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Abstract
In this paper we show that there exist two different critical exponents for global small
data solutions to the semilinear fractional diffusive equation

3T u — Au=ulP, t>0, x eR",
u(0, x) = up(x), x e R",
u; (0, x) = up(x) x e R,

where o € (0, 1), and 811 Ty is the Caputo fractional derivative in time. The second
critical exponent appears if the second data is assumed to be zero. This peculiarity is
related to the fact that the order of the equation is fractional, and so the role played by
the second data | becomes “unnatural” as o decreases to zero. To prove our result, we
first derive L" — LY estimates, 1 < r < g < oo, for the solution to the linear Cauchy
problem, where |u|? is replaced by f (¢, x), and then we apply a contraction argument.

Keywords Semilinear partial differential equations - Caputo derivative -
Mittag-Leffler functions - Fractional derivatives - Critical exponents - Small data

global solutions

Mathematics Subject Classification Primary 35R11 - Secondary 35A01 , 35B33

Communicated by Luis Vega.

B Marcello D’ Abbicco
m.dabbicco@ gmail.com

Marcelo Rempel Ebert
ebert@ffclrp.usp.br

Tiago Henrique Picon
picon@ffclrp.usp.br
Department of Mathematics, University of Bari, Via E. Orabona 4, 70125 Bari, Italy

Departamento de Computagdo e Matemética, Universidade de Sdo Paulo (USP), FFCLRP, Av. dos
Bandeirantes, 3900, Ribeirdo Preto, SP CEP 14040-901, Brazil

Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00041-018-9627-1&domain=pdf

Journal of Fourier Analysis and Applications (2019) 25:696-731 697

1 Introduction

We consider the “Cauchy type” problem for the semilinear fractional diffusive equation

8,1+°‘u—Au=|u|”, t>0, x e R,
u(0, x) = up(x), (1
ur (0, x) = uy(x),

where & € (0, 1) and p > 1. Here 811 %y is the Caputo fractional derivative of order
1 + o with respect to ¢ of u(¢, x), defined by

3, x) =@ T ), x) 2)

forany j € Nand « € (0, 1), where

1 t
JP () ::Tﬂ) /O (t =PV f)ds, >0, 3)

is the Riemann-Liouville fractional integral operator [41], defined for )(8) > O.
Here I' is the Euler Gamma function. In this paper, we write Cauchy problem instead
of “Cauchy type” problem, for the sake of brevity.

The semilinear fractional diffusive equation given in (1) interpolates the semilinear
heat equation formally obtained at « = 0 and the semilinear wave equation obtained
at @ = 1. However, as one may expect, the role played by the second data u; quickly
becomes “unnatural” as o decreases to zero.

The fundamental role played by the second data in influencing the critical exponent
for global small data solutions to (1) is a very peculiar effect, which is related to the
fact that the order of the equation is fractional. One of the main motivations of our
paper is to show and discuss this peculiarity.

By global small data solutions, we mean that for sufficiently small data with respect
to some norm, the (unique) solution to (1) is global in time. By critical exponent we
mean the power p such that small data global solutions exist in the supercritical
range p > p (possibly with a bound from above on p), and no global solution exists
in the subcritical range p € (1, p), under suitable sign assumption on the data.

Assuming small data in L' N L?, we will prove global existence of the solution
to (1), if p > p, where 5

7 R
L

)
On the other hand, if the second data 1| is assumed to be zero and u is small in L'nL?,
then global existence of the solution to (1) holds if p > p, where

2
p:=1 . 5
L P ®)
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For these two critical exponents, we discuss scaling arguments, whereas the nonexis-
tence counterpart result is proved in [10] (see Sect. 1.3).

Even if our interest in (1) is mainly motivated by the mathematical effect on the
critical exponent appearing for an equation with fractional order, fractional integrals
and derivatives are not just a pure mathematical tool, chosen to study new effects
which do not appear in equations with integer order. Fractional integrals and deriva-
tives appear in several models in different areas of science as Biology, Engineering,
Mathematical Physics, Medicine with current and unsaturated field survey. The prob-
ably most charming aspect of fractional differentiation for the real-world applications
is that systems containing fractional derivatives “keep memory of the past”, and this
is a highly desirable property.

We refer to [30] for an introduction on the theory of fractional derivatives and to
[1,17,32,34-36] to illustrate some applications.

If uy = 0 then the solution to (1) may be found solving an integrodifferential
equation that is a particular type of Volterra integral equations [5] (see Sect. 1.4).
This problem, that represents the heat conductor model with memory [23,37], was
originally studied by Y. Fujita [19] for n = 1 (see also [43]). Fujita’s method produces
an handle representation of solution via multiplier operators and it has been used to
study (1) in several directions, see [2,3,7,25].

1.1 A Brief Story of Critical Exponents for Heat and Wave Equations

In his pioneering paper [18], H. Fujita consider the Cauchy problem for the semilinear
heat equation
ou—Au=ul?, +t>0,xeR"
{ U u = |ul >0, x ©)

u(0, x) = up(x),

and proved that the power exponent p = 1 4 2/n is critical. In particular, he derived
global existence of small data classical solutions in the supercritical range p > p,
and a finite time blow-up behavior of solutions in the subcritical range p € (1, p). A
blow-up result for p = p has been proved in [24,31]. In presence of nonlinear memory
terms, that is, when the power nonlinearity |u|? is replaced by J B(Ju|?) in (6) (here J#
is as in (3)), the critical exponent has been obtained in [6] (see later, Sect. 1.3).

On the other hand, the nonexistence of global generalized solutions to the Cauchy
problem for the semilinear wave equation

2u— Au=ulP, +>0, xR,
u(0, x) = uop(x), (7
ur (0, x) = uy(x),

has been proved for 1 < p < p, where p = 1+ 2/(n — 1) (and for any p > 1
if n = 1) by Kato [29]. However, the critical exponent for (7) is known to be pg(n),
the positive root of the quadratic equation

(n—1p*>—(m+1)p—-2=0, (8)
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as conjectured by Strauss [45,46], after that John [28] proved it in space dimensionn =
3. Several authors studied the problem in different space dimension, finding blow-up in
finite time for a suitable choice of initial data in the subcritical range [21,27,42,44,51]),
and global existence of small data solutions in the supercritical range [20,22,47,53].

The critical exponent of the Cauchy problem for the semilinear wave equation
becomes Fujita exponent 1 4+ 2/n if a damping term u; is added to the equation
in (7) (see [26,38,48,52]). This effect is a consequence of the diffusion phenomenon:
the asymptotic profile as t — oo of the solution to the damped wave is described
by the solution to a heat equation. The situation remains the same if the damping
term b(t)u; is added to the equation in (7), for a quite large class of coefficients b(¢)
(see [12,14,33,50]). However, an interesting transition model has been found and
studied in [8,15]: if b(t) = 2/(1 + ¢), the critical exponent is given by 1 + 2/n
ifn = 1,2 and by po(n + 2) if n > 3, is odd (here py is as in (8)).

1.2 Results

Having in mind our plan to apply a contraction argument to prove the global existence
of small data solutions to (1), we first derive sharp L” — L7 estimates, with 1 < r <
q < oo, for the solution to the linear problem:

3T u — Au= f(t,x), >0, xeR",
u(0, x) = up(x), 9
u; (0, x) = u(x).

Therefore, our first result is the following.

