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Abstract In this article, we prove that a cone is a Heisenberg uniqueness pair corre-
sponding to sphere as long as the cone does not completely recline on the level surface
of any homogeneous harmonic polynomial on R". We derive that (Sz, paraboloid) and
(SZ, geodesic of S, (0)) are Heisenberg uniqueness pairs for a class of certain sym-
metric finite Borel measures in R3. Further, we correlate the problem of Heisenberg
uniqueness pairs to the sets of injectivity for the spherical mean operator.
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1 Introduction

A Heisenberg uniqueness pair is a pair (I, A), where I' is a surface in R” and A
is a subset of R” such that any finite Borel measure p which is supported on I'
and absolutely continuous with respect to the surface measure on I', whose Fourier
transform /&t vanishes on A, implies u = 0.

In general, the existence of Heisenberg uniqueness pair (HUP) is a question of
asking about the determining properties of the finite Borel measures which are sup-
ported on some lower dimensional entities whose Fourier transform also vanishes on
lower dimensional entities. In fact, the main contrast in the HUP problem to the known
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results on determining sets for measures [10] is that the set A has also been consid-
ered as a very thin set. In particular, if ' is compact, then [t is real analytic, having
exponential growth, and hence & can vanishes on a very delicate set. Thus, the HUP
problem becomes little easier in this case. However, this problem becomes immensely
difficult when the measure is supported on a non-compact entity. It appears that the
HUP problem is a natural invariant of the theme of the uncertainty principle for the
Fourier transform.

In addition, the concept of determining the Heisenberg uniqueness pair for a class
of finite measures has also a significant similarity with the celebrated result due to
M. Benedicks (see [11]). That is, support of a function f € L'(R") and its Fourier
transform f both cannot be of finite measure simultaneously. Later, various analogues
of the Benedicks theorem has been investigated in different aspects including the
Heisenberg group and Euclidean motion groups (see [17,21,22]).

However, our main objective in this article is to discuss the concept of HUP, which
was first introduced by Hedenmalm and Montes-Rodriguez in 2011. In the article [14],
Hedenmalm and Montes-Rodriguez have shown that the pair (hyperbola, some discrete
set) is a Heisenberg uniqueness pair. As a dual problem, a weak™ dense subspace of
L°°(R) has been constructed to solve the Klein—-Gordon equation. Further, a complete
characterization of the Heisenberg uniqueness pairs corresponding to any two parallel
lines has been given by Hedenmalm and Montes-Rodriguez (see [14]). Thereafter, a
considerable amount of work has been done pertaining to the Heisenberg uniqueness
pair in the plane as well as in the Euclidean spaces.

Recently, Lev [16] and Sj6lin [23] have independently shown that circle and certain
system of lines are HUP corresponding to the unit circle S'. Further, Vieli [32] has gen-
eralized HUP corresponding to circle in the higher dimension and shown that a sphere
whose radius does not lie in the zero set of the Bessel functions J,4ox—2)/2; k € Z,
the set of non-negative integers, is a HUP corresponding to the unit sphere S" .
Vieli [33] has worked out some HUPs corresponding to the paraboloid in the higher
dimensions.

Further, Sjolin [24] has investigated some of the Heisenberg uniqueness pairs cor-
responding to the parabola. Subsequently, Babot [9] has given a characterization of the
Heisenberg uniqueness pairs corresponding to a certain system of three parallel lines.
Thereafter, the authors in [12] have given some necessary and sufficient conditions for
the Heisenberg uniqueness pairs corresponding to a system of four parallel lines. In the
latter case, a phenomenon of three totally disconnected interlacing sets that are given
by zero sets of three trigonometric polynomials has been observed. However, an exact
analogue for the finitely many parallel lines as compared to three lines result [9] is still
unsolved. In [12], the authors have also investigated some of the Heisenberg unique-
ness pairs corresponding to the spiral, hyperbola, circle and the exponential curves.

In a major development, Jaming and Kellay [15] have given a unifying proof for
some of the Heisenberg uniqueness pairs corresponding to the hyperbola, polygon,
ellipse and graph of the functions ¢ (r) = |#|*, whenever o > 0. Further, Gréchenig and
Jaming [13] have worked out some of the Heisenberg uniqueness pairs corresponding
to the quadratic surface.

