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Abstract

Sampling in shift-invariant spaces is a realistic model for signals with smooth spec-
trum. In this paper, we consider phaseless sampling and reconstruction of real-valued
signals in a high-dimensional shift-invariant space from their magnitude measurements
on the whole Euclidean space and from their phaseless samples taken on a discrete set
with finite sampling density. The determination of a signal in a shift-invariant space,
up to a sign, by its magnitude measurements on the whole Euclidean space has been
shown in the literature to be equivalent to its nonseparability. In this paper, we intro-
duce an undirected graph associated with the signal in a shift-invariant space and use
connectivity of the graph to characterize nonseparability of the signal. Under the local
complement property assumption on a shift-invariant space, we find a discrete set with
finite sampling density such that nonseparable signals in the shift-invariant space can
be reconstructed in a stable way from their phaseless samples taken on that set. In this
paper, we also propose a reconstruction algorithm which provides an approximation
to the original signal when its noisy phaseless samples are available only. Finally,
numerical simulations are performed to demonstrate the robustness of the proposed
algorithm to reconstruct box spline signals from their noisy phaseless samples.
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1 Introduction

In this paper, we consider the phaseless sampling and reconstruction problem of
whether a real-valued signal f on R is determined, up to a sign, by its magnitude
measurements | f (x)| on R? or on a discrete subset X C R?. The above problem is
inherently ill-posed and it can be solved only if we have some extra information about
the signal f.

The additional knowledge about the signals in this paper is that they live in a shift-
invariant space

V($) :={ 3 ctpx —k) : c(k) € R for allkeZd} (1.1)

kezd

generated by areal-valued continuous function ¢ with compact support. Shift-invariant
spaces have been used in wavelet analysis and approximation theory, and sampling in
shift-invariant spaces is a realistic model for signals with smooth spectrum, see [4,6,
11,22,32] and references therein. Typical examples of shift-invariant spaces include
those generated by refinable functions [21,36] and box splines [24,48,49].

The phaseless sampling and reconstruction problem of one-dimensional signals
in shift-invariant spaces has been studied in [16,39,40,43,47]. Thakur proved in [47]
that one-dimensional real-valued signals in a Paley—Wiener space, the shift-invariant
space generated by the sinc function S‘jnr—’t”, could be reconstructed from their phaseless
samples taken at more than twice the Nyquist rate. Reconstruction of one-dimensional
signals in a shift-invariant space was studied in [43] when frequency magnitude mea-
surements are available. Unlike signals in the Paley—Wiener space, not all signals in a
shift-invariant space generated by a compactly supported function are determined, up
to a sign, by their magnitude measurements on the whole line. In [16], the set of signals
that can be determined by their magnitude measurements on the real line R is fully
characterized, and a fast algorithm is proposed to reconstruct signals in a shift-invariant
space from their phaseless samples taken on a discrete set with finite sampling density.
Up to our knowledge, there is no literature available on the phaseless sampling and
reconstruction of high-dimensional signals in a shift-invariant space, which is the core
of this paper.

The phaseless sampling and reconstruction of signals in a shift-invariant space
is an infinite-dimensional phase retrieval problem, which has received considerable
attention in recent years [1-3,12,16,27,37,39,40,43,47]. In most of literatures men-
tioned above, the phase retrieval problem considers determining al/l signals in an
infinite-dimensional linear space, up to a global phase, from magnitudes of their
frame measurements, which has been characterized by the complement property for
the frame. In our consideration of phaseless sampling and reconstruction, the set of
signals in a shift-invariant space V(¢) that are determined, up to a sign, by their
magnitudes on the whole Euclidean space is a true nonconvex subset of the entire
space V (¢). So we consider the problem of whether a particular signal in the space
is determined, up to a sign, by its magnitudes on the whole Euclidean space, which is
characterized by its nonseparability.
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The paper is organized as follows. An introductory problem about phaseless
sampling and reconstruction in the shift-invariant space V (¢) is to decide when a
real-valued signal f is determined, up to a sign, by its magnitudes | f (x)|, x € R?. An
equivalence has been provided in [16], see Theorem 2.1 in Sect. 2, that the signal f
must be nonseparable, i.e., the signal f is not the sum of two nonzero signals in V (¢)
with their supports being essentially disjoint. A natural question that arises is how to
determine the nonseparability of a given signal in a shift-invariant space. In Sect. 2, we
introduce an undirected graph G ¢ for the signal f in a shift-invariant space V (¢) and
use connectivity of the graph G to characterize nonseparability of the signal f, i.e.,
when it is determined, up to a sign, by the magnitude measurements | f (x)|, x € R?,
see Theorems 2.4 and 2.6.

In Sect. 3, we consider the preparatory problem whether a signal in a shift-invariant
space V (¢) is determined, up to a sign, by its phaseless samples taken on a discrete set
with finite sampling density. In Theorem 3.1, we find a finite set I' C (0, 1)¢ such that
magnitudes | f (x)|, x € RY, of any nonseparable signal f € V (¢) are determined by
their phaseless samples | f(y)|,y € ' + 74 . However, the above result does not yield
an algorithm to reconstruct a nonseparable signal from its phaseless samples taken
on the shift-invariant set I' + Z¢. To deal with phaseless reconstruction, we introduce
local complement property for the shift-invariant space V (¢), which is similar to the
complement property for frames in Hilbert/Banach spaces [3,7,9,12,16], see Definition
3.2 and Appendix A. Under the assumption that the shift-invariant space V (¢) has the
local complement property, we are able to find a shift-invariant set I' + Z¢ with finite
sampling density on which any nonseparable signal f € V(¢) can be recovered, up
to a sign, from its phaseless samples | f(y)|, y € T + Z¢, see Theorems 3.3 and 3.5
for constructions of the sampling set I' 4+ Z¢ and Sect. 5 for a robust algorithm with
linear computational complexity.

The study of stability is pivotal in phaseless sampling and reconstruction. Thakur
provided a truncation error estimate in [47] to reconstruct bandlimited signals from
their truncated phaseless samples with more than twice of the Nyquist rate; Cahill
et al. found in [12] that phase retrievability of signals in an infinite-dimensional
Hilbert space from magnitudes of their frame measurements is not uniformly sta-
ble; Alaifari et al. discussed the stable reconstruction of e-concentrated signals in
[2] from their magnitudes of Gabor measurements; and Grohs and Rathmair showed
in [27] that stability of the Gabor phase reconstruction is bounded by the recipro-
cal of the Cheeger constant of a flat metric. In Theorem 4.1, we establish a stable
reconstruction of nonseparable signals in a shift-invariant space from noisy phaseless
samples taken on a discrete set with finite sampling density. The above stable recon-
struction implies the nonexistence of resonance phenomenon when the noise level
is far below the minimal magnitude of amplitude vector of the original signal, see
Remark 4.2.

A fundamental problem in phaseless sampling and reconstruction is to design
efficient and robust algorithms for signal reconstruction in a noisy environment.
Based on the approach in Theorem 4.1, we propose an algorithm to reconstruct
nonseparable signals in V(¢) from their noisy phaseless samples on a sampling
set with finite density. The computational complexity of the proposed algorithm
depends almost linearly on the support length of the original nonseparable sig-
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nal. The reader may refer to [13,14,25,28,29,42] and references therein for various
algorithms to reconstruct finite-dimensional signals from magnitudes of their frame
measurements. The implementation and performance of the proposed algorithm
to recover box spline signals from their noisy phaseless samples are given in
Sect. 5.

Proofs are collected in Sect. 6. The local complement property for a locally finite-
dimensional space is discussed in Appendix A.

Notation Denote the cardinality of a set E by #E, the characteristic function on a
set E by xg, and the closed ball in R? with center x and radius R > 0 by B(x, R). For
x=1, .. x)T €eRLy =, y)T e RYand k = (ky, ... k)T € Z2, we
define the partial order x < y ifx; < y;, 1 <i < d, and the power xk = ]_[f=1 xfi.
Fort e R,wesett = (t, ..., t)T. For positive quantities A and B, we use the notation
A = O(B) torepresent A < C B for some absolute constant C.

2 Phase Retrievability, Nonseparability and Connectivity

Phase retrieval plays important roles in signal/speech/image processing, see [7,8,13—
15,26,30,35,42] and references therein for historical remarks and recent advances. The
phase retrievability of a real-valued signal on R¢ is whether it is determined, up to a
sign, by its magnitude measurements on R?. It is characterized in [16] as follows.

Theorem 2.1 Let ¢ be a real-valued continuous function with compact support, and
V(@) be the shift-invariant space in (1.1) generated by ¢. Then a signal f € V(@) is
determined, up to a sign, by its magnitude measurements | f (x)|, x € RY, if and only
if f is nonseparable, i.e., there does not exist nonzero signals fi and fp in V(¢) such
that

f=hA+frand fifr =0 2.1

The question that arises is how to determine the nonseparability of a signal in a
shift-invariant space. To answer the above question, we first recall the notion of global
linear independence of a compactly supported function [10,32,41].

Definition 2.2 Let ¢ be a nonzero function with compact support. We say that ¢ has
global linear independence if the correspondence

¢ = (c()eza —> Y ck)p(- —k) =: [ € V() 2.2

kezd

between an amplitude vector ¢ and a signal f in the shift-invariant space V(¢) is
one-to-one.

