
F f for the latter, f € L*>(R>?). The Fourier transform has a property of interchanging
translation and modulation, that is

i?: M_Xf and Z\Z,\f = wa.
The translation and modulation operators obey the following commutation relation
MyT, = " T M, .
Combining the last two properties, we have that

n@f = TN (g, —x)f and 7w(x, ) f = (—w,x) f .

Given a non-zero function g € L?(R%), the short-time Fourier transform of f €
L2(R?) with respect to the window g, is defined as

Vo f(x, 0) i= / st - X)e Tl dr = (f, m(2)g), z=(x,w)eR¥.
R

We define the modulation spaces as follows: fix a non-zero Schwartz function g €
S(RY), and let

MPRY) :={f e SR : Vy f e LPFRD}, 1<p=<oo

Birkhauser



Journal of Fourier Analysis and Applications (2019) 25:2570-2607 2573

withthenorm || f||p» = || Vg f |l p. Different choices for g give rise to equivalent norms
on MP(R%). For p = 2, we have M2(R%) = L?(R%). The space M'(R), known as
Feichtinger’s algebra, can also be characterized as

M'RY) == {f € LR : Vs fll1 < o0}

Proposition 2.1 [11] The space M (R?) has the following properties:

(i) M'(R?) is a Banach algebra under pointwise multiplication.
(i) M'(RY) is a Banach algebra under convolution.
(iii) MY (RY) is invariant under time-frequency shifts.
(vi) MY(RY) is invariant under Fourier transform.

M (R?) contains the Schwartz space S(RY) and it is dense in L?(RY), 1 < p < 00,
therefore it is a very useful space in the time-frequency analysis. This will be the space
of windows g.

Another collection of function spaces that will be useful in our calculations are the
amalgam spaces W(L?, 09)(RY),1 < p, g < 0o.The amalgam space W(L?, 29)(R%)
is the space of functions f such that

1/q

L lwezr oo = | DI | .

keZd

where 1 is the characteristic function of the cube [0, 1]1¢ +k, k € Z. Different parti-
tions of R? give equivalent norms. The space W(L>, £')(R?), which is a subspace of
L' (R%), is referred to as Wiener’s algebra, and will be denoted by W(R4). It consists
of all f € L®(R?) such that

1f lweay = 1 F e,y = Y I Lilloo

kezd

Moreover, we have W(RY) € W(L®, ¢2)(R?). The following convolution relation
will be often used:
L'«WCW.

For a function f € M'(RY) it follows that f € W(L>®, ¢))(R?) and f €
W(L>®, ¢Y)(RY), [11].

Let Co(R?) be the space of all continuous functions that vanish at infinity. Then
the closed subspace of W (R?) consisting of continuous functions is W (Cp, 2H(RY).
Continuity of elements in W(L°, £ (RY) allows for pointwise evaluations, and we
have (see Proposition 11.1.4 in [11]): if F € W(Cp, £")(R?), then F|A € £'(A), for
A any discrete relatively separated set in R? with the norm estimate

D IO < rel(MIF ) -
rEA
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A discrete subset A of R? is relatively separated if
rel(A) := sup{#{A N B(x, 1)} : x € RY} < 00,

where B(x, 1) is a ball of radius 1 in R? centered at x.
There are two more time frequency representations of f that we will be using. For
f.g € L>(RY), the cross-ambiguity function of f and g

A(f, &) (x, ) = /R f(t + %)g(t - %)3_2””“” dr .

and the cross-Wigner distribution of f and g

WS g)(x, w) = A;@ Pt 5)s(x - ) ar.

The three time-frequency representations, V, f, A(f, g) and W(f, g) are related to
each other. Before we state the relationships, we define the rotation &/ = Uj of a
function F on R4 ag

uF(x,w):qu(x7w):F(J(x,a))T)ZF(a),—X) with J=<_01 (I)>7

where I is the d x d identity matrix. Then &/~ = Z/{J_1 = U_j. In the following
two propositions we list the properties of the cross-ambiguity function and the cross-
Wigner distribution that we will be using throughout the exposition. For the proofs we
refer the reader to [11].

Proposition 2.2 For f,g € L*(RY) the cross-ambiguity function has the following
properties.

(a) A(f,g)is uniformly continuous on R4,

(b) A(f, g)(x, w) = ™V, f(x, w).

() A(f, 9)* = A(g, ), where A(f, g)*(x, w) = A(f, g)(—x, —w) is the involu-
tion.

@) A@(x, ) f, )1, £) = e @e MO A(f, )t — x, ¢ — @) for (x, ) €
R,

) A(f.8) =F U 'W(f.g).

Moreover, if f,g € M'(RY), then A(f,g) € W(Co, £H(R*), and by b), also
Ve f € W(Co, €1)(R¥).

Proposition 2.3 For f, g € L*(RY) the cross-Wigner distribution has the following
properties.

(@) W(f, g) is uniformly continuous on R>?.
() W(f,8) =W(g, ).
© W, =U""W(f. 9.
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(d W(f, 8 =FUA(S, 8.
(e) For (x,w) € R¥ and (x', ') € R*, we have

W(TXMa)fvTX/Ma)/g)(tv {)

— e—ni(x+x’)-(w—w’)eZTtit-(w—w’)e—Zni{-(x—x’)

x+x' o+ o
x Wt - =5 e = 25
f) Moyal’s formula: for fi, g1 € L*(R%),

(W(f,8), W(f1,8D)) 2weay = (f f1)(8, &1) -

Moreover; if f,g € MY (RY), then W(f, g) € W(Cy, £1)(R2).

We note here that Moyal’s formula also holds for the cross-ambiguity function and the
short-time Fourier transform. We also mention the following tensor-product properties:
if Z=(z,%) withz € R¥",Z € R¥=2" and 1, p1 € M (R"), Y2, o € M (RI™™),
then

AW ® ¥2, ¢1 @ p2)(Z) = (AW, ¢1) ® A2, $2)) (2. 2)
= AW, 91 () AW2, $2)(2) .

Similarly for the cross-Wigner distribution and short-time Fourier transform.

Before we turn to Gabor systems, we need one more result. It is originally stated for
the short-time Fourier transform, but we state it here for the cross-ambiguity function.
The proof is the same.

Lemma2.4 [7] Let f,g € M'(R?). Then A(f, g) € M (R??).

The main object of our study here are Gabor systems. Let A be arelatively separated
subset of R??. A Gabor system is a collection of time-frequency shifts of one or more
window functions g; € Ml(Rd), i=1,..., M, with respect to A C R and it is
denoted by

Ggt, -y N)={m(N)g :i=1,...,M, L € A}.

The analysis operator and the synthesis operator for a Gabor system G(g, ..., gu; A)
are defined as

Conf = im(A)giNeni=1,..m

M
Dg pc = Z Z ) (A)gi

i=1 LeA
are bounded between M P (R?) and €7 (A) spaces, with estimates

1Cs.afller <Tel(A) I fllpr max [1gillp

.....
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1Dg.acllmr < tel(A)llcller max [1gillp

,,,,,

A Gabor system G(g1, ..., gu; A) with g € M'(RY), i = 1,..., M, will be called
an M?-frame if Cq 5 is bounded below on M P(R%). This is equivalent to having
constants Ag, B, > 0 so that for all f € M? (RY)

VAN flime <1188 Fllwe < /Bell fllmr

where Sé,\ is a frame operator given by

M
SAF=) ) (f.mMg)TO)gi - 0

i=1 LeA

In this case the frame operator is invertible on M P(Rd). Theorem 3.2 in [12] states
that when each g; € MY(RY,i=1,..., M, then G(g1,...,8gm; A)isan MP-frame
for some p € [1, oo}, if and only if it is an M”-frame for all p. The constants A,
and B, are called lower and upper frame bounds, respectively. If A, = B, then the
frame is called a tight Gabor frame, and if A, = B, = 1, a normalized tight Gabor
frame.