Theorem1 Let n > 1 and q € [1,00]. Assume that ug € L', uy € L™, and
that f(t,-) € L™, withr; € [1, q), satisfying

n(1 1
—(———) <1, (10)
2\rj ¢

for j =0,1,2. Assume that
If@ e <KA+07", V=0, (11)

for some K > 0 and n € R. Then the solution to (9) verifies the following estimate:

_n(]+a)(L_l) 1—"(]+a)(i—l)
lu(t, Hee <Ct > N0 9 ugllpo+Ct 2 N1 9) Jlug|in

_nl4a) (1 1
CK(1+n" ? (%-7) ifn > 1,
_n(+a) (1 1
+i1cKka+n* 2 (-4) log(14+1) ifn=1,
_ _n(d4a) (1 1
CK(I—i—t)l e (rz q) ifn <1,
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forany t > 0, where C does not depend on the data.

Remark 1.1 In particular, problem (9) is well-posed in L7 if f(z,-) € L9, and (11)
holds for some 7 and for r, = ¢, since

lu(t, Yze < C(lluollze + tluillze) + Cr K, (12)

for any ¢ € [0, T], for some C7 > 0.

Using (12) for T = 1, and applying Theorem 1 for any r > 1, with r; = 1
ifg <1+2/(n—2),orr; defined by

n(l1 1y ! 8
2\r; q) l+ao’
otherwise, for j = 0, 1, 2, and for some § > 0, one derives the following, immediate

corollary of Theorem 1, by standard contraction and prolongation arguments for linear
problems.

Corollary 1.1 Assume that ug,u1 € L' 0 LP, for some p € [1,c0l, and that (11)
holds for any ry € [1, p], for some 1 > 1. Then there exists a unique solution u €
C([0, 00), L' N LP?) to (9), and, for any 8 > 0, it satisfies the following estimate:

lu(t. )z < Cs (1 + 0P (Jluoll 1 + lluoll Lo
+ urllp 4wl + (1 +0DK), Vg ell, pl, Vi =0,

(13)
where
. |n 1
,quzmm{—(1+a)(1——>,1+a—8}. (14)
2 q
Remark 1.2 Taking a sufficiently small § > 0, one may choose
n 1
ﬂq=§(1+o{) 1—6—1 (15)

in (14), provided that ¢ # oo ifn =2andg < 1 +2/(n —2) if n > 3.

Remark 1.3 The decay rate for ||u(z, -)||z« in (13) is given by (1 + 7)!=P4, provided
that 1 is nontrivial. If u; identically vanishes, and f is nontrivial in (11) with n > 1,
then the decay rate is given by (1 + r)*~P4. This latter is worse than the decay rate
for (9), in the case in which both u#; and f identically vanish. This phenomenon is
related once again to the fractional order of integration.

Theorem 1 is the key tool to prove the following small data global existence results.
For the sake of simplicity, we will assume p < 1 4+ 2/(n — 2), so that one may
assume S, as in (15) for any g € [1, p] (see later, Sect. 4.1).
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Theorem2 Let n > 2 and p > p, in (1), with p as in (4). Moreover, let p <
1 +2/(n —2) ifn > 3. Then there exists ¢ > 0 such that for any ug, u; € L' N LP,
satisfying

luollL1npe == lluolizr + lluoliLr < &, (16)
lutlipinpe == lutlipr + llutlliey < e, (17)

there exists a unique global solution
u € C([0,00), L' N LP) (18)

to (1). Moreover, the solution satisfies the following estimate:

1-2(1+a)(1-1
e, Yo < € (1407 30700-3) (ol imze + et llzinzs)s
Vg ell, pl, Vt >0, (19)

where C > 0 does not depend on the data.

Remark 1.4 The decay rate in (19) is the same as the decay rate of the linear problem,
in (13), provided that u is non-trivial (see Remark 1.3).

If the second data u is zero, then the statement of Theorem 2 may be improved.

Theorem3 Letn > 1, uy = 0 and p > p in (1), with p as in (5). Moreover,
let p < 142/(n—2)ifn > 3. Then there exists ¢ > 0 such that for any ug € L' NL?,
satisfying (16), there exists a unique global solution as in (18), to (1). Moreover, the
solution satisfies the following estimate:

a—%(l+a)(l—%)

lu(t, )llLe = C(1+1) luollLinpr,  Yq €ll, pl, V1 =0, (20)

where C > 0 does not depend on the data.

Remark 1.5 The decay rate in (20) is the same of the decay rate of the linear problem,
in (13), when K > 0 and u; = 0. However, the decay rate in (20) is worse than the
decay rate of the homogeneous linear problem, which corresponds to take K = 0,

when u; = 0 (see Remark 1.3).

Remark 1.6 The critical exponents p and p verify

2 - 2 _ 2
I+-<p<l4+——<p<l+——.
n n—1 n—2

We notice that p is increasing with respect to «, whereas p is decreasing with respect
to a.
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Remark 1.7 If « — 0, then p in (5) tends to Fujita exponent 1 + 2/n, the critical
exponent for the semilinear heat equation. On the other hand, p tendsto 1 +2/(n — 2)
as o — 0. This latter fact is less surprising than what may appear. Indeed, if u solves
the linear Cauchy problem for the heat equation, then

u; (0, x) = Aug(x).

In particular, having in mind the properties of Riesz potential (Hardy-Littlewood-
Sobolev theorem), assuming u, (0, -) € L' N L, only implies, that ug € L" N L™,
forany r > n/(n —2), in (6) in space dimension n > 3. The limit of our exponent p is
then justified noticing that global solutions to (6) exist when ug € L™ N L is small,
foranyr >n/(n —2),if p>14+2r/n>142/(n —2).

Remark 1.8 As o — 1, both the critical exponents p and p tend to the exponent 1 +
2/(n—1) found by Kato [29]. However, this latter is different from the critical exponent
in (8) for the semilinear wave equation. The reason for this “lack of continuity ator = 17
is that the influence of oscillations is neglected in the kernels for the fractional diffusive
equation, for any « € (0, 1), whereas it becomes relevant for the wave equation. The
critical exponent 1 + 2/(n — 1) is the same found for the semilinear wave equation

with structural damping (—A) > uy (see [9,13,39]). Indeed, the influence of oscillations
is also neglected for this latter model, due to the presence of this special structural
damping term, even if no diffusion phenomenon comes into play.

1.3 Discussion About the Critical Exponents in Theorems 2 and 3

Quite often, critical exponents for semilinear equations may be found by using scaling
arguments. If A € (0, +00), then

ATU(f )y = A @ £,

2 2
Therefore, given a solution u to the equation in (1), the function A »=T u (A T+ £, Ax) is
a solution to (1) for any A € (0, +00). Due to

0, (T 1, A0)) | _y = AT uy (0,

and

2

2 4.2 2 n
A7t T G| = AT s,

the scaling exponent for (1) is

_n(p—1 1+«
se = 2 p+a

Indeed, as one hopefully expects, our critical exponent p in (4), obtained for non-
trivial u1, is the solution to ggc = 1.
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When u is zero, we may try to apply the scaling arguments to u(, and see if the
critical exponent p in (5) comes out, but this is not the case. Indeed, due to

2

L _n
|27 w0 || =277 uollus,

the scaling exponent is gsc = n(p—1)/2, the same of the heat equation. The motivation
for this apparent inconsistency is that a loss of decay rate (1 + 7)* appears for the
solution to (1) with u; = 0, with respect to the homogeneous problem with u; = 0
(Theorem 1 with u; = 0 and f = 0, see Remark 1.5). Indeed, for any ¢ € [1, o]
ifn =1,andgq < 14+ 2/(n —2) if n > 2, the decay rate for the solution to (1) in
Theorem 3 is given by

5 (1+a)
(e, e S A+ (1=5) luoll1nze-

The effect of having a critical exponent different from the solution to gsc = 1, as
related to the presence of fractional integration, has been already observed for the heat
equation with nonlinear memory [6], namely, for

1 t
du—Adu=—— [ =) Ju(s, x)|P ds,
o — Au F(a)/()( 5) lu(s, x)|? ds

2D
u(0, x) = up(x).
In this case, the critical exponent is
1 2(1
max { p(n, ), —— ¢, p(n,a):=1+ (—+a). (22)
l—« n—2«a

In particular, small data global solutions exist for p > max{p(n, @), 1/(1 — )}, and
any solution blows up in finite time if 1 < p < max{p(n, @), 1/(1 — «)}, provided
that uog > 0 is non-trivial. The same critical exponent remains valid for damped waves
with nonlinear memory [11].