In this paper, we always assume that the generator ¢ of the shift-invariant space
V(¢) has global linear independence. For d = 1, the nonseparability of a signal
=X rez ¢(k)@ (- — k) in a shift-invariant space V (¢) is characterized in [16] that its
amplitude vector ¢ := (c(k))rez does not have consecutive zeros. However, there is no
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corresponding notion of consecutive zeros in the high-dimensional setting (d > 2). To
characterize the nonseparability of signals on R, d > 1, we introduce an undirected
graph for a signal in the shift-invariant space V (¢).

Definition 2.3 For any f(x) = Y ;e c(k)p(x — k) € V(¢), define an undirected
graph

Gr:=(Vy, Eyp), (2.3)
where the vertex set
Vi=1{keZ: ck)#0)
contains supports of the amplitude vector of the signal f, and
Er={(k,k)e Vs xVg: k#k' and ¢p(x —k)p(x — k') # 0 for some x € Rd}
is the edge set associated with the signal f.

The graph G in (2.3) is well-defined for any signal f in the shift-invariant space
V(@) as the generator ¢ has the global linear independence. Moreover,

(k,k') € Ef if and only if k — k" € Ay, (2.4)

where A4 contains all k € 74 such that

Spi={x eRY: @p(x)p(x — k) £ 0} # 0. 2.5)

In the following theorem, we show that connectivity of the graph G is a necessary
condition for the nonseparability of the signal f € V(¢).

Theorem 2.4 Let ¢ be a compactly supported continuous function on R? with global
linear independence, and V (¢) be the shift-invariant space (1.1) generated by ¢. If
f € V() is nonseparable, then the graph Gy in (2.3) is connected.

Before stating sufficiency for the connectivity of the graph G, we recall the notion
of local linear independence on an open set, cf. Definition 2.2.

Definition 2.5 Let ¢ be a nonzero function with compact support and A be an open
set. We say that ¢ has local linear independence on A if ) 7a c(k)p(x —k) =0
for all x € A implies that c(k) = 0 for all k z¢ satisfying ¢ (x — k) # O on A.

The global linear independence of a compactly supported function ¢ can be inter-
preted as its local linear R¢ [10,46]. Define
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Pp(x) = (Pp(x — k))keKA, x€eA, (2.6)
and
Kpg:={keZ: ¢(-—k) #£0on A} 2.7)

One may verify that ¢ haslocal linear independence on a bounded open set A if and only
if the dimension of the linear space spanned by ® 4 (x), x € A, is the cardinality of the
set K 4. The above characterization can be used to verify the local linear independence
on a bounded open set, especially when ¢ has an explicit expression. For instance, one
may verify that the generator ¢¢ in Example 2.7 below has local linear independence
on (0, 1), but it is locally linearly dependent on (0, 1/2) and (1/2, 1).

In the following theorem, we show that the converse in Theorem 2.4 is true if ¢ has
local linear independence on all bounded open sets.

Theorem 2.6 Let ¢ be a compactly supported continuous function on R with local
linear independence on all bounded open sets, and f be a signal in the shift-invariant
space V(). If the graph G in (2.3) is connected, then f is nonseparable.

The conclusion in Theorem 2.6 follows from Theorem 3.3 in Sect. 3 and Propo-
sition A.6 in Appendix A, see Sect. 6.4 for the detailed argument. We remark that
the connectivity of the graph G in Theorem 2.6 is not sufficient for the signal f to
be nonseparable if the local linear independence assumption on the generator ¢ is
dropped.

Example 2.7 Define ¢o(t) = h(4t — 1) + h(4t — 3) + h(4t — 5) — h(4t — 7), where
h(t) = max(1 —|¢], 0) is the hat function supported on [—1, 1]. One may easily verify
that ¢ is a continuous function having global linear independence. Set

A0 =) ot —k) and fo() = Y (=1 ¢o(t — k).

keZ keZ

Then f] and f> are nonzero signals in V (¢o) supportedon [0, 1/2]+Z and [1/2, 1]+Z
respectively, and fi(¢) f2(¢) = Oforallt € R. Hence f1=£2 f> have the same magnitude
measurements | f1| 4+ 2| f>| on the real line but they are different, even up to a sign,
i.e., f1+2f> # £(f1 —2f2). On the other hand, one may verify that their associated
graphs G 7,42, are connected.

Consider a continuous solution ¢ of a refinement equation

N
(x) = Za(n)¢(2x —n) and / d(x)dx =1 (2.8)
R

n=0

with global linear independence, where Z,]:/:O an) = 2and N > 1 [21,36].
The B-spline By of order N, which is obtained by convolving the characteristic
function x[o,1) on the unit interval N times, satisfies the above refinement equa-
tion [48,49]. The function ¢ in (2.8) has support [0, N] and it has local linear
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independence on any bounded open set if and only if it has global linear inde-
pendence [18,33,34,38,44]. Therefore we have the following result for wavelet
signals by Theorems 2.4 and 2.6 , which is also established in [16] with a differ-
ent approach.

Corollary 2.8 Let ¢ satisfy the refinement equation (2.8) and have global linear inde-
pendence. Then f € V() is nonseparable if and only if the graph Gy in (2.3) is
connected.

Given a matrix E € Z4** of full rank d, define the box spline Mg by
/ g Mz (x)dx = / g(Edy, g e L*®RY. 2.9)
R4 [0,1)

It is known that the box spline Mg has local linear independence on any bounded
open set if and only if it has global linear independence if and only if all d x d
submatrices of & have determinants being either 0 or +1 [19,20,23,31]. The reader
may refer to [24] for more properties and applications of box splines. Therefore, as
applications of Theorems 2.4 and 2.6 , we have the following result for box spline
signals.

Corollary 2.9 Let & € Z4** be a matrix of full rank d such that all of its d x d sub-
matrices have determinants being either O or £1. Then f € V(Mg) is nonseparable
if and only if the graph G ¢ in (2.3) is connected.

3 Phaseless Sampling and Reconstruction

In this section, we consider the problem of whether a signal in the shift-invariant space
V(¢) is determined, up to a sign, by its phaseless samples taken on a discrete set with
finite sampling density. Here the sampling density of a discrete set X C R is defined
by

. #XNBGR)
D(X) := lim _ 3.1
R—+00,xeRd R4

[4,17,45]. One may easily verify that a shift-invariant set X = I' 4 Z¢ generated by
a finite set I' C [0, 1)¢ has sampling density #I". In Theorem 3.1, we show that for
a shift-invariant space V (¢) generated by a compactly supported function ¢, there
exists a shift-invariant set I + Z¢ with finite density such that any nonseparable signal
f € V(¢) can be determined, up to a sign, from the phaseless samples | f(y)|, y €
' + Z4 taken on that set. However, the above unique determination does not lead to
a reconstruction algorithm. To design efficient and robust algorithms to reconstruct
signals in a shift-invariant space V (¢) from their phaseless samples, we require in
this paper that the shift-invariant space V (¢) has local complement property on some
open sets. Under the local complement property for the shift-invariant space V (¢), we
provide two methods in Theorems 3.3 and 3.5 to construct finite sets I' such that any
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nonseparable signal f in the shift-invariant space V (¢) can be reconstructed from its
phaseless samples | f ()|, y € I' +Z<. Applying Theorems 3.3 and 3.5 to box splines
of tensor-product type, we obtain two phaseless sampling sets in Corollaries 3.7 and
38.

To determine a signal, up to a sign, by its phaseless samples taken on a discrete set,
a necessary condition is that the signal is nonseparable (hence phase retrievable). In
the next theorem, we show that the above requirement is also sufficient.

Theorem 3.1 Let ¢ be a compactly supported continuous function and V (¢) be the
shift-invariant space in (1.1) generated by ¢. Then there exists a finite set T' C (0, 1)¢
such that any nonseparable signal f € V(@) is determined, up to a sign, by its
phaseless samples | f ()|, y € T +Z%, on the set T+ Z@ with finite sampling density.

The proof of Theorem 3.1 is given in Sect. 6.2, where the finite set I’ C (0, 1)¢
is chosen so that magnitude measurements | f (x)|%, x € [0, 1)¢, of any signal f €
V() is determined by | f(y)|?, ¥ € I'. However, it does not provide an algorithm
to reconstruct a nonseparable signal from its phaseless samples taken on the shift-
invariant set I' + Z<. To design stable and efficient algorithms to reconstruct signals
in a shift-invariant space V (¢) from their phaseless samples, we require in this paper
that the shift-invariant space V(¢) has local complement property on some open
sets.

Definition 3.2 We say that the shift-invariant space V (¢) has local complement prop-
erty on a set A if forany A’ C A, there does not exist f, g € V(¢) such that f, g £ 0
on A,but f(x) =0forallx € A’ and g(y) = O forall y € A\A'.

The local complement property on R? is the complement property in [16] for
ideal sampling functionals on V(¢), cf. the complement property for frames in
Hilbert/Banach spaces [3,7,9,12]. Local complement property is closely related to
local phase retrievability. In fact, following the argument in [16], the shift-invariant
space V(¢) has the local complement property on A if and only if all signals
in V(¢) are local phase retrievable on A, i.e., for any f,g € V(¢) satisfying
lg(x)| = |f(x)],x € A, there exists § € {—1, 1} such that g(x) = §f(x) for all
x € A. More discussions on the local complement property will be given in Appendix
A.