When G(g1, ..., gm; A) is an MP-frame for some p € [1, oo], then we have a
frame decomposition

M
F=Y 3 (M) mOyg g . forall f e MP(RY). @

i=1 AeA

The sequence {(Sg\)*ln()\)g,- ci=1,...,M, » € A} is also a frame for MP (R?),
called the canonical dual frame of G(g1, ..., gm; A), and has upper and lower frame
bounds B, land A;l , respectively. If the frame is tight, then (Sé\)f1 = A;‘ I, where
I is the identity operator, and the frame decomposition becomes

M
F=A Y ) (g Ggi . forall f e MPRY).

i=1 reA

In order to use the representation (2) in practice, we need to be able to calculate
(S(g’,\)fl. While the existence of (S;,‘)f1 is guaranteed by the frame condition, it
is usually tedious to find this operator explicitly. Moreover, if A is not a lattice
in RY, then the frame operator of S;,\ does not commute with time-frequency
shifts, that is 7(8)S # S (B) for B € A. Indeed, let B € A and f € L2(RY),
then
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M
SerBYf =) Y (w(B)f. g T (Mg

i=1AeA

S

= Z Z e 2B 02— (£ (0 — Bgi)w()g;
i=1LeA

where 8 = (B1, B2) and A = (A1, A2). On the other hand,

M M
TB)Sg =) D (frmO)g)mBmIgi =D D e TR F (g T+ B)gi

i=1AeA i=1AeA

M
Z Z e P OB (f (3 — B)gid T (Mg
i=1leA+

and the two expressions are not equal since A + B # A. Therefore, the canonical
dual frame {( ) n(k)g, i=1,...,M, A € A} does not have the same structure
as G(gi, ..., gM, A), that is it is not a Gabor frame, and, in order to compute the
canonical dual frame we would have to apply (S}f,\)_1 tomw(r)gi, foralli=1,..., M
and all A € A. Hence, we search for a pair of dual frames, rather than just one frame.
Let G(g1,...,gm; A) and G(hy, ..., hyr; A) be Gabor systems, then we can define
a mixed frame operator

M
SMf =30 S w (g Ok

i=1 AeA

which is a bounded linear operator on M? (R?). If S A S = fforevery f € MP RY),
then we call G(hy, ..., hy; A) a generalized dual Gaborframe of G(g1,...,8m; N).

3 Gabor Frames for Lattices: Revised

Before we turn our attention to Gabor frames for model sets, we revisit here known
results for regular Gabor frames, that is where time-frequency shifts come from a
lattice. We present a different approach then the one presented in the literature, by
constructing a bracket product for the time-frequency plane. Alternative, but in some
sense similar approaches, were also developed in [8] and more recently in [16].

Throughout this section A will be a lattice, that is a discrete subgroup of R??. A
lattice can be represented by an invertible matrix A € GL(2d, R) and is then given by
A = AZ??. We define the volume of a lattice A = AZ?? by vol(A) = |det(A)|. The
density of a lattice is given by the reciprocal of the volume, that is D(A) = vol(A)~!.
A dual lattice is defined as A* = A=77%4,

A tool that is heavily utilized in time-frequency analysis is the Poisson summation
formula for functions on R?. However, we will use here Poisson summation formula
for functions on R%.

Birkhauser



2578 Journal of Fourier Analysis and Applications (2019) 25:2570-2607

Theorem 3.1 (Poisson Summation Formula for Lattices) Let A be a lattice in R*.
Then, for every F € M'(R*) we have

D FMe T =vol(A)T Y FF(z =),

AEA AFEN*

where A* is a dual lattice. The identity holds pointwise for all z € R*?, and both sums
converge uniformly and absolutely 7 € R*?.

Let f,g,h € M'(RY). Then, by Lemma 2.4 A(f,g) and W(f, g) belong to
M! (de), and by Poisson summation formula,

D A @0)e T = vol(A) T Y WL D — 1), 3)

AEA A*EN*

where we used the relation A(f, g) = F _IW(ﬁ 2) derived from Proposition 2.2
and Proposition 2.3. Assume that A = AZ??, then we can write (3) more explicitly as

Y Af @ (Ame A = (det A)T Y W(E DI — ATy, (4)

nez nez2d

We are now in the position to define a main ingredient in our approach, the bracket
product. Let f € L*(RY) and g € MY(RY). For a fixed z = (x,w) € R¥, the
generalized A—Dbracket product of w(z) f and g is defined as

(7@ 7.3],@ =vol() ™" Y M_W(F. G -0, )

AFeA*

where M, denotes the R>? modulation by z. It follows from Monotone Convergence
Theorem and the fact that W( £, g) € L' (R??), that the series (5) converges absolutely
to a function Ll(TA*), Ty = R /A*. When A is represented by a matrix A, we

have Tp« = A~'T where T is the torus in R2“. Since [7'[/(2)\]“, E]A € L' (Tpx), we
can compute the Fourier coefficients

/;r 2. 2], G dz

= VO]([\)_1 / Z M_ZW(;‘\’ E)(Z _ )\'*)6271’1'2.)» dz
Tpx

AFEA*
- /R M_W(f, @)™ " dz = F'M_W(F, ()

= L.F'W(F, 90 = TLA(f, 9)(%)

Then the application of the Plancherel theorem for Fourier series, gives us the following
proposition.

Birkhauser



Journal of Fourier Analysis and Applications (2019) 25:2570-2607 2579

Proposition 3.2 Let A be a lattice in R*. Fix z € R*?. Then for all g, h € M'(R>?)
and fi, fr € LZ(RM), we have

3 AL £)0 — DA I —2) = f [7(/1,2],6 [7@ f2, 5], (D) dZ,

reh T

with the absolute convergence of the integral.

The following two results are the main ingredients in deriving Janssen represen-
tation of the Gabor frame operator S;,\ ,, and successive characterization of tight and
dual Gabor frames.

Proposition 3.3 Let A be a lattice in R*?. Assume that fi, f>, g, h € M'(R?). Then
the function

Fz.%) =[1)f.8],@[7@) f. 1], ) (6)
is continuous and periodic, and coincides pointwise with its Fourier series

vol(h)™" 30 DAL ), TMpeAfeu ) e 2 E TR ()

Lz(RZd)
BFEA* LEA

Proof Let A be a lattice and fi, f2,g,h € Ml(Rd). Using Proposition 3.2 and a
change of index, we write explicitely

F(z,2) = [1) /1. 8], @ [7(@) f2. 7] , @) dZ
=vol(A) Y MWL, DE =AM W (2, DE — B*)

A*.ﬁ*GA*
=vol(A)2 Y WL DE — AW, h)E — pr) e i E
)»*.ﬂ*EA*
=vol(A)> D" WL RE = AIW(fa, )G = a* — pry e 2mel
A*.ﬂ*EA*

=vol(n)~" Y [vol(A)“ > W(ﬁ@(zA*)Twmfz,ﬁ)(zx*)} e HiEh

PreA* A*eA*

For a fixed 8* € A™*, consider the series

Fge ) = vol(A)™" Y~ WAL, DE = AT W(fa, )E — %) .

AreA*
Since W(fl, 2) and W(fz, ﬁ) lie in M (R?), their product as well. Moreover,

FAW, DTpW(fo, b)) = A(f1, g) * (Mg A(f2, h)* € M'([R*),

) Birkhduser
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since A(f1, ), A(fa, h) € M'(R*?). Therefore, by Poisson summation formula we
can write Fg«(Z) as

Fg«(2) = Z (A(f1, &) * (Mg A(fo, h))*) (1) e 27142

reA
_ y 72711')»-2
; (A 0. TMp A ), o720
eA
and F(z, ) becomes
F(z,%) = vol(A)~! Z Z <,4(f1, ). TAMpe A(f5. h))Lz(RM) o 2miNE 2mizp
BreA* heA

(8
By Lemma 2.4, A(f1, g), A(f>, h) € M'(R??), and therefore,

VA (AL @), B) = (A, g). 7w, A2, )
e W(Co. tH(R* x R*).

