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1 Introduction

Let S, be the disc multiplier on R” (n > 1) defined by

GuHE) = xpo.n ) f(E), & eR.

It is known [13] that S,, is bounded on L?”(R") if and only if p = 2. However, in
[17] it was proved that, when restricted to radial functions, S, is bounded on L? (R")
if and only if

2n 2n
<p<
n+1 P

n—1
Moreover, in [19] the authors proved that S, is not of weak type on the extreme points

2n 2n

PELTT P Lh

but it holds (see [8]) that S, is of restricted weak type at these points; that is

and S, cpPel oo

s [[P—®
L ’ rad

Sp:LP!
are bounded, where X,,q is the set of radial functions in X. We observe that the
boundedness on L% follows of that in L”"" by duality.

Later on, several results concerning the boundedness of S, on radial functions on
weighted L? spaces were developed. In particular, we have to mention the following
results:
(1) In [1,22], two (different) sufficient conditions on a radial weight w such that S, is
bounded on erad(w) were given. In fact, these conditions were necessary when applied
to power weights.
(2) In [12], using the characterization in [22], a new sufficient condition on a radial
weight is given. In this case, the weights are in a subclass of the Muckenhoupt class
A [23], which was important to obtain other weighted results via Rubio de Francia
extrapolation theory [26].

Recall that a positive locally integrable function w (called weight) is said to be in

the Muckenhoupt class A, (r > 1) if

r—1
lwlla, = sup<|Q|/w<x>dx)(|;|/ 1/<”><x>dx) o

where Q stands for any cube in R” and, we say that w € Ay, if Mw(x) < Cw(x), at
almost every point x € R” with M is the Hardy—Littlewood maximal operator defined
by

M — ,
f(x) = :1611;|B|/|f(y)| y
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where B is a ball in R". In this case, ||w|l4, will be the least constant C satisfying
such inequality, and we notice that we use balls instead of cubes since we shall need
that if f is radial, so is M f in Theorem 3.9.

Concerning the boundedness on weighted L” spaces of S, the following result
holds:

Theorem 1.1 [12] If w is a radial function such that w" € Ay(R™), then
Sy : Lfad(w) — Lz(w)

is bounded.

Then, using a technique based on Rubio de Francia extrapolation theory (Theorem
7.1, [12]) the following result (although not stated in [12]) can be easily obtained.
At this point, we should mention that limited range extrapolation results, of the same
nature of the following theorem, have been proved by several different authors and we
explicitly referred to [3,10].

Theorem 1.2 Let p € (p—, p+) and let w be a radial function such that

w=ulu" P w € (A j=0,1,
with
n—1 n—1
w=1-p("20). w=1-y("20).
Then,
Sp: LY (w) — LP(w)
is bounded.

Now, by the result proved in [19] and mentioned above, in the previous theorem p
cannot be either p_ or py4 showing that Rubio de Francia extrapolation theory does
not allow to extrapolate to the end-points. However, taking into account the result of
Chanillo [8] on restricted weak type boundedness at the end-points, one can conjecture
that something similar could be true in the above weighted setting. To show that this
conjecture at the extreme point p_ is true is one of the main goals of this paper.
Contrary to what happens in the unweighted case, the analogue boundedness result at
the extreme point py does not follow from this one using duality.

Theorem 1.3 (Main Theorem) Let w be a radial function such that wnT+1 e A1 (R"Y).

Then
Sp i Ll (w) — L= (w)

is bounded. Moreover, the result is optimal in the sense that the exponent in w can not
be improved.
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At this point we have to emphasize that the proof of our main result is not an easy
extension of Theorem 1.2 although it follows the same pattern. Namely, we shall prove
an estimate for p = 2, analogous to the one in Theorem 1.1, and then prove some new
extrapolation results. To this end, we have to work with the class of weights AZ} for
which the Hardy-Littlewood maximal operator in R” satisfies that

M : L7 (w) — LP®(w)

is bounded, and one of the main difficulties will be the fact that this class does not
satisfy the so-called p — ¢ property, neither the reverse Holder’s inequalities or the
corresponding duality property that w € A, if and only if w!=r e A o

This new extrapolation result (Theorem 3.7) is interesting by itself since it can be
applied to many other situations and it is the second main result of this paper. In short,
it states that it is possible to extrapolate down to the end-point p_, contrary to what
happens with the clasical limited extrapolation result as shown in Theorem 1.2.