Under the assumption that the shift-invariant space V (¢) has local complement
property, a shift-invariant set ' +Z¢ can be constructed so that any nonseparable signal
f can be reconstructed, up to a sign, from its phaseless samples | f ()|, y € I' + Z,
via a reconstruction algorithm presented in Sect. 5.

Theorem 3.3 Let Ay, ..., Ay be bounded open sets, ¢ be a compactly supported
continuous function, V (¢) be the shift-invariant space in (1.1) generated by ¢, and let
Sk, k € 74, be as in (2.5). Assume that ¢ has local linear independence on Ay, 1 <
m < M, the shift-invariant space V (¢) has local complement property on Ay, 1 <
m <M, and

Sk N (UM, (A +ZD) # 0 (3.2)
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forallk € 74 with Sk # 0. Then we can construct finite sets I'y, C A, 1 <m < M,
explicitly such that the following statements are equivalent for any signal f € V(¢):

(1) The signal f is nonseparable.
(ii) The graph Gy in (2.3) is connected.
(iii) The signal f can be reconstructed, up to a sign, from its phaseless samples
[fO)], y € T +Z4, where

r=uM

m=1

T (3.3)

The implication (i) = (ii) has been established in Theorem 2.4 and the implication
(iii) = (i) is obvious. Write f = ZkeZd c(k)p (- — k). To prove (ii) = (iii), we
first determine c(k), k € K4, + [, up to a sign §; ,, € {—1, 1}, by phaseless samples
|[fiy + D],y € Ty, 1 < m < M, and then we use the connectivity of the graph
G to adjust phases 8;,,, 1 <m < M,l € 7. Finally we sew those pieces together
to recover amplitudes c(k), k € Z?, and the signal f, up to a sign, in a noiseless
environment, see Sect. 6.3 for detailed argument.

Definition 3.4 We say that M = {a,, € RI1 <m< MY} is a phase retrievable
frame for R if any vector x € R? is determined, up to a sign, by its measurements
[(x, am)|, am € M, and that M is a minimal phase retrieval frame for R? if any true
subset of M is not a phase retrievable frame.

Given a compactly supported function ¢ and a bounded open set A, let
W4 be the linear space spanned by @A(x)(d>A(x))T, x €A, (3.4)

where @ 4 is given in (2.6). In the proof of Theorem 3.3 given in Sect. 6.3, the finite sets
'y C Ayu, 1 <m < M, are so chosen that outer products ® 4, (y)(P4,, (y))T, y €
I';y, form a basis of the linear space W,,,. This together with the local comple-
ment property on A,,, 1 < m < M, for the shift-invariant space V (¢) implies that
@4, (¥), ¥ € T, is a phase retrievable frame for R*X4m . After careful examination
of the proof of Theorem 3.3, we can apply the pare-down technique to the above
phase retrievable frame and find a subset I'” C T such that nonseparable signals in the
shift-invariant space V (¢) can be reconstructed from their phaseless samples taken on
I + Z¢, which has smaller sampling density than the set I' 4+ Z has.

Theorem 3.5 Let A, 1 < m < M, and ¢ be as in Theorem 3.3, and let F;,l -
Apm, 1 <m < M, be chosen so that ®4,,(y’), y' € T}, are phase retrievable frames
for R¥€an  Then any nonseparable signal f € V(¢) can be reconstructed, up to a
sign, from its phaseless samples | f(y)|, y € T + Z¢, where

r=uM_r. (3.5)
Let I" be the phaseless sampling set either in Theorem 3.3 or in Theorem 3.5, a
phaseless reconstruction algorithm is proposed in Sect. 5. We remark that the phase

retrievable frame property for the sampling set I'' in Theorem 3.5, ®4(y'),y’ € T’
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may not imply that their outer products ® 4 (y')(®4(y")T, y’ € I, form a basis (or
a spanning set) of W4 in (3.4), as shown in the following example.

Example 3.6 Let

x3/2 if0<x <1
—x3 3P -2 4 1/2 ifl<x<2
x3/2—3x24+5x—3/2 if2<x<3
0 otherwise,

d1(x) =

and set @1 (x) = (¢1(x), p1(x + 1), 1 (x +2))7,0 < x < 1. Then

1

1 1
<1>1(x)=z 1+ 1 X+ 5 213
1 —1 1
and
L (000 00 0 00 0
o)) ==-[o11]+]01 0 |x+]0 1 —1]x?
N\o11 00—1 0—1 1
01 1 0 1 —1 1 -2 1
3 1 4 1 6
+—-11-4-1]x+-| 1 -4 3 |x+-|-2 4 -2]x".
1-1 2 2\t13 2 A\ -2

Therefore the space spanned by ®1(x), 0 < x < 1,is R, and the space Wo,1) spanned
by ®; (x)®(x)7,0 < x < 1, is the 6-dimensional linear space of symmetric matrices
of size 3 x 3. On the other hand, any 3 x 3 square submatrices of the 3 x 5 matrix

( X 5 ; A L [0 1 8 27 64
®,(0) c1>1(-> q>1<-) c1>1<-) @1(_)) = — 125173 209 221 197
5 5 5 5 250\ 125 76 33 2 —11

is nonsingular, which implies that ®1(m/5),0 < m < 4, form a phase retrievable
frame for R?, but their outer products do not form a spanning set of the 6-dimensional
space W(,1).

We finish this section with explicit construction of finite sets I' in Theorems 3.3
and 3.5 for the shift-invariant space generated by a box spline of tensor-product type,
cf. Sects. 5.1 and 5.2. Take N = (NVy, ..., Nd)T with N; > 2,1 < i < d, and let
By, be the B-spline of order N;. Define the box spline function of tensor-product

type
BN(x) := By, (x1) X -+ X By, (xa), x = (x1,...,x5)T € RY, (3.6)

Applying the argument used in the proof of Theorem 3.3 with M = land A| = (0, 1)¢,
we have the following result, which is given in [16] for d = 1.
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Corollary 3.7 Let X; contain 2N; — 1 distinct points in (0, 1), 1 < i < d. Then any
nonseparable signal f € V (BN) can be reconstructed, up to a sign, from its phaseless
samples taken on the set X1 X ... x X4+ 74,

The phaseless sampling set X1 x ... x X4 4 Z¢ in the above corollary has density
[—[;7]:1 (2N; — 1). Applying Theorem 3.5, we may select a phaseless sampling set with

smaller sampling density 2N — 1, where N = ]_[fl:1 N;.

Corollary 3.8 For almost all (1, y2, ..., yan—1) € (0, D4 x -+ x (0, )4, it holds
that any nonseparable signal f € V (BN) can be reconstructed, up to a sign, from its
phaseless samples taken on the set {y\, ya, . .., yan—1} + Z%.

4 Stability of Phaseless Sampling and Reconstruction

Stability is of paramount importance in the phaseless sampling and reconstruction
problem. In this section, we construct an approximation

fe=)_ ccld(- —k) € V (@), 4.1)

kezd

up to a sign, to the original nonseparable signal

f=Y chgp-—k e Vg) (4.2)

kezd

from the noisy phaseless samples
() =1f)|+€() =0, yel +2Z% (4.3)

where € = (€(y)),er4z¢ has the bounded noise level [[€[lc = max,cp,za [€(V)],
and the finite set I’ = Unnle I';, is given either by (3.3) in Theorem 3.3 or by (3.5) in
Theorem 3.5.

Let

Qun=1{keZ: ¢(y —k) #£0forsomey €T}, l <m <M, (4.4)
and define the hard thresholding function Hy), n > 0,by H, (t) = t xr\(—n, (¢). Based
on the constructive proofs of Theorems 3.3 and 3.5, we propose the following approach

with My > 0 being the phase adjustment threshold value chosen appropriately. Its
detailed implementation is given in Sect. 5.
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1. ForieZ%and 1 <m < M, let

Ce,lsm = (Ce,l;m (k))kezd (45)

take zero components except that c¢ ., (k), k € | + Qy, are solutions of the local minimization
problem

2
> e(k)¢<y+1—k))—ze<y+l>‘. (4.6)

min Z “
"<k)’kEl+Q’"yerm kel+Qum

2. Adjust phases of ¢¢ 1.y, 1 € 741 <m <M, appropriately so that the resulting vectors &7, Ce 1:m
with §; ,, € {—1, 1} satisfy

(81.mCe lyms 81 ' Ce 1':m’) = —Mo 4.7
foralll,l’ € Z9 and 1 <m,m’' < M.

3. Sew vectors &; i Ce 1:m» 1 € Zd, 1 < m < M, together to obtain

anl;I:] ZIEZd 8l,mce,l;m (k)Xl-H'Zm (k)

de (k) =  kezd, 4.8)
‘ ZYAI;I:] ZleZd XI+Qm, (k)
4. Threshold the vector de = (de (k)); ez
ce(k) = Hy(de (k)), k ezd (4.9

to construct the approximation f in (4.1), where n = /M.