Let I' be a finite disjoint union of smooth curves in R%. Let X (I') be the space of all
finite complex-valued Borel measure 1 in R? which is supported on I" and absolutely
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continuous with respect to the arc length measure on I'. For (£, ) € R?, the Fourier
transform of u is defined by

A = / T ITOERIN 4 (1 ).
r

In the above context, the function [t becomes a uniformly continuous bounded function
on R?. Thus, we can analyze the pointwise vanishing nature of the function /i.

Definition 1.1 Let A be a setin R2. The pair (I, A) is called a Heisenberg uniqueness
pair for X(I') if any u € X (I") satisfies fi|p = 0, implies u = 0.

Since the Fourier transform is invariant under translation and rotation, one can
easily deduce the following invariance properties about the Heisenberg uniqueness
pair.

(i) Letu,, v, € R%. Then the pair (I, A) is a HUP if and only if the pair (I' +u,, A +
v,) is a HUP.

(ii) Let T : R*> — R? be an invertible linear transform whose adjoint is denoted by
T*. Then (", A) is a HUP if and only if (T’ll", T*A) is a HUP.

Now, we would like to state the first known result about the Heisenberg uniqueness
pair due to Hedenmalm and Montes-Rodriguez [14].

Theorem 1.2 [14] Let I" be the hyperbola x1x, = 1 and Ay g a lattice-cross defined
by

Agp = (@Z x {0}) U ({0} x BZ),

where «, B are positive reals. Then (F, Aq, /3) is a Heisenberg uniqueness pair if and
only ifaf < 1.

For & € A, defining a function ez on I' by eg(x) = ¢™*&  As a dual problem
to Theorem 1.3, Hedenmalm and Montes-Rodriguez [14] have proved the following
density result which in turn solve the one-dimensional Klein—Gordon equation.

Theorem 1.3 [14] The pair (I', A) is a Heisenberg uniqueness pair if and only if the
set {eg 1 & € A} is aweak™ dense subspace of L°°(I").

Remark 1.4 Inparticular, the HUP problem has another formulation. Thatis, if T is the
zero set of a polynomial P on R?, then /i satisfies the PDE P (—id) /i = 0 with initial
condition /1|5 = 0. This may help potentially in determining the geometrical structure
of the set Z(1), the zero set of the function [i. If we consider A to be contained in
Z(f1), then (T, A) is not a HUP. Hence the question of the HUP arises when A has
located away from Z(j1).

Definition 1.5 A set C in R" (n > 2) which satisfies the scaling condition AC C C,
forall A € R, is called a cone.
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Let "~ ! denote unit sphere in R”. In this article, we prove that the pair (S”_1 , C)
is a Heisenberg uniqueness pair as long as the cone C does not recline on the level
surface of any homogeneous harmonic polynomial on R”. We will call such cones as
non-harmonic cones.

An example of such a cone has been produced by Armitage (see [8]). Let0) < o < 1
and let le denote the Gegenbauer polynomial of degree [ and order A. Then

K, = {x eR": x| =ot2|x|2}

n—2
is a non-harmonic cone if and only if D"'G / 2 (@) £ 0forall0 <m <[ — 2, where
D™ denotes the m-th derivative.

2 Notation and Preliminaries

In this section, we recall certain standard facts about spherical harmonics. For more
details see [31, p. 12].

Let K = SO(n) be the special orthogonal group and M = SO(n — 1). Let Ky
denote the set of all the equivalence classes of irreducible unitary representations of
K which have a nonzero M-fixed vector. It is well known that each representation in
K um has, in fact, a unique nonzero M-fixed vector, up to a scalar multiple.

Forao € K M, which is realized on Vj, let {eq, .. ., e4(¢)} be an orthonormal basis

of Vi, with e as the M-fixed vector. Let 75/ (k) = (e;, o (k)e;), whenever k € K. By
the Peter-Weyl Theorem for the representations of a compact group, it follows that
{«/d(a)t,lj 11 <j<d(o),o¢€ I%M} is an orthonormal basis of L?(K /M).

We also need a concrete realization of the representations in K M, Which can be
done in the following way.