Concerning the weighted boundedness of S, at the upper extreme point py = %,

we believe that the following result is also true: if w is a radial weight such that
w7 € A|(R"), then

Sy 25 (w) —> LPH(w)
is bounded. However, the lack of the duality property (mentioned above) in our class
of weights makes things more complicated and, up to now, this result remains as an
open question.

As usual, we shall use the symbol A < B to indicate that there exists a universal
positive constant C, independent of all important parameters, such that A < CB.
A ~ B means that A < B and B < A. Also, if f is a radial function on R”, fy will
denote its radial part fy(|x|) = f(x) defined on RT, and all over the paper, we shall
denote

L=k 2, =2, vkeZ.

For later purposes, we need also to recall (see [18]) thatu € A, if and only if there
exists ug, u1 € A such that

1
1— P
w=uouy "o lluolla, < lulla,. urlla, < llullf " (1.1
and u € A if and only if there exists i € L}OC(R”) and k such that k, k~! € L™
satisfying that, forsome 0 < § < 1,u = k(Mh)‘s.

Finally, the Lorentz spaces L?'4(u) are defined as the set of measurable functions
such that

00 | 1/q
1) = ( /0 e A;’c(yﬂ/"dy) <o,
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and L?-*°(u) is defined by the condition

|| £l Lp.oo (1) = sup y)\b;(y)l/p < oo,
y>0 :

where 1% (y) = u({x : [f(x)] > y}) is the distribution function of f with respect to
u (see [4]). We use the standard notation u(E) = f g u(x)dx and, if u = 1, we shall
write A ¢(y) and |E].

The paper is organized as follows: Sect. 2 contains the above mentioned weighted
L? estimate for S,,. The complete proof of this estimate needs several technical results
which are formulated in Proposition 2.4 without proof in order to make easier the
reading of the paper. The proof will be given in Sect. 4. Finally, the restricted weak
type extrapolation theory and the proof of our main theorem will be done in Sect. 3.

Finally, we want to thank the referees for the very useful comments and remarks
that have improved the final presentation of this paper.

2 A Weighted L? Estimate

As mentioned in the introduction, we need to deal with restricted weak type estimates
and hence, we have to work with the class of weights AZ,Z for which

M : LPY(w) — LP*°(w)

is bounded and we recall that w € AZ? if and only if (see [20])

_El (w(@\ P
el = 2% foiom ) < -

where the supremum is taken over all cubes Q and all measurable sets E C Q, or
equivalently [9],

”XQ”LPvl(w)“w_lXQ||Lp’,oc(w) _

. 2.2
0l +o0 (2.2)

|l = sup
4 o

Remark 2.1 At this point, we have to emphasize that since we shall be dealing with
radial functions, we shall work in two settings: R” and R™. Hence, AZ} could be either

AZ}(R") or AZ}(RJF). Clearly in the case R*, Q = (a, b) with0 < a < b < 0o. We

shall try to be precise if needed but we shall use the shorter notation Az,z whenever
things are clear. The same will happen in the context of A,. Also we shall use the
letter M to indicate the Hardy—Littlewood maximal operator either on R” or on R

In a recent paper (see [7]) the following class of weights was introduced:
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Definition 2.2 Set

o~

Ap=luelle:areLicand3u e iu= ' "l
with

PO l/p
lullz, = inf flurll 4"

And, it was proved that R
A, C AR (2.3)

Also, by (1.1), and the fact that u ~ Mu for every u € Ay, itis clear that A, C Kp.
We need to also introduce the following class of radial weights:

Definition 2.3 We define R, p(R") the class of radial weights u on R" such that there
exists f € (LIIOC(R"))rad and u; € (A;(R"))qq satisfying that

u=Mf)"Puy.