Givenl € Z% and 1 < m < M, the local minimizers Ce.l:m(k), k € 14+, inthe first
step of the above approach are determined, up to a sign, from noisy phaseless samples
ze(y+1), y € I'y, and they provide approximations to amplitudes c(k), k € [+ 2, of
the original nonseparable signal f, up to a sign dependingonl € Z¢ and 1 <m < M,
see (6.20). Due to the above approximation property, we adjust phases of vectors
Cel:msl € 79 1 < m < M, in the second step of our approach so that components
81.mCe 1:m(k), k € I + Q,,, of the resulting vectors 8; ,ce 1., are close to amplitudes
c(k), k € 1 4+ <2, of the original signal f,uptoasignd € {—1, 1} independent onl €
74 and 1 < m < M. Therefore we can sew the vectors 81, mCe l:m, | € 74 1<m< M,
together to yield an approximation d; in the third step of our approach to the amplitude
vector ¢ of the original nonseparable signal f, up to a sign §. The final thresholding
procedure in our approach leads to an approximation f, to the original signal f, up
to a sign, with their graphs G, and G being the same, see (4.16) and (4.18). The
mathematical justification of the above signal reconstruction in a noisy scenario is
presented in the following theorem, while its implementation will be presented in
Sect. 5.

Theorem 4.1 Let Ay, ..., Ay be bounded open sets satisfying (3.2), ¢ be a compactly
supported continuous function such that ¢ has local linear independence on A,,, 1 <

m < M, andletT',, C Ap,1 < m < M, be so chosen that 4, (y),y € I, isa
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phase retrievable frame for R¥Xam  Set T' = Unﬂf: {U'm and

”¢'_1HP= sup (min( sup ||<I>@md||2_1,
O, Clyp, 1<m<M lldll2=1
—1
sp |9r,10,d13")) (4.10)
lldll2=1

where ®g,, = (¢ (¥ — k))yco,, ke, for On C T'y. Assume that the original signal
f =2 keza c(k)p(- — k) is nonseparable, and

Fy := inf [c(k)|* > 0, 4.11)
keVy

where Gy = (Vy, Ey) is the graph associated with the the signal f. If the phase
adjustment threshold value Mo > 0 and the noise level ||€ oo := SUpycp 74 [€(y)]
satisfy

2Fy
Mo = —5= 4.12)
and
112
g#l | @~ pllellZ, < Mo, (4.13)

then there exists § € {—1, 1} such that the signal fe =) ;cza ce(k)p(- — k) € V($)
reconstructed from the proposed approach (4.5)—(4.9) satisfies

lce (k) — 8c(k)| < 2vVAT | @7 pllellos. k € Vy (4.14)
and
cetk) =c(k) =0, k ¢ Vy. (4.15)

By Theorem 4.1, the reconstructed signal f. in (4.1) provides an approximation,
up to a sign, to the original nonseparable signal f in (4.2),

e =8Flbe < 2VAT [0 [ (sup 3 |6 =) )lleloe  (4.16)

YR ezd

and

sp Ife)1 = 1F O] < 2VAT &7 (sup Y (o =K Yllelloo. (417)

yeF+Zd xeR ke7d

By (4.11), (4.12), (4.13) and (4.14), a vertex in the graph G is also a vertex of
the graph G, . This together with (2.3) and (4.15) implies that the graphs G and G,
associated with the original signal f and the reconstructed signal f; are the same, i.e.,
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gf = gfg. (4.18)

The square root of the quantity Fp in (4.11) is the minimal magnitude of amplitude
vector of the original signal f. It can be used to measure the “distance” between the
nonseparable signal f to the set of all separable signals in V (¢). For instance, take a
sufficiently small o € (0, 1) and a nonseparable spline signal

Ja(x) = Ba(x) + aBa(x — 1) + Ba(x —2) € V(B2) (4.19)

of order 2 with Fp = . Write g(x) = coBa(x)+c1Ba(x —1)+cpBa(x —2) € V(B)),
one may verify that all signals g(x) satisfying max(|co — 1], [c] — «], |[c2 — 1]) <
+/Fo = « are nonseparable, and also that the signal g(x) withco = 1,¢; =0, ¢ = 1
is separable and satisfies max(|co — 1|, |c1 — |, |c2 — 1)) = /Fo.

The quantity ||d)_l |lp in (4.10) for phase retrievable frames ®g,, 1 <m < M, is
closely related to their strong complement property [9,12]. Following the argument
in [9, Theorem 18], we conclude that the reciprocal of 1D tpisa Lipschitz lower
bound of nonlinear maps x,, — [P, Xnl, 1 <m < M, ie,

1D~ 15" min (Ilxm = Ymll2. 1xm + Ymll2) < || 196, %m| — |P6, Y| ,

hold for all x,,, y,, € R¥ 1 < m < M. By (4.16) and (4.17), we see that the
quantity ||®~!||p in our phaseless sampling and reconstruction plays a similar role to
the minimal nonzero singular value of a matrix in finding a least squares solution of a
linear system.

Selection of the threshold value My > 0 is imperative to find a good approximation
to the original signal from its phaseless samples, and its inappropriate selection could
lead our approach to fail. In the noiseless environment, we may take My = 0 and
the proposed approach leads to a perfect reconstruction, i.e., fe = £ f, when f is
nonseparable. In practical applications, the noise level is usually positive and the phase
adjustment threshold value My needs to be appropriately selected. For instance, we
may require that (4.12) and (4.13) are satisfied if we have some prior information
about the amplitude vector of the original signal. From the proof of Theorem 4.1
and also the simulations in the next section, it is observed that phases can not be
adjusted to satisfy (4.7) if the threshold value My is far below square of noise level
ll€lloo (for instance, (4.13) is not satisfied), while the phase adjustment (4.7) in the
algorithm is not essentially determined and hence the reconstructed signal is not a
good approximation of the original signal if the threshold value M( is much larger
than the square of minimal magnitude of amplitude vector of the original signal (for
instance, (4.12) is not satisfied).

Remark 4.2 By Theorem 4.1, there is no resonance phenomenon in the sense that

inf || fe =6 fllo < Cll€lloo (4.20)
se{—1,1)
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if the noise level is far below the minimal magnitude / Fp of amplitude vector of the
original signal f,i.e.,

lelloo < Cov Fo = Co inf [c(k)| (4.21)
keVy

for some sufficiently small positive constant C. The above requirement (4.21) on the
noise level is necessary, since the phaseless sampling and reconstruction problem is
ill-posed (and hence the estimate (4.20) is not satisfied) if the ratio between the noise
level and minimal magnitude of amplitude vector of the original signal is not small. For
instance, taking nonseparable spline signals f,(x) = Ba(x)+aBa(x — 1)+ Ba(x —2)
and fy(x) = Ba(x) + aBa(x — 1) — Bo(x — 2) € V(B») of order 2, we have

20
14+«

p i fa =8 falloo =2 and [Iful = 1ol =

’

where o € (0, 1) is sufficiently small. Hence there does not exist an absolute constant
C independent on o € (0, 1) such that the estimate (4.20) is satisfied.

5 Reconstruction Algorithm and Numerical Simulations

Consider the scenario that available data

2N =1fWI+ey), yel +K, (5.1

are noisy phaseless samples of a nonseparable signal f = ) ", .74 c(k)p(-—k) € V($)
taken on I' + K, where I = U%:lrm is either as in (3.3) orin (3.5), K C Z% is a
finite set, and the additive noise € = (€(y))yer+k is bounded,

l€lloo := max [e(y)| <& (5.2)
yel'+K

for some ¢ > 0. Based on the approach in Sect. 4, we propose an algorithm to construct
a signal f of the form

fe= Zce(k)fﬁ(- —k) e V(o). (5.3)

kek

where K = Uiek Ufle (I + ) and 2,,, 1 <m < M, are as in (4.4). Observe that
the original signal f and its truncation

fr =Y cop(-—k) (5.4)

kek
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have the same (phaseless) sampling values on I' + K by the supporting property ¢.
Therefore the signal f, in (5.3) is an approximation, up to a sign, to the truncation fx
of the original nonseparable signal f by Theorem 4.1.

Algorithm 1 MAPSET Algorithm
Inputs: finite set K C 74, sampling setI" = U’IZIZI 'y, eitherin (3.3) orin (3.5); noisy phaseless sampling
data (zg (y))\'€F+K; index set K = Ulek Ugf:l (I + Q) C 24; and the phase adjustment threshold
value Mg.
Initials: Start from zero vectors c¢ 1. = (Ce,i;m (K)) e g- L € K, 1 <m < M.
Instructions:

1) Local minimization: For/ € K and 1 < m < M, replace Ce l; m k), k € 1 + Qy, by a solution of the
local minimization problem

2
> s +1-b| -z +l>‘ :
kel+Qm

min Z
ek) Kel+Qm

2) Phase adjustment: For [ € K and 1 < m < M, multiply c¢ .,y by &;,» € {—1,1} so that
(81,mCe.1m> O ! Ce 1/’ ) = —Mo for all [, 'eKandl <m,m’ < M.
3) Sewing local approximations:

21[‘1;’:1 ZleK 8l,mce,l;m(k)Xl+Qm (k)
M
Zm:] ZlEK XI+Qm (k)

de(k) = . kek. (5.5)

4) Hard thresholding:

ce(k) = Hy(de (k). k € K., (5.6)

where n = /M.
Outputs: Amplitude vector (ce (k)) rei» and the reconstructed signal fe = > reR Ce (K)o (- — k).