Let Z4 denote the set of all non-negative integers. For [ € Z,, let P; denote the
space of all homogeneous polynomials P in n variables of degree [. Let H; = {P €
P, : AP = 0}, where A is the standard Laplacian on R". The elements of H; are
called solid spherical harmonics of degree /. It is easy to see that the natural action of
K leaves the space H; invariant. In fact, the corresponding unitary representation 7 is
in K M. Moreover, K M can be identified, up to unitary equivalence, with the collection
{1 e Z4.} ‘

Define the spherical harmonics on the sphere sn-l by Yjj(w) = «/Et},lj k),
where w = k.e, € S" !, k € K and d; is the dimension of H;. Then the set
ﬁl = {Ylj 1 <j<d,le Z+} forms an orthonormal basis for LZ(S"_l). Thus,
we can expand a suitable function g on S~ ! as

oo d;

g@) =Y > a;Y(w). @.1)

1=0 j=1
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For each fixed £ € $7~1 define a linear functional on ﬁl by & > Y;(£). Then there
exists a unique spherical harmonic, say Z g) € H such that

Yi(§) = /S  Z)YiGdo (). 22)

The spherical harmonic Z " is a K bi-invariant real-valued function which is constant
on the geodesics orthogonal to the line joining the origin and & . The spherical harmonic
Z él) is called the zonal harmonic of the space H[ around the point & for the above and
the various other peculiar reasons. For more details, see [29, p. 143].

Let f be a function in L'(S"~!). For each [ € Z,, we define the /' spherical
harmonic projection of the function f by

s = [ 280 o). 3)

Then the function IT; f is a spherical harmonic of degree /. If foraé > (n —2)/2, we

_ -1 . . &
denote A7 (8) = (") ("#°) ", then the spherical harmonic expansion l;) I, f of
the function f € LY(R") is § - Cesaro summable to f. Thatis,

f=lim > ATOTLS, (2.4)
=0

where limit on the right-hand side of (2.4) exists in L! (S"’l). For more details see
[25].

We would like to mention that the proof of our main result is carried out by restricting
the problem to the unit sphere $”~! in terms of averages of its geodesic spheres. This
is possible because the cone C is closed under scaling.

Forwe S" landt e (—1, 1), the set Sfu = {v esl.p.v= t} is a geodesic
sphere on §”~! with pole at w. Let f be an integrable function on S"*~!. Then by
Fubini’s Theorem, we can define the geodesic spherical means of the function f by

flo, )= /S | fdvna,

where v,,_ is the normalized surface measure on the geodesic sphere S.,.
Since the zonal harmonic Zg)(n) is K bi-invariant, there exists a nice function F'

in (—1, 1) such that Zél)(n) = F(& - n). Hence the extension of the formula (2.2)

becomes inevitable. An extension of formula (2.2) for the functions F in L1 (—1, 1)
was obtained. This is known as the Funk—Hecke Theorem. That is,

/SH FE -mYi(pdo(n) = CrYi(§), 2.5

Birkhauser



1430 J Fourier Anal Appl (2018) 24:1425-1437

where the constant C; is given by
1 n=2 n=3
C = / F(OG,” (1 —1H)'T dt
-1

and Gf stands for the Gegenbauer polynomial of degree / and order 8. As a conse-
quence of the Funk—Hecke Theorem, it can be deduced that the geodesic mean of a
spherical harmonic ¥; can be expressed as

Viw. ) = Di(l — ' G,7 (1Y), (2.6)

n=2

where the constant D; = |S" 2|/ GlT (1) and |S"~2| denotes the surface area of the
unit sphere in R”~!. For more details see [7, p. 459]. In order to prove the main result
of this article, we need the following lemma, which percolates the geodesic mean
vanishing condition of f € L'(5"~!) to each spherical harmonic component of f.
For the class of continuous functions C(S"~1), this lemma has been worked in [5].
We prove in this article for L!($”~!) using § - Cesaro summation technique described
above.

Lemma 2.1 Let f € LY(S" V). Then f(w,t) =0 forallt € (—1, 1) if and only if
IT; f(w) =0 foralll € Z.

Notice that as a corollary to Lemma 2.1, it can be deduced that if f (w, 1) = 0 for
all € (=1, 1), then f = 0 a.e. on $"~! if and only if w is not contained in the zero
set of any homogeneous harmonic polynomial.