We notice that p(n, @) > p(n, ) for any o € (0, 1). Indeed, one has p(n, «) =
p(n(l+«a), ). The relation between problem (1) with u; = 0 and problem (21), and
their critical exponents, becomes more clear in view of Remark 1.10 in Sect. 1.4.

1.4 Caputo and Riemann-Liouville Fractional Derivatives

Caputo fractional derivative (2) may be written by means of the Riemann-Liouville
fractional derivative, using the following relation (Theorem 2.1 in [30]):

o . & 0
8] gty = DItg;(1),  gjls) =g(s) — Zg ©
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where _ )
DIt h@y =3/ (I ) @), (23)

for j € Nand a € (0, 1), is the Riemann—Liouville fractional derivative. Under

suitable assumptions on g, some Caputo fractional derivatives commute with ordinary
derivatives, when applied to g.

Remark 1.9 Let j € N\ {0} and assume g®)(0) = 0, forany k = 1, ..., j. Then
8/ "g =] ('), (24)
for any « € (0, 1). Indeed, due to

gj(t) =g() — g(0) = go(®),

we get
8/ g(t) = DITg (1) = DIt go(r) = 8] (D" g0) (1) = &/ (37'g).

We notice that ' '
3 (3Fg) = DI (. (25)

Between fractional integration and fractional differentiation it holds the following
relation (see Lemma 2.4 in [30]):

DY JYf = f, (26)

for any f € LP([0, T]), for some p € [1, co].

Remark 1.10 As a consequence of Remark 1.9 and (25), (26), any solution to the
following integro-differential problem:

ut=J“(Au+|u|”), t>0, x e R, 7
u(0, x) = up(x),

also solves the Cauchy problem (1) with u; = 0. Indeed, applying D* to both sides
of the equation in (27), one obtains the equation in (1), and evaluating the equation
in (27) att = 0, one gets u; (0, x) = 0. Problem (27) has been recently studied in [3,7].
In space dimension n = 1 it was first studied by Y. Fujita [19].

1.5 Representation of the Solution to the Linear Problem

The following result for the Cauchy problem for Caputo fractional differential equa-
tions allows us to study (9) by using the Fourier transform with respect to x.
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Theorem 4 [Theorem 4.3, Example 4.10 in [30]] Let « € (0, 1), bg, b1, A € R. Then
the unique solution to

g =ng+ f(t) 1>0,
2(0) = by,
g'(0) = by,

is given by
g(t) = bg E1+a,1(kll+°‘) + byt E1+a,2()»tl+°‘)

t
+ /0 (6 = 9% Et a1 a(h (= 9)'%9) £(s)ds. (28)

where E114 g are the Mittag-Leffler functions:

o k

Z
Eij08() = ,;O [‘(ka—kﬂ).

To manage the Mittag-Leffler functions in Theorem 4, we will use the following
representation.

Theorem 5 [Theorem 1.1.3 in [40]] Let p € (1/3,1), B € R, and m € N, withm >
pB — 1. Then, for any z > 0 it holds:

Eljp p(—2"P) =2p 7' 7P 3°95TP) cos(zsin(rrp) — wp(B — 1))

+i 0 M+ Qu(2),
& TB k)
where
e he .
2(2) = (I sin((B = (m + 1)/p) + L sin(x(B —m/p)) ).
and

00 sm+i/p—p i,
I; = —“ds.
jm (@) /0 sz//’+2cos(n/,o)s1/f’+le g

Notation 1 In Theorem 5 and in all the paper, we will use the notation p = 1/(1 + ).
In particular, p € (1/2, 1), dueto o € (0, 1).

Remark 1.11 We notice that /; ,,(z) is uniformly bounded with respect to z € (0, 00),
that is,

o0 Sm+)/p—P
d 00,
,/0 s2/P 42 cos(m/p) s1/P + 1 5=
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if, and only if,
—l<m+4+j—14p(1-p8) <1 (29)

In particular, condition (29) holds for 8 = l and m 4+ j = 1, and for 8 = 1/p
and m 4+ j = 2. On the other hand, it does not hold for 8 =2 and m + j = 3.
2 Linear Estimates

We first consider linear problem (9). After performing the Fourier transform with
respect to x, i = Fu(t, &), we obtain

T+ P = f(r,8), >0, x eR",
(0, &) = ug(8), (30)
10, 8) = a1(8).

Therefore, thanks to Theorem 4, the solution to (9) is given by

t
u(t, ) = u""(t, ) +/ (t =) Giya,1+a(t —5,°) %) f((s,))ds, (1)
0
where the homogeneous part of the solution is given by (see also [49])

UM (1, ) = Grya1 () %@y U0 + 1 Glaan(t, -) %) U1, (32)

and

G p(tsx) =5 (Evras(—1161)). (33)
We will derive the L™ — L9 mapping properties, | < r < g < oo, of the opera-
tor G14a,8(f, X)*(x), applying Theorem 5 with p = 1/(1 + @) and z = 1€]%°. We
directly estimate the fundamental solution G/, g(1, ) in L? norms, having in mind
Young inequality. By virtue of the scaling property

n

15 nr 1P = 5D 5 - ) (34)

it will be sufficient to consider G1/, g(1, -). We will distinguish the three cases, 8 =
1,1/p,2.

2.1 Estimate for Gy,

Having in mind the representation in Theorem 5, we define

Kijpa =3 (g1 " 050 cog(| 2 sin(mp))). (35)
Hyjpals.) =5 (1197, s > 0, (36)
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where d € R. We first consider (36). By scaling property (34), we get

_n(p_1)_d
|Hi/p,a(s, )Ly =5 2”( ”) | Hyyp,a(1, )lLe, 37)

for any p € [1, oo], so it is sufficient to study in which cases the right-hand side is
finite.

Lemma 2.1 Let p > 0 and d > —n. Then we may distinguish two cases.

o Ifd >0, then Hyjpq(1,-) € L?, forany p € [1, o).
o Ifd € (—n,0), then Hy/p 4(1,-) € L?, for any p € (1, oo], such that

n (l - l) > —d. (38)
p

Remark 2.1 The result in Lemma 2.1 is probably well-known to the reader, possibly
with slight modifications and/or in a more general formulation. However, the scheme
we used to prove it, will appear again, later in this paper, so we provide the reader
with a self-contained proof of Lemma 2.1.

