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Abstract

In this paper we study spaces of holomorphic functions on the Siegel upper half-space
U and prove Paley—Wiener type theorems for such spaces. The boundary of ¢/ can
be identified with the Heisenberg group H,,. Using the group Fourier transform on
H,,, Ogden and Vagi (Adv Math 33(1):31-92, 1979) proved a Paley—Wiener theorem
for the Hardy space H?(U{). We consider a scale of Hilbert spaces on I/ that includes
the Hardy space, the weighted Bergman spaces, the weighted Dirichlet spaces, and
in particular the Drury—Arveson space, and the Dirichlet space D. For each of these
spaces, we prove a Paley—Wiener theorem, some structure theorems, and provide
some applications. In particular we prove that the norm of the Dirichlet space modulo
constants D is the unique Hilbert space norm that is invariant under the action of the
group of automorphisms of /.

Keywords Siegel upper half-space - Holomorphic function spaces - Reproducing
kernel Hilbert space - Drury—Arveson - Dirichlet - Hardy - Bergman spaces

Mathematics Subject Classification 30H99 - 46E22 - 30C15 - 30C40

1 Introduction and Statement of the Main Results

Let C be the upper half-plane {z = x +iy € C : y > 0}. Let H*>(C.) denote the
Hardy space, that is the space of holomorphic functions in C such that
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The classical Paley—Wiener theorem [17] says that, given f € H>(C) there exists
g € L*(0, +00) such that

1 too .
f@ =5 / (&) dt ()
T Jo

and

1
2 a2
||f||H2((C+) - 27_’: ||g||L2(O,+oo)' (2)

Conversely, givenany g € L?(0, +-00), defining f asin (1), we have that f € H>(C.)
and (2) holds. Since then, the Fourier transform on the real line has appeared as a fun-
damental tool in modern complex analysis and in the theory of holomorphic function
spaces in C. We mention, for instance, the regularity of projection operators, the
boundary behavior and growth conditions of holomorphic functions, the boundedness
and compactness of Hankel and Toeplitz operators, just to name some of the most
important, see e.g. [19,23]. The Paley—Wiener theorem has been extended to other
Hilbert function spaces on C: the weighted Bergman spaces (see e.g. [6,8,11]), and
more recently to the Dirichlet space [13,14].

The domain C is biholomorphic equivalent to the unit disk in the plane. In prin-
ciple, it is possible to transfer analogous results from the unit disk to C. However,
often, it is far more natural to study a problem directly on the unbounded domain C .

In this paper we wish to extend the approach described above to C"*!, where we
always assume thatn > 1.

The Siegel upper-half space is the domain in C"*!

U= {é- = (§/7§l’l+l) eC'"xC: Imguyr > %|§/|2} )

and we denote by 0(¢) = Im §41 — 3—”{ '|? its defining function. The domain U/ is
biholomorphic to the unit ball B in C"*! via the (multi-dimensional) Cayley transform

C:B— U,
20/ 1
C(w):( o +wn+1>_
I—wpy1 1 —opyi

The boundary o/ of U can be endowed with the structure of a nilpotent Lie group,
namely the Heisenberg group Hj,. Thus, it is possible to use the group Fourier transform
on dU to characterize the boundary values of holomorphic functions on I/ in various
Hilbert function spaces, and therefore to take a first step in the program outlined in
the case of C,.. In particular we prove Paley—Wiener type theorems for functions in
weighted Bergman and Dirichlet spaces, and on the Dirichlet space. In fact, we show
that the latter one is the unique Hilbert space modulo constants that is invariant under
the group of automorphisms of /. We now describe the content of the present paper
in greater details.
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The boundary 0/ is characterized by the points of C"*! such that o(¢) = 0, that
is,e = (', t+ ﬁ|§’|2), with 7 € R. We introduce a parametrization of I/ by means
of a foliation of copies of the boundary. We set U = C" x R x (0, +00). Given
¢ = (&', ¢ag1) € U, we define W(¢', £yq1) = (2,1, h) € Uby
z=1¢'
t =Relpt1 3)
h=1Im¢yq — }1|§/|2

Then, W : 2 — U is a C*-diffeomorphism, and ¥ ~! is given by

V@t h) = (2t +igle? 4 ih) =1 (@ Garn)- “)
Notice that & = o(¢’, ¢pa1). W_hen h = 0, we write [z, ¢] in place of (z, ¢, 0). The
points on the boundary act on U/ as biholomorphic maps in the following way. For
[z, t] € 0U, we define
® / _ / 1,12 i /3
[z,t](wawn-i-l)—(a) tz, 0041+t +iglz|" + z0 'Z), 5)

n

/s —
where o’ -z =}

_j w;Z; denotes the hermitian inner product in C". Notice that

Q(q’[z,t](w/, wn+1)) = 0(', wn1) s

that is, the maps @[, ;] preserve the defining function ¢. In particular, for (o', w,41) €
oU and [w, s] = ¥ (&', wy+1), by (5) we have

(@, wng1)) = q’[z,ﬂ(‘rl(w, s, 0)) = O (w, s +ifwl?)
=(w+z s+ SlwP?+1+Lz?+fw-2)
=[w+zs+1—FImw- 7]
=: [w, s]lz, ]. (6)
Therefore, it is possible to introduce a group structure on o/ itself.

Definition The Heisenberg group Hj, is the set C" x R endowed with product
[w,sl[z,t] = [w+z,5 +1— 3 Im(w - 2)].

The Heisenberg group Hj, is a nilpotent Lie group of step 2, and the Lebesgue
measure on C" x R coincides with both the right and left Haar measure on Hj,. In
other words, the Lebesgue measure is both right and left translation invariant.

If x is a vector of the Euclidean space R?, we denote by dx the Lebesgue measure
in RY. Notice that, since |det JacW| = 1, for F integrable on U, setting F = F o Vit
and Fh[z, t] = ﬁ(z, t, h), we have

+o0
/F(;)dg =/ f(z,t,h)dzdtdh:/ f Fulz, t1dzdtdh.
u U 0 H,
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We now introduce the Hilbert function spaces object of our study.