Proof By the hypothesis, we have f(w,7) = 0 forallz € (—1, 1). Now, by taking
geodesic mean in (2.4) and then using (2.6), we arrive at

’” n=2
mlgnwz Al(8)CG, T (DTN f (@) = 0. (2.7)
k=0

n—2

Since the set {Gl 2 le Z+} form an orthonormal set on (—1, 1) with weight
(1 —12)~""2 from (2.7) it follows that
2

M, f () = 0.
2

n—2

lim A7(8)C; |G, 7
m—0o0

By using the fact that for each fixed /, we have lim A;” (8) = 1, we conclude that
m—0oQ

I1; f(w) = 0 for all I € Z.. In particular, if @ is not contained in Y, 1_1(0) for all
1 € 7, then f(w) =0a.e. on S"!. This completes the proof of Lemma 2.1. O
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3 Proofs of the Main Result

In this section, we first prove that a non-harmonic cone is a Heisenberg uniqueness
pair corresponding to the unit sphere.

Theorem 3.1 Let A = C beaconeinR". Then (S"_l, A) is a Heisenberg uniqueness
pair if and only if A is not contained in P~'(0), whenever P € H; andl € 7.

Proof Since u is absolutely continuous with respect to the surface measure on §" !,
by Radon-Nikodym theorem, there exists a function f in L! (S”_l) such that dpu =
f(m)do (), where do is the normalized surface measure on sn—1, Suppose 1|4 = 0.
Then

aE) = fs e f(pdo(n) =0 G.1)

forall £ € S"~!. Let & = rw, where r > 0 and € $"~!. By decomposing the
integral in (3.1) into the geodesic spheres at pole w, we get

1
/ ( f e""“'”f(v)donz(v)) di =0,
-1 \Us;,

where S = {v e 897! : w - v =1}. That s,

1
/ e f(w, )dt =0, (3.2)

1

for all » > 0. Since f € L! (S"_l), the geodesic mean f(a), t) will be a continuous
function on (—1, 1). Thus for each fixed w, the left-hand side of (3.2) can be viewed as
the Fourier transform of the compactly supported function f(w, .) on R. Hence, it can
be extended holomorphically to C. Then, in this case, the Fourier transform of f (w,.)
can vanish at most on a countable set. Thus, by the continuity of f (w, .) it follows
that f (w,t) =0forallt € (—1, 1). Hence, in view of Lemma 2.1, we conclude that
f =0ae. on S"~!if and only if w is not contained in Yl_l(O) forall/ € Z. Since
the cone A is closed under scaling, we infer that f = 0 a.e. if and only if A is not
contained in P~ (0) for any P € Hyand forall/ € Z,. Thus u = 0.

Conversely, suppose the cone C is contained in the zero set of a homogeneous
harmonic polynomial, say P; € H;. Then, we can construct a finite complex Borel
measure i in R” such thatdu = Y;(n)do (), where Y; € H;.

Using the Funk—Hecke Theorem, it has been shown that for spherical harmonic
Y; € Hj, the following identity holds.

—ix- i j+m—2)2(r)
/SH e Y (do () = i LS @), 33)

where x = ré&, for some r > 0. For a proof of identity (3.3), see [7, p. 464]. This in
turn implies that ji|c = 0. O
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Remark 3.2 (a) A set which is determining set for any real analytic function is called
N A - set. For instance, the spiral is an N A - set in the plane (see [20]). The set

Ay = {(xl,xz, X3) 1 X3 <x12 +x§> = xlfﬂ(x3)} ,

1
where function ¢ is given by ¢(x3) = exp 2—1 , for |x3| < 1 and O otherwise. The
X2 —

set Ay is an N A - set. For more details see [230]. Since the Fourier transform of a finite
Borel measure p which is supported on the boundary 92 of a bounded domain €2 in
R" can be extended holomorphically to C", the pair (9€2, NA - set) is a Heisenberg
uniqueness pair. However, the converse is not true. Hence, all together with the result
of Vieli [32], it is an interesting question to examine, whether the exceptional sets for
the HUPs corresponding to I' = §”~!, are eventually contained in the zero sets of all
homogeneous harmonic polynomials and the countably many spheres whose radii are
contained in the zero set of the certain class of Bessel functions. We leave it open for
the time being.