The proposed algorithm contains four parts: minimization, adjusting phases,
sewing and thresholding, and we call it the MAPSET algorithm. For every [ € K
and 1 < m < M, the local minimizers c¢ ;. (k), k € [ + Q, in the first step of
the MAPSET algorithm are determined, up to a sign, from noisy phaseless samples
ze(y + 1),y € T';,, by the selection of the sampling set I';,, and it can be found by
solving a finite family of least squares problems

S| Y st +1-0 -8z + BRNCE)

min min
§,e{—1,1},yel’ k), kel+$
y { boyelm e(k) +82m yelm  kel+Qm

The phase adjustment in the second step of the MAPSET algorithm is not unique in a
noisy environment. Our implementation to the second step has three components: (1)
we first construct a symmetric sign matrix B = (b; 1/ m')1.1'eK . 1<m.m'<M DY

1 if <Ce,l;m’ Ce,l/;m’) > My
bl,m;l’,m’ = —lif (Ce,l;ma Ce,l/;m’) <-M

0 otherwise
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for ,I! € K,1 < m,m" < M; (2) we then find a diagonal matrix D =
(61.m)1ek . 1<m<m With diagonal entries 6;,,,/ € K,1 < m < M, being either 1
or —1 such that D B D has nonnegative entries; and (3) we finally use diagonal entries
81,m as signs of our phase adjustment to vectors c¢ j.m, [ € K, 1 < m < M. The third
and fourth steps of the MAPSET algorithm can be implemented as stated.

Set N = #K. By (4.4), we have

#Q, = 0(), 1 <m <M and #K = O(N). (5.8)

The computational complexity of the first step in the MAPSET algorithm is O(N),
since the number of additions and multiplications required to solve the family of
least squares problems (5.7) is O(1). Recall that for every / € K and 1 < m <
M, the vector c ., has O(1) nonzero entries, and observe that every row of the
matrix B has O(1) nonzero entries by the supporting property of vectors c¢ j.m, ! €
K,1 < m < M. Therefore the computational complexity of the second step in the
MAPSET algorithm is O (N) too. By (5.5), (5.6) and (5.8), we need O (N) additions
and multiplications to implement the third and fourth steps of the MAPSET algorithm.
Combining the above arguments, we conclude that the proposed MAPSET algorithm
has linear computational complexity to construct an approximation in V (¢) from noisy
phaseless samples of a nonseparable signal f in V(¢).

In therest of this section, we demonstrate the performance of the proposed MAPSET
algorithm on reconstructing box spline signals from their noisy phaseless samples on
discrete sets.

5.1 Nonseparable Spline Signals of Tensor-Product Type
Let B3,3) be the tensor product of one-dimensional quadratic spline B3, and set by (s) =
§2/2, b_1(s) = (=252 +2s + 1)/2 and b_»(s) = (1 —5)?/2,0 < s < 1. For
A= (0, 1)% and ¢ = B(3,3), one may verify that the set K 4 in (2.7) is

Ko =1{G,Jj):—2=<i,j=<0}
and the vector-valued function ® 4 in (2.6) becomes

17050 = (B D) e, Lo (50 € 0,17 (5.9)

which is a 9-dimensional vector-valued polynomial about s”t7,0 < p,q < 2. This
implies that the shift-invariant space generated by B3 3) are locally linearly indepen-
dent on (0, 1)? and it has local complement property on (0, 1)2. By Corollary 3.7, the
set

To={G.j)/6.1<i,j<5)C(01)> (5.10)

with cardinality 25 can be selected to be a phaseless sampling set in (3.3), see Fig. 1.
For the above uniformly distributed set I'g, the corresponding ||®~!|p in (4.10) is
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Fig.1 Plotted on the left is a uniformly distributed set I'¢ satisfying (3.3), while on the right is a randomly
distributed set I'1 satisfying (3.5). The corresponding || o1 |Ilp in (4.10) to the above sets are 2.7962 x 103
(left) and 3.2995 x 104 (right), respectively

2.7962 x 10°. From the argument used in Corollary 3.8, (®q.1y2(si, t,'))lil.517 is a
phase retrievable frame for almost all (s;,#;) € (0, 1)2, 1 < i < 17, however the
corresponding ||®~!||p in (4.10) is relatively large from our calculation. So we use

another randomly distributed set
Ti={(si, 1), 1 <i <19} C (0, 1)’ (5.11)

with cardinality 19 in our simulations, see Fig. 1. The above set satisfies (3.5) and the
corresponding D~ 1lp in (4.10) is 3.2995 x 10%.

In our simulations, the available data z.(y) = | f(y)| + €(y) >0,y € I' + K, are
noisy phaseless samples of a spline signal

f(s, 1) = Z c(m,n)Ba3)(s —m, t —n) (5.12)

0=<m=<K;,0=n=<K;

taken on I' 4+ K, where K = [0, K] x [0, K»] for some positive integers K1, K» > 1,
I' is either the uniform set ['g in (5.10) or the random set I'y in (5.11), amplitudes of
the signal f,

c(m,n) € [-1,1\[-0.1,0.1], 0 <m < K;1,0 <n < K>, (5.13)

are randomly chosen, and the additive noises €(y) € [—¢, €], y € [ 4+ K, with noise
level ¢ > 0 are randomly selected. Denote the signal reconstructed by the proposed
MAPSET algorithm with phase adjustment threshold value My = 0.01, cf. (4.12) with
Fy =0.01, by

fe(s, 1) = > ce(m,n)B33)(s —m, 1 —n). (5.14)

—2<m=<Kj,—-2<n<K»

Birkhduser



Journal of Fourier Analysis and Applications (2019) 25:1361-1394 1379

a oe el :
PS v‘ A ' N - y N
0 o
- -
- 05 : - g p— .
05 1. VJ : 1 '(‘-r i 1 - '
9 . = i 9 s -
6 /.{ 9 6 2 /9 //‘9
- 6 6
3~ —3 3T _— 3 ~—"3
0o 0o 0 0

Fig. 2 Plotted on the left is a nonseparable spline signal in (5.12) with K| = K, = 7. In the middle and
on the right are the difference between the above spline signal f and the signal fe reconstructed by the
MAPSET algorithm with noise level ¢ = 10~% and sampling set I" being Iy and I"y in Fig. 1, respectively.
The maximal amplitude errors e(¢) in (5.15) are 0.0014 (middle) and 0.0030 (right), and the reconstruction
errors minge(—1 1} | fe — 3 flloo are 7.2567 x 10~# (middle) and 0.0015 (right), respectively

Define the maximal amplitude error of the MAPSET algorithm by

e(e) .= 5 min |ce(m, n) — éc(m, n)|. (5.15)

max
e{—1,1} -2<m<K|,—-2<n<Kj

As the original spline signal f in (5.12) is nonseparable, the conclusions (4.14) and
(4.15) guarantee that the reconstruction signal f. provides an approximation, up to a
sign, to the original signal f if | ®~!||pe is much smaller than a multiple of /Mg, where
M) is the phase adjustment threshold value. Our numerical simulations indicate that
the MAPSET algorithm reconstructs phases successfully in 100 trials and the maximal
amplitude error e(¢) in (5.15) is about O (¢), provided that € < 2 x 103 forT' =TIy
and ¢ < 7 x 107* for I' = I'y. Presented in Fig. 2 are a nonseparable spline signal
f in (5.12), and the difference between the original signal f and the reconstructed
signal f, via the MAPSET algorithm with noise level ¢ = 1074,

The signal f, reconstructed from the MAPSET algorithm may not provide a good
approximation, up to a sign, to the original signal f if the noise level ¢ is much larger
than a multiple of /Fo /|| @~ !p, cf. (4.13) in Theorem 4.1. Our numerical simulations
indicate that the MAPSET algorithm sometimes fails to reconstruct the phase of the
original signal f when ¢ > 3 x 1073 for T = I'pand ¢ > 8 x 10~% for T = Iy,
where JFO/||®_1 |p are 3.5763 x 107> and 3.0307 x 1076 respectively. Detailed
analysis of our simulations shows that the main reason of failures of our MAPSET
algorithm at high noise level is that the local minimizer in the first step of the algorithm
does not provide a good approximation to amplitudes of the original signal, up to a sign.

5.2 Nonseparable Spline Signals of Non-tensor Product Type

1101
0011
the spline function B3 3) of tensor-product type, our numerical result indicates that the
shift-invariant space generated by Mz, does not have the local complement property
on (0, 1)2, cf. Sect. 5.1. Set Ay :={(s,1) : 0 <s <t < 1}and A; := {(s,1) : 0 <
t < s < 1}. One may verify that the triangle regions Ay and A, satisfy (3.2), and the

Let Mgz, be the box spline function in (2.9) with E7 = , see [24]. Unlike
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shift-invariant space generated by Mg, has local complement property on Ay and on
Ar.
For A = Ay and ¢ = Mg,, one may verify that the set Ku, in (2.7) is

{(0,0), (=1,0), (=2,0), (=1, —1), (=2, —1)} and the function ® 4, (s, #) in (2.6) is

1 0 0 0 O 52
(o -12 0 -1 (t — 5)?
da,s,)==| 0 1 0 4 4 s , (s,1) € Ay.  (5.16)
2111 2 220 f—s
1 -1-6-2 8 1

Observe that the space spanned by the outer products of vectors (s2, (t — 5)2, 5,1 —
s, DT, (s, 1) € Ay has dimension 13. This together with (5.16) implies that the space
spanned by the outer products of ® 4, (s, ) has dimension 13. Therefore we can select
asetI'2,y C Ay with cardinality 13 to satisfy (3.3), see Fig. 3. Similarly, for the lower
triangle region Ay, a sampling set I'; ; with cardinality 13 can be chosen to satisfy
(3.3). For our simulations, we use

=Ty Uy

as the sampling set contained in Ay U Ap, C (0, 12, see Fig. 3. For the above set 'y,
the corresponding ||®~!||p in (4.10) is 87.9420.