Proof 1t is clear that Hy/, 4(1,-) € L° by Riemann-Lebesgue theorem, since

&7 e~ 161 isin L', forany d > —n.
First, let d = 0. It holds (see [4])

i 2 5 e () = €

for any p > 0, so that Hy/, 0(1,-) € L', as well. Therefore, Hypo(l,:) € LP, for

any p € [1, o<].
Now, letd € (—n, 0), and p € (1, 00), verifying (38). Setting p* € (1, —n/d) as

1
P*
we get

d
1H1jpa (e = [ (=803 Hipo( )] | S 1H 00l e,

by Riesz potential mapping properties. Therefore, Hy/p 4(1, -) € LP.
Finally, let d > 0 and p = 1. By using the property

n T
ot =3 TRy i

x|

Jj=1
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and integrating by parts, we may write
k ix 14 : d 2p
Hipa(lx) =™ @™ ) (= / € a7 (161! e 5) ag,
ik N IR
for any k € N. We notice that, in general,

o7 (14 )

for some ¢ € (0, 1).
If d > 1, then, taking k = n + 1, we may trivially estimate

S 1B (1 4 18207 e < g = (30

2
|Hyjpa(l,x)| < |70 [ g d=0D p=eld1™ gg < |y =14 D),
/P,
Rn

If d € (0, 1], we proceed in a different way. Let y € N", with |y| = n. We may split
each integral into two parts:

/R ey (el ) d = Io(0) + 11 ()

= e ol (Il e ) ag + / ¢ a7 (161 e 1) de.
/I%‘lel ¢ ( ) &1z x| 7! : ( )

On the one hand, we trivially estimate
0 —cle2 _ _
[Io(x)] ,sf E19 e C'E'ﬂdsgf 1" dg < |x 77
[E]<|x|~! |EI<|x|~!

On the other hand, we perform one additional step of integration by partsin I1. If d €
(0, 1), we obtain

1o S x| ™! f

e [ et g
El=lx|~

&= x| 1

whereas, if d = 1, we split each integral into two parts (for large |x|):

. 2
/R e ag,07 (161e7™) d = 11(0) + 11200

=/ ...dé+/ ... dE,
|-l <lg]<1 E1=1

directly estimating /1,1, and performing one additional step of integration by parts
in I ». This leads to

11 (0] S log(l+ [xD),  [Ti200)] = C.
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Summarizing, we proved that

x|~ (D ifd > 1,
[Hipa(1,0)| S q x|~ D log(1 + |x|) ifd =1,
x|~ () ifd € (0, 1).

Recalling that Hy/, 4(1, -) € L*°, we obtained that Hy/, 4(1, ) € L' as well. There-
fore, Hy/p,q(1,-) € LP, forany p € [1, 0o]. m|

Remark 2.2 An additional power |£|>* appears in (39), when d is positive and even,
and |y| > d + 1, so that at least one derivative is applied to the exponential term,
namely, one has

ot (1)

However, this improvement in this special case, is not necessary in the proof of
Lemma 2.1 ford > 0.

< |%-|2'0+d—|)/| (a+ |E|2/>)\)’|—1 e—\E\Q" < |%-|2/0+d—|1/| e—C\E\ZP.

With the scheme used for Hy,, 4(1, -), we may deal with K,4,,, defined in (35).
Lemma2.2 Let p € (1/2,1) and d > —n. Then we may distinguish two cases.

o Ifd >0, then K54 € L, forany p € [1, o0].
o Ifd € (—n,0), then K1/, q € L?, for any p € (1, o0], such that (38) holds.

Proof We notice that cos(rp) < 0, due to p € (1/2,1). It is clear that K € L,
since K € L', duetod > —n.

First, let us consider the special case d = 0. Performing the integration by parts as
in the proof of Lemma 2.1, we obtain |K (x)| < |x|~"*D for large |x|, due to 2p > 1.
Indeed, after the first step of integration by parts, we have:

d; (elslzp cos(TP) cos(|& | sin(p)))

= 2plg PP S o) cos(l P sintrp)

—2plg! % ¢l €030 in(rp) sin(|&[2 sin(p))

LE ep .
= 2plg P71 o T cos(arp o+ I sinCrp)).

so that , ,
|0 (517 <o) cos(1& 27 sin(rp))) | < |52V e 1, (40)

for some ¢ € (0, — cos(mp)), for any |y| > 1. We may now follow the steps of the
proof of Lemma 2.1 for d > 1, thanks to the presence of the term 2p > 1. Incidentally,
we notice that the argument may be also refined to prove that [K1/, 0(x)| < |x |~ (n+2p)
for large |x|, see Remark 2.2.
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For d € (—n,0) and d > 0, the proof is analogous to the proof of Lemma 2.1
for Hy;p,q(1, x). We notice that, for d # 0, we only have, in general,

‘ag(|$|d elé‘lzp cos(mp) COS(|€|2p sin(np)))‘ < |E|d_m e_c|5|2/)’

as in (39), instead of estimate (40). O
Recalling that p = 1/(1+a) € (1/2, 1), we are now ready to estimate G1/,,1(1, -).

Proposition 2.1 For any p € (1/2, 1), it holds

Gip1(l,) e L?,

L PR 41
z(‘;><- @0

for any p € [1, oo] such that

Proof According to Theorem 5,

Gip1(1L,) =2pK1/p,0

1 o0
+— sin(z (1 — 1/p)) /
3 0

g1/p=1

s2/P 2 cos(m/p) sl/P + 1

Hyjpo(s, x)ds,

takingm = [p — 1] = 0, and by sin 7 = 0. Therefore, having in mind (37), the proof
follows from Lemmas 2.1 and 2.2 if the integral

~ Sl/,o717%<17%>
/

d
§2/P +2cos(/p) sl/P + 1 g

converges, that is, if

This concludes the proof. O
2.2 Estimate for Gq/5,1/p

Proceeding as in Proposition 2.1, we have the following preliminary resultfor G1,,.1/,-

Lemma 2.3 Forany p € (1/2, 1), it holds
Gi/p,1/p(1,-) € L7,

Birkhauser



Journal of Fourier Analysis and Applications (2019) 25:696-731 711

for any p € (1, oo] such that

n 1
1—p<§<1——)<2. 42)

Proof According to Theorem 5,

Gi1/p1/p(1,) =20 K1/p,—2(1—p)

+ L SinGr/p) /
T 0

sl/p

§2/P + 2 cos(mr/p) s1/P + 1

Hyp,201—p)(s, x)ds,

taking m = 0, and by sin0 = 0. We may apply Lemmas 2.1 and 2.2 if (38) holds

withd = —2(1 — p), i.e., if
1
E(1——>>1—,o, 43)
2 p

which is guaranteed by the left-hand side of (42).
Therefore, having in mind (37), the proof follows from Lemmas 2.1 and 2.2 if the
integral

~ Sz/p—l—%(l—%)
J

d
§2/P 42 cos(m/p) s1/P + 1 y

converges, that is, if

o<"(1-1)-»
<=|1-—-])<2,
2 p

which is guaranteed by the right-hand side of (42). This concludes the proof. O

In order to relax bound (43), we may modify our approach, relying on the use of
the representation in Theorem 5 only at large frequencies.