Definition For v > —1, we consider the weighted Bergman spaces A%

A} = {FeHol(U): IF 1% :=fM|F<;>|2p<;)”d¢
- / |F(z,t, h)|*h" dzdtdh < —i—oo}.
U

For —n — 2 < v < —1 and m a positive integer such that 2m + v > —1, the
weighted Dirichlet spaces are defined as follows

Dymy = F € Hol(Y) : (1) lim F()=0;
’ [¢/|<R, Im &y —> 400

(7
(ii) /u 10" () FOI p¥()dE < +00 }

For F as above, we define the norm on D, () as
171, = [ 10"©03,, FOP pc)de.
' u
Finally, for v = —n — 2 and 2m > n + 1, we define the Dirichlet space D, as
D(m)ziFeHol(Z/{): (1) lim 0;; F(¢)=0forj=1,....,n+1;

[¢/|=R, Im i1 —>—+00

(i) /M "B, PR p™"2()dt < +o0 ],

®)
with norm given by
IFlip,, = 10, FIG;  +IFOP ©
wherei = (0/,i) e U.
The case v = —1 corresponds to the classical Hardy space H?, defined as

H? = {F € Hol@) : | FI1%, = sup[ \Folz. 1112 dzdt < +oo}. (10)

h>0JH,

We point out that for v fixed, when 2m + v > —1, the spaces D, () all coincide,
with the same norms up to a positive constant multiple (see Theorem 2). Thus, when
the choice of the norm is unambiguous, we simply denote them by D,. Analogously,
the spaces D,y do not depend on the choice of the integer m (see Theorem 3), and
we denote them by D. Moreover, we will show that the norm of D modulo constants
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is invariant under the automorphism group; hence it is legitimate to call the space D
the Dirichlet space on the Siegel upper half-space.

Our main technical tool is the Fourier transform on the Heisenberg group. For this,
and other basic facts concerning the Heisenberg group, we refer the reader to [12] and
[20].

Let A € R\ {0}. We set

Fr = {F € Hol(C") : <|2)L—n|) / |F(2)| e7%|z‘2dz < —|—oo} (11)

when A > 0, and F* = F* when 1 < 0, and call this space the Fock space. We
present further properties of such space in Sect. 2.2.

For A € R\ {0} and [z, ¢] € H,, the Bargmann representation o, [z, ¢] is the operator
acting on F* given by,

oalz, t1F (w) = M= 3w 5P py 4 2) (12)
if A > 0, and, if A < 0, as o3[z, t] = o_,[Z, —t], that is,
oulz, 11F (w) = e MT5w 3127 py 4 7). (13)

If f € L'(H,), for » € R\ {0}, o5.(f) is the operator acting on F* as
(NFw = [ 1z oxlz.11F () dad.
Hn

Before stating our main results, we recall a result proved by Ogden and Vagi [16],
that extends the classical Paley—Wiener theorem for the Hardy space, from the upper
half-plane to the case of Z/. We point out however, that Ogden and Vagi proved their
main result in the case of Siegel domains of type /I. It would certainly be of interest
to extend our results to the latter more general class of domains.

Theorem [16] Let F € H2. Then, there exis£§ Fo € Lz(Hn) such that Fh — Fo in
LZ(H,,), as h — 01. Moreover, the function Fy is such that

@ IFl g = 1 Follz2,);
(ii) 03.(Fo) =0 when A > 0;
(iii) ran (UA(Fo)) C span{l} for A < 0.

Conversely, if f € L2(H,) is such that (ii) and (iii) are satisfied, then setting

F@) = Fyle, 1] = — ’ ¢ *) |A]"d2 14
© = Fler = oy [ oDtz ) Wldr, (4)

then F € H? is such that Fy = f and (i)—(iii) hold.
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We also need the following

Definition For v € R we define the space E,% as the space of functions 7 on R \ {0}
such that:

()T (r) € HS(F*) for every A, i.e., T(A) : F* — F* is a Hilbert-Schmidt operator;
(i)t (A) = 0 forA > 0;
(iii) ran(t (1)) < span{1};

. 1 0 _
Wllelz; = Gy f It s 1A~V da < +oo, where|| - [|ns
—0o0

=1 lusFh-
(15)

Our first main result is the following Paley—Wiener type theorem for the weighted
Bergman spaces A%.

Theorem 1 Let v > —1 be fixed. Given F € A2, there exists T € £2 such that, for
Celu,

™ 1 0 h * n
F({):Fh[z,t]zw\/;ooe tr(r(k)U)L[Z,l‘] )|)\.| d)\., (16)
and Coot )
v
11 = —r— Tl (17)

Conversely, given t € £%, let F be defined as in (16). Then F € A,Z) and (17) holds.
Next we consider the case of weighted Dirichlet spaces.

Theorem2 Let—(n+2) <v < —1,andletm > —"2i]. Let F' € D, (n). Then, there
exists T € £2 such that, for ¢ € U,

~ 1 0
FO =Pl = oo [ otz iran, a9
(27) —
and rCm+v+1
m Vv
1FID, ) = — o 17172 (19)

Conversely, given T € £2, let F be defined as in (18). Then F € D, () and (19)
holds.

Therefore, for each m > —%, the spaces D, () all coincide and their norms
satisfy (19).

Hence, if no confusion arises, we simply write D,, in place of D, ().

In the case v = —n — 1, D, is called the Drury—Arveson space and we denote it by
DA. The Drury—Arveson space on the unit ball B has drawn a great deal of interest in
the recent years, see [2-4,7,9,22,25,26], and references therein, to name a few. When
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n > 1, DA plays a role similar to the one played by the Hardy space on the unit
disk, and for this reason it is sometimes denoted as an 1+ If f is holomorphic on B,
F(&) =Y 1420 4, the norm in DA(B) is given by

|
2 o 2
”f”DA(B) = E _|a|| laq|”.

lor]=0

However, to the best of our knowledge, no integral representation of this norm has
been found. In this paper we provide such a description, see Theorem 6.1.
The last main result is the following.

Theorem 3 Letm > % be fixed. Let F € D). Then, there exists T € sznfz such
that, for ¢ € U,

~ 1 0
F(¢) = Fylz, t] = Gyt /_Oo tr (r(k)(e”’cn[z, t1* — e*0,.(0, 0)*)) IA"dx+c,

(20)
where ¢ = F (i), and

B rem—-—n-—1)

2 2 (2
IFI3,, = IelZe  +IFOP. 1)

22m—n—1

Conversely, given t € ‘C27n72’ let F' be defined as in (20). Then F € Dy, ¢ = F(i)
and (21) holds.

Therefore, for each m > ”2i1 the spaces Dy, all coincide and their norms sat-
isfy (21).

Hence, if no confusion arises, we simply write D in place of D,,). We shall also

denote by Dthe quotient space D /C, endowed with any of the norms || ag;ﬂ F| a2

We are going to show that D is the unique Hilbert space of functions modulo constants
that is invariant under composition with automorphisms, see Theorem 5.5. We would
like to point out that, when v = —n — 2, even given the integrability condition of the
derivative of sufficiently high order m, it is not possible to find an anti-derivative of
order m that vanishes as Im ¢, — +00. Hence, the decay property in (8) is required
on the gradient of the function and not on the function itself. We will comment and
make more remarks in Sects. 4 and 5.

