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Abstract
We prove that for almost every (1,3) configuration, there is no linear dependence
between the associated time-frequency translates of any f € L?(R)\{0}.
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1 Introduction

For a measurable function f : R — C and a subset A C R2, the associated Gabor
system is given by
G(f, N) ={MpT, f : (a,b) € A},

where .
MpT, f(x) = *P% f(x — a).

We call M T, f atime-frequency translate of f.

The Heil-Ramanathan—Topiwala (HRT) conjecture [10] asserts that finite Gabor
systems in L>(R) are linearly independent (also see [8]). That is

The HRT Conjecture Let A C R? be a finite set. Then there is no non-trivial func-
tion f € L?(R) such that the associated Gabor system G( f, A) is linearly dependent
in L2(R).

Here are some examples to show that the L?(R) property of function f is essential.

1 For any trigonometric polynomial £, there exists a finite subset A C R? such that
the associated Gabor system G(f, A) is linearly dependent.
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2 Let f(x) = 5 forx € [n—1,n). Then f € L>(R*) but f ¢ L*(R). Itis easy to
see that { f(x 4+ 1), f(x)} is linearly dependent.

Since the formulation of the HRT conjecture, some results were obtained (see [9]
and references therein) under further restrictions on the behavior of function f(x) at
x = 00 [1,3,4,10] or the structure of the time-frequency translates A [2,5,6,10,12].
Recall that we call A an (n, m) configuration if there exist 2 distinct parallel lines
containing A such that one of them contains exactly n points of A, and the other
one contains exactly m points of A. The following results hold without restriction on

[ e L2®)\{0}.

e G(f, A) is linearly independent if #A < 3 or A is colinear [10].

e G(f, A) is linearly independent if A is a finite subset of a translate of a lattice in
R? [12]. See [2,6] for alternative proofs.

e G(f, A) is linearly independent if A is a (2,2) configuration [5,7].

e G(f, A)islinearly independent if A isa (1,3) configuration with certain arithmetic
restriction [5]. See Theorem 1.1.

In this paper, we consider (1, 3) configurations. In [5], Demeter proved

Theorem 1.1 The HRT conjecture holds for special (1, 3) configurations
A ={(0,0), (, 0), (8,0), (0, D},

(a) if there exists y > 1 such that

lim inf #” min { Hn—
n— 00 o

Jos) <

(b) if at least one of «, B is rational.

It is known that {x € R : there exists some y > 1 such that lim inf,_, oc n¥||nx||
< oo} is a set of zero Lebesgue measure (e.g., [11, Theorem 32]). Thus Theorem 1.1
holds for a measure zero subset of parameters, and it has been an open problem to
extend it to other (1, 3) configurations.

Our main result is

Theorem 1.2 The HRT conjecture holds for special (1, 3) configurations
A ={(0,0), (, 0), (8,0, (0, D},

(a) if

9

B
n=
o

lim inf 7 In 7 min {
n—oo

n 5 < 00,
(b) if at least one of o, B is rational.

Remark 1.3 (b) of Theorem 1.2 is the same statement as (b) in Theorem 1.1. We list
here for completeness.
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It is well known that {x € R : liminf,_, o n Inn||nx|| < oo} is a set of full Lebesgue
measure (e.g., [11, Theorem 32]). Then using metaplectic transformations, we have
the following theorem

Theorem 1.4 Given any linel in R2, let (ap, by) and (a3, b3) be any two points lying in
l. Let (a1, by) be an any point not lying in l. Then for almost every point (aq, by) inl, the
HRT conjecture holds for the configuration A = {(a1, b1), (a2, b2), (a3, b3), (a4, bs)}.

Proof By metaplectic transformations (see [10] for details), we can assume [ is
x-axis, and (ar, b1) = (0,1), (a2,b2) = (0,0) and (a3, b3) = (o, 0). By The-
orem 1.2 and the fact that {x € R : liminf,nlnn||jnx|| < oo} is a set of
full Lebesgue measure, we have for almost every 8, the HRT conjecture holds for
A ={(0, 1), (0,0), (¢, 0), (8, 0)}. We finish the proof. ]

2 The Framework of the Proof of Theorem 1.2

If % is a rational number, it reduces to the lattice case, which has been proved [12].
Thus we also assume % is irrational.
Assume Theorem 1.2 does not hold. Then there exists some function f satisfying

|llim |f(x+n)=0ae.xe€[0,1) 3)

and nonzero C; € C such that
fa+1) = f(x)(Co + Cre¥rier 4 Czezmﬂx> ae.x €R. @)