Recall that ® 4, (s, t) is a vector-valued polynomial generated by s2,(t—s)%, s, t—s
and 1, and observe that the matrix (4, (s;, t;))1<i<5 has full rank 5 for almost all
(sis 1) € Ay, 1 < i < 5 as its determinant is a nonzero polynomial of (s;, #;), 1 <
i <5.Thus (®a,(s,t))1<i<9 is a phase retrievable frame for almost all (s;, #;) €
Ay, 1 <i <9.So we can use randomly distributed sets I'3 y C Ay and I's 1, C A,
with cardinality 9 that satisfy (3.5), see Fig. 3. Set

I's=I3y Ul L.

For the above set I'3, the corresponding ||®~!|p in (4.10) is 761.2227.
In our simulations, the available data zc(y) = | f(y)| +€(y) 20,y e I' + K, are
noisy phaseless samples of a spline signal

f(s,t) = Z cm,n)Mg,(s —m,t —n), 5.17)

0=<=m=<K;,0=n<K>

takenon I + K, where K = [0, K] x [0, K»] forsome 1 < K|, K, € Z, T is either
I'; or I'3 in Fig. 3, amplitudes of the signal f are as in (5.13), and the additive noises
€(y) € [—¢,¢],y € I + K, with noise level ¢ > 0 are randomly selected. Denote
the signal reconstructed by the proposed MAPSET algorithm with phase adjustment
threshold value My = 0.01 by

fe(s, 1) = Z ce(m,n)Mg,(s —m,t —n). (5.18)

0=m=<K,;,0=n=<K;
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Fig. 3 Plotted on the left are the sampling sets 'z y C Ay (in the red star) and I'; ;, C Ay (in the blue
dot). Plotted on the right are the random sets I'3 y C Ay (in the red star) and I'3 ; C Ay, (in the blue
dot) that have cardinality 9. The corresponding ||<I>_1 |lp in (4.10) to the above sets is 87.9420 (left) and
761.2227 (right) respectively
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Fig.4 Plotted on the left is a nonseparable spline signal of the form (5.17), where K = [0, 7] x [0, 6], and
in the middle and on the right are the difference between the above signal f and the signal f, reconstructed
by the MAPSET algorithm with noise level ¢ = 10~* and the sampling set I" being ' and I'3 in Fig. 3,
respectively. The maximal amplitude errors e(€) in (5.15) are 2.4922 x 1074 (middle) and 3.8975 x 10~4
(right). The reconstruction errors minge(—1,1} [| fe —& floo are 1.9660 x 104 (middle) and 2.9216 x 104
(right)
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Asin Sect. 5.1, the reconstruction signal f, provides an approximation, up to a sign, to
the original signal f. Our numerical simulations indicate that the MAPSET algorithm
saves phases in 100 trials and the reconstruction error e(¢) is about O (¢), provided
thate <5x 103 forI' = My ande < 3 x 1073 for I' = '3, where /Fo /|| @~ !||p are
1.1371 x 1073 and 1.3137 x 10~* respectively. Presented in Fig. 4 are a nonseparable
spline signal f in (5.17) with (K, K2) = (9, 8), and the difference between the
original signal f and the reconstructed signal f. via the MAPSET algorithm with
noise level £ = 1074,

As in Sect. 5.1, the MAPSET algorithm may not yield a good approximation to
the original signal if the noise level ¢ is not sufficiently small. Our numerical results
indicate that the MAPSET algorithm sometimes fails to save the phase of the original
signal f when ¢ > 6 x 1073 forT = I'hand ¢ > 4 x 1073 forT = I';. As in the
phaseless reconstruction of box spline of tensor-product type, our detailed analysis
indicates that the main reason of failures of our MAPSET algorithm at high noise level
is that the local minimizer in the first step of the algorithm does not provide a good
approximation to amplitudes of the original signal, up to a sign.
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6 Proofs

In this section, we include the proofs of Theorems 2.4, 3.1, 3.3, 2.6, 3.5, 4.1, and
Corollaries 3.7 and 3.8 .

6.1 Proof of Theorem 2.4
Suppose, on the contrary, that G is disconnected. Let W be the set of vertices in a

connected component of the graph G. Then W # @, V/\W # ¢, and there are no
edges between vertices in W and V\W. Write

f=) chop-—k =) ctp(-—k

keZd keVy
=Y g -k + Y chpt—k = fi+f (6.1)
kew keV\W

where c(k) € R, k € Z?. From the global linear independence on ¢ and nontriviality
of the sets W and V\W, we obtain

fi #0 and f> #0. (6.2)

Combining (6.1) and (6.2) with nonseparability of the signal f, we obtain that
f1(x0) fa(xo) # O for some xo € R?. Then by the global linear independence of
¢, there exist k € W and k' € V¢ \W such that ¢ (xo — k) # 0 and ¢ (xo — k) # 0.
Hence (k, k') is an edge between k € W and k' € V\W, which contradicts to the
construction of the set W.

6.2 Proof of Theorem 3.1

A linear space V on R? is said to be locally finite-dimensional if it has finite-
dimensional restriction on any bounded open set. The shift-invariant space in (1.1)
generated by a compactly supported function ¢ is locally finite-dimensional. The
reader may refer to [5] and references therein on locally finite-dimensional spaces,
see Appendix A for local complement property of a locally finite-dimensional space.
In this section, we will prove the following generalization of Theorem 3.1.

Theorem 6.1 Let V be a locally finite-dimensional shift-invariant space of functions
on RY. Then there exists a finite set T C (0, 1) such that any nonseparable signal
f € V is determined, up to a sign, by its phaseless samples on T + 7.

Proof Let A = (0,1)? and V|4 be the space containing restrictions of all signals
in V on A. By the shift-invariance, it suffices to find a set I' C A and functions
dy(x),y €T, such that

F@P =Y dyWIf@)IP, x €A (6.3)

yell
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hold for all f € V. By the assumption on V, V|4 is finite-dimensional. Let g, €
V,1 <n < N, be abasis for V|4, and W be the linear space spanned by symmetric
matrices

G(x) = (gn(X)gw ()| ey X € A
Then there exists a finite set ' C A with cardinality at most N (N + 1)/2 such that

G(y),y €T, are a basis for the space W. This implies that for any x € A there exist
dy(x),y €T, such that

Gx) =) dy(x)G(y). x € A.
yel

For any f € V, we write f(x) = Z,I:/:] cngn(x), x € A. Then

N N
2
|f(x)|2 = ‘chgn(x)‘ = Z CnCp gn(X) gn (x)
n=1 n,n'=1
N
= > cncnf(Zdymgn(y)gnf(y)) =Y d,If (P x €A
n,n'=1 yell yel

This proves (6.3) and hence completes the proof. O

6.3 Proof of Theorem 3.3
The implication (iii)) = (i) is trivial. By (3.2), local linear independence of ¢ on
Am, 1 < m < M, and shift-invariance of the linear space V (¢), we obtain that the
generator ¢ has the global linear independence. Then the implication (i) = (ii)
follows from Theorem 2.4.

Now it remains to prove (ii)) = (iii). Let I';,, 1 < m < M, be finite sets con-
structed in Proposition A.3 with the set A and the space V replaced by A,, and V (¢)
respectively, and set I' = u{,‘lerm. Let f, g € V(@) satisfy

lgl = If ()l forally e T+ Z°. 6.4)
Then it suffices to prove that
g=94f (6.5)

for some § € {—1,1}. Take [ € 74 and 1 < m < M. By Proposition A.3 and the
shift-invariance of the linear space V (¢), we have

lgx + DI =1f(x+DI, x € Ap.
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This, together with shift-invariance of the linear space V (¢) and local complement
property on A,,, implies the existence of §; ,, € {—1, 1} such that

8x) =8 mf(x), x € Ay +1. (6.6)

Write f =) cza c(k)p(-—k)and g = ) ) .70 d(k) (- —k) € V(¢). Then it follows
from (6.6) and local linear independence of the generator ¢ on A,, that

Ak +1) =8 ek +1), K € Ky, (6.7)

where K 4, is given in (2.7).
By (6.7), the proof of (6.5) reduces to showing

Stm =8 (6.8)

foralll € Z? and 1 < m < M sothatk’ +1 € V; for some k' € K4,,. Recall that
c(k) # 0forall k € V. Then by (6.7) there exists §; € {—1, 1} for all k € V¢ such
that

Sim = Ok

foralll e Z9and 1 <m < M sothatk = k' +1 ¢ Vy for some k' € K 4,,. Thus it
suffices to prove that

8 =& forall k, ke Vy. (6.9)
By the connectivity of the graph G, the proof of (6.9) reduces further to proving
5 =& (6.10)
for all edges (k, k) of the graph G . For an edge (k, k) of the graph Gr, we have that
S:={xeR: ¢p(x —k)p(x —k) # 0} # 0.