Beside their intrinsic interest, there are several reasons to study Paley—Wiener type
theorems. All the spaces we are considering are Hilbert spaces, in particular with a
reproducing kernel, and it is possible to define the same scale of space with p # 2.
These spaces are classical Besov—Sobolev spaces; for the case of the unit ball, see,
e.g., [5,26,29]. The boundary behavior of functions in the weighted Bergman spaces
Al (U) withv > —1 was studied by Feldman [10], following the case of the upper half-
plane in C; obtained by Ricci and Taibleson [21]. Among other results, we provide
the explicit expression of the reproducing kernels for all these spaces. These kernel
are also the integral kernels for the corresponding orthogonal projections. It would
be of interest to study the regularity properties of such projections on the scale of the
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appropriate homogeneous Sobolev spaces. As potential application of our results, we
also mention the theory of invariant subspaces, in the spirit of [15], [8], e.g., that deal
with this question in the 1-dimensional setting of the upper half-plane. Furthermore,
we point out that the the invariance of the norm of the Dirichlet space under the
composition with the automorphisms is much easier to prove in the setting of the
Siegel half-plane than in the unit ball—cfr. (2) in Theorem 5.5 and [29, Theorem
6.15].

The paper is organized as follows. Section 2 is a preliminary section where we
recall some standard results on the Siegel half-space, the Heisenberg group and the
Hardy space on U. In Sects. 3, 4 and 5 the weighted Bergman spaces, the weighted
Dirichlet spaces and the Dirichlet space are studied respectively. In Sect. 6 we provide
the integral norm of the Drury—Arveson space on the unit ball, and then we conclude
with some final remarks and possible future directions of research.

2 Preliminaries

In this part we recall some well-known facts that will be used in what follows.

2.1 More on the Heisenberg Group and the the Siegel Upper Half-Space

The following lemma is well known, see e.g. [27, 7.5.18]; we thank F. Ricci for pointing
this reference to us.

Lemma 2.1 The group Aut(l{) of biholomorphic self-maps of I/ is given by

Auw@) = | J (MAN)y(MAN),
ye{ld, v}

where

(i N = {Cb[z’,] Dz, t] € H,,} (the subgroup of Heisenberg translations);
(i) A = {D,; 28 > 0, Ds(¢',tnr1) = (8¢, 52§n+1)} (the subgroup of non-
isotropic dilations);
(iii)) M = {U e Umn) : oy, thr1) = (UL, §n+1)} (the subgroup of unitary
transformations in C");
@v) v(¢) = ( ig’ ! ) (the inversion map).

Cnt1’ Cnt1

On H,, we define a homogeneous norm by setting

1/4
Iz, ll, = (12l +12)"*.

This norm satisfies the following properties:
« |[z, t1lm, > O and it is O if and only if [z, 1] = (0, 0);

[z llw, s1| < |lz. 21 + |[w, s]I;
« |Dslz, tllm, = 8llz, t1lm, .
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The topology induced by the metric dy,, ([z, t], [w, s]) = |z, t][w, 517! Im, 1s equiv-
alent to the Euclidean topology of C" x R. We also set

B(lz.1].7) = {[w,s] e H, : |[w,sllz. 1] g, < r}.

We recall that a holomorphic function F satisfies the mean value property F(¢) =
IIE fQ F(w) dw, where Q = Q(¢, R) denotes the polydisk {w : |w; — ¢;| < R;} of
polyradius R, contained in the region of holomorphy of F, and |Q] is its Lebesgue
measure. We will also consider a metric on/, which is somehow conformally invariant.
IfW(/, &e1) = (2,1, k) as in (3), we set

P((z,t,h),r) = B([z,t], r) X {k Ch—k| < r2} and
P, r) =¥ (P((z.t,h),1)).
Then, we have
o [P(¢, )| = cpr® T,

. (D[w,s](P(g’ r)) = P(q>[w,s](§)s }") 5
« Ds(P(¢.r)) = P(Ds(2), rd).

It is elementary to see that a holomorphic function F satisfies the submean value
property

C _
[F ()] < —/ / |F(w, s, k)| dwdsdk.
[P )| Jih—k)<r2 B(z1.0)

2.2 The Fock Space and the Fourier Transform on the Heisenberg Group

Recall that the Fock space F* is defined in (11) and thus has inner product

gy = (A (g e 1 az.
27'[ cn

B2, . e .
Observe that (%Tl)ne_ 712 dz is a probability measure, and that the normalized mono-

mials {z“ JNzZ% Fn }, form a complete orthonormal basis, and

2\l
o 2 — ] . X
1212 “'(m)

Moreover, F* is a reproducing kernel Hilbert space, with reproducing kernel

'3 [12].

Introducing real coordinates on Hi,,, z; = x; +iy;, j = 1,...,n,then H,, = R" x
R"™ x R, and a basis for the left-invariant vector fields is {Xy, ..., X, Y1, ..., Y,, T},
where

Xj=0y—3yjd, Yy=0y, +3x;0,, T =40,
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A basis for the complexified vector fields is { Zy, ..., Z,, Zy, ..., Z,, T}, where

Zj=5X;—iY)) =0, — 5%;0. Zj = 5(X; +iY)) = 0, + Lz,
j=1,...,n, T,

with non-trivial commutation rules

We denote by ZE.R) and Z;R), resp., j = 1, ..., n, the right-invariant vector fields that
coincide with Z; and Z j» Tesp., at the origin. It turns out that

z;.R):aZjJrgzja[, Z(.R) O, — hzid j=1,....n

Then, the differentials of the Bargmann representations, that are defined in (12) and
(13), can be computed to give, in particular:

(1) forall » # 0, dO’)L(T) =iA;
(i) for A > 0, da;L(Z )— %wj;
(>iii) for A < O, da;L(Z(R)) = Ou;;

see [12]. It is important to recall that, with our choice of normalization of the Fourier
transform, if £, g € L'(H,), 05.(f * g) = 03.(f)os.(g), so that

o, (VI f) = —0x(f)dop, (VD) and 0, (V® f) = —dor (Vo (f),
where V) and V® denote a left-invariant and a right-invariant vector field, respec-

tively.
If f € L>(H,), we have Plancherel’s formula

1 ey = Gyt L Mo P IAF .

and, if f € L' N L?(H,) the inversion formula

Floaf] = / tr (0 ()0 L2 11°) [A[" d. (22)

1
(27‘[)"""1
2.3 The Cauchy-Riemann Equations and the Hardy Space

We consider now functions that are holomorphic in ¢/. For ' € Hol(/), recalling (4),
we write F = F o U~! , so that

n4+1+ n n 77}1 -
F(, Lost) = ( 7 Cntl §+1 C+12i§ 1 %§/~§/).
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The equation 3; F = 0 now reads

§)1+1

0="0 F@& i) =30 F(z,0,h) = 500 F(z, 1, h)
= L0 F +idnF)(z. 1. h),

that is, ~ ~
10, Fy, = o, Fy. (23)
The remaining Cauchy—Riemann equations 82 F =0,j=1,...,n, respectively,
J
become
0= 3ng(§/, Car1) = (8z; — §2j00) Fulz. 1] = Z; Fylz, 1] (24)

If we also have that Fh e L'(H,), using (24) we obtain that
R) ~ R ~
0= 0 (ZVFi) = —don(Z)ou(F)

for j =1, ..., n. These imply that ran (GA(I?;,)) C kerdo;, (7;1?)), so that, by (ii) and
(iii) in Sect. 2.2, it follows that

. ax(fh) =0 for > 0;
. ran (0, (Fp,)) < span{l1}.