(Theorem 1.2 is covered by the known results if C; = 0 for some i = 0, 1, 2)
Let ' _
P(x) = Co+ CleZTrtax + C262mf3x'

For n > 0, define

Pyx) =[] Px+ .
j=0
-1

Po,(x)= [] Px+ .
j=-n
Notice that P (x + n) is an almost periodic function. Thus for almost every x € [0, 1),
P(x +n) #0foranyn € Z.
Iterating (4) n times on both sides (positive and negative), we have for n > 0,

fx+n) =P,x)f(x)ae x €][0,1), 5)
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and
fx—n)=P_,(x)"' f(x)ae. x €[0,1). (6)

This implies that the value of function f on R can be determined uniquely by its value
on [0, 1) and function P (x).

By Egoroff’s theorem and conditions (3), (5) and (6), there exists some positive
Lebesgue measure set S C [0, 1) and d > 0, such that

| l‘im f(x 4+ n) = 0 uniformly for x € S, @)

d<|f(x)|<d 'forallx €S, (®)

f(x+n)=P,(x)f(x)forallx € S, O]
and

fx—n)=P_,(x)"' f(x) forallx € S. (10)

Demeter constructed a sequence {n;} C Z, such that
| Py (i) Py (k) ™' = € (11)

for some xy, x,’( € S. This contradicts (7)—(10).

In order to complete the construction of (11), growth condition (1) was necessary
in [5]. In the present paper, we follow the approach of [5]. The novelty of our work is
in the subtler Diophantine analysis. This allows to make the restriction weak enough
to obtain the result for a full Lebesgue measure set of parameters, and significantly
simplifies the proof.

The rest of the paper is organized as follows. In Sect. 3, we will give some basic
facts. In Sect. 4, we give the proof of Theorem 1.2.

3 Preliminaries
We start with some basic notations. Denote by [x], {x}, ||x]| the integer part, the
fractional part and the distance to the nearest integer of x. Let (x) be the unique
number in [—1/2, 1/2) such that x — (x) is an integer. For a measurable set A C R,
denote by |A] its Lebesgue measure.

For any irrational number o € R, we define

ap = [a], a0 = «,
and inductively for k > 0,
a = o ] = oy —ar. (12)
We define

po = ap, qo = 1,
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p1=apa1 +1,q1 = ay,

and inductively,

Pk = Gk Pk—1 + Pk—2,
qk = Akqrk—1 + qk—2. (13)

Recall that {g, },en is the sequence of denominators of best approximations of irra-
tional number «, since it satisfies

VI <k < gnirs kel = [lgnall. (14)

Moreover, we also have the following estimate,

15)

3 < llgnel|l <
qn+1 qn+1

Lemma3.1 Letky < ky < k3 < --- < k;, be a monotone integer sequence such that
km — k1 < qn. Suppose for some x € R

1
min |lkjo —x|| > —. (16)
j=1,2--.m 4qn

Then

1
— < Cqulng,.
Fg;mﬂha—ﬂl e

Proof Recall that (x) is the unique number in [—1/2, 1/2) such that x — (x) is an

integer. Thus [|x|| = [(x)|. In order to prove the Lemma, it suffices to show that
> ! < Cgyln (17)
e ke o
J=Lae,m

Let St ={j:j=1,2,---,m, (kja —x) > 0}. Let j; be such that j;” € S*, and

(ijrOl —Xx) = Jnelgll(kIOt —Xx). (18)

By (14) and (15), one has fori # j and i, j € ST,

[(kio — x) = (kja —x)| = [|(kie — x) = (kjo = x)[| =

2q,

It implies the gap between any two points (kjo — x) and (kjo — x) with i, j € ST is
larger than ﬁ See the following figure.
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hig =) Gk — ) (kjy — @)
R ‘ ‘ ‘

1 1 1
1 > 1L > L
2qn = 2qn = 2qn

It easy to see that the upper bound of ) is achieved if all the gaps

1
Jest Mkja—xIi
are exactly ﬁ. In this case, the gap between the ith closest points of (kja — x) with

jeStto {(kjror — x) is exactly ﬁl. Thus by (16), we have

1 1 1
- F Y
kia — k.+a — kjo —
S e =l ™ Qo —xll ™ ke =l
1
- .y 1
(kj,a — x) (kja — x)
» jestizid
2
<4gn + Z q
1<j=an 7
< Cq,lng,. (19)

Similarly, letting S~ ={j: j =1,2,--- ,m, {(kja — x) < 0}, one has

1
Y o < Cqgylngy. (20)
—~ |lkja — x||
jes
By (19) and (20), we finish the proof. O

Now we give two lemmas which can be found in [5].