Remark 2.3 The function Ey/, g(—|& |2) is in C* (as a complex-valued function,
E1;p,5(z) is entire). Let x be a C*™ radial function, vanishing in the ball {|£| < 1}, sat-
isfying0 < x < 1,and x = 1 outof some compactset. Then (1—x (§))E1/,,5(—1& 1)
is in the Schwartz space S, in particular

A= xENEpp(—IED)
isin L' N L. We define

Kijpa=3"(xKijpa). (44)
Hyjpals,) =5 " (x Hijpals,)), ¥s>O0. (45)
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It is clear that Ki/, 4 € L' N L® for any d € R, since x Ki/p.4 € S. Similarly,
I:Il/p,d(s, ) e LN L for any d € R and s > 0, but its norm depends, in general,
ons.

In view of Remark 2.3, we study H| /p,d (s, -). We consider the range of exponents p
for which the L? norm of H 1/p,d (s, -) is uniformly bounded, with respect to s.

Lemma24 Let p > Oandd < 0. Let p € [1, 00], be such that

n (1 - l) < —d. (46)
p

Then
1 Hi/p.a(s, )ir < C,

uniformly with respect to s.

Proof We use the scheme of integration by parts in the proof of Lemma 2.1. Due to
07| < cle| ),
with C independent of s, we may estimate

187 ()17 e < 1517,

for any y. For large |x|, after n + 1 steps of integration by parts, we derive

|Hi/p.a(s, x)| < |x|~0+D /m 1 |E[7=0FD gg < x|~ D,
>

If d < —n, by Riemann-Lebesgue theorem, we directly obtain

IHpals, ) e 5/ |9 de < C,

[§l=1

and the thesis follows. Let d € [—n,0). We setk = |n +d], thatis,xk € (n+d —
1, n + d], integer. For small |x|, after « steps of integration by parts, we split each
integral into two parts:

/ ol (x@®lel K1) de =lo(s. ) + 11 (s, x)
|§1=1

:/1 l&]<]x|-1 et 8§/ (X(§)|§|d efs|$|2p) i

- f 0y (x @t e ) e,
IR ¢ <X )
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On the one hand,

|x|~@H =) ifd e (k —n,k + 1 —n),

Io(s, x </
fols. OIS —log |x| ifd =« —n.

1<|§|<]x| !

&1 dg < {

On the other hand, performing one additional step of integration by parts in 71, we
obtain

LG, )] < 1] / £ do + [x] !

1§ 1=lx|~!

<[ s S e,
&= x|~
Summarizing, we obtained, for small |x]|,

|x|~+4) (—log |x|) ifd is integer,

Hyjpals. )| S DU
H1/p.a(s, %)] x|~ (1D if d is not integer.

Together with the previous estimate for large |x|, this proves that

IHi/p.a(s. )llLr < C,
uniformly with respect to s > 0, for any p such that (46) holds. O

Proposition 2.2 For any p € (1/2, 1), it holds

Gi/p,1/p(1,-) € L7,

Y PR R 47
H(-5) =2 “n

Proof In view of Lemma 2.3, G1/,,1/,(1, -) € L? for some p, verifying (42). Indeed,
such p exists, due to 1 — p < 1/2. Therefore, it is sufficient to prove our statement
for p = 1, so that, by interpolation, we conclude the proof.

Due to Remark 2.3 and to the representation in Theorem 5

forany p € [1, oo] such that

S E) Evypasp(1, —IEID) =20 K1yp,—2(1—p)

1 . o sl/e
+; SlIl(JT/P)/é S2/p+2COS(7T/,O)S1/p+1

Hi/p—2(1-p)(s, -) ds,

the proof of our statement follows if

00 Sl/p 5
Hy/p —201—p)(s,x)d
/(; S2/’0+2COS(7T/,O)S1/p+l 1/,0, 2(1 ﬂ)(S .x) S
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belongs to L'. Using Lemma 2.4 with p = 1, this latter property holds due to the
convergence of the integral (see Remark 1.11)

00 sl/p
/ 5 ds,
o §2/P +2cos(m/p)st/P 41

and this concludes the proof. O

2.3 Estimate for Gy, 2

The estimate for G, > is more difficult to be obtained, due to the fact that the represen-
tation of Ey/p 2(—|& 12) given by Theorem 5 contains a Riesz potential term (=A)71,
takingm = [2p — 1] = 1. For this reason, it is more convenient to rely on Remark 2.3
for any p. Indeed, if we use the representation in Theorem 5 only for large |£|, the
Riesz potential behaves like a Bessel potential (1 — A)~!, whose mapping properties
are better.

We conveniently modify Lemma 2.1.

Lemma 2.5 Let p € (1/2,1) and d > —n. Then we may distinguish two cases.
e [fd > 0, then
~ _l_i<1_l>
IHi/p,a(s, Hp <Cs 2 2\ 1), (48)

for any p € [1, oo], where C > 0 does not depend on s.
e Ifd € (—n, 0], then (48) holds for any p € (1, o], such that (38) holds.

Proof We may follow the proof of Lemma 2.1 with two modifications. First of all,
we do no longer have a special representation when d = 0, so that this case shall be
treated together with d € (—n, 0). Then, after applying (34), we get

d

~ 4 _n(y_1
Vo aGs e =5 % 50D E 6o,

where we defined
n 1 ~
H\pals:) =3 (™28 Hiypa(l, ).

1
Therefore, we shall discuss what happens when derivatives are applied to y (s~ 2¢ §).
Due to the fact that

suppd; x C {1 < [€] < K},

for any y # 0, for some K > 1 and that x is smooth, we derive that:
vl

1 1
)8)’)( (siﬁs)‘< s % ifs» <|§| < Ks¥,
§ ~ 1o otherwise.
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1
In particular, |8§/ x(s72E)| < |71 Now, we are able to follow the proof of
Lemma 2.1 to estimate HI/ o 4(5, +), uniformly with respect to s.

It is clear that H 11/ o, 4, ) € L™ by Riemann-Lebesgue theorem, and

e
gt S [ e g < c.

uniformly with respect to s, for any d > —n. Ford > 0 and p = 1, we proceed as in
the proof of Lemma 2.1, in particular, replacing (39) by

L _1e12 _ —IE2 _ —c|g|*
|7 (x(s ™2 )l 1 ) S 1l (1l P e S g emelel

(49)
for some ¢ € (0, 1). Finally, for d € (—n, 0], and p € (1, 00), verifying (38), we use
Riesz potential mapping properties, as in the proof of Lemma 2.1. O

Lemmas 2.4 and 2.5 are valid for all s > 0, but, for large values of s, Lemma 2.4
is not useful, since the integral

00 S3/p—2
f ds,
o §2P 4+ 2cos(m/p)st/P 41
does not converge (see Remark 1.11).
Lemma 2.6 Let p € (1/2,1) and d € R. Then, for any s > 1, it holds
1Hy/p.a(s, ML < Ce™, (50)

for any c € (0, 1), for some C > 0, independent of s, and for any p € [1, oo].