We learnt this argument from [20].
We recall that H? defined in (10) is a reproducing kernel Hilbert space, whose inner
product can be realized by the L2-inner product of the boundary values, that is,

(F,G)pp = / Folz. t1Golz, t]dzdt.
H,

The reproducing kernel, which is called the Szegd kernel, is given by

n! Wn1 — ¢, _\— (1)
( n+1 §n+1 . 41160/ . §/>

S(w, ) = ’
(w,¢) Gy 5
or, equivalently,
0y n! . . o S\ —+D
Simyklw, s]= W(h +k—i(s—1+35Imw-2)+ 3w —z ) ,

see e.g. [24].

3 The Weighted Bergman Spaces

The next result will be used repeatedly throughout the remainder of the paper. We
recall that the spaces L,z) where defined in (15).
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Lemma3.1 Letv > —n —2and t € £2. For (z,t, h) = W(¢) with ¢ € U define

1

ﬁ(z,t,h)zw

0
/ Mr (r()\)m[z, t]*) |A|"d .

Then, F is holomorphic in 4.

Proof We first show that the integral defining F converges absolutely. Consider the
orthonormal basis {e,} of F*, where e (z) = z%/||z%| 7+, @ a multiindex. As 7(X)
and o, [z, t] are operators on F * we compute

tr (tWoulz, 11F) = tr (oulz, 111 (W) = Y _(t(M)ew. oalz, tlea) 7

o

= Z(f(k)ea, Pooy [z, tleq) g1 = tr (v(A) Poolz, 117) ,  (25)

where Py denotes the orthogonal projection onto the subspace generated by e, since
ran(t(A)) C span{egp}. Therefore,

|tr(t(Worlz, 19| < It (W) sl Poolz, t]lks-

Since A < 0, we have that

POO—)\[Za t]eOl = (U)L[Zv t]eﬂla 6’0)]—?30

n .AW'Z -
_ eikl+%|z2| m we_%‘w‘zdu} )
2 n lwe e

lol/2
=<\/_1_‘<%>a e;xt+ﬁlz|22a)eo_ (26)
o!

Therefore,
la]
PRI E o S B 1 A R N
I Poc [z, t1lifs = €2 ;a! 5 ) =1,
so that
0 0
/ ) (e olz. 119 |11 < / 1 (1) s 111" dA
—00 —00

0 1/2
< ”T ||£% (/ 62Ah|)\,|n+v+ldk> ; (27)
—0oQ

which is finite since v > —n — 2. This inequality also shows that the integral is locally
uniformly bounded in (z, f, h) € U.

In order to show that F" is holomorphic in ¢/, by the previous estimate, it suffices
to show that the integrand J(z, t, h) = e tr (1(M)0 [z, 1]*) satisfies Eqgs. (23) and
(24). Indeed, using (25) and (26) we have
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T(z,t,h) = " tr (t(Wolz, 117)

— phh—irt+f1z? Z %(‘g_')‘al/zz“(r()\)ea, eo) Fo..

ol
[

Hence,
@ +id)J (2, t,h) = (3, — 52;9)T (2, 1, h) = 0.

The conclusion follows. O

We now turn to the Bergman spaces. We begin with the elementary observation
that if @y, ), Py and Dy are as in Lemma 2.1, and F € A%, then F o &y, 5 and
F o @y have the same norm as F, while || F o Ds ||A% = 8’(2”+4)/2||F||A%. We set
F(g) = F(-+¢i).

Proposition 3.2 Let v > —1. The following properties hold.
(i) There exists a constant C > 0 such that forall ¢ e U, e > 0and F € A%,

|F (¢ +¢i)| < Ce™ "2 F|l 4o

As a consequence, A% is a reproducing kernel Hilbert space.
(ii) There exists a constant C > 0 such that forall e > O and F € A%

1 Feynll 2,y < Ce™ V2| F |42

In particular, F(ey € H? and || Fe [l 2 < Ce~ 72| F|l 4.

Proof We begin by observing that if { = hi, then P(hi, r) is comparable to P =
P(r) ={(w,s, k) :|w| <r, |s| <r? |h—k|l <r?}. We have that

1 2
_— F d
|P(r>|fp' @) de

< Ch’("”)/ / |F(w, s, k)|> dwds dk.
\h—k\<r2 B([0,01,r)

For a generic { = Wl(z, 1, h), wehave ¢ = D, 1(hi),and F(¢) = (F o @, ) (hi),
so that

|F(hD)|* < C

PP < Ch=0+2) /
|h—k|<r?

= Ch—<"+2>/ / |F(w, s, k)|*> dwds dk
lh—kl<r2 J B((z.1).r)

= Ch~ D / |F(w, s, k)|> dwds dk. (28)
P((z,t,h),r)

/ |(F o @, (w, 5, k)|> dwds dk
B([0,01,r)
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Given ¢ > 0, we apply (28) to F (¢ + ¢i) = F(h)(Z, t, ¢) and obtain

|F(¢ +eD))* = |Fuy(z. 1, 8))* < Cs‘(”“)f |Fony(w, s, k) |* dwds dk
P((z,1,8),4/¢/2)

< Ce~ 142ty f | Fy (w, 5, k)| dwds k" dk.
P((z,t,8),/€/2)

Since || F)ll g2 < [IF | 42, this proves (i).
Next, if F € A2 and & > 0,

|Fhielz, 111> = |[F(¢ + i)

< Cg~(n+2Hv) / | Eony(w, s, k)| dwds k’dk
P((z.1,8),4/€/2)

3g/2 -
< Ce_(”+2+”)/ / |Fh+k[w,s]|2dwds k'dk.
e/2 B([z,1],4/¢/2)

Therefore,

1Fey,n 1172,

3¢/2 o
< Cg—("+2+")/ / / | Froxlw, s1|* dwds k"dk dzdt
\ B(lz.11.v/72)

3¢/2 -
= Ce~(1+2HV) / / / | Fyk ([w, s1z, 1)1 dzdt k" dk dwds
B([0,0],¢) n

—(1
< Cem M |F|3,
v
Moreover,

1Felizny < 1 Felae = s9p I Fesnl 2, < Ce 2P IFlLg.
>

This proves (ii). O

With a standard argument, see, for instance, [6, Remark 1.16], it is possible to prove
the following result.