Lemma 3.2 ([5, Lemma 2.1]) Let Cy, C1, Cy € (C\{O}.‘ The _polynomial px,y) =
Co + C1e¥™X + Cre™Y has at most two real zeros (yl(]), Vz(])) [0, )% je(l1,2}
and there exists t = t(Co, C1, C2) € R\ {0} such that

PG )| 2 C(Co. 1, €2) min (=i +1y=y )+l =] IP+1y=r3 1), @D

foreachx,y e R.

Remark 3.3 In (21), we assume p(x, y) has two zeros. If p(x, y) has one or no zeros,
we can proceed with our proof by replacing (21) with

|p(x, )| = C(Co, C1, C)(Ix — 1 +t{y — )l + Ilx — ni 12+ Iy — »2I?),

or
lp(x, y)| = C(Co, C1, C2).
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Lemma3.4 ([5, Lemma 4.1]) Let x1, x2, ..., xy be N not necessarily distinct real
numbers. Then for each N € Z and each § > 0, there exists a set E ~N.s C [0, 1) with
|[En.s| <6, such that

N 1
Y ——— <C@)NlogN, (22)
— x =
and
N
1 2
> ——— < CON?, (23)
=l =l

foreachx € [0,1)\ Ep .

4 Proof of Theorems 1.2

In this section, gi, pk, ax are always the coefficients of the continued fraction expan-
sion of % as given in (12) and (13). Then condition (2) holds iff

limsup —%_ = 0, (24)
k Ingk
and also iff
. qk+1
lim sup ———— > 0.
k qkIngg

Lemma 4.1 Suppose % is irrational and satisfies condition (2). Then forany s € (0, 1),
there exists a sequence Ny such that

(i)

N = My Gny s Mpy, = C(s), (25)

(ii)

o C(s)
HngH S AT (26)
and

(iii)

{%} <5 27)

Proof By (24), there exists a sequence ny such that a,, > clIng,, . Forany s € (0, 1),
let my,, € Z* be such that 1 < m,, < 1/s + 1 and Ny = my,qn, satisfies (iii) (this
can be done by the pigeonhole principle). It is easy to check that Ny satisfies condition
(ii) by the fact a,, > clngy,. O

Lemma4.2 Let Cy, Ci, Cr € C\{0} and a, B be such that % is irrational. Let Qy be a
sequence such that yqn, < Qk < Vqn,, where qy is the continued fraction expansion

of % and y, y are constants. Define
P(x) — CO + C]eZJTi(XX + C262niﬁx.
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Then for each § > 0, there exists a set Eg, 5 C [0, 1) such that

|EQk,3| <34
and

Or—1

Z 1

—— < C(,7,8,Co, Cy, Ca, a, In
L pGam (v,v 0, C1, C2, &, B) O In Ok
foreachx € [0,1)\ Eg, 5.

Proof In order to make the proof simpler, we will use C for constants depending on
Y, )97 87 CO» Clv CZ, o, ,8

Let (y1, 2) be a zero of the polynomial p(x, y) = Co 4+ C1e>™* + C2e*™Y, and
let ¢ be the real number given by Lemma 3.2. Define

Ap(x) = lla(x +n) — y1 +1{B(x +n) — p)|
Hlax +n) = yill> + 1B +n) =yl

By Lemma 3.2, it suffices to find a set with |Eg, 5| < 8, such that

Or—1

1
;) o S GO (28)

foreach x € [0, 1)\ Eg, 5.