Proof We use the scheme of integration by parts in the proof of Lemma 2.1, but now
we may restrict to consider |£| > 1, due to the presence of x (§), and we may use the
assumption s > 1 to avoid singularity at s = 0. Due to

|3%_yefs\swzf'| < Clg| W el
for any ¢ € (0, 1), for some C > 0 independent of s, we may estimate
1>

18] (X (©)lg14 e E17)| < [g1d 171 emesle

for any y. After k steps of integration by parts, we derive

7 - b _eclEl2
[Hi/p,a(s, x)| < |x] "/ g9k e=es 1 gg

[El1=1

2,
<k emars f g1k DB g <k gmers,
[&]=1
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for c; € (0, ¢), where we used s > 1. Therefore,

IHjpa(s, Hir <Ce™,  Vpell, ool

O
Proposition 2.3 For any p € (1/2, 1), it holds
Gi/p2(1,-) € LP,
forany p € [1, oo] such that |
n
5(1_;) <1 (51)

Proof According to Theorem 5,

S X @ Epa(—IEP)

. - 1 ~1 -2
_2pK1/p,—2p+—F(2_l/p)3 X&) 1§17
$2/p=2

1 o

i 2-2
+ - sin (7T ( /p)) /0 §2/P 42 cos(rr/p) st/P + 1
§3/p—2

§2/P 42 cos(m/p) s1/P + 1

Hijp—2p(s, ) ds

| o° ~
+ - sin(w (2 — 1/p)) /0 Hijp,—2p(s, ) ds,

due to m = 1 (incidentally, we notice that in the special case p = 3/2, the first
integral in the representation given by Theorem 5 disappears, due to sin(w (2—2/p)) =
—sinm = 0).

In view of Remark 2.3, we have to prove the statement for the localized Riesz
potential T (x (&) |€]7%) and for the integral terms.

We notice that F~1( x (&) |€ I’z) behaves as the Bessel potential (1 — A)~L, due to
the presence of the cut-off function, in particular, it belongs to L?, for any p such
that (51) holds. To manage the two integrals, we split them into two parts:

I s(1+)/p=2 i}
I = H — s ds,
i ) /0 §2/P 42 cos(m/p) s1/P + 1 1/p. =20 (8, X) ds
N = s(+i)/0=2 _
I = Hijp,—2p(s, x)ds,
; (x) /1 277+ 200s(r/p) 5P + 1 1/p.—2p(s,x)ds

for j = 1, 2. Then we use Lemmas 2.4 and 2.5 in I; , and Lemma 2.6 in I7.

Let p be asin (51) and assume that either (38) or (46) holds, withd = —2p. Indeed,
if p verifies the equality in (46) and (38), the proof will follow by interpolation.

If (46) holds with d = —2p, then we may apply Lemma 2.4, obtaining:

1
17 e S f sUHDIP=2 s,
0
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for j = 1, 2. Clearly, both the integrals converge. Let p be as in (51), and assume
that (38) holds with d = —2p. Then we may apply Lemma 2.5, obtaining:

S/ (1-)

1
I- < ds,
I e Nfo s2/P 4 2cos(/p) s1/P + 1 N

for j = 1, 2. These integral converge, for any p € (1, oo] such that

n 1 . ;
—(1——><1+], j=1,2.
2 p

In particular, they converge, since p verifies (51).
On the other hand, by Lemma 2.6 with d = —2p, it follows that the integrals

%0 sU+)/p g=s
/ ds, j=12,
1 s%P 4 2cos(m/p)st/P 4+ 1

converge, due to the exponential term e~ O

2.4 Proof of Theorem 1

We are now ready to prove Theorem 1. As it is customary, we rely on the following
estimate.

Lemma2.7 Leta < 1and b € R. Then:

. 1+n"4, ifa <1<0b,
/ (t—s5)"“(1+s)"ds ST+ logd + 1), ifa <1=0b, (52)
’ (1+)tmab, ifa,b < 1.

For the ease of reading, we provide a proof of Lemma 2.7, even if it is standard and
well-known.

Proof Fort € [0, 1], it is sufficient to estimate

l—a 1
<
l—a " 1—a

)

t t
/(t—s)_“ (1+s)_bds§/ (t—s5)"%ds =
0 0

whereas, for ¢+ > 1 we split the integration interval into [0, ¢/2] and [¢/2, t], deriving

t t/2 t
/(t—s)_“ (1+s)—”dsm—“f (1+s)—”ds+z—”/ (t —s)"ds,
0 0 /2
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thanks to t — s € [t/2,¢], forany s € [0,7/2] and s € [t/2,t] for any s € [t/2, t].
The proof follows from:

t t/2 1—a
(t—s5)"%ds = L,
)2 l1—a
and
2 1 ifb > 1,
/ (14+5)""ds < {log +1) ifb=1,
0 1+t ifh <1.
This concludes the proof of (52). O

Proof of Theorem 1 By virtue of (34) and Young inequality, we have that:

_n(1_1
1G1/p.pt, ) xhliLs St 2”(’ ") AallLr, (53)

with 8 =1,1/p,2,forany 1 <r < g < oo, such that

E<1_1><{1 itp=12 (54)
2\r ¢ 2 ifg=1/p.

The proof of the estimate for the homogeneous part of the solution "™ immediately

follows. For the inhomogeneous part of the solution related to the term f (¢, x), it is
sufficient to apply Lemma 2.7, with

n(1+a)<l 1)
a=——|———|—«,
2 rn q

and b = n. m|

3 Proof of the Global Existence Results
We are now ready to prove Theorems 2 and 3.

By (31), a function u € X, where X is a suitable space, is a solution to (1) if, and
only if, it satisfies the equality

u(t,x) = u™, x) + Nu(t,x), inX, (55)

where we set 1" = "™ with "™ as in (32) and f (s, x) = |u(s, x)|”, so that

t
Nu(t, x) = / (t = ) Gla1aa(t — 5, %) %00 lus, x)|P ds.
0
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We will use the notation x!'i" instead of #M"°™ in this section, since this is now the
linear part of the solution to the semilinear problem (1), whereas it was before the
homogeneous part of the solution to the linear problem (9).

The proof of our global existence results is based on the following scheme. We
define X as the subspace of C([0, o), L' N LP) for which a suitable norm || - ||x
is finite. This norm is related to the desired decay rates for the solution to (1). In

particular, we show that ' € X, and that

1™ lx < ClluollinLe, (56)
then we prove the estimates
INullx < Cllul . (57)
-1 -1
INu— Nvllx < Cllu—vllx(lull +lIvl% ). (58)

By standard arguments, since uli" e X and p > 1, from (57) it follows that ulit 4 Ny
maps balls of X into balls of X, for small data in L'N L7, and that estimates (57)-(58)
lead to the existence of a unique solution u to (55). We simultaneously gain a local
and a global existence result.

Our starting point is the use of the linear estimates in Theorem 1. For both Theo-
rems 2 and 3, we prove (57), but we omit the proof of (58), since it is analogous to
the proof of (57). For the ease of reading, we first prove the simpler Theorem 3.

Proof of Theorem 3 We define
X ={ueC(0,00), L' NLP): |u|x < oo},

with norm:

lellx = sup(1+ 1)~ {Jluct, i1+ (1 + 3 (1-3) 1, e ).

t>0

For any ¢ € [1, p], we define

_n1 | 1
,Bq—z( +Ol)( _5)5

as in (15). By interpolation, a function u € X verifies
(e, e < L+ P flullx, Vg ell, pl.