Taking into account (2.3), it is clear that R p C (Az,z)rad.

The following proposition collects all the properties of the weights which shall be
fundamental for our purposes. In order to make things clearer and not introduce too
many technicalities, the proof will be postponed to the last section.

Proposition 2.4 (i) If u € A;(RY) then, for every y > 1, v(s) = u(s")!/7 €
A1 (RT).

(ii) Letu € Ay(R")and f #0, f € L} (R") suchthat Mf (x) < oo a.e. Then, for
everyy > 1,

—1
w(s) = (M) 7 )Y e AR®RD,
with constant independent of f.
o~ 2 n—1
(iti) Ifw" € Ro(R™), then wo(sw)s i1 € AR(RT).
(iv) If w" € Ra(R™), then wy € AR(RT).

Remark 2.5 1f we consider the maximal operator
T f(x)= ;u% ISKF| with (SRf)() = xso.r) () f (&),
>

the boundedness of T}, on L ;(R") was also studied in [24,25]. The proof is based on

rad
the following inequality valid for a radial function f:

1 ~ ~ n—1
T f () S — M+ H+ 0+ C)(fols)s = )(IxD), 2.4

x| 2
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where

Hg(1) = sup

e>0

/ g(s) ds‘
lt—s|>e L — 8

is the maximal Hilbert transform,
o dt
Qg(s) = Ig(t)IT
S

is the conjugate Hardy operator, and C is the maximal Carleson operator (we omit the
definition of the Carleson operator since it will not be used in this paper).

Now, revisiting the proof of (2.4) in [25] and adapting it to the case of the operator
Syn, one can easily see that if f is a radial function, then

1 ~ n—
ISnfOI S —5 7 (M +H+ 0+ Hio) (fo()s T ) (Jx]), 2.5

x| 2

where

Hyoeg(t) = p.v.

2t is
s)e

/ g(s) ds‘
t/2 T—5§

is a local Hilbert transform. Moreover, it was proved in [25] that, for every x € I} and
every f such that supp fo C Jf,

[Sn f O S Pu(f)UxD) + Qu(f)(Ix]), (2.6)
where
1 |X| n—1
Py()x) = —07 [fo(s)ls 2 ds,
x)"E Jo
and

x| 2

1 o n—1ds
0u(F)(Ix]) = Tfl o)l .

lx §
Lemma 2.6 [fv € AR[RY),

0: L% () — L**()
is bounded.
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Proof Leth € L*'(v) such that ||2];2.1(,) < 1. Then

o0 P(hv
5/0 £ IS g,

‘/ O(f)()h(s)v(s)ds
0 v(s)

where Pf(t) = % fot f(s)ds is the Hardy operator and hence Pf () < Mf(t). Butit
is known (see [5]) that, if v € A?(R"’),

” M (hv)
v

L2:5(v) 5 ||h||L2,1(U),

and hence the result follows by duality. O
Lemma 2.7 For every w € AR(R™)

Hioe : L (w) — L**(w)
is bounded.

Proof The proof will be an easy modification of the one given in [2] for the strong
boundedness using that M, H : Lz’l(w) — L2’°°(w) (see [7]).
Let us take f = xg and x € I;. Then,

2k+2 i
Hioe f (x) = / / / fOL
2k— k-1 2x r—x

where I = |H(fi)(x)| with f;(¢) = f(t)e”xjk and I1 + 111 < Mfi(x). Hence,

2k+2

<I+II+1II

w({x D Hipe f (x) > Y}) = Zw({x € I : Hye f(x) > y})

k
< xelk:Mfk(x)>Cy})+Zw({erk:ka(x)>Cy})
k

1 1
Z—znfknm) 2Zw(Erkaw;w(m.
k

k

Lemma 2.8 For every radial weight w in R" such that w" € Ry,
Py LA (w) — L2®(w)

is bounded.
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Proof Let v(s) = wo(s%)s% and note that, by Proposition 2.4, v € A?(R"’).
Then, if f is a radial function,