We distinguish between two cases.
Casela+1t8#0
In this case, one has

la(x +n) —y1 +1{B(x +n) = y2)l
=@+ 1B)x + (@ +1f)n —y1 —tys —t[f(x +n) —y2l +mt]],

where m = —1if {8(x +n) — »»} > 1/2 and m = 0 otherwise. We remind that
[B(x + n) — y»] is the integer part of S(x + n) — y»
Note that the set

S ={(a+1tBn—y1 —ty, —t[B(x +n) — 2]
+mt: xe[0,1), 0<n<Qr—1, mel0,—1}}

has O (Qy) elements. By (22) there exists some Eézk’(s with |E£2k’5| < §/2 such that

1
_— < C 1
2 @il S G o

yeS

foreach x € [0, 1)\ E le’ 5- This implies (28).
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Case2a 418 =0.
In this case, one has

’

laCx+m) =71 +1(BG+m) =l = | =y =172 mi + 2B+ m) = |

where m is as before. Let £ be either y; 4 ty» or y1 + ty» + ¢, depending on whether
m = 0 or —1. From Lemma 3.1, we have that for each x € [0, 1)

Or—1 1 C Ok 1
> =C > e
Q — — - o,
= e —pl=dl = gn =l
H%[ﬂ(ern)*yz]*EIIZWk H%n*é\lzm
< CQln Q. (29)

Let S(¢) (not depending on x) be the set of those 0 < n < Qp — 1 such that
I %[,B(x +n)—pm]—E&| < qL for some x € [0, 1). Itis easy to see that #S(§) < C
nk
by (14) and (15). For n € S(¢), we will use an alternative estimate

An(x) > la(x +n) — >

By (23), there exists some set EZQ“s C [0, 1) such that |Eék’5| < % and

Or—1 1 Or—1 1
2 =C 2
— _ 2
= Ap(x) = llae(x +n) —y1ll
I BC+m—ral—€ll< 15 I§IBC+m—p2l—€l1< 75
= C(), (30)

foreachx € [0, 1)\ EZQM. Thus in this case, (28) follows from (29) and (30). Putting
two cases together, we finish the proof. O

Theorem 4.3 Under the conditions of Lemma 4.2, let Ny be a sequence such that (i),
(ii) and (iii) in Lemma 4.1 hold. Define Py := % for B > 0 and Py = —% for
B < 0. Given § > 0, there exists Ex 5 C [0, 1) with |Ex s| < & such that for each x, y
satisfying x € [0, 1) \ Ex s and x =y + Py, we have

[Pr]—1 [P]-1
[T Po+m|<CG,s,Co.C1Cra B | ] P+m)].
n=0 n=0

Proof We write C for C (8, s, Co, C1, Ca, «, B) again. Without loss of generality, we
only consider the case § > 0.
By (26) we have
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p2miax _ eeriay| _ ‘eZniNk% _ 1| < C
Py In Py
and
(2iBT _ 2miBy| = 0,
Thus, for each n € Z1, one has
[P(y+n)| < |Px+n)+ PP

By the fact 1 + x < ¢* for x > 0, we get

c
[Py m] = [P x4 m)le KA,

and thus
[Pr]-1 [Pe]—1 B
Cc [Pr1-1 1
l_[ P(y+n)| < 1—[ P(x +n)|efkP 20 PG
n=0 n=0
Now Theorem 4.3 follows from Lemma 4.2. O

Proof of Theorem 1.2 Suppose Theorem 1.2 is not true. As argued in Sect. 2, there there
exist some function f, a positive Lebesgue measure set S C [0, 1) and d > 0 such
that (7)—(10) hold. By the continuity of Lebesgue measure, there exists ¢ = &(S) > 0
such that

101
ISU{P}+ 9] = 18I,

~ 100
for {Pr} < e.Letd = %. Then (S'\ Exs) N ({ P} + S) # 0. Lets = . Applying
Theorem 4.3 with s and §, we have
[Pr]—1 [Pr]-1
[ Po+m|=c| ] Pex+n)]. (31)
n=0 n=0

foreachx € [0, 1)\ Exsand x =y + P.
Now we can choose x; € S\ Ei s such that x; — {P} € S. Let yx = x,/( —[Pr] =
Xt — Pr. Then

[Pr]—1 [Pkl
[T POx+m=T]PG;—n. (32)
n=0 n=1
By (31) and (32), we get
[Px] [Pr]—1
[[Pei—m|=C| ] Pax+n).
n=1 n=0
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Applying (9) and (10) with x, x; € S, one has

and

[Pr]—1
fOx+ P = fe) [] Pl +m, (33)
n=0
(7] !
fo =D =fap ([P —m ] - (34)
n=1

By (8), (33) and (34), we obtain that

d2
|f Ok 4 [Pe)) f (= [PD)] = rol

This is contradicted by (7), if we let k — oo. O
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