Thanks to Theorem 1, the linear part uli" of the solution is in X ,and (56) holds. Indeed,
taking ro = g = 1, it holds

i
™™, )l S Nuollpr
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On the other hand, if ¢ = p then we take ro = p forr € [0, 1]and rp = 1 forz > 1,
so that

luollLr t €0, 1],

lin

™, e S 4 1
’ ~ _n + ],,

G T

and this leads to

i —2(4)(1-1
™ )y S A+ ( ")(Iluollu + lluollzr), — t>0.
Now we consider the nonlinear part of the solution. For any u € X, we get
et PN S N, A7 S (572 HEOP=DEP g 8

In particular,
n
n=s0+a)p—1-pa>1

if, and only if, p > p(n,«). We now apply Theorem 1 to the nonlinear part of
the solution, i.e., we set f(t,x) = |u(t,x)|” and K = c||u||1;(, for some ¢ > 0.
Let g = 1, p. By taking r» = 1, we derive

INu(e, e S A +0%ullk,

a—30+a)(1-1)

INu(, e < (A +1) el

sothat Nu € X and ||Nu|x < |lu ||§, i.e. we obtain (57). This concludes the proof. O

We now prove Theorem 2.

Proof of Theorem 2 We now define
X ={ueC(0,00), L' NLP) : [lulx < oo},

with norm:

Llga)(1=1
lullx = sup(l + 1) {luct, g + A+ 070 =5 e, Mzr}.

t>0

For any g € [1, p], we define

_n1 | 1
ﬁq—z( +Ol)( _5>,
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as in (15). By interpolation, a function u € X verifies
et e < A+0" P fullx, Vg e (L, pl.

Thanks to Theorem 1, the linear part u'" of the solution is in X, and (56) holds. Indeed,
taking ro = g = 1, it holds

.
™, Y S luollpr 41 llutlizr,
in particular,
i
™, e S L+ (lluollpr + llurlipr).

On the other hand, if ¢ = p then we take ro = p forr € [0, 1]and ro = 1 forr > 1,
so that

luollLr + tlluillLe 1 €0, 1],

lin

'™, e S n |
~ Y —L+a)(1-1

2 ( ”)(||M0||L1+f||’/l1||u) t>1,

and this leads to

e < (40" 2008 (ol + s + ol + lutllee), 10,
Now we consider the nonlinear part of the solution. For any u € X, we get
M@ Pl S Nute 7, S (1407 30FCDE2 ) £,
In particular,
n
n=s0+a)(p-H-pza

if, and only if, p > p(n, «). We now apply Theorem 1 to the nonlinear part of the
solution, i.e., we set f(f,x) = |u(t,x)|” and K = c||u||f(, for some ¢ > 0. By
taking rp = 1, we derive

T+ 0% ullf ifn>1
INu(t, g S 1A +0%logle +n)lullly ifn=1
(I + 0= b ifn <1

In particular, the assumption 1 > « guarantees that
INu(, g S A +0)lully.
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We proceed similarly to derive

1-30+a)(1-1)

[INu(, e S (1 +1) llallg,

sothat Nu € X and ||Nu|x < |lu ||";(, i.e. we obtain (57). This concludes the proof. O

4 Concluding Remarks
In order to keep the structure of the paper as simple as possible, we postponed in

this section some additional results which are not essential to the main purpose of the
paper, but that can be of some interest for the reader.

4.1 Extending the Range for p Beyond 1 + 2/(n — 2)
Ifn>3and p > 1 4 2/(n — 2), then one may easily extend Theorems 2 and 3. To

avoid formal difficulties, it is convenient to state a result where data are assumed to
be small in L' N L.

Theorem 6 Letn > 2 and p > p, in (1), with p as in (4). Then there exists ¢ > 0
such that for any ug, uy € L' 0 L™, satisfying

luollinpe == lluolizr + lluolize < &, (59)
luillpinpee == lutllpy + llutlize <, (60)

there exists a unique global solution
u € C([0,00), L' N L™) (61)
to (1). Moreover, for any § > 0, the solution satisfies

lu(t, )lize < € L+ 0P (Juoll pinpe + lutllping=), Vg €[l 00], Vi =0,
(62)
where B is as in (14), and C > 0 does not depend on the data.

Theorem?7 Letn > 1, uy = O and p > p in (1), with p as in (5). Then there
exists ¢ > 0 such that for any ug € L' N L™, satisfying (59), there exists a unique

global solution as in (61), to (1). Moreover, for any § > 0, the solution satisfies the
following estimates:

lut, e < CA+0P lugllinpe. Vg e[l ool VE>0,  (63)
where B is as in (14), and C > 0 does not depend on the data.
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In order to prove Theorems 6 and 7, it is sufficient to follow the proof of Theorems 2
and 3, with minor modifications. One may fix

X ={ueC(0,00), L' NL®): [lulx < oo},
with norm:

lullx = sup{(1+ )" flue, g + (1+ D2 (lult, g + lult, =)},

>0

in Theorem 6, and

lullx = S“g{ﬂ + 07 Nult, Mg+ A+ 02 Qe Yo + lut, )},
>

in Theorem 7 (with n > 2), where go = qo(5) € (1, 0co) verifies

n 1 1)
—(l=-——)=1- , (64)
2 q0 I+«

for a sufficiently small § > 0. Then one obtains the desired result applying Theo-
rem 1 to #'™ and to the nonlinear part of the solution, by choosing, time by time,
suitable rg, 1, 72, so that (10) is verified.

4.2 Estimates for the Spatial Derivatives of the Solution
With minor modifications in Sect. 2, it is possible to prove that
(—A)2 Giypp(l,) € L,

where k > 0, provided that

n 1 K 1 ifg=1,2,

—(1—-=)+=< ]

2 p 2 2 ifg=1/p.
Indeed, it is sufficient to fix d = « for 8 = 1 in (35) and (36), and d = « — 2(1 —
p), k — 2p, respectively, for § = 1/p, 2 in (44) and (45), and consequently modify

Propositions 2.1, 2.2 and 2.3. Indeed, one may easily prove that

K _on (1) _«+tlyl
H(—A)7 8}: Gl/p,ﬁ(f, )H St 2 (1 p) 2pV ’
LP

where k > 0 and y € N”, provided that

n( 1> Kk + |yl 1 ifg=1,2,
“|1-=]+ < .
2 p 2 2 itg=1/p.
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These results allow to obtain estimates for the spatial derivatives of the solution to (9)
and, therefore, to (1). Also, nonlinearities like |Vu|?, or A(|u|?) may be considered.
As a mere example, we provide a result for Vu.

Theorem8 Letn > 1 and q € [1, oo]. Assume that ug, Vug € L', uy € L, and
that f(t,-) € L, withr; € [1, q), satisfying

1 1
n(———) <1, (65)
rj q

for j =0, 1, 2. Assume that (11) holds for some K > 0 and n € R. Then the solution
to (9) verifies the following estimate:

_M(L_L) l4a
IVu(t, e <Ct 2 Vo 4/ (A +0)72 (uollzro + I Vuollzro)
IJ_M(L_L)
+Ct 2 2N Y ug|pn
_I;H_M(L_L)
CK(l+1) 2 z \n ifn > 1,
,IJ,M(L,L> )
TVCK U+ 2 2 \nTd) Jog(1+1) ifn=1,
H—J_n_M<L_L)
CK(1+1) ? 2 \n ifn <1,

forany t > 0, where C does not depend on the data.