/ w(x)dx ~ / il e wo(s)s" 'ds
(xeR|":P, f(x)>1} {s>0:siT I fo(t)tTdt>k]

2 on=l
wo (s 7+ ntl ds

Q

2
s=0:1 fo(t)tant>A}

2 n-l
) wo(sn+1)sn+lds
s>0:% ](; fo(un+l )du>A}

R
m— =

s v(s)ds.
s>0:% fos Sfo(un+l )du>A}

2

Now, if f(x) = xg(x), Ep is the radial part of E and Eg ={s > 0:sm1 € Ep},
we have that

v(E}
/ w(x)dx ~ / v(s)ds < ( 20),
{xeR™: P, x g (x)>A} {S>0:%ﬁ; XER (u)du>k} A

where we have used that since v € A?, the Hardy operator is restricted weak type
(2, 2). Finally,

v(ES):/ N wo(sﬁ)s%dsxf wo(s)s"~'ds ~ w(E),
(

s>0:5 1+ €Ep} Ey
and the result follows. O

In [12] was proved that if f is a radial function on R", then

1 2
Mf(x)~ sup —— / | fo(o)|e"~Ldt,

ri<lxl<ry T2 =71 Jn
and hence there exists f ,defined in R, such that
Mf(x) ~ Mf(x]"). 2.7)
Lemma 2.9 For every w such that w" € ﬁg,
On : Lig(w) —> L™ (w)
is bounded.
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Proof The result will follow by duality. As was done in Lemma 2.6, it can be easily
see that the result holds if and only if, for every & radial function,

Pn(hw)‘
i < ||h .
= S 1l 2oy

L2 (w)

Now, if v(s) = wo(s ™),

/ w(x)dx
{xeR":ip"g&;("') >)L}

ntl

~1
~ . wo(s)s" 'ds
/{s>o: L= ho(t)tleo(t)dt>A}

wg(s)s 2
n—1
~ ) v(s)sn+ids.
{»o:ﬁ I ho(tm)v(t)dbk}

Therefore, if u(s) = s%, we have to prove that, if (1) = ho(t%),

h
=]

S|

LZ,oo(vu) |h||L21(w)

In fact, if we prove that v=lu € A, the result will easily follows since

H P(hv)
v

<[

S ”}_l”Lz(vu)

L2:% (vu) L2(v—1u)

o0 2 2 a-l 172
:(/ ho(sn+1)2wo(sn+1)sn+lds>
0
o0 1/2
w( f ho(l)zwo(l)t”_ldt> ~ 1l 20y S 11220 (-
0

Now, if w" € I/?}, then w ~ (Mf)~'/"(Mg)/", for some radial functions f and g
and 0 < 6 < 1. Hence, using (2.7),

v s)uls) = (Mf(sn%))% (Mg(sn%))_% st

- 2n n 2
By Proposition 2.4, [(Mf(sm))%nl] "1 ¢ A;. On the other hand, we have that
25 n—1
(Mg(t))n+1t~ »+1 € Aj. To see this, letustake 6 <o < 1 and 0 < v < 1 so that

2 1n—1_

+ - =1,
n—+1 vn+1

o

) Birkhduser
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and write
_ 28 _n—l _ 8 20 _n=1_
(Mg(1)) T nT = [(Mg (1))« ]+T [1~ ] 0sDr
Since both (M g (t))g andt~" are A| weights, we obtain the result by Holder’s inequal-

ity.
Therefore, again by Proposition 2.4, we obtain that

_, 2n_ 8 _n-l1
(Mg(S”‘H ))ns S = Al’
and, hence, v—'u € A,. O

Now, we are ready to formulate our new weighted L? estimate for S,

Theorem 2.10 If w is a radial function such that w" € R>, then
A Li;;(w) — L>®(w)
is bounded.