Hence, VA(f,,n) (A(f1, g)) restricted to A x A* belongs to 2Y(A x A*), and as a con-
sequence, the series (8) defining F(z, 7) is absolutely convergent. By the uniqueness
of the Fourier series, (8) is the Fourier series of F'. O

Proposition 3.4 Let A be a lattice in R®?. Assume that gi hi e M! (R24), for every
i=1,..., M. Then forevery fi, f» € M'(R*), the function

M
N@ =) > (@ fi, 7 (Mg (@) fo, wO)hi) ©)

i=1reA

is continuous and periodic, and coincides pointwise with its Fourier series ) o o
N(2)e= 2710050 it

M
NG2) = vol(A)™1 Y i m(R2)gi) (m(A) 1. ). (10)

i=1

where A° = J A* is the adjoint lattice and o a symplectic form defined as o (0, z7) =
0 - Jz, with 0 and 7 seen as column vectors in R%4,

Proof Let A be a lattice in R?¢ and choose fi, f» € M'(R*?). Then the function
N(z) is well defined and can be expressed using the mixed frame operator SA

as N(z) = (SAhn(z) f1, m(2) f>). Moreover, using the relations between short tlme
Fourier transform and cross-ambiguity function, we can write N as
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M
N@ =) Ve (m(@ f1) 0V, (1@ ) )

i=1 AeA

M
=Y Y A@@ f1, ) WATE) f2, hi) ()

i=1 AeA

M
Z D AL g = DA ki) = 2) .

i=1 xeA

Fori =1,..., M fixed, let

Ni@) =) A(fi. 8 — DA b = 2)

reA

which is a periodic function. Using Proposition 3.2 and Proposition 3.3, we have

/\fi(z>=fT 7. 8],G [7@ o ], D) d2

=vol(A)™ / Z Z('A(fl’g) T)‘Mﬁ*A(fz’h)>L7(]de) o 2mirE ,—2mizp* az

Tax grepr ren

= vol(a)™! { /T > (A 0. Mg AR ) @2 € Z”M‘Edz} ezt
ﬂ*EA*

A* peA

=vol()™" 3 (A 9 My A ) e

2 (R2d
e L2 (R)
B 1 > o =~ —2miz-p*
T ﬁ%*<w(ﬂ’g’)’T’S*W(fz’h’)>L2(R2d>e '

The interchange of the integral and the sum is possible due to the Fubini’s Theo-
rem. Now, since <.A(f1, 8), hMp<A( f>, h)>L are in £1(A x A*) by the proof

2 (RZd)

of Proposition 3.3, the coefficients <W(f1, 2, Tﬂ*W(ﬁ, E))L are in £L(A®).

2 (de )
Hence, foreachi = 1, ..., M, the function \V; is continuous, as it equals the absolutely
convergent trigonometric series

Ni(z) = vol(A)~! Z <W(f1 ). TeW(h. Iy )> o—2miz B

L2(R2d)
BreA*

The coefficients <W(f1,§i) Tﬁ*W(ﬁ,};)> can be simplified. Let ﬂT* =

R2)

( - 2 ) then using Proposition 2.3 ¢), we have
Ty W(F1, @)1, ¢) = e PP e M B 2 PIVW (F) T g M_pe 8 (1, 0)
2

) Birkhduser
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Ty W( o, hi)(t. §) = ™ PIB1 = 2m 0Py 2TICBOW (T Mg . Bi) (2, €)
e
and applying Moyal’s formula we obtain
<W(f1, g), TgW( f2, hi))Lz(RZd)

= <T#W(fl i gi)’ T%W(fz’ hi))LZ(]RZL])

= e*2niﬁf~ﬁ§<W(f1, T,ﬂTMfﬁ;‘g';), W(Tﬁi*Mﬂz*ﬁ, };)>L2(R2d)

= e PR, Ty Mg: o) (T_p: M_ps 8. i)
= (M_g:Tgs f1. f2)(hi, M_pg Tpsgi)
= (T ) f1, f2)(hi, T(A0)gi)

where A° = JB* € JA* = A°. We can then express N (z) as

Ni(@) = vol(A)™" Y 7 (w2 fi, fo) (i, w(20)gi) € 717003

ACeN°

and we have

M M
N@=) Ni@) =vol(A)™" ( <hl~,n(x°>g,-><n(x°>f1,fz>) e ATIo0nD),
i=1

i=1 ACeA°

(1D
The function A is continuous since it is a finite sum of continuous functions. By the
uniqueness of the Fourier series, (26) is the Fourier series of AV. O

We are now in the position to state the three main identities in Gabor analysis.

Theorem 3.5 Let A be a lattice in R*? with adjoint lattice A°. Then for g;, h; €
M! (Rd), i=1,..., M, the following hold.

(1) Fundamental identity of Gabor analysis:

M M
DO A TGN T i, f2) = vol(A) 'Y Y (hi, ()@ (T (W) fi, fa)

i=1 AeA i=1 A°cA°

(12)
forall fi, f> € L>(R%).
(ii) Janssen Representation:
M
Sap =vol(M)™' Y " N (hi, T i) T (W), (13)

i=1A°eA°
where the series converges unconditionally in the strong operator sense.
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(iii) Wexler—Raz Biorthogonality Relations:

M

Sty=Ton L>(RY) <= vol(A)™! Z(hi, T(A°)gi) = 8re.0 for x° € A°.
i=1

(14)

Proof The Fundamental Identity of Gabor Analysis and Janssen representation follow
directly from Proposition 3.4. It suffices to prove the statements on a dense subspace
of L2(R%). Let f1, f» € M'(R?), then the left hand side of (12) equals the function
N of Proposition 3.4 evaluated at z = 0. Since N equals its Fourier series expansion,
we have

M
N©) =vol(A)™" Y (hi, w(2)gi) () fi. fa) -
reen i=1
which gives (12).
As for Janssen representation, we observed in the proof of Proposition 3.4 that
N@) = (SAhn(z)fl, 7(z) f>) for fixed fi, f> € M'(R?). Evaluating \ at z = 0 and
using the Fourler series representation of N, we obtain

M
(S&uf1, o) =vol(A) ™'Y >~ (hi, m(O2)gi) (T (A0) f1. fo)

i=1 A°e€A°

M
= (vl 1Y D the, TG TGO fi. o).

i=1 A°€A°

which is the Janssen representation of the frame operator SA

The implication <= of iii) follows tr1v1ally from the Janssen representation of
S A . For the converse, assume that S A = = I.Let f1, o e M (Rd) then N of
Proposmon 3.4 is a constant function. Indeed

(fi, f2) = () 1, 7 (@) f2) = (S, (2) fi, 7(2) f2) = N(2)

fgr every 7 € R24 Since A\ is a constant function, it equals its Oth Fourier coefficient
N(0) = (f1, f»). By Proposition 3.4, we have

M
vol(A) ™Y “(hi, w02 ) (T (A0) 1, f2) = Sre.0(f1, f2) - (15)
i=1

Fix A° = (A},15) € A° and let f € M!(R?) be a nonzero function. By letting
fi=T_3sM_,s f and fo = f, (15) becomes

M
Vol(A) ™'Y (i, )@ (S, f) = 8re o(Tas Mg f f)

i=1
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and the right hand side of (14) holds. O

In the subsequent sections we will turn our attention to Gabor frames for model
sets by generalizing the construction we have just presented.

4 Almost Periodic Functions, Model Sets and Local Functions

The main object of our investigation are Gabor frames for model sets, and in the treat-
ment of such frames, we naturally come across almost periodic functions. Therefore,
we begin with the review of some basic facts about almost periodic functions and
finish with a definition and some properties of model sets. For a detailed exposition
on almost periodic functions we refer to [2,3,5].

We say that a bounded and continuous function f : R* — C is almost periodic,
if to every € > 0 there corresponds a relatively dense set E(f,€) C R24 such that
forevery t € E(f, €),

sup | f(z+71)— f(2)| <e€.

zeR2d

A subset D is called relatively dense in R24 when there exists r > 0, such that for all
zeR¥ DN B(z,r) # @, where B(z, r) is a ball of radius r in R24 centered at z.
Each t € E(f, €) is called an e-period of f.Let AP (R2) denote the space of almost
periodic functions. Each almost periodic function is uniformly continuous and admits
a formal Fourier series

f@~ Y aG, fre e, (16)
rea(f)

where

a(h, f) = M:Af(@e™) = lim % fB or) f@e ™ dz,

R—o0

are the Fourier coefficients of f, and o (f) is the so-called Bohr spectrum of f,

o(f):={reR" :a(, f) # 0},

and it forms a countable set, that is only for a countable number of A € R™, a(), f)
is nonzero ([5]). The O-th Fourier coefficient of f,

a(0, ) == M {f(2)},

is called the mean value of f.1f f(z, Z), with (z, Z) € R?? x R??, is almost periodic,
then it is almost periodic with respect to each of the variables z and z. Moreover,
M:{f(z,7)}is an almost periodic function of z.

We gather the important identities of almost periodic functions, that we will use
throughout the article, in the following theorem.
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Theorem 4.1 ([5]) Let f € AP(R*?) with the Fourier series given by (16). Then the
following hold.

(1) Bohr’s Fundamental Theorem: ./\/lz{|f(z)|2} = era(f‘)|a()‘7 I
(i) Plancherel’s Theorem: M_{f(z) g(z)} = Z)\.eo(f) a(h, fra(h,g) forall g
APR?) with o (f) = o (g).
(iii) If all the coefficients a(x, ) of f € AP(R™) are zero, then the function f = 0.
(iv) When f is non-negative, then M{f} = 0 if and only if f = 0.

Throughout the exposition we will be encountering almost periodic functions whose
spectrums lie in model set. We state the basic definitions and theorems for even dimen-
sional model sets since only those we will use, however the same definitions and
properties apply in any dimension.