(b) For I' = §"~!, it is easy to verify that /& satisfies Helmholtz’s equation

AL+ =0 (3.4)

with initial condition (|, = 0. For a continuous function f on R" (n > 2), the
spherical mean Rf of f over the sphere S, (x) = {y € R" : |x —y| = r}is defined by

Rf(x,r)= / fdo(y),
Sr(x)

where do, is the normalized surface measure on the sphere S, (x). Then 2 will satisfy
the functional equation

" Jn-2)2(r)
R, 1) = e o 28 (). (35)

Thus, we infer that j1(x) = 0 if and only if Rji(x,r) = 0 for all » > 0.

In an interesting article by Zalcman et al. [5], it is shown that for f to be continuous
functionon R" if Rf (x,r) = Oforallr > O and forall x € C, then f = 0 if and only
if C is a non-harmonic cone in R”. In integral geometry, such sets are called sets of
injectivity for the spherical means. We do not digress here to give more history of sets
of injectivity for the spherical means in various set ups, still, we would like to refer
to [1-6,18,19,26-28]. However, this is an incomplete list of the articles on the sets of
injectivity.

Thus, in view of the above result, it follows that & = 0 if and only if C is a non-
harmonic cone in R". As u is a signed measure, we again need to go through the proof
of Theorem 3.1, in order to show that u = 0.

Now, consider A to be an arbitrary set in R”. Then, it is clear that (S"~!, A) is
HUP if and only if A is a set of injectivity for spherical mean over a class of certain
real analytic functions. However, the latter problem is yet not settled.
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4 Some Observations for a Special Class of Measures in R>

In this section, we shall prove that the paraboloid is a HUP corresponding to the
unit sphere S% in R? for a class of finite Borel measure which are given by certain
symmetric functions in L' (5?). Further, we prove that a geodesic on the sphere Sg (0)
is a HUP corresponding to S? for the above class of measures.

We need the following lemma for proofs of our results of this section.

Lemmad4.1 Let f € L' (S"~') be such that [ e~ f(n)do () = 0. Then

Sn—l
- Ji+(n—2)/2(r)
i ko gm Tk+(n— _
dim DA — oo kfE) =0, (4.1)

where x = r&, for somer > 0and & € S\,

Proof We have

> oAy / e f (n)dor (i)
=0 sn—1

Z/ AT () = f () do ()
k=0

Zf (AL L £ () = £ ()| do (.
=0

In view of (2.4), it follows that

m
: m —ixn _
mh_r)noo Z Al /SYH e [ f(ndo(n) = 0. 4.2)
k=0
This in turn, from (3.3) implies that (4.1) holds. O

We know that for n = 3, a typical spherical harmonic of degree k can be expressed
as Y,ﬁ @, = elle P,g (cos @), where P,i’s are the associated Legendre functions. In

fact, the set {Y,ﬁ : —k <[ < k} forms an orthonormal basis for ﬁk, (see [30, p. 91)).
Hence, the k-th spherical harmonic projection [T f can be expressed as

k
i f(0,9) = Y Ci(f)e'"? Pl(cosb),

I=—k
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where 0 < 6 < 7 and 0 < ¢ < 2. Thus, an integrable function f on S? has the
spherical harmonic expansion as

ook

f,9) = Z Z CL(f)e'" Pl (cos 0). (4.3)

k=01=—k

Let Léym(S2) denotes the space of all those functions f in L' (5?) that satisfy a set of
symmetric-coefficient conditions C,l((f) = C/l(,(f), for |I| < min{k, k'}.

Theorem 4.2 Let A = {(x1, x2,Xx3) : x3 = x% + x%}. Then (Sz, A) is a Heisenberg

uniqueness pair with respect to Liym(S 2.