Remark 2.11 1In the case of radial power weights, that is, w(x) = |x|%, it was proved
in [1] that

Sp : Lfad(w) — L*(w)

if and only if —1 < o < 1. We observe, that the above result, in particular, says that
in the extreme case @ = 1 we have indeed a restricted weak type inequality.

Proof Let f = xg be aradial function. Then, its associated radial function fy(s) =
XE, (s), where E is the radial set associated to E; thatis x € E if and only if |x| € Ej.
Let us write fo = f;! + f2 with f;' = foxy,. Set Cx = {x € R" : 2F < |x| < 2k+1}
and let ! (x) = f! (|x]), for every x € R" (j = 1, 2). Then,

w({x € R" 1S, (0] > 2y})
<Y w({x € ColS A= y}) + D w(fx € G ISy (0] > ¥})

keZ keZ
=1+11.

For the global part II we use (2.6) together with Lemmas 2.8 and 2.9 to obtain that

11 Swix € R (P + Q) (H @] > ) S wif)-

Let us now estimate the local part I. If w is such that w” € 1/2\2, we have to use (2.5)
and proceed as follows: By Proposition 2.4, we have that wg € A%z (R™) and hence we
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have that M and H are of restricted weak type (2,2) on L*>!(wp) (see Section 4 in [7]),
and by Lemmas 2.6 and 2.7, the same estimate holds for Q and Hj,. and therefore, if

Ai=M+H+ Q+ Hie,
we have, using the boundedness of .4 proved in the previous lemmas, that
w({x € Cii 1S,/ O] > y})

< w(lx € Cis AR " TH)| > 27 y))
~ 2K Dy (fs € L JAGRL )P T) (s)] > 27 y))

i </<>0 wo({r : fkl(r)r% > s})l/2 ds)
0

L2.1(wyg) = y2

2

n—1 2

1 | n=1l
S sl fer

1 00 L 5
= = (/ wo({r S Eoﬂ Jk r 2z > S})]/st)
y 0

2k(n71)
y2

1
wo(Eo N Jp) ~ — w(x)dx.

y /(Ckluckuckﬂ)mE

Summing in k € Z, the estimate for I is proved and the result follows. O

3 Limited Restricted Weak Type Extrapolation

In order to prove the main result of this paper (Theorem 1.3), we need to develop a
new Rubio de Francia extrapolation result, and this is precisely the first goal of this
section. In fact, we just need it for radial functions and radial weights but we shall do
it for the general case, and then adapt it easily to our particular case.

The classical result [26] (see also [14—16]), says that if, for some p > 1 and every
w e Ap,

T:LP(w) — LP(w)
is a bounded operator then, for every ¢ > 1 and every w € A,
T:LY(w) — Li(w)

is also bounded. Moreover, there are examples of operators, for which the hypothesis
of Rubio de Francia’s theorem holds and they are not of weak type (1, 1) as the operator
M o M trivially shows.

Since the above result was first proved, many other proofs and improvements have
appeared in the literature, but we want to mention the fact that an important property
of the A, weights that makes possible the extrapolation is the factorization property
(1.1). We refer to the books [10, 14,16] for classical and new results on this theory.

It is not known if the class AZ} satisfies some factorization property. However, in
the recent papers [5,7] a Rubio de Francia extrapolation theory was developed for
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operators satisfying a restricted weak type boundedness for the class A p- The main
advantage of this new class is that allows to obtain boundedness estimates at the
end-point p = 1.

The restricted weak type Rubio de Francia extrapolation results proved in [7] can
be stated as follows:

Theorem 3.1 Let 1| < p < oo and let T be a sublinear operator. Assume that, for
every v € Ap, we have that

T : L' (v) — LP®(v)

is bounded. Then, for every v € Ay, T is of restricted weak type (1, 1); that is, for
every measurable set E C R",

<
IITXEIILW(U) S v(E).