Remark 4.1 The assumption Vug € L' is taken to give a non-singular estimate at r =
0, when g = r(, namely, to guarantee the well-posedness of the homogeneous problem
in L9, Indeed, for f = 0, one has

-«

_lta
IVu(, Hlize < C (A +1)""2 (luollLe + I Vuollza) +C 172 Jlu Lo

Proof The proof is analogous to the proof of Theorem 1, but (53) is replaced by

1_1

_n _ 1
IVGi/p1(t, ) * flia St 2”(’ "> A fler-

However, in the estimate with respect to ug, for + < 1, the gradient is applied to ug,
i.e., (53) is modified into

n 1 1

IVGiypa(t, ) * flla S I_E(a_a) IVAlizr.
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4.3 Estimates for the Time Derivatives of the Solution

By using the following formula for derivatives of the Mittag-Leffler functions (see
(1.10.7) in [30]):

08 (P Ear1 p(12%Th) = P Egy pon 2T,

one may derive estimates for the time-derivatives of the solution to (9). In particular,
since u in (31) solves (9), then

t
u(t,-) = M?Om(t, ) +/ (t —5) " Griqat —s,-) *v) f(s,-)ds, (66)
0
where
UMM (1, ) = 17 Gria.o(t, ) %y U0 + Glaa 1 (t, ) %y U (67)

The mapping properties of G144,1(1, -) are studied in Proposition 2.1, whereas the
mapping properties of G144,0(1, -) and G144, (1, -) may be easily studied using once
again the representation in Theorem 5. In particular,

1
™ e, o S [ (=) 7o

+ lluillLa.
L4

Once linear estimates are obtained, they may be included in the statements of the
nonlinear results, and nonlinearities like |u,;|” may also be studied.

4.4 Stronger Smallness Assumption on u4

The global existence exponent in Theorem 2 may be improved, if stronger smallness
assumption are taken for the second data u;. In particular, if (—A)"2u; € L' for
some k € (0, 2), then

-2 -1 -
1 saa(t. ) ey e < ' 30F(1m0) =5 00

‘(_A)_%ul HLl ’
for any g > 1, such that
n <1 _ 1) Y
2 q 2
thanks to the mapping properties of (—A)% G1+a.2 (see Sect. 4.2). We recall that

[t < |eafu | Sl
L H
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where | € (0, 1) is defined as

and H" is the real Hardy space of exponent r € (0, 1).

In particular, taking k = 2(1 —«)/(1+a), the decay rate for the solution to (9), with
respect to the second data, becomes the same one obtained when © = 0. In turn, this
leads to improve the critical exponent for (1) to p(n, ), by replacing assumption (17)
in Theorem 2 with

lurllgre + llurllze < e.

This result does not contradict the nonexistence result in [10] since any function in a
real Hardy space H", withr € (0, 1], verifies the moment condition, that is, its integral
is zero, so that no sign assumption on u is possible. We address the reader interested
in decay estimates in real Hardy spaces for damped evolution equations to [16].

4.5 Estimates for Higher Order Equations

If we consider the equation in (9) with
3\ TU + (=AY "u = f(t,x),

where m € N\ {0, 1} (or even m € R, m > 0), then it is sufficient to modify the
definition of Gy, in (33), setting

Gi/pp(t.x) =F (Erjpp(—t'P1E1P™).
With minor modifications in Sect. 2, it is possible to prove that now
Gip,p(l,-) € LP,

provided that

n(, 1 1 ifg=1,2,

— —— )<

2m p 2 itg=1/p.
The statements of Theorems 1, 2 and 3 are consequently modified. In particular,
the global existence of small data solutions holds for p > p(n/m,a) if u; = 0,

and p > p(n/m, o) otherwise.
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4.6 The Cauchy Problem with Riemann-Liouville Fractional Derivative

By using the mapping properties for G1,,,1/, derived in Proposition 2.2, it is possible
to study the easier problem of the Cauchy problem for the fractional diffusive equation

DYy — Au= f(t,x), t>0, x eR",
J'u(0, x) = vi_g (x), (68)
D*u(0, x) = uq(x),

where D# is the Riemann—Liouville fractional derivative defined in (23). Indeed, the
solution to (68) is now given by (see Theorem 4.1 and Example 4.2 in [30]):

u(t,:) = ti(lia) Gl+a,a(ta 2) *(x) Vl—a + r* G1+a,l+a(t» 2) *(x) Ua
t
# [ =9 Grrariatt =5 500 6.0,
0
where G144, is as in (33). A result similar to Theorem 1 may then be easily obtained
when vi_y = 0, and applied to study the problem with power nonlinearity |«|”. For

this problem, the critical exponent is the one given by scaling arguments (see Sect. 1.3),
i.e. p(n, o). Indeed,

o 2 20
D* (u(ATH1, x))| _y = AT+ ug (Ax),
so that the solution to gsc = 1 is given by p = p(n, o). The fact that the critical
exponent is the expected one from scaling arguments, is consistent with the fact that

the solution to the nonlinear problem suffers no loss of decay with respect to the
solution to the linear one.

4.7 An Extension of Theorem 1

Ast — oo, Lemma 2.7 may be extended to cover the case of different pairs of
coefficients a, b, in the integration ranges [0, #/2] and [¢/2, t], in the following way.

Lemma4.1 Let a; < 1 and ag, by, b1 € R, and assume that k(t, s) is a nonnegative
function, such that

k(t,s) <min{(f — )" (1 +s5)7%, (¢t — )" (1 +5)7"}.

Then, for any t > 0, it holds:

: (1 +1)4, ifbo > 1,
/ k(t,s)ds < A+ 4 L4400 log(1 +1),  ifbo=1, (69)
’ (1 +1)t-ao—bo, ifby < 1.
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Proof The proof is analogous to the proof of Lemma 2.7. For t < 1, we estimate

t t
/ k(t,s)ds 5/ (t—s)"%ds <C,
0 0
whereas, for t > 1, we estimate:

/2 /2
/<Fﬂﬂm+n%ﬁ“f%f(“ﬂ%ws
0 0

1, if by > 1,
~ {179 log(l + 1), ifbg =1,
t1—ao=bo ifbg < 1,

! t
(t - s)*ll] (l + S)ibl ds ~ t7b1 ([ — 3)7‘“ ds ~ tl*d]*b] .

12 12

This concludes the proof.

Theorem 1 may then be consequently extended.

Theorem9 Let n > 1 and q € [1,00]. Assume that ug € L', uy € L™,

that f(t,-) € L N L"?, withr; € [1, q), satisfying (10) for j =0, 1,2, and
1 1
15E<___)<z
2\r3 g¢q

Assume that
If@ gy < KA+, V>0,

for j =2,3, for some K > 0 and 0y, n3 > 1. Moreover, assume that

n 1 1

Sty (- —)sm-1
2 r3 r

Then the solution to (9) verifies the following estimates:

1 1

_n(l4a)

n(l4+ao) {1 1

—nlte) (L1 1
flu(t, Higa <Cr 2 (r(’ q) lluollro + Ct 2 (’1 ") leerll L
_n(t) (11
+CK(1+t)a 2 (rs q)’

forany t > 0, where C does not depend on the data.

Proof It is sufficient to follow the proof of Theorem 1, using Lemma 4.1 with

n(1+a)<1 1)
= —— _—— - —a,
2 r3q

n(l+a) /1 1
ag=——\——-—-)—q,
! 2 rn o q

Birkhauser

and

(70)

(71)



Journal of Fourier Analysis and Applications (2019) 25:696-731 729

and by = n3, by = 1. Indeed, a; + by — 1 > ayp. O

Remark 4.2 Thanks to Theorem 9, it is possible to improve the decay rate of the
solution in Theorem 3 in space dimension n > 2, forg > 1 + 2/(n — 2), namely, for
any small § > 0, one may prove that

min{%(]Jra)(lfé)fa, 1+a78}

(e, Mpe S (T +1) lluoll 17 00

We avoid the details, for the sake of brevity.
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