We begin with a lattice in I' ¢ R*? x R”, where R?? and R” are equipped with
Euclidean metrics and R?? x R” is the orthogonal sum of the two spaces. Let p; :
R* x R" — R and p> : R?>? x R* — R” be projection maps such that p;|I is
injective and L = p1(I") is a dense subgroup of R?¢. We impose the same properties
on p;. For the dual lattice of T', denoted by I'*, let p}, p5 be defined as py, p>. It
holds then, that pj|I"™* is injective and p}(I'*) is a dense subgroup of R4, and the
same holds for p5. Moreover, for y € I and y* € I'*,

Zay-y* =), )i, ps(v") = p1(y) - pi ")+ p2(y) - p3(v™)

Let @ C R” be compact, equal to the closure of its interior and have boundary of
measure 0. We call 2 a window. Then a model set A (£2) is defined as

AQ) :={pi(y) : y €T, pp(y) e Q) C L C R,

If ©Q is symmetric around the origin then 0 € A(2). Model set is generic if the
boundary of €2 has no common points with p>(I"). A model set is simple it n = 1. We
will be working only with simple model sets. We assume, without loss of generality,
that from now on €2 is symmetric around the origin.

Model sets are a very natural generalizations of lattices, and for n = 0 they reduce
to a lattice and, thus, the results that we develop later on in the article reduce to the
known ones for lattices. If A(€2) is a model set, then it is uniformly discrete, relatively
dense, and has a well defined density

#(A(Q) N B(x, R))
R2d

b

D(A(Q) = lim

where #S denotes the cardinality of the set S and B(x, R) is a ball of radius R in R
centered at x . The limit is independent of x € R??. For a simple model set A (2), we
have D(A(Q2)) = Vol(l")_1 |€2], see [1].

Due to the underlying lattice structure of a model set, there exists a Poisson summa-
tion formula for A (£2). Let C§°(£2) be the space of all smooth, real valued functions
on R with support in Q. Via the mapping p> o (p1|r)~! : L — R we obtain a
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space C(A(S2)) of functions on L, vanishing off A(L): for ¢y € C{°(R2), we define
wy € C(A(R)) by

wy :L—>R,  wy@) =9 (pay)) for A=pi(y) e A(Q), (A7)

and wy (A) = 0 for A ¢ A(Q). If y were the indicator function of €2, we would have
wy (M) = 1on A(2) and wy (1) = 0if A ¢ A(S2). However, the indicator function is
not smooth. The Poisson summation formula for model sets was originally stated for
the class of Schwartz functions in [23]. However, since it relies on the original Poisson
summation formula, we can state it for a bigger space.

Theorem 4.2 (Poisson Summation Formula for Model Sets) Let A(S2) be a simple
model set defined by a relatively compact set Q@ C R of non-empty interior and a
lattice T € R* x R. Let y € C3°(R2), and the weight factors wy (L) on A(2) be
defined as in (17). Then, for every F € M'(R??), the following holds

Yo wgWFQ)e = Y iy (= psr)F(z - piM),  (18)

reA(R2) y*el'*

where R
Wy (p3 (™) := vol() 'y (p5(y™) for y* e I'*. (19)

The identity holds pointwise for all z € R*, and both sums converge uniformly and
absolutely for all t € R*.

Meyer, in [23], originally stated the Poisson summation formula for model sets for
functions in the Schwartz class S(R2?). As the Poisson summation formula for model
sets follows from the ordinary Poisson summation formula, which holds not only for
the elements from S(R2?) but also for functions in M (R2?), we were able to extend
the former one to a bigger class of functions.

Proof Since wy (1) = ¥ (p2(y)) for . = p1(y), one can forget about the restriction
A € A which s given for free by the support of ¥, and consider a function f = F®1.
Since ¢ € C°(R2) C M IR), f € MY (R* x R) by the tensor product property of
Feichtinger’s algebra M. We can now apply the ordinary Poisson summation formula,
Theorem 3.1, to the lattice I, its dual lattice I'* and the function f and obtain

Y fe T =vol() T Y Ff -y,

yell y*el'*

Then (18) follows by taking z = (x, 0) € R? x R. O

Remark 1 Poisson summation formula for model sets gives a method for constructing
almost periodic functions with desired spectrum. Indeed, the function on the right hand
side of (18) is almost periodic since it equals an absolutely convergent trigonometric
series. By the property of almost periodic functions, the Fourier series of this function
coincides with this trigonometric series. That means that the Fourier coefficients of
the right hand side of (18) equal wy, (A1) F'(4).
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On the collection of point sets in R?? that are relatively dense and uniformly sep-
arated, with minimal separation greater than r, denoted by D, (R24), we can put a
topology, called local topology: two sets A and A’ of D, (R?) are close if, for some
large R and some small €, one has

A'N B, R) = (A+v)NB@O,R) forsomev e B(0, ¢€). (20)
Thus for each point of A within the ball B(0, R), there is a point of A’ within the

distance € of that point, and vice versa. The pairs (A, A’) satisfying (20) are called
(R, €)-close. More formally, for € > 0 and a ball B(x, R), define

U(e, B(x,R)) : = {(A, A) € D,(R*) x D, (R*?) :

(A+v)NB(x,R)=A NB(x,R),for somev € B(0, 6)}.

These sets form a fundamental system for a uniform structure on D, (R24y whose
topology has the sets

U(e, B(x, R)[A] := {A/ € D,(R*): (A, A) e U(e, B(x, R))}

as a neighbourhood basis of A. Note, all the point sets A from D, (R?*?) have the same
relative separation rel(A).
On the set D, (R*?) we can put a metric. Let A, A’ € D, (R24), then

d(A, Ay = limsup TLAYAD | (z;;z\ )) N B(O, R))
R—o0

is a pseudometric on D, (R??). We obtain a metric by defining the equivalence relation
A=A < dA,AN)=0.

Later in the article, we will work with a collection of model sets. Let 2 be a window,
then for each (s, 1) € R* x R we may define

AQ

(s,t

y=s+AK—1)

Note that A (2) and all its shifts have the same relative separation rel(A (£2)).

If (s,t) = (s',t') mod T, then Ag’t) = Ag,’t,), however the inverse is not neces-
sarily true. In the sequel we will write (s, ¢);, for the congruence class (s, ) mod I.
These model sets are parametrized by the torus T := (R* x R)/T" = (R/Z)%¢*!.
There is a natural measure, Haar measure, 6 on T. It is invariant under the action of
R4 on (R?? x R)/ T and it acts by

2+ (s, ) =@+s, L.
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We can define an embedding R> — T, z > (z, 0)7. The image of this embedding
is dense in T.
Now, let A(€2) be a model set, and we translate it by elements z € R2d

Z+HAQ) =2+ AQ+0)=AT .

The closure of the set of all translates Aﬁ,m of A(2) under the local topology (20)

forms the so-called local hull X (A(S2)) of A(R), X (A(RQ)) = {z 4+ A(RQ) : z € R},
([25,27)).

Proposition 4.3 [27] Let A(2) be a model set. There is a continuous mapping

B X(AQ) - T,

called the torus parametrization, such that (i) B is onto; (ii) B is injective almost
everywhere with respect to the Haar measure 0; (iii) B(z + A") = z + B(A') for all
zeR¥ andall A € X(A); and (iv) B(z + A(Q)) = (z,0) for all z € R*.

By injective almost everywhere, we mean that the set P of points z € T, for which
there is more than one point set of X (A(€2)) over z, satisfies 8(P) = 0.

There is a unique R24_jnvariant measure 1 on X (A(2)), with ©(X(A(R))) = 1,
and g relates the Haar measure 6 and p through: 6(P) = (B~ P) for all measurable
subsets P of T. Having p we can introduce the space L?(X(A(S)), ) of square
integrable functions on X (A (€2)). Square integrable functions on X (A (£2)) and square
integrable functions on T can be identified,

LY (X(A(R)), p) ~ L*(T, 6). (21)

The mapping takes a function M € L*(T,6) and creates N = 2o B €
L%(X(A()), i), and since B is almost everywhere injective, the map is a bijec-
tion. This allows us to analyze functions on X (A (2)) by treating them as functions
on T.
Consider a function N : X (A(R)) — C. We can define from it a function A/ :
R?? — C by N
N@) =Niz+AQ).