Moreover, Rubio de Francia’s extrapolation theorem was extended in [6,12] to
cover the cases of operators which are not bounded for every p > 1 but only in a
certain interval (p_, p4). In this setting, the authors defined the following class of
weights and the following indices:

Definition 3.2 Given 0 <« < 1and 0 < 8 < 1, let us define
17
Apap) ={v= w1 € A}

Definition 3.3 Given p € [1, +00) and «, 8 € [0, 1], let us define p_ and py as

/

p / p

= _ = . .1
br=7_, P —p (3.1
We associate to every g € (p_, p4) the indices «(q), B(g) € [0, 1] given by
pp=—L =T (32)
1—alg) 1—B(@)

So, we have that for any g € [p_, p4]

q q'
=5 1 -, = 1 —_—
a(q) . B(q) n

Then, the following theorem was proved in [6]:

Theorem 3.4 Let us assume that

T :LP(w) — LP*®(w)
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is bounded, for every w € Ap. (o p) and let p_ and p be given by (3.1). For q €
(p—,p4), let alq) and B(q) be given by (3.2). Then for v € Ay (a(q),B(q)) it holds
that

T : LY(v) — L9*°(v)

is bounded.

Taking into account these results, our next goal will be to show that a similar result
holds true when dealing with restricted weak type estimate and the corresponding
class A p; (x,«;) defined as follows:

Definition 3.5 Given 0 < «, 8 < 1, let

o~

Ap:(,p) = [v :3gell . and3Iuec Ay :v= u“(Mg)ﬂ(l_p)}.

To prove our next theorem, we will need the following result from [11] (see The-
orem 1.3 and Remark 2.2). See also, [21] where very interesting estimates as the one
in this proposition have been provided.

Proposition 3.6 Ifu € Aj and v € A, then

‘M(fv/u)

v/u

St
L1 (v)

With this inequality, we can now prove our fundamental extrapolation result that
will allow us (together with Theorem 3.9) to prove our main result. We emphasize
here that, contrary to what happens with the classical limited range extrapolation, we
can obtain here an estimate at the endpoint p_.

Theorem 3.7 Let T be an operator satisfying that, for some p > 1 and every w €
A,.
pi(e.f)

T:LPY(w) — LP%®(w)

1

is bounded. Then, if p_ > 1 and v is a weight such that v*®-) € Ay,

T:LP~'(v) — LP=®(v)
is bounded.
Proof Let v = u®®-) with u € Ay, and let

1 fp_ l/p,
Mf = ur+ M(T) .
uh+
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Then,
M) = A ) +Ho{ITf] >y, Mf <y}

P
< My O) + S5 f (MF )PP v(x) da.
(ITf1>y}
Therefore,

SIMFIP

LP—%(v)

TP

- + sup y” / (Mf(x)~ PP p(x)dx
O Tf 1>y}

y>0

= IMfIP;

- —i—supy”/ vo(x) dx
LP== ) 1Tf1>y)

y>0

= [IMFIP + TP

LP—%(v) LP>(vg)’

with

o —(p—p-)
_(wege (S alp)
w= (wtmento (L)) e

p—p-_, P _, ( 1-B(p—-1
LS Sy [ Y [ LA
" P (1 o)

P p_+a(p_)=1_£=]_u:

+ b+ p

Now, since

>=ﬂ(1—p)

we have that vy € A p:(a,p)> and hence, by hypothesis, we get that

00 I/p \»p
TfI” < d dz ) .
ITFIE, ) SIAIE, 0 = (fo </{|f|>z}vo(x) x) z)

Now, if x is such that | f (x)| > z, vo(x) < z~?~P-)y(x) and hence,

o0 p_ p
Irri? (/ z'l‘a?(z))l/f’dz) ~ 1P,
0 : L

Lo (vo) ™ )

On the other hand, using that g—; =1 —a(p_), and Proposition 3.6, we obtain that

po 1/p—||P-
()
ub-/p+
Lp,.oc(ua(p,))
fr-
ul—a(p)M(—)
pl—alp-)