Proposition 3.3 If v < —1, then A2 = {0}.
We now have all the ingredients to prove our first main result.

Proof of Theorem 1 Let F € A2 and & > 0. Then, F) € H? so that F(g) » € L*(H,)
for h > 0, and o;L(Fngh) = O’)\(F(E)h) = 0if A > O Moreover, by (14) and the
inversion formula (22), we have that o;\(F(g),h) = el (F(g) 0) if A < 0. Therefore, if
FeA2 e h>0:

. Fj € L2(H,) forall i > 0;
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. 0u(Fp) = 0if A > 0;
« ran(o, (F)) < span{l}if A <0;
- 03 (Feqn) = Mo (Fo).
Since F(s) € H 2, by the Ogden—Vagi Theorem, there exists g € L?(H,) such that
03.(ge) = 0if A > 0, ran(o,(ge)) < span{1}if A < 0, and

1

F(; +€i) = F(g)yh[z,t] = W

0
/ 11 (03, (80 L2, 117) 12" d,
—0

where W (¢) = (z,t, h). Switching the roles of & and ¢ and arguing as above, there
exists g, € L?(H,) such that 0;.(g) = 0if A > 0, ran(o;.(g1,)) < span{l} if A < 0O,
and

1 0
F(é' + Si) = W / ES)L tr (U)\(gh)U)L[Z, t]*) |)\.|nd)\.

—00

These equalities imply that e"*o; (g,) = e“*0;.(gp) for all &, h > 0, that is, for every
A <0

HS(F*) 5 e 05.(g:) =: T(1)

is well defined, i.e. independent of ¢, with 7 (A) = 0if A > O andran(z(A)) C span{l}.
Hence,

1 0
F(¢ +¢i) = W/ MO e (t(Maalz, 117) A"dA,

that is,
1 0 hi
F(() = W‘/_me tr (T()\,)O’)L[Z,t]*) |)\|nd)\.
In particular, O')L(Fh) = eh)‘r(k). Therefore,
+00 -
IFI%, = / / |Fulz, 11)* dzdt h¥dh
v 0 H,

1 +00 0 - )
[ — F AlMdrhVdh
S /O /_ GO

1 +o00 ) +o00 "
= — —A =RV Al A d A
@y /0 I )”HS/O ‘

Cw+1)

+00 ) |
= W/o I (=M lligs2™™ 7" d

Fw+1)
= —r Iz (29)
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Conversely, let 7 € E% and F defined by (16). By Lemma 3.1 we have that F €
Hol (). Moreover, Fj, € L>(H,) for every h > 0, since v > —1 and by Plancherel’s
formula

~ 1 0
| Enl 2, = Gyt /_Oo le*" T (Wllfis 11" dh < Calle| 7.

Moreover, U)L(Fh) = ¢"*7()). Hence, identities (29) hold true, and (17) follows. O
An immediate consequence is the following result.

Corollary3.4 Letv > —1 and F € A%, Fore > 0, let F(¢)(¢) = F(¢ + &i). Then, F
is holomorphic in a neighborhood of ¢/ and F(o) — F in A2 ase — 0F.

Remark 3.5 It is well known that the reproducing kernel for A‘Z) is the kernel function,
called the weighted Bergman kernel,

1) ]_E _\ —(n+2+v)
n+ n+l 41_160/ ) C’)

Ky(w,¢) =Vn,v< 2

’

where y, , = W % This fact can be obtained from the expression of the

kernel of the corresponding weighted Bergman space on the unit ball, by means of
the transformation rule for the Bergman kernel, or as a corollary of the Paley—Wiener
theorem, using the same techniques we will use in Corollary 4.3.

4 The Weighted Dirichlet Spaces

Recall that the weighted Dirichlet spaces D, () are defined in (7). Note that condition
(i) in (7) means that

lim sup |[F(¢)| =0.

Im¢y41—+400 lt/|<R

An analogous remark holds for (i) in (8) as well. We begin with an elementary lemma.

Lemma 4.1 The following properties hold true.

(i) Leta,b e R.Ifa > —1 and b > 0, then there exists Co > 0 such that

P (w) 1
1(¢) = / = dw = Cy .
R - A (Im & — g1¢1)P

Ifa < —1 or b < 0, then the above integral equals 4-oc0.
(ii) The spaces D, () are reproducing kernel Hilbert spaces.
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Proof (i) This is an elementary calculation. We provide the details for sake of com-
pleteness. We observe that, if (z, ¢, h) = W (¢, ¢yaq) and (w, s, k) = ¥ (o, wyi1),
we have

|2L,'(§n+l _@n+1) - 7114‘/ '5)/|2
=40kt dlz—wP) (6 =0 = fImz @)

Then, by the standard translation invariance of the Lebesgue measure in R and C”,
and integration in polar coordinates in C", we have

T(z, 1, h)
+b4n+2 k4
=2 / dsdwdk
U ((h+k + Flw]2)® 4 52) T2
2a+b+n+3 n+1 400 p+o0 J 2n—1
B —n/ / / : dsdrdk
nt 0 0 R ((h 4+ k4 %,2)2 + Sz)(a+b+n+2)/2
2atbtnt3gntl Foeo pheo ka1
= / / —— drdk
n! 0 0 (h k4 %rg)a+ +n+
2a+b+3n+3nn+] +00 K
D L / ————— - dk
_%
=7

as we wished to show.

(ii) Let F € Dy, gny. Then, 3" F € A3, . For ¢ € U we define
M F(w)

_ Cn+l

G() = CL (§n+1*.5)11+1 i 67)/)nJererrm

2i

p(@)*" Mdw, (30)

where c is a constant to be chosen later. Then, (i) and Cauchy—Schwarz’s inequality
give that
IG(0)] < Coh™ "2 2 Fll 31)

2m+v

where Cpisasin (i),and 2 = Im &, 41 — %|§/ 2. Arguing as above, it is easy to see that
G is holomorphic in ¢/, and that we can differentiate under the integral sign m times to
obtain that, using Remark 3.5, for a suitable constant c, 3211“ G = agjm F . Therefore,

(F-G)(¢) = Z;f’:_ol gj (g’)gr{H, where the g;’s are entire functions in C". By (31)
it also follows that lim;/|<g, m¢,.;— 400 G(¢) = 0. Therefore, for each ¢’ fixed, the
polynomial F(¢’,-) — G(¢’, ) tends to 0 as Im ¢, — +oo. This implies that the
gj’s are identically O; hence G = F.