Proof Since p is absolutely continuous with respect to the surface measure on S,
there exists a function f € L] (Sz) such that du = f(n)do(n), where do is the

sym
normalized surface measure on S2. Suppose fi|5 = 0. Then

/S e fdo(n) =0 (4.4)

for all £ € S2. Now, consider the spherical polar co-ordinates x; = rsinf cos ¢,
xp = rsinfsing and x3 = rcosé@, where 0 < 6 < w and 0 < ¢ < 27x. Then, in
view of Lemma 4.1, Eq. (4.4) becomes

m
nﬂgﬂE:ikA?J&%(ﬁ)thw,¢)=() 4.5)
k=0

for all ¢ € [0, 2). Notice that the rotation ¢ is independent of the choice of r,
because, the paraboloid is completely determined by cos6 = r sin? 0. Since the set
{e!'% : [ € Z.} form an orthonormal set in L2[0, 27) and f € L;ym(Sz), a simple
calculation gives

IT £B, )3, ifk<d

/ i f(8, ) a f (0, p)de = (4.6)
0 I f 6, )3,  ifk=>d.

After multiplying (4.5) by I1; f (6, ¢) and using (4.6), we conclude that

d—1 m
2 2
Tim_ [lgA;f Ji ()] M6, 018 + 3 A7 Jigr ()] ||de(9,.>||%} =0.
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Thus, using the fact that lim A}" = 1 and the second sum goes to zero as d — oo,
m—00

we obtain that

2 2
i O 106, )13 =0.

=0

That is, |J% @) T, £(O, )|l = 0forall » > 0. Since the Bessel functions can have
at most countably many zeros, it follows that

1
M f©O.¢) =Y Ch(f)e’’ P (cos) = 0.
d=—I

This in turn, because of orthogonality of the set {¢//* : [ € Z,}, implies that
C é( f )Pld (cos8) = 0. However, on the paraboloid, we have cosf = r sin? 6, which
gives cosf = —lbyiddrs W. Since the Legendre functions can vanish only at countably

many points, it follows that Cfi(f) =0 forall d with =] <d <. Thatis, I[l;f =0
forall/ € Zy. Thus f = 0 a.e. This completes the proof. O

Remark 4.3 We observe that Theorem 4.2 could be extended to higher dimensions
in a similar way. However, to avoid the complexities of notation and calculation, we
prove the result for n = 3.

Next, we prove that a geodesic sphere which is parallel to the equator of the sphere
Sg(0) is a HUP corresponding to the unit sphere S with respect to L (5?).

sym

Theorem 4.4 Let Aq g = {(o, ) : Rcosa =rand 0 < ¢ < 27}. Then (8%, Ag,g)
is a HUP if and only ifJ% (R) # 0 foralll € Z+ and the ratio r/R is not contained

in the zero set of any Legendre function.

Proof Suppose jt|a, , = 0. Then similarly the proof of Theorem 4.2, we reach the
conclusion that |J% (R 1T f (e, )Nl = 0. Then ||TT; f (e, )|, = O0foralll € Z,

if /151 (R)| # 0 forall | € Z,.. That s,

!
I f (o, ) = Z CL(f)e" P (cosa) = 0.
d=—I1

By the uniqueness of the Fourier series, it follows that C fl( f )Pld (%) = 0. Then

C é( f) =0if Pld (%) # 0. Under the assumptions of the hypothesis, we conclude
that IT; f = Oforalll € Z,. Thus f = 0.

Conversely, if either of the conditions of Theorem 4.4 fails, then for the measure
du = ity P,f (cosB)dao (0, @), it follows from the Funk—Hecke identity (3.3) that
Ilay x = 0. This complete the proof. O
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Remark 4.5 1t is reasonable to mention that if Theorem 4.4 can be extended to a
general class of finite Borel measures, then this result would have a sharp contrast, in
terms of the topological dimension of the pairing set, with the known results for HUP
corresponding to sphere.

5 Concluding Remarks

In this article, we have shown that (§"~1, C) is a HUP as long as the cone C is not
contained in the zero set of any homogeneous harmonic polynomial. Now, it is natural
to consider a compact subgroup K of SO (n) with K, the orbit of K around the origin.
LetI'x = K/K,. We know that a unitary irreducible representation of SO (n) can be
decomposed into finitely many irreducible representations of K. Thus, the action of
the group K on a spherical harmonic ¥; on the unit sphere $”~! will decompose ¥;
uniquely into a finite sum of spherical harmonics. Therefore, it would be an interesting
question to find out the possibility that (I'x, C) is a HUP as long as the cone C does
not recline on the level surface of any K—invariant homogeneous polynomial. We
leave this question open for the time being.
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