If A is continuous, then for all z1, zp € ]RM if z1 + A(2) and zo + A (L) are close,
then N(m + A(2)) and N(Zz + A(Q)) are close, and as a consequence, N (z1) and
N (z2) are close. Thus continuity of N implies continuity of A/, or a certain locality.
More formally, a function N : R24 — C is called local with respect to A(S2), if for
all § > O there exists R > 0 and € > 0 so that whenever z; + A(2) and zp + A(R2),
forz1,z2 € R¥ are (R, €)-close, then

W (z1) = N(z2)| <.
Intuitively, N looks very much the same at places where the local environment looks
the same. It can be easily verified that local functions are continuous on R?? and almost

periodic.
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Using locality, we can go in the opposite direction. Let N be a local function with
respect to A(2). Define a function N\ on the orbit of A ():

N:iz+AQ) :zeR¥ 5 C by Nz+AQ)=N@G).

Then N is uniformly continuous on {z + A(R2) : z € R?¢} with respect to the local
topology. The reason for this is that the continuity condition which defines the localness
of \V is based on the uniformity defining the local topology on {z + A(2) : z € R4},
It follows that NV lifts uniquely to a continuous function on a local hull X (A(2)).

Proposition 4.4 [24] For each local function N with respect to A(2) there is a unique
continuous function N on a local hull X (A(S2)), whose restriction to the orbit of A(£2)
is N. Every continuous function on the local hull of A(S2) arises in this way.

The spectral theory of L*(X(A(R)), ) allows us to analyze N by analyzing its
corresponding function A/ on L2(X(A()), ). Suppose N is a local function v~vith
respect to the model set A(€2). From the locality of A/ we have its extension N €
L2(X(A(S2)), ) which is continuous. Then we obtain 9t € L%(T, 8), where

N((z.0)1) = NBE +AR) =Nz + ARQ) =N@),

and since functions in LZ(T, 0) have Fourier expansions, we can write

N@) =N+ AQ) = NG00 = Y Neppe 270

nel™

= ) Npe2rieritn, (22)
nel*

almost everywhere, with
NGy = / N((s, D)™ DM db(s, 1) .
T

However, we know 91 only on (R, 0);. To compute the coefficients ‘?I(r;) out of N/
alone, we can use the Birkhoff ergodic theorem

~ . 1 .
N(n) = f N((s, N I df (s, )= lim — / N((z, 0) )™ &0 dz
T R“® Jp(o.R)

R—o0

1 ok
= lim o3d N(Z)eZHlZ-pl(;y) dZ 5
R—oo R B(0,R)

where we used 9N((z, 0)) = N (z) and n = (p} (1), p5(n)), so
(z,0)-n=2z-pim+0-p3(n).

If Zn eI+ |")\1(17)| < 00, then the Fourier series (22) converges absolutely to N (z) for
all z e R¥,
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5 Bracket Product on Model Sets

As described in the introduction, we are interested in the charaterization of tight
and dual Gabor frames for simple model sets. We are going to imitate the approach
presented in Sect. 3 for model sets, and like in the previous Section, the Poisson
summation formula will play a crucial role.

We assume from now on that 2 is symmetric around the origin and that p,(I") and
p5(I'*) have no common points with the boundary of Q2. Let A (£2) be a simple model
setand ¢ € C(‘)’O (R2). Let w¢, be a function defined as in Theorem 4.2. Then for a fixed
7 = (x, w) € R¥ the generalized -bracket product of f and g is defined as

[T@F. 8]0 @ = Y Wy(— pO)M - WEDE-pie").  (23)

y*el*

For f,g € MY (R?), we have W( f A) € M'(R?*?) and the bracket product is
well defined. Moreover, F~!M_ W( f 2) = T, A(f, g) and is also an element of

M'(R?*?), and by Remark 1, [71 ) f, g]ﬁ @ is an almost periodic function repre-
sented by the trigonometric series

[7@)7. 815 0) @) = 2wy A )k = e 7.

AEA

The Fourier coefficients are given by

M7 @7 8] 0 @ = wy WAL 90—, @4

We make the following useful observation that is in analogy with regular shifts.

Lemma 5.1 Let A(SZ) be a simple model set and W € C (). For all functions
fi, fa, g, heM (Rd) we have

> wy )AL O — DA, O —2)

AEA(RQ)

= M| /1. 8% g [T 2. 1] 0 |-

Proof The bracket products [@1, 'g\]‘ﬁ(g) and [JT/(Z—\)fz, E]K (@) are almost periodic
function with Fourier coefficients given by wv, (1) A(f1, g)(A —z) and wy, (M) A(f2, h)
(A — z), respectively. Using Plancherel Theorem for Fourier series of almost periodic
functions and (24), we obtain
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3wy WAL 9 — DA G —2)
LEA(RQ)

) Mz{[”/(l\)ﬂﬁ?]/d((sz)@ezm'z}Mz{[@ﬂﬁ(m@ezm'z}
LEA(RQ)

= M{[W@]K(Q) : [ﬂ?\)fzﬂX(Q)} '

m}

The following result concerning the bracket product will be important in many
calculations to follow.

Proposition 5.2 Let A(2) be a simple model set and y € C§°(R) be non-negative.
Assume that g, h € M'(RY). Then, for f1, f» € M'(RY),

Fz2) =10 8]} 0@  [T@ . k) @), (.7 eR¥ xRM

is an almost periodic function.
I/’[oof Let Jl, HheM L(R4). Moreover, for n € I'*, we define W, such that \TJ; =
v T,,;(,,)w. Then each W, belongs to C3°(IR) and is compactly supported on €2 + €2,

and we can define Wy, as Wy, (p5(y*)) = vol(l")_ll/ll\n(pﬁ(y*)), for all y* € T'*, as
in (19). Then, by the change of index, we have

Fz,5)= ) iy ( — P35y (= p3O)M_W(F1. DG — PT(M))

n.0er*

x M_W(f2, ) — p;(0)
= Y iy (= piw)iy (— PO DE — pi(w)

wn,0er+

< W MG — p@ye > (i@ -riw)
= > iy (= p3w) By (- Py — PV DE — p(w)

n, el
X Ty W (2. 1) G — pi())e 7 Pi00=
= Y Vol 2D, (= p3(m)W(F1, DE — pi ()

n,pel*

X Tyr W (2. 1) E — pi())e 2 Pim=

=vol'() )

nel*

nel*

x [Z B, (= P DE = PN Ty W2 I E — p’f(,u,)):| 2Tz,

For a fixed n € I'*, consider the series

@) = Y o, (= p3u0) (WD - T W) G = P

pnel™*
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Since W(fl, 2) and W(fz, ﬁ) lie in M (de ), their product as well. Moreover,
F WL DTy W2 ) = A(f1. 8) # (M iy A f2, 1))*

which is in M'(R?) since A(f1, g), A(f>, h) € M'(R?*?). Therefore, by Poisson
summation formula for model sets we can write F;(Z) as

Fy@) =Y Wy(pa) (A1, 8) % (Mpr i Alfr, 1)*) (p1(y)) e 2T P1 0

yell

= > WAL &), Tpin Mprp A2 D) -, e 27D,

L2(R2d
iy (R=4)

and F(z, z) becomes

F(z,2)
=vol ' (D) Y Y " Wy (pa(y))

nel* yel’

oni 3 _omin*(n)-
X <.A(f1, 2, Tpl(y)MpT(n)A(fL h))LZ(]de) e~ 2mip1(¥)Z ,=2mipi(n)z

=vol ™' (1) D~ D (W, Ty Mpsp V)

nel* yell
_2ri Z ,—2mipy(n)-
(AU T My A D),y €300 20T
= vol~}(I") Z Z
nel* yell
—2wip1(y)Z ,—27ipi(n)z
X <1ﬁ ® A(f1.8). Ty My (¥ ® A(f2, h))>L2(R><R2d) ‘ ‘ o

The coefficients in the series defining F (z, Z) are in £! (I x I'*), because ¥ ® A(f1, g)
and ¥ ® A(f2, h) liein M (R x R??), and hence
1 2d 2d
v(mA(fz,h))(w ® A(f1.8)) € W(Co, ") ((R x R*) x (R x R*)).

That means that F' equals a generalized trigonometric polynomial, and therefore is
almost periodic. O

We need one more result that will be an important tool in the characterization of
tight frames and dual frames.

Proposition 5.3 Ler A(2) be a simple model set and W € C{°(R2) non-negative

function. Assume that gi, hi € M'(R?) for every i = 1,..., M. Then, for every
f1. f» € MY R?), the function
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M
NY@ =) Y wy)r@fi, &) mOhi, m(2) ) (25)

i=1 AeA(R)

is almost periodic and coincides pointwise with its Fourier series
NV (n)e‘zmpf(”)'z, with

nel™

M
A ) = vol(T) ™ 2= ps ) (w (Jpi ) i f2) D (i 7 () gi)

i=1
where n € T'* and J is the symplectic matrix.