Now, (31) with G replaced by F gives that the point evaluations are bounded on
Dy, (m)» and also implies uniform estimates on compact subsets of /. An elementary
argument shows that D, (,,) is complete; hence a reproducing kernel Hilbert space. O
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We set .
Hm = {F € Hol@) : 3¢F € H?, |a| < m}. (32)

Lemma4.2 Let—(n+2) <v < —1,andletm > —”T'H. Then, Dy, () N'H,y, is dense
in 'Dv,(m).

Proof Let F € D, (). Fore, § > 0, g > 0 to be selected later, and ¢ € U, we define

G5 ()

/ : o ) (@)*"+d
=c . _ (@ o
u (— cilwy+1 + 1)q (% _ %g/ ) d)/)"+2+v+m

where ¢ is as in (30). Recall that 8$+1F € A%m+v. Observe that the factor ( —

elwpy1 + 1)7q is bounded on I{. Then, the same argument as in Lemma 4.1 (ii) and
the dominated convergence theorem give that G s) are holomorphic and, by (30),
converge uniformly on compact subsets to F, as &, § — 07. Thus, we need to show:
(a) that G 5y € Hyu; and (b) that converge to F in D,, ().

Let « = (&, ap+1) be a multiindex, |@| < m. Then, differentiating under the
integral sign, for a suitable constant ¢’, we have

8% G (e,5) ()

—a! m
— C// w . 8§r1+1F(w) ,O((,())zm+v da)
U ( _ 8i60n+1 + l)q ({n+1+i23i—(u,,+1 _ ZIL{/ . (Z)/)n+2+v+m+|ot\

:/ K¢ 03} F(@)p@)™ do.
u

Letting (z,7,h) = W(, Lus1), (w,5,k) = W(, wpy1) and writing K =
K(W(-), ¥()), we see that

1K ((z, 1, h), (w, 5, k))]
1

(etk + w2+ Is]) + 1)

=C PRV

1
(h+8+k+Lz—wlP+|ts—1) = LImz. ) el
= CZ((z, t,h), (w,s, k)).

X

Using Cauchy—Schwarz’s inequality, for ¢ > 0 sufficiently large, we have

/H (92 G e.0)); 2. 11| dzdt

n

2
5/ (/ Z((z,t,h),(w,s,k))|a,?1f(w,s,k)|dsdwk2m+“dk> dzdt
H, U
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< ( / ! 2 dsdw k2m+”dk>
U (elk + glwl +1sD + 1)~

/ / |97 F (w, 5, k)|?

X

H,JU (48 +k+ Lz — w4 [(s — 1) = L Imz - ap[) O rled
x dsdw kK" dkdzdt

- 1
< c/ |a,1"F(w,s,k>|2/
U H, (h S+ k4 %|Z|2 + |t|)2(n+2+u+m+|a|)
x dzdtdsdw k" dk. (33)

By Lemma 4.1 (i) it follows that ||3gG(e,5)||H2 < C||F||%U( X for || < m, and when
|| = m, also that 1

+o0 i
/ / (9 G e.9))y Tz, 11| dzdt B>+ dh
0 H,

< c/ 9 Fw, 5, 02
U

1
: / dzdt h2”+mdh> dsdw k2 dk.
( U (l’l +6+k+ %|Z|2 + |t|)2(n+2+v+2m)

"Ehis implies that E)gn’HG(M) € A%m+v. It is also easy to see that lim|;|<g, h—+oo
Ge,5)(z,t, h) = 0. Therefore, G (¢, s) € Hm, i.e. the conclusion (a) follows. Now, it is

elementary to show (b). Indeed, since ( — giwy41 + 1) 7 o | F e A2

dmvs WE have
that

3, Ges(©)

82’1 1F(w) 1 5
=C n+ 7" — ) ,0(6()) m+vda)
u (—eiwpyr +1) (m — L. (D,)rH— T2mtv

_ L FE s

(—eitup1 +e8+ 1)1

A simple application of the dominated convergence theorem together with Corol-
lary 3.4 give the desired conclusion. O

Proof of Theorem 2 Let F € D, (m) N Hy, with m > —%. Observe that, since

84{;1+1F € A%mﬂ N H? for j =0, ..., m, we have that 8,{1?;, IS LZ(Hn) forallh > O,

and j =0, ..., m. This easily implies that, for F € H,,, setting t(}) = a;\(fo),
0. (8" Fr) = 80y (Fy) = 8" ("t (1)) = A™ ez (h).
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Observe that with this choice of 7, formula (18) holds for F. Moreover,
17, ,, = fu 10" () FOP p¥ (0)d¢

+00 ~ 5
= / / |h" o) Flz, t]|” dzdt hdh
0 H,

_ ! e M)« 1A dA B2 dh
oo ) ) | (85" Fn) | g 121

1 Rl 2y 2mt 2m+
- MO 1 AP d A B2 dh
(2t /0 /_oo

1 oo 2 2 oo 2hiy 2
= W/ T (=) sl | m*”/ e M A dhd
0 0
1 T@m+4v+
- (271)”+1 22m+v+1

rCem4+v+1)
=zt Itz

1) [+oe
/ 1T =2 3 A0+ dn
0

Suppose now that F' € D, (,,) and let { Fiy} be a sequence in D, () "Hyy, Fn — F
in Dy, (m). Then, Fy converges to F also uniformly on compact subsets. Let Ty € E,z)

= 0
be such that (Fialz. 1] = g Joo € tr (v (Woalz, 117) [A]"dA, and let T =
limy_ 400 Ty In E%. Then,

Notoo (277)1+H]
. 1
- (27‘[)”"‘1

- 1 0
Fplz,t] = lim —/ Mt Ty (Monle. 1) 1" di
—00
0
/ Mt (o Lz, 117) [A"dA,
—00

by applying estimate (27). This proves (18), and (19) follows as well.

Conversely, let F be given by (18). Then, Lemma 3.1 gives that F is holomorphic
in /. Plancherel’s formula now gives (19).

Finally, we observe that by (19) it follows easily that the spaces D, () do not
depend on the choice of the integer m and their norms coincide, up to a multiplicative
constant. O

Corollary 4.3 Let —(n +2) < v < —1. Let m be a positive integer, m > —(v + 1) /2.
Then, there exists a constant ¥, , » such that the reproducing kernel K,, expressed
with respect to the inner product in D, (,,) is given by

E —(n+2+v)
Wp+1 — —
Ky(w,8) = Ynmv (%_%w/'§/> )

4" ['(n+2+v)

where Ym0 = Gy T
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Proof We use the inversion formula and the polarized identity coming from the Paley—
Wiener type Theorem 2. For F € D, (), let T denote the element of £2 such that

~ 1 0
F(Z, t, h) = W / eh)‘ tr (TF()\,)POO‘A[Z, []*) |)\.|nd)\, .