Thgn there exists 1 < m < M by (2.5) and (3.2) such that S N (A, + k) # @. Thus
k,k € Ka, + k, which together with (6.7) and (6.9) implies that 6 = & n» = J}.
Hence (6.10) holds. This completes the proof.

6.4 Proof of Theorem 2.6

By Proposition A.6, there are open sets Ay, ..., Ay satisfying the requirements in
Theorem 3.3. Then the conclusion in Theorem 2.6 follows from Theorem 3.3.
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6.5 Proof of Theorem 3.5
Let f =} yeza c(K)(- —k) and g = 3 50 d(k)p (- — k) satisfy
lg)| = If()]| forall y el +29,

where IV = ufg’:lr,’n is given in (3.5). Take / € Z¢ and 1 <m < M. Then

3 d(k)qb(y’—l—l—k)‘:‘ Y ¢ +1—k)| forally T},

keK s, +l keK 4, +1

By the assumption on ®4, ('), ¥’ € I';,, 1 < m < M, there exists &, € {1, —1}
such that

d(k) = 8me(k), k € Ka,, +1.

Following the same argument as the one used for the implication (ii)==-(iii) in The-
orem 3.3, we can find § € {—1, 1} such that §; ,, = § forall/ € Z4and 1 <m < M.
This completes the proof.

6.6 Proof of Corollary 3.7

The box spline By has local linear independence on (0, 1)? by the characterization in
[19,20,23,31], and the shift-invariant space V (BN) generated by By has local com-
plement property on (0, 1) since the restriction of a signal in V(BN) on (0, D is
a polynomial of finite degree. Therefore the requirements for the generator By in
Theorem 3.3 are satisfied with M = 1 and A; = (0, l)d.

It is observed that the function @ 1)« in (2.6) is a vector-valued polynomial of
degree N — 1, and its outer product D 0,1)¢ ()C)q)(oyl)d T, x € (0, 1) is a matrix-
valued polynomial of degree 2N — 2. Recall that X; is a discrete set containing 2N; —
1 distinct points in (0, 1),1 < i < d. Therefore one may verify by induction on
dimension d that ® o 1y (y) P g, 1) M7,y e X1 x -+ x Xg, is a spanning set of the
linear space spanned by Do, 1y (x)dD(O, 1)d @7, x € (0, l)d. Therefore the conclusion
follows by applying the argument used in the proof of Theorem 3.3 with M = 1 and
Ar = (0, 7.

6.7 Proof of Corollary 3.8
From the argument used in the proof of Corollary 3.7, the requirements for the gener-
ator By in Theorem 3.5 are satisfied with M = 1 and A; = (0, 1)4.

By the local linear independence on (0, 1)? for the box spline By, there exists a
nonsingular matrix A of size N' x N such that

® 9.1yt (x) = Axy forall x € (0, 1)?, 6.11)

Birkhauser



1386 Journal of Fourier Analysis and Applications (2019) 25:1361-1394

where xN = (x")Zgz+ Sk<N is a M-dimensional column vector. For M > N/, let

D01y V- YA = [P0yt (V1) -+ Po,1ye ()]

be the matrix of size N' x M with columns D 0.1y¢ (i), yi € (0, D41 <i <M.
Then

det @ ya(¥1, ..., yN) = det A Z 6(0{1,...,01,/\/'))/?1 ...yX[N(6.12)

is a nonzero polynomial about yj, ..., yor by (6.11), where the sum is taken over
the set of all mutually distinct 0 < ; < N,1 < i < N, where €(aq,...,ap) €
{—1, 1}. Hence for almost all (y1, ..., yan—1) € (0, D4 x...x 0, D4 al N x N
submatrices of @ 1ya(y1, y2, ..., y2a7—1) are nonsingular. This together with the

complement property [7] for frames implies that g e (i), 1 < i < 2N — 1, are
phase retrievable frames for almost all (y1,..., yanv—1) € (O, D4 x ... x (0, 4.
Therefore the conclusion follows from Theorem 3.5.

6.8 Proof of Theorem 4.1
GivenI' c R? and f = Y kezd c(K)@ (- — k), we define
Grr= (Vs Err), (6.13)

where (k, k') € Efr onlyif $(y —k)¢p(y — k') # 0 forsome y € I' + Z4. To prove
Theorem 4.1, we need a lemma about the graph G ;.

Lemma6.2 Let¢p, Ay, and Ty, 1 <m < M, be as in Theorem 4.1. Set T" = Unﬁlef‘m.
Then for any f € V(¢), the graph Gy in (2.3) and G ¢ r in (6.13) are the same,

Gr=Grr. (6.14)

Proof Clearly it suffices to prove that an edge in G is also an edge in § f.r. Suppose,
on the contrary, that there exists an edge (k, k) in G such that

d(y—k)p(y —k') =0forall y € U,A,leFm—i—Zd. (6.15)
Define
S={xeR?: ¢p(x —k)p(x — k') # 0} #@. (6.16)
By (3.2), there exist [y € Z% and 1 < mqg < M such that
SN (Am +1o) #9. (6.17)
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Set g+ (x) = d(x +1lp — k) £ p(x +lop — k'), x € Ap,. Then it follows from (6.15)
that

lgx (I = 1oy +lo = + 1oy +1o —K)I, v € Ty

By the construction of the set I';,,, we get either g4 = g_ or g+ = —g_ on Ap,.
Therefore either ¢(x + lp — k) = 0 on A, or ¢(x +lp — k') = 0 on A,. This
contradicts to the construction of set S in (6.16) and (6.17). m]

Now, we continue the proof of Theorem 4.1.

Proofof Theorem 4.1 Take | € Z¢ and 1 < m < M. For any y € Iy, there exists

2>1/2

8y.1;m € {—1, 1} such that

(=

D Cerm® =8y rmc)P(y +1—k)

yely ' kel+Qy,
R ( S X cm®or+i-n)|
yelly ' kel+Q,

- Y cwoi +i1-n)|

2>1/2

kel+Q,
201/2
= < Z Z Ce.l;m (k)@ (y +l_k)‘_ze(y +1) )
yely | kelt Qn
20172
+< Sl X s +1-b| -z +b )
yely ' kel+Qy,
2012
52( Y X ot +1-k)| -z +D )
v€lm kel+2,,
< 2y#Tnll€lloo < 2VH#T [l€]loo, (6.18)

where the second inequality holds by (4.6) and the last inequality follows from

wy+0=| 3 R +1-k|+e(y+D, v €T,
kel+,,

From the phase retrievable frame property for (q) (y— k)) , ¥ € I'iy, we obtain

that

keK 4,

Qn=Ka,, 1<m=<M. (6.19)

Let Py = {y € I'm : 8y,1,m = 1}. This together with (6.19) and the phase retrievable
frame assumption that either ((;5(7/ - k))kesz , Yy € Py or (q)(y — k))kEQ ,Y €

[\ Py is a spanning set for R*%» This together with (6.18) implies that
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- 1/2
(Y lectn® =Bme®l’) " <2007 IpvAT el (620)

kel+2,,

for some sign Sl,m e {—1,1}.

Now we show that phases of c¢ j.n, [ € 781 <m < M, can be adjusted so that
(4.7) holds. Let 8,1 € Z%, 1 < m < M, be as in (6.20). Then for any /, ' € Z¢ and
L<m,m <M,set Qmpm = (Qm+1)N(Qy +1'). Then

(81,mce,l;m» 81’,m’ce,l’;m’> = Z 81,m81’,m’ce,l;m(k)ce,l’;m’(k)

kEQl,m;l’,m’

> > @ = D ety ey k) — (k)]
kte,m:l/.m/ kEQI,m;l/.m’
= > lBmcerm®) — c(®)llc(k))|

kEQl,m;[’.m/
— > Brmcesim®) = U8y mrcerm k) — ch)|

kte,m:l’.m’

1 - -
=3 2 (Brweerm® =P + Bmcesn) — el

kEQI,m;l/.m’
= > Bmcerim®) = (8 mrce i (k) — (k)]

kte,m;[’.m/
> — 8| &~ [B#T llell, = —Mo, (6.21)

where the third inequality follows from (6.20) and the last inequality holds by the
assumption (4.13) on the noise level || €||s and the threshold value M.