Proof Let fi, f» € M'(R?). Using the relationship between short time Fourier trans-
form and cross-ambiguity function, we can express NV as

M
NY@ =) > wy) (m(@ fi, x W& (m Ohi, w(2) f2)

i=1 AeA(Q)

Z D wy WAL g0 — DA, hi) O —2) -

i=1 1eA(Q)

Fori =1,..., M fixed, let

N @= 3wy Alfi. g) (O — A2 hi) G —2) -

AEA(S)

By Lemma 5.1, we have

N @ = M:|[r@ . @] )@ - 7@ fo. ]} )] -

and by Proposition 5.2 and properties of almost periodic functions of two variables,
./\/iw (z) is almost periodic. Moreover, using functions F; and V¥, defined in the proof
of Proposition 5.2, we have

N @ =vom)™ Y MZ{FU(Z)}e—zﬂiZﬁT(n)
nel™*

= vol(M") ™! Z \I/,,(O)(A(fl, gi)s MPT(H)A(f% hi))Lz(de) o= 2mizepy ()
nel™*

=vol() ™" 3 V23 [ (Ipin) f1. 1o) (ki 7 (IpT ) gi) e=2m PO

nel™

where the last equality follows from relations between cross-ambiguity function, cross-
Wigner distribution and Moyal’s formula, as in the proof of Proposition 3.4.
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Now, since A is a finite sum of almost periodic functions, it is almost periodic and
it equals a generalized trigonometric series

NV (2) = vol(I') !
M
X Z <w2(_p;(n))< (Jpl(n) fl,fz) Z(hl’n JP1(77)) >> o~ 2mizpi(n)

ner* i=1
(26)

By the uniqueness of the Fourier series, (26) is the Fourier series of NV (z). O

6 Gabor Analysis for Model Sets

We first begin with weighted Gabor frames and characterize normalized tight and
dual weighted Gabor frames. The characterization follows directly from the bracket
product defined in the previous section. Next, we move to the non-weighted scenario,
where we develop Fundamental Identity of Gabor Analysis for model sets, Janssen
representation and Wexler—Raz orthogonality relations.

6.1 Weighted Gabor Systems

Let A(R2) be a simple model set, ¥ e CG°(2) non-negative function and the
windows gi,...,8my € M L(R9). Then, a weighted Gabor system, denoted by
Gy (g1, ..., 8m; A(R)), is a collection of elements wy (A1) (1)g;, where L € A(R),
i =1,...,M and wy as defined in (17). The system Gy (g1, ..., gu; A(R)) is a
frame for LZ(R?) if there exist constants A ¢» Bg > 0 such that

M
AglfI3 =D Y wyW (. m Mg < Bl £113 27)

i=1 AeA(Q)

holds for all f € L*(RY). Gy (g1, ..., gm; A(R)) is a normalized weighted tight

Gabor frame if A, = B, = 1. As in the case of non-weighted Gabor systems,
Gy (81, .., 8m; A(R))is a Bessel sequence (only the right hand side of (27) holds) if
allg; € M'(R?),i =1, ..., M. Equipped with this notions, we can now characterize

weighted tight Gabor frames.
Proposition 6.1 Let A(2) be a simple model set and y € C§°(2) non-negative

function. Then the family Gy (g1, ...,8m; A(RQ)), with g; € MY RY) for every
i =1,..., M, is a normalized weighted tight Gabor frame for L*(R™), that is

M
D> wy PP = 11f15 forall f e LXR™)  (28)

i=1 reA()
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if and only if

M
vl Y2 (p5) D (g 7 (/7 (0)8i) = 810 29)
i=1

for each n € T'*, where § is the Kronecker delta.

Proof By [15], it is sufficient to prove the theorem when f € M'(R?). Assume
that Gy (g1, ..., gm: A(R2)) is a normalized weighted tight Gabor frame. Since g; €
Ml(Rd) foreveryi =1, ..., M, by Proposition 5.3 withg; = h; foralli =1,..., M
and f; = f> = f, we can define a function O¥(z) as

M
V@ =) Y wyW @ f Mgl (30)

i=1 AeA(S)

By (28), this function is constant and equals || f II%. LetEV(z) = OV () —|I f ||%. Then,
£V (z) is almost periodic and £Y = 0. By the property of almost periodic function, it
implies that the Fourier coefficients of £¥ (z),

OV —IIfI3, n=0

5””)2{0 v, n#0

are zero. By Proposition 5.3, we have then

M
vol() ™ W2 (p3 ) (w (4pi ) 1. £) 3 (i w (Ipim) i) = 8100713 G

—

with € T'*, for every f € M'(RY).
Let f € MI(RY) \ {0}. Consider first n = 0. Then (31) becomes

M
vol(D) "1 92(0) (£ £) Y giv 8i) = 80l £13
i=I

and (29) follows. Now, let n # O be fixed and take f(x) = ™™ "2, a Gausian. Then
(31) implies

vol(™) ™ 92 (p3 () { Jpl(n)ff>§:<gu 7 (Jpim)ei) =0,

i=1

and since <n(1p7(n)) 7 f> £0, (29) is satisfied.

Conversely, assume that (29) holds. Since g; € M L(RY) for everyi =1,..., M,
by Proposition 5.3 with f| = f», = f and g = h; foreveryi = 1,..., M, we
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can define function OV (z) as in (30). Then, by Proposition 5.3 and relation (29), the
function OV (z) is given by the trigonometric series

> 0 e I = 0V (3).

nel*

for every z € RY, with
OV (n) = 8y0(w(Ipi W) /. f)

Hence, OV (z) is constant and OV (z) = ||f||%. Evaluating O (z) at z = 0, gives the
claim. O

We know state conditions for a weighted Gabor system Gy, (A1, . .., hy; A(2)) to
be a dual system of Gy (g1, ..., gm; A(2)).

Proposition 6.2 Let A(2) be a simple model set and € CgO(SZ) non-negative
function. Let g; € MY R and h; € M'(RY), for everyi = 1,..., M. Then

Gy (81, 8m; A(RQ)) and Gy (hy, ..., hy; A(RQ)) are weighted dual Gabor frames,
that is

M
DD wy W (f W) T Wk, f) = 15 forall f € LXR™),  (32)
i=1 AeA(R)

if and only if

M
vol(™) ™ Y2 (p3(0) Y (i 7 (407 G0)gi) = 80, (33)

i=1
for each n € T'*, where § is the Kronecker delta.

Proof The proof is analogous to the proof of Proposition 6.1 with obvious
adjustments. O

Based on the last proposition we can also derive density condition for weighted
Gabor frames.

Proposition 6.3 Let A() be a simple model set and € C3°(2) a non-negative
Sfunction such that || |l2 = 1. If the Gabor frame Gy, (g; A(2)), with g € MY(A(Q))
admits a weighted dual that is also a Gabor system, then D(A(2)) > 1.

Proof Let g € M'(R?) and assume that the Gabor frame Gy (g; A(2)) admits a dual
Gy (h; A(R)) with h € M'(R?). Let B, be the upper frame bound of Gy (g; A(R2)),
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and we can assume without loss of generality that ||h||% = |Q|B, ! Then, by polar-
ization, we have the frame decomposition

(i, )= (fi,mQwy ) Tk, fo) forall fi, fr € L*(R™),

AEA(R)

If we set fi = h and f, = g, by the Bessel property of Gy (g; A(£2)), we obtain

(h.g)= > wy()(h.m()g)* < Bellhll3 =<l
AEA(RQ)

On the other hand, by Proposition 6.2 with M :/1\, VOI(F)_ll/ﬁ\z(O) (h,g) =1, and
therefore D(A(£2)) = vol(I')~'|Q| > 1 because ¥2(0) = ||[y/]|5 = 1. o

Gabardo, in [9], gave a characterization of the weighted irregular Gabor tight frames
and dual systems in terms of the distributional symplectic Fourier transform of a
positive Borel measure where the windows belong to the Schwartz class. Itis possible to
derive his results in the setting of model sets, using the characterization just presented.

6.2 (Nonweighted) Gabor Systems

Let gi, h; € Ml(Rd), i=1,...,M,and A(2) a simple model set. At the beginning
of Sect. 2, we showed that the frame operator SQ(Q) of G(g1, ..., gm; A) does not
commute with the time-frequency shifts taken from A (€2). The same holds in particular
forany A € X(A(L2)) and a time-frequency shift by z € R, Let SA % denote the
mixed frame operator associated to G(gy, ..., gm; A—z)and G(hy, ..., hy; A —2).
Then there is a covariance relation relating S ', and SA *. The followmg result was
obtained by Kreisel in [18]. We state it here for the mlxed frame operators.