—0o0

where Py denotes the orthogonal projection onto the subspace generated by eg.
Moreover, by the reproducing formula for D, (,y, (19), writing K, (¢, ) = K, and
(z,t,h) = V(¢), we have

Fz.t,h) = F(¢) = (F,K¢)p, )

rem+v+1) [° o
= Pl gyt _Ootr(tp()\)th(k)*) A"V L.

Since these two equalities hold for all T € L%, it follows that

22m+v+l
%, (M) = = A" Pyoilz, 1.
¢ FrCm+v+1)

22m+v+1

T@mrurhamyT e have

Therefore, using (26) and writing C =

I’Z(Z,l,h)(ws S, k)

0
= C/ e(/’H—k))» tr (POOA[Z, f]POUA[w, S]*) |)\‘|n+v+1d)\‘
—00
O a1 N oo d Pl asa (ol
:C/ g( ) Za 7 el (t—s) 4‘Z| 4|w| w(xzot |)\'|n v d)\.
—0o0 o .

T Ak—i(s—t4y T2 S w—zP) yntv]
— C/ e MhFk—i(s—t+5 Im(w-2))+zlw—z|) y ntv+l 7y
0

1 ) ) 1 _ —(n+2+v)
=CF(n+2+v)(h+k+Z|w—z| —t(s—t+§Im(w-z))) ,
that is,
4m r 2 _r —\ —(n+2+v)
Ky(@.0) = - (n+2+v) (wn+1 ' Snt1 Ly ;’) ,
Am)" ' T'Cm~+v+1) 2i
as we wished to show. O

5 The Dirichlet Space

In this section we prove Theorem 3 and we provide justification of the name Dirichlet
space for the space D).
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In order to simplify some formulas, we introduce the notation

Q(w,{)zaMlz;i;M—%w/-E’,

whereas we remind the reader that i denotes the point (0, i) € U.
We start proving a couple of lemmas which are the analogue of Lemmas 4.1 and 4.2.
Lemma 5.1 The following properties hold true.
(i) Letm > % be fixed. Then, there exists a constant C > 0 such that

? (1+ g2+

1 2m—n—2
P (w)dw < C .
(Im y1 — $12/1%)

/u‘Q’"(é“, w) 0", w)

1(¢) =

(ii) The spaces Dy, are reproducing kernel Hilbert spaces.

Proof (i) Given any ¢ € U there exists a constant C > 0, such that

C”“ <CU+1ED(+ o]

06,0~ 0. 0)| = [~

so that,

2 m—1

1
] 2 Z|Q’(§ © Q"1 (G, w)|*.

o, w) O,

_ o+ 1ED?d 4o
T on weri e

Thus, in order to conclude the proof, it is enough to estimate the integral

2m—n—2(w) da)

0/(¢, w)Q" 17, w>'
0" (¢, ) Q" (i,

1) = / (1 + o))
u

Observing that
0, w) 2
00 <CA+),
it holds that
1\2 j m—1—j 2
Ly = [ 0@ 0" TG o) oy
u 190G, o)l | omi, w)0™ 2, w)
2m—n—2
<CU+ P o e (@) d
= O o e

(14 |¢H!*2
(Im g1 — 312712
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where the last inequality follows from (i) in Lemma 4.1. Thus,

m—1 2\2m+1
(1+1¢1%
Q) =Ca+ 1P L) =C ,
= (Im i — 2112

as we wished to prove.
(ii) Let F € Dy Then ' F € A3, . For ¢ € U we define

_ 1 _ 1 2m—n—2
G() —C/ o Flo )[Qm(g,a)) o, w)}p(w) do, (34)

where ¢ is a suitable constant to be chosen later. Then, (i) and Cauchy—Schwarz’s
inequality guarantee that G is well-defined, in particular,

14+ 2 m+%
<o UHEDT gy
(I oy — S0P

1
(14 [¢Pym+2
1 | Cnt1 Fl A%m—n—z

G@l=C —
(Im 41 — 7187192

(35)

Arguing as in the proof of Lemma 4.1 we obtain that G € Dy, and, for a suitable

choice of the constant c, 3”’ G = 8’" . Therefore, for each ¢’ fixed, we obtain

that (F — G)(¢) = Z —o g (¢’ )§n+1’ where the g;’s are entire functions in C".

Since both G and F belong to Dy, it follows that F () — G(¢) = F(i). This fact
and (34) give an integral representation for any function F' € D, and that (9) is a
norm. Finally, this integral representation and (35) show that the point evaluations are
bounded on D), and the fact that D, is a reproducing kernel Hilbert space follows
as in Lemma 4.1. O

Lemma5.2 Let m > % and let H,, be as in (32) and let Dy, (i) be the closed
subspace of D, of functions that vanish ini. Then, D, (i) N H,, is dense in D, (i).

Proof Let F' € Dy (i). For e,8 > 0, and g > 0 to be selected later, and ¢ € U we
define

G5 ()

o F(w) [ I 1 ] mn2
- C/ s — |p(@)™" " T dw,
u (I =i )7 0" + 0, w)  O"((1+ )i, w)

where ¢ > 0 is as in (34). From Lemma 5.1 and the dominated convergence theorem
we deduce that the functions G e 5 are holomorphic in/ and converge to F uniformly
on compact subsets, as €, § — ot.

We now show that G 5y € H,,. Leta = (', ap+1) be amultiindex, @ < m. Then,
for a suitable constant ¢’,

_/(x/ am F(Cl))
ac{G — c// w . Cntl ) 2m—n—2 dC()
¢ 5 (&) ’ (_ Siontt + l)q omtlel(z, w) p(w)

/ K¢ )3} F@)p)?™ " do.
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Arguing as in the proof of Lemma 4.2 and selecting g sufficiently large, we obtain that
Gy € H* for la| < m, 3" Ges) € A3, , o and limi<g tmz, oo
Ges5)(¢) = 0,for j = 1,...,n + 1. Thus, G ) belongs to D,y N H,,. The
convergence of G, ) to I in D, follows with the same argument as in the proof of
Lemma 4.2. The proof is therefore complete. O

In order to prove Theorem 3 we need the analogue of Lemma 3.1, in the case
v=—n-—2.

Lemma5.3 Lett € £, ,.For (z,7,h) = W(¢) with ¢ € U define

~ 1 0
Fath = G /_ootr (t(k)(e)‘ho)\[z, 11" = &0, [0, 0]*)) IA["dA.

Then, F is holomorphic in U.