The phase adjustments in (4.7) for cc s, ! € 72,1 < m < M, are not unique.
Next we show that they are essentially the phase adjustments in (6.21), i.e., for the
phase adjustment 6; ,, € {—1, 1} in (4.7) there exists 6 € {—1, 1} such that

Sime(k) = 88y me(k) forallk el + Q. leZ% 1 <m<M. (6.22)
To prove (6.22), we claim that
St /8tm = 81w /8wy (6.23)

forall (/, m) and (I, m") with Q; .1/ ' N V¢ # . Suppose on the contrary that (6.23)
does not hold. Then

(51,mce,1;m, 81/,m/ce,l/;m’) = _(sl‘mce,l;mv 81/,m’ce,l’;m/>'
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Therefore

(81, mCe.l1;m» 81/,m/ce‘l/;m)

<— > de®P+ D ety e k) — (k)]

kegl,m;l’,m/ kte,m;l’,m/
+ D BmCenmk) = c)llck))]
kegl,m;l’,m’
+ Y 1wt (k) — cCOI8y mrcerrm (k) — (k)]
kEQl,m;l’,m’
B 1/2
== Y le®P+aVETIO (Y 1e®?) el
kEQI,m;[’,m/ kEQ['m;[/ﬁm/

+ 44T 0B lle I3,
12 My
== Y l®P+(2M0 Y le®P) T+ = < —Mo,

2
kEQI,m:[’,m’ kegl,m;l’,m/

where the second inequality follows from (6.20), and the third and fourth inequalities
hold by (4.11), (4.12) and (4.13). This contradicts to the requirement (4.7) for the
phase adjustment and hence completes the proof of the Claim (6.23).

By (6.23), for any k € V there exists §; € {—1, 1} such that

81.mc(k) = 88y me(k) forall k € [ + Q. (6.24)

Let (k1, k2) be an edge in G¢. By Lemma 6.2 there exist/ € Z4 and 1 < m < M such
that k1, kp € 2, + [. Therefore

Stme(kr) = 8,81 me(ky) and 8 e (ka) = Sk, 8 me(ka)

by (6.24). This implies that 8, = &, for any edge (k1, k2) in G . Combining it with
the connectivity of the graph G, we can find 6 € {—1, 1} such that

8 =8 forallk € Vy. (6.25)

Combining (6.24) and (6.25) proves (6.22).
By (6.20) and (6.22), we obtain

S oS ez 181mCe i () — 8¢ () xitg,, (K)
Z,Anl:l > rezd X+, (k)
N e et ) = 8 me(®) | x4, (k)
- Yo Y ez X+, (K)
< 2VAT | &7 Ipll€lloo, k € Z9. (6.26)

|de (k) — 8c(k)| =
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This together with (4.12) and (4.13) implies that

|de (k)| > +/2Mp for all k € Vy (6.27)
and
|de (k)| </ Mo/2 forallk ¢ V. (6.28)

Combining (4.9), (6.26), (6.27) and (6.28) completes the proof of the desired error
estimates (4.14) and (4.15). O

Acknowledgements The authors would like to thank the editor and all reviewers for their constructive
suggestions and comments. The project is partially supported by the National Science Foundation (DMS-
1412413, DMS-1638521, DMS-1816313) and the National Natural Science Foundation of China (Grant
No. 61761011).

Appendix A: Local Complement Property

A linear space V on R? is said to be locally finite-dimensional if it has finite-
dimensional restrictions on any bounded open set. Examples of locally finite-
dimensional spaces include the space of polynomials of a fixed degrees, the
shift-invariant space generated by finitely many compactly supported functions, and
their linear subspaces. The reader may refer to [5] and references therein on locally
finite-dimensional spaces. In Sect. 6.2, we have discussed phaseless sampling on a
locally finite-dimensional space. In this section, we consider the local complement
property for a locally finite-dimensional space, cf. Definition 3.2.

Definition A.1 Let V be a linear space of real-valued continuous functions on R¢, and
A C RY. We say that V has local complement property on A if for any A’ C A there
does not exist f, g € V suchthat f,g #0on A, f =0on A’ and g =0 on A\A’.

In the following theorem, we establish the equivalence between the local comple-
ment property on a bounded open set and complement property for ideal sampling
functionals on a finite subset, cf. [16].

Theorem A.2 Let A be a bounded open set and V be a locally finite-dimensional space
of real-valued continuous signals on R%. Then V has the local complement property
on A if and only if there exists a finite set ' C A such that for any I" C T either there
does not exist f € V satisfying

f#£0onA and f(y)=0, y eI, (A1)
or there does not exist g € V satisfying

gZ0 onA and g(y) =0, y e I'\I'. (A2)

To prove the sufficiency of Theorem A.2, we need a proposition.
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Proposition A.3 Letr A be a bounded open set and V be a locally finite-dimensional
space of real-valued continuous signals on RY. Then there exist a finite set T C A and
Sunctions d,, (x), y € I, such that

f@P =) dOIf@IP xeA (A3)

yel

hold forall f € V.

Proof Let g,,1 < n < N, be a basis of the space V|4, and W be the linear space
spanned by symmetric matrices G (x) := (g, (x) gy’ (x))1<n’n,< v+ X € A. Then there
exists a finite set I' C A such that G(y), y € T, is a basis (or a spanning set) for the
space W. With the above set I', we can follow the proof of Theorem 6.1 in Sect. 6.2

to prove (A.3). O
Now we prove Theorem A.2.

Proof of Theorem A.2 We prove the necessity by an indirect proof. Suppose, on the
contrary, that V does not have the local complementary property on A. Then there
exist a subset A’ C A and nonzero functions f, g € V on A such that f(x) = 0 for
allx € A’ and g(y) = O forall y € A\A'. This leads to a contradiction by taking a
finite subset I' C A and letting I’ =T N A'.

To prove the sufficiency, let I' be as in Proposition A.3. Suppose, on the contrary,
that there exist nonzero functions f, g € V on A such that (A.1) and (A.2) are satisfied
forsomesetI'” C I'.Let f; = f+gand f> = f —g. We obtain from (A.1) and (A.2)
that | f1(y)| = | f2(y)| for all y € I'. This together with Proposition A.3 implies that
| f1(x)| = | f2(x)| for all x € A. Since V (¢) has local complement property on A, we
have that either f1 = f, or fi = — f. Therefore either f = 0 or g = 0 on A, which
contradicts to our assumption on functions f and g.

O

Let g,, 1 <n < N, be abasis of the space V|4 and let I" be chosen in the proof of
Proposition A.3. Then Theorem A.2 can be reformulated as follows: V has the local
complement property on A if and only if for any I'" C T either there does not exist
a nonzero vector (co(n))1<p<y such that Z,}:le co(n)gn(y’) = 0forall y € TV or
there does not exist a nonzero vector (c{(n))1<p<n such that Z;];/:l ci(n)gn(y) =0
for all y € I'\I"". Thus the linear space V has the local complement property on A if
and only if for any I'" C T, either (g,(y'))1<n<n, ¥’ € I’ form a frame for RV or
(8n(¥))1<n<N>y € I'\I" form a frame for RV, The above characterization together
with [7, Theorem 2.8] implies that the following criterion that can be used to verify
the local complement property on a bounded open set A in finite steps.

Theorem A4 Let gy, 1 < n < N, be a basis of the space V|5 and let " be chosen
in the proof of Proposition A.3. Then the linear space V has the local complement
property on A if and only if (8,(y))1<n<n, V¥ € I, is a phase retrievable frame for
RV,

The local complement property for different open sets could be equivalent. Follow-
ing the argument used in the proof of Theorem A.2, we have
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Proposition A.5 Let A be a bounded open set and V be a locally finite-dimensional
space with the local complement property on A. If B is a bounded open subset of A
such that signals g and f satisfying |g(x)| = | f(x)| on B have the same magnitude
measurements on A, then V has local complement property on B.

The conclusion in the above proposition is not true in general. A linear space may
have the local complement property on a bounded open A, but not on some of its open
supsets and subsets. For instance, the shift-invariant space V (¢¢) in Example 2.7 has
the local complement property on (0, 1), but not on its supset (0, 3/2) and its subset
0, 1/2).

We finish the appendix with a proposition about local linear independence and local
complement property, which is used in the proof of Theorem 2.6.

Proposition A.6 Let ¢ be a compactly supported continuous function with local linear
independence on any open set. Then there exist Ay, 1 <m < M, such that (3.2) holds
and V (¢) has the local complement property on A, 1 <m < M.

Proof Let Sy, k € Z4, be as in (2.5). Foraset T C Z, define
St = MkerSk = {x eR?: ¢p(x) #0and p(x —k) # Oforall k € T}.

We say that T’ is maximal if S7 # @ and S = @ for all T’ 2 T . From the definition,
there are finitely many maximal sets 77, ..., Ty, and denote the corresponding sets
by Ay :=S7,,1 <m <M.

Clearly, (3.2) holds for the above selected open sets as

UM\ T, =k ez S # 0}

Then itremains to prove that V (¢) has local complement propertyon A,,, | <m < M.
Assume that f, g € V(¢) satisfy | f(x)| = |g(x)]| for all x € A,,, which implies that
(f +8)@)(f —gx) =0forall x € A,,. Write f + g = Y, ya cok)p(- — k)
and f — g = Zkezd c1(k)p (- — k) for some sequences (co(k)) and (ci(k)). Set
Bi={xeA,: (f+g)x) #0}and B, = {x € Ay, : (f —g)(x) # 0}. Then either
f—g=0onBj,or f+g=0o0onBy,or f —g=f+g=0o0nA,. Hence either
co(k) =0forallk € T, or ci (k) = 0 on k € T, by the local independence on By, or
on B, or on A,,. Therefore either f = gon A,,,or f = —gon A, or f =g =0o0n
Ay This completes the proof. O
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