Proposition 6.4 [18]11fG(g1,...,gm: N) and G(hy, ..., hy; N) ,are Gabor systems
for A, and, G(g1,...,gm; A —z)and G(hy, ..., hy; A — ) are Gabor systems for
A — z, then the mixed frame operators Sﬁ pand S Q;Z satisfy

§h=z

Sty =7(@) oh

Moreover, the following continuity property holds.

Proposition 6.5 [18] Suppose A,, — A in X(A(2)) and the window functions g;, h;
lie in MY(RY), for each i = 1,..., M. Then S;\’;l — ng\,h in the strong operator

topology on B(M!(R?)Y).

Even though the mapping A — S%, A € X(A(R)) is not continuous when

B(M'(R%)) is given the norm topology, all the frames G (g1, ..., gm; A) have the
same optimal frame bounds.
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Proposition 6.6 [18] Suppose G(g1, ..., gm; A) is a frame for each A € X(A(2))

and each g; € M! (Rd). For any A € X(A(Q)) the optimal upper and lower frame

bounds for G(gi, ..., gm; N) are the same as those for G(g1, ..., gm; A(2)). As
/ SA — SA(Q) d SA —1 — SA(Q) —1 h .

a result, |Sg' llpr = [1Sg " a1 and [[(Sg) ™ Hlpr = 11(Sg ™) llpg1, where |||y

denotes the operator norm on B(M L(R4Y).

As a result of the continuity property, we have the following Corollary.

Corollary 6.7 [18] Suppose g1, ...,gu € M'(RY) and G(g1, ..., gu: A(R)) is an
M'-frame. Then for any A € X(A(R)), G(g1, ..., gm; A) is also an M'-frame.

Now, let fi, f> € M'(R?) be fixed and let g;, h; € M'(RY) fori =1,..., M. We
define a function N : X (A(2)) — C through the mixed frame operator, as

N ) = (S8, 1. f).

Since, by Proposition 6.5, Sé\,h is continuous, in the strong operator topology, over

X (A(S~2)), the function AV is continuous. As was presented in Sect. 4, we can define
from A a function N : R — C, by

N@G@) = NA®Q) —2), (34)

and since f\7 is continuous, A is local with respect to A (£2). As was shown in Sect. 4,
it has a Fourier expansion

N@) =) Rpe2ririm:

nel*

where

=~ 1 N
N = lim — N (@)= rim gz 35
0 = Jim 257 [0 o VO z (35)
Applying the tools developed in Sect. 5, we will be able to compute the Fourier
coefficients 9t(n) of NV.

Before we proceed further we introduce a sequence of auxiliary functions that will

be crucial in proving our results. The following Lemma is a particular case of Prop 3.6
in [1].

Lemma 6.8 Let0 < € < 1, Q be a compact subset of R, Q= (1—e)Qand f; = §§
for s € N. Then,

(i) the infinite convolution product *:io fs converges in L'(R) and defines a
non-negative smooth function = *;.ozo fs compactly supported on 2, with

il =1;

(ii) the Fourier transform of {r is the smooth function lﬂ | f;, with uniform

convergence of the product, where fY (t) = sinc(t |eSQ|) and sinc(t) = gmgt).
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Now, for 0 < € < 1 and 2 a compact subset of R, we define a sequence of compact
sets 2, = (1 — €")Q2. The sets €2, are increasing and Un Q, = Q. Let ¥, be an
infinite convolution product

T (>l< s, ) . (36)

= —— % —
s=0 1€ [Qn] N\ =i [€M2]

Then, by Lemma 6.8, each v, is well defined and forms a sequence of Cgo (£2) non-
negative functions, with Fourier transform of v, being

o0

Un(t) = ]—[ sinc( |€" 2, ) = sinc(t |2,]) - ]—[ sinc( €™ Q2y). (37)

s=0 s=1

Lemma 6.9 With the above notation,

(1) the sequence {y,}°° | converges pointwise to Lo on Q\ 0K, where 02 is the
n=1 1

boundary of Q;
(ii) the sequence of Fourier transforms, {{r,}° |, converges uniformly.

Proof Lettg € 2\ 02 and § > 0. By the properties of the sets €2,, we have: 2, C
Q, C Qand €, C €™Q,, forn > m and €Q, C €"6TDQ, for all n and s.
Then, there exists N > 0, such that foralln > N, |2\ ,]| < (S|S2|2 and ty € ;.
That means, forn > N

o0 ]l nsQ o0
|:<Zsupp |e’jSQZ|) — to:| nge, = [(Ze”sﬂn — to)j| NQ #0.
s=1 s=1

Then, foralln > N,

o0
Tq(1) 1q Tensq 1
Y (to) — = =k . (to) — —
" €2 (€2, ] §‘>1<1 €52 | |2
1 L L 1
= >X< e (to —x)dx — —
12a] Jo, \s=1 |€"82%] |2
< | ;lz )
1S2] || =1 €™l | 1€
1 |2\ Sy
(2. 2] 12,1182
)
< V>
(1—€N)

and claim (7) follows.
For (ii) it suffices to show that the sequence of Fourier transforms v, is uniformly
Cauchy. By (i) and Lemma 6.8, {1,}°°, is a sequence of L' functions converging
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pointwise almost everywhere to %. Then by the L' Dominated Convergence The-

orem, {y,}7° ; converges to I%ZI in L', and it follows that {Vn)2, is an L' Cauchy
sequence. Meaning, for § > 0 there exists N > 0 such that ||, — ¥, ||1 < 8 for all
n,m > N.Letn,m > N, then

1¥m — Unlloo < I1¥m — ¥nlli <8,

and {@}Zil is uniformly Cauchy. By the completeness of L°°(R), it converges uni-
formly. O

Let, ¥ denote the uniform limit of the sequence defined in (37). To make things
more convenient later, we normalize ¥, and define a new function

—1Q- (¥ % W), (38)

Note that $(0) = 1.

The following observation will be the main ingredient in our approach. It is anal-
ogous to the results for lattices developed in Sect. 3. With the above notation we
have

Proposition 6.10 Let A(S2) be a simple generic model set. Assume that gi, h; €
M'(RY) for everyi = 1, ..., M. Then, for every fi, f» € M'(R?), the function

Vo= Y [r@ fi. 2 G omi, 7 12)

i=1 reA(S)

. . L. . . .1 . . . X7 —2wip¥(n)z
is continuous and coincides pointwise with its Fourier series Zner* Nn)e pimz
with

M
Ny = DA@) S(p3 )7 (Ipi) f1. f2) 3 (i 7 (Ipim)ei).

i=1

where n € I'*, ® defined in (38).

We can approximate function A/ with the desired accuracy by an almost peri-
odic function whose spectrum lies in a ’dual’ model set. Let ¢ > 0 and C =
max || Vg, hillwr ¢2). The function ® decays rapidly outside its essential support,
hence, for the essential support, we can choose a compact interval Qe, depending on
the windows g;, h;, such that

€

< (39)
WR)  D(AQ)relT*)CM

5.

where |d> |* (x) = |d> |( x) is the involution and QC a complement of Q Let us define
an e —dual model set A*($3) originating from I'* and Q. by

A*(Qe) =B =pim) : neT*, pi(n) € Q) (40)
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We note here, that the concept of an e-dual model set defined here differs from the
original e-dual model set definition by Meyer. Then, the function N, given by the

series R '
N’é(z) = Z N(ﬂ)e—ZJTlﬁ-Z’
BeA*(S2e)

defines an almost periodic function with spectrum in A*(?Ze). Moreover, by Cauchy-
Schwarz inequality, we have

M
V=N o sDA@Y. Y |e(= )|z (Irim) fi. fo) (b 7 (I5T )ai)

i=1yer*; p}(m¢Se

" 172
=DA@)Y. { > ((lo1a) ®Uvgihi|2>(’l):|

i=1 | ger=*

nel*

12
x [Z ((q’}*ﬂﬁg)@mvﬂfﬂz)('/)}

< D(A(Q)) rel(T™) Z H(|¢| ]lszf) & U| Vg hil HW(RxRZ")

H(|‘D| 19‘)®u‘vf1f2| HW(RxRM)

By the property of tensor product and (39), we obtain

[V = Nel oo =

M
~ 2 - 12
¢ W(R)EHW&}’H lwzay [1VA 2 [wgaa

M
% lwe ; IVei i lwroo.e2ym2ay [V 2l wroe 2y @2a)

<e|VaLlwirs 2)ma) -

Proof of Proposition 6.10 Let f1, f> € M'(R?). Let yr,, be a sequence of Cg°(£2) non-
negative functions defined in (36). By Proposition 5.3, for each n € N, the functions

M
NP @ =30 3wy, W {r@ i 7 Mg [T ki, 7 () f2)
i=1 AeA(R)

are well defined almost periodic functions that are pointwise equal to their Fourier
series ), cr+ NVn()e= 2 Pi2 where NV () are given by

M
Rty = vl ™ 92 (p3n) {m (1F ) fr. fo) 3 (ki 7 (107 0)si)

i=

[
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On the other hand, the series Zner* N (n)e=2miri(n= converges absolutely (by
a similar argument as in the proof of Proposition 5.3) and gives rise to a uniformly
continuous function. By the uniform convergence of ¥2 to W * W, it can be eas-
ily verified that N'¥» converges uniformly to || ™2 > ner+ N (e 27iPi2_ since
D(A(R)) = vol(I) Q] and & = |Q] - (¥ * W).