Proof Firstly we show that F is defined by an absolutely convergent integral. From
(25) and (26) we obtain that

’ tr <r()»)(e”lcm [z, t]* — €’ 0, [0, 0]*)>‘

< \(r(x)eo, (@) — Meg) g+ Y (T(W)ews Po0slz, tlea) F
a0

+ (1 —eilzlz)é).

St ED)

< It llus <

Therefore, using (27) we have

0
/ tr (r(k)(elhax[z, 1" — 0, [0, O]*)) A" dA

—0o0
0 N 2 172
<lzle2 | </1( +<1 — ¢3ll )2) |M‘dx>

—1 2 1/2
+ il 2 2(/ (e +¢) |A|_1dk>

—00

Mt E) b

< Q.

These two last inequalities also show that F (z, t, h) is locally uniformly bounded
in (z,t,h) € U. The holomorphicity of F follows arguing as in the proof of
Lemma 3.1. O

We can now prove Theorem 3.

Proof of Theorem 3. We first assume that F' € D) (i). Then, from Lemma 5.2 and a
minor modification of the proof of Theorem 2, we obtain (20) and (21). If F' € D,
does not vanish in i, we apply the proof to F — F (i) and we are done.
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Conversely, let F be given by (20). Then, Lemma 5.3 guarantees the holomorphicity
of F in U and Plancherel’s formula gives (21). O

Corollary 5.4 Letm be a positive integer, m > (n+ 1)/2. Then, the reproducing kernel
K, expressed with respect to the inner product in D, is given by

Q(w, )0, §)

K(ws§)=1+7n,m10g 0w, 0)

)

22m—n

where Vum = w5 =@

Proof Let T denotes the element of Ez_n_z such that

1 0
W/ tr <‘L’F()\,)P()(€)LhO')L[Z, 11" — e* 0, [0, 0]*)) [A|"d A

+F(0,0,1).

F(z,t,h) =

Also, by the definition of reproducing kernel, (21), and (z, ¢, i) = W(¢), and writing
K (¢, ) = K¢, we have
F(z,t,h) = F(¢) = (F, K¢)p,,

rem—-n—1 (9 J
= STyt )" (tr Wk, W) AP Hdn + FK ().

Since these two equalities hold for all 7 € £2_n_2 we conclude that

K;() =1 and 1¢,(}) = CIA| "' Py(eMoslz, 1] — €0,]0,0])

_ 22m—n—1 .
where C = Fam—n=T" Thus, from Lemma 5.3, we obtain

Kieomw, s, k)

= (271’)#'“ /_Ooo tr (P() (ekhok[z, t] — e)‘O)L[O, 0]) Py (e)»kg)h[w’ sT* — GAO)L[O, 0]*))

x a7 da + 1.

Exploiting (26) the conclusion follows. O

We conclude the section providing the justification for referring to the space D)
as the Dirichlet space on the Siegel half-space. We denote by D(B) the Dirichlet space
modulo the constant functions on the unit ball B € C"*!. If f is holomorphic on B,
F(&) =3 420 9t®, the norm in D(B) is given by

!
2 _ o 2
1 1y = 2 lellaal

lee|>0
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see [28]. Then, the reproducing kernel of D(B) is given by

(n+1)! 1
KB(w, o) = 1 =,
(w,¢) g Ogl—w-g

see, e.g. [18] or [29].

Theorem 5.5 Letm be a positive integer, m > (n+ 1)/2 and denote by D(m) the space
D(m)/C, that is, thp space D,y modulo the constant functions. Then:
(1) The space Dy, identified with D, (i) and endowed with the norm
IFlp,, = oz, , Fllgz >

is a Hilbert space with reproducing kernel

O(w, )0, ¢)
K(w,7) = ypmlog =—22=">7 36
(@, &) = Yn,mlog 0. 0) (36)

where Y, », is as in Corollary 5.4. )
(2) For every ¢ € Aut(Y{) and every F' € D, it holds

IF o glp,, =IFlp,,- (37)

(3) The space @(m) is isometrically equivalent to T)( B), the Dirichlet space modulo
the constant functions on the unit ball B C C"*!. In particular, the space Dy, is the
unique Hilbert space of holomorphic functions on ¢/ satisfying property (37).

Proof The proof of (1) is straightforward. We now prove (2). It is enough to prove it
for a ¢ € Aut(U) of type (i), (ii), (iii) and (iv) described in Lemma 2.1. If ¢ falls in
the cases (i), (ii) or (iii), then it is immediate to obtain (37) by direct computations. If
@ is of type (iv) we observe that

(Ko 0 9)(¢) = K(p(5), ) = K(£, (@) = Ky(w) (£).
In particular,
K(p(£), p(w)) = K (¢, w).

Thus, if w1, ...,oy € U and F(Z) = lecv=1 ax K (¢, wy), we have

N 2 N 2
N N
= Y @K (9)). plw)) = Y ToaxK (), o)
J.k=1 J.k=1

= ||F|%
115,

Birkhauser



1984 Journal of Fourier Analysis and Applications (2019) 25:1958-1986

as we wished to show. Since the functions of the form Zk 1 2k K (¢, wy) are dense in
D) the conclusion for a generic F € Dy follows.

At last, (3) follows from the following observation. Let K B and KY denote the
reproducing kernel of D(B) and D(m) respectively. Then,

1
K200 = L ke, e,
VYn,m

where C denote the Cayley transform and y;, ;, is as in (36). From this it is easy to
deduce that the map

+1
F s %(F o0)

is a surjective i§ometry from T)(m) onto D(B) as we wished to show. Hence, the
uniqueness of Dy, follows from the analogous result for the space D(B), see [1,
28]. O

6 The Drury-Arveson Norm on the Unit Ball and Final Remarks
Following [18], we set

P = 1d, %’k=<ld+ )%kl fork=1,2,...,

where R denotes the radial derivative Rf (¢) = Zjﬂ ¢j¢; f(¢). Then, we have the
following result on the exact norm in DA(B).

Theorem 6.1 If f € DA(B), then

L 2
I Flba) = " — /B HE % f(O)|"dt.

— (4! o
llall <

This is an elementary computation that follows from the identity %, z*
for every multiindex «.

We believe this work raises some interesting questions. We first mention the char-
acterization of the Carleson measures and of the multiplier algebra for the scale of
spaces studied in this work. Moreover, these spaces depend on the parameter v where
v > —n — 2. It would be interesting to study the spaces corresponding to the values
v < —n—2. Furthermore, we would like to study the analogous Banach spaces, whose
underlying norm is the L”-norm, with p # 2. Finally, it would be interesting to extend
the results in this paper to the more general setting of Siegel domains of type I1 . We
plan to come back to these problems in future works.
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