Now, since A(£2) is genereic, that is the boundary d€2 of €2 has no common points
with pp(I"), and v, converges pointwise to IQI on 2\ €2, by Lemma 6.8, we show

that NV (z) is a pointwise limit of |Q|2 NV (z). Indeed, by the Lebesgue Dominated
Convergence Theorem, we can move the limit inside the sum, and for every z € R,
we have

M
Bim N =Y Y lim wd () (x @) fr (g ke, 7 f2)

i=1 1eA(R)

M
=3 2 Jim v (@ fi 7Gx ki, 7 1)

i=1 LeA(RQ)
()» =pi(y), yel)

S (s (r@f1 w08, @) 1)

i=1 AeA(RQ)

= Q72N (7).

By the uniqueness of the the limits, we must have N (z) = Zner* N (e 2ririm-z,
and by the uniqueness of the Fourier series, (26) is the Fourier series of N (z). I:I

For gi, hi € M'(RY) with i = 1, ..., M, the function N (z) of Proposition 6.10
coincides with the function N (z) defined in (34). Indeed, using Proposition 6.4, we
can write N (z) from (34) explicitly as

N@ =A@ -2 =57 p) = (07 @ A @) f)

>y (r@ f1, 28\ wGIhi, 7 15).

i=1 LeA(RQ)

By the uniqueness of the Fourier coefficients, ‘.Yt(n) in (35) equal N (n) from Propo-
sition 6.10, for all n € T'*.
We are now in the position to state the main results.

Theorem 6.11 Let A(2) be a simple generic model set. Then for g;, h; € M'(R?),
i=1,..., M the following hold.

(i) Fundamental Identity of Gabor Analysis for Model Sets:
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M
Yo (g Tk, f)

i=11eA(R)

M
=D@) Y @(psm)(x(7pi) fi. f2) 3 (i x (17 m)si)

nel* i=

(41)

forall fi, f» € M'(RY).
(ii) Janssen representation:

Sein = D(A(Q))ZZ (P ) {hi. 7 (IpT ) gi) 7 (Ipiam) . 42)

i=1 nel’*

where the series converges unconditionally in the strong operator topology.
(iii) Wexler—Raz Biorthogonality Relations:

M
S =Ton M'®RY) = D@D Y @(p3) (i, 1 (Ipf)ai) =8,0  (43)

i=1

forn e T'*.

The relation (41), as well as (42), can be written using dual model sets, and giving
a better understanding of the above relations to the ones for regular lattices. Let Q be
a compact subset of R, equal closure of its interior and with measure of the boundary
equal to zero. We define a sequence of dual model sets as

Ay (@) ={B=pi() : neT*, pim) e mQ\ (m— 1)} .
Then, the right hand side of (41) equals

DA@) Y- ®(p3a)( (/pi () fl,fz)f(h,,n (IPim)a)

nel™* i=1

“piaeny Y wo(B)7(/B) fi. f2) %(hl,n (IB)a).

m=15€A;kn(g~2) i=1

where we is defined as in (17) for the function ®. Since ® is well concentrated, with
rapid decay outside its essential support, the sum over m has only a finite number of
relevant terms, and we can approximate (41) as
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M
Z Z (fi. T (T Wi, f)
i=1 LeA(Q2

™M=

%D(A(Q))Z > we®(x(I8) i 12)

m=1ge A% (&) i

<h,’, n(]ﬁ)gi> .

—

Approximation depends on M and EZ’LWe can choose  to be an e —essential support
of @ in the sense of (39), that is Q = Q. and we have A7(R2) = A*(R2) as in (40).
Then we obtain a good approximation already for M = 1

(i) Fundamental Identity of Gabor Analysis for Model Sets becomes

M
Z 3 (Mg Tk, f2)

i=1 LeA(Q)

~DA@) Y w<1>(ﬂ)<ﬂ(fﬁ)f1,.f2)%(hi,n(fﬂ)gi>-
i=1

BeA* (@)
(ii) Janssen Representation gives us an approximation of the frame operator in the
form of
M
Q
SHP A DM@ Y wel) <hi, JT(Jﬂ)gi>n(Jﬁ) _
i=1 pen*(Qo)

(iii) Wexler—Raz Biorthogonality Relations provide an approximation to the identity

operator:
M
SV A~ Ton MIRY = DA@) Y wo ) (hi T(IB)gi) = 40

i=1

for B € A*(Qw).

These relations resemble the relations of Gabor systems for lattices, where there is a
connection between a lattice and its dual (or symplectic dual). Here A(2) takes the
place of alattice, and an € —dual model set A*( ?26) takes the place of a dual lattice, and
depends on the desired accuracy of the approximation and window functions g;, ;.

Proof The Fundamental Identity of Gabor Analysis and Janssen representation follow
directly from Proposition 6.10. Let fi, f» € M'(R?), then the left hand side of (41)
equals the function A of Proposition 6.10 evaluated at z = 0. Since A equals its
Fourier series expansion, we have

M
N©) = DA@) Y- @(ps)(x(Jpim) fi. f2) 3 (ki (17 m) ).

nel™* i=1
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which gives (41).

As for Janssen representation, we observe that N'(z) = (S A(Q)

7(2) f1,7(2) f2)
for fixed fi, f» € M'(R?). Evaluating N at z = 0 and usmg the Fourier series
representation of A/, we obtain

M
(S f1. f2) = DA@) 3 @(p5)(w (Jpim) i f2) 3 (ki 7 (I )si)

nel™ i=

—

M
= (@) Y2 e(p3on) Y (hi 7w (Ioim)aix (IpT) f1. f2).
i=I

nel'*

which is the Janssen representation of the frame operator S (Q)

The implication <= of iii) follows trivially from the Janssen representation of
S;\(Q) For the converse, assume that SA(Q) =1I1.Lletfi,freM (Rd) then NV of
Proposition 3.4 is a constant function. Indeed

(fi f2) = (1@ fi. 7@ f2) = (Sp 7w (@) i, 7(2) f2) = N (2)
foreveryz € R4 Since O = N — (f1, f2)isazero function, all its Fourier coefficients

A [Nm=(fi,fr), n=0
O = {/\7(77), n#£0

are zero. By Proposition 6.10, we have then

M
D) Y (p3 ) (i, 7 (Ip700)ei) (7 (IT0D) f1, f2) = 800 f1, fo).
i=1
(44)
Fix Jpi() € R and let f be a Gausian, that is f(x) = e ™. Then
<n(]pi‘(n)) 1, f2> - <n(]pi‘(n)) 7, f> £ 0 and the right hand side of (43)
holds. O
As a consequence of the Wexler—Raz biorthogonality relations we obtain a density
result for Gabor systems for model sets.

Proposition 6.12 Let A(2) be a simple generic model set. If the Gabor frame
G(g: A(RQ)), with g € MY (A(RQ)) admits a dual that is also a Gabor system, then
D(A(R2)) > 1.

Proof Let g € M!'(R?) and assume that the Gabor frame G(g; A(£2)) admits a dual
G(h; A(Q)) with h € MY (R?). Let B, be the upper frame bound of G(g; A(2)), and
we can assume without loss of generality that || ||% =B, ! Then we have the frame
decomposition

(fi. o)=Y (f,wQQ) W, fo) forall fi, fr € L*R™),

AEA(R)
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If we set f| = h and f, = g, by the Bessel property of G(g; A(£2)), we obtain

(h.g)= > It w())I* < Bellhll3 =1.
LEA(RQ)

On the other hand, by Theorem 6.11 iii) with L = 1, D(A(R))(h,g) = 1, and
therefore D(A(£2)) > 1. O
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