S AP
= £

LP— (u*(P-))
LP=(v)’

IMFIP

LP=>@)

Ll.oo(uu(Pf))
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Therefore,
T p- < p- ,
l fIILp_,m(v) S ”f”LFfva’(v)
and the result follows since II)(EIIlL P IIXElli; I ),ande*’Oo(v) isaBanach
LP= 7 (v) -
space. O

Now, if T is an operator that takes radial functions into radial functions and we work
with radial weights, the proof of Theorem 3.7 can be adapted to obtain the following
results. We will need two new classes of radial weights defined as follows:

Definition 3.8 Given 0 < «, 8 < 1, let

Rp.(.p)(R") = {v vy, v1 € (Apg 1V = vgv’lg(l_p)},
and
Rp:(e.p)(R") = {v 138 € (Ljpe(R)raa and Fu € (Ap)pa 1 v = u“(Mg)ﬁ“—f’)}.
Theorem 3.9 Let T be an operator satisfying that, for some p > 1 and every w €
Rp:(a.p)

T L7 (w) — L),

rad rad
1
is bounded. Then, if p_ > 1, for every radial weight v such that v*®-) € A

T: L2 ) — L™ )

rad
is bounded.

With all these results in our hands, we are now ready to prove our MAIN THEO-
REM.

Proof of Theorem 1.3 If w" € I/?}, we have by Theorem 2.10 that

S, : era’; (w) —> L>*®(w)

-~

is bounded. Hence, since w € R2~( 1.1y, We can apply Theorem 3.9 to obtain that,
under the conditions on v,

S, LP= ) — LP= %)

rad rad

is bounded and the result follows since p_ = ,12% and a(p-) = 37.
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Finally, to prove that the exponent in Theorem 1.3 is optimal, assume that

2n

1 2n
Sy LT (w) —> LT (w)

is bounded, for every w such that w* € A[(R"), for some u < % Then, by
Theorem 3.4, it holds that

Sp:LL) — L9,

. 2 2np
is bounded for every J:’l q < m but since TohaTD > e ] , this is not
possible. Therefore, the best exponent u is precisely "“ O

4 Proof of Proposition 2.4

(i) Letu € A{(RT) and let » > 1 such that u” € A;. Take 0 < « < 1 such that

1 1) 1 O .
T (1 — ;) 5 =1landlet0 <a <y < b < 00. Then, by Holder’s inequality,

1 b
—/ N 7ds ~ —— (u(t))l/VtV Lar
—a Jgr
b}’ _a]/ 1 / ( r(t))l/r}’ 1 1_$ dt
= u _—
b—a |bY—a” |y 1«
1/ry -L
b bY r
broat ! W' (1) dt LI R
~ b—a |bY—a¥ Ju b —av J,»

< @',

where in the last inequality we have used that u” € A and the easy fact that

1—L

by _ Y 1 bY ry
a / t%dt <.
b—a |bY—av¥ J,»

Therefore, if we write v(s) = (u(s?))!/”, we have shown that Mv(y) < v(y) and
hence v € A; as we wanted to prove.
(i1) By (2.2), it suffices to prove that, for every 0 < a < b and every t > 0,

b 12
(/ w> t(/ w> S (b—a),
a (xe(a,b)yw=1(x)>t}

—1
with w(s) = (Mf(s7) 7 (u(s? )7,
Let us first consider the case with u = 1:

172
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Case11Ifb/a € (1, 2), then

y—1

b -1 b 1/y b\ -
/ (Mf(s¥))7 ds < (/ (Mf(sy))_lsy_lds) (1og —)
a a a

br Vr p y=1
( (Mf(s))‘lds) =-1)7.
a?’ a

&

and similarly,

-1
/ (Mf(s7))7 ds
{s€(a,b):Mf(sV)>tV}

y—1

Yy b y=1
S ( / (Mf(s))lds> (5-1) 7.
{se(a”,bY):Mf(s)>t7} a

Since (Mf(s))_1 € Xz, we have that

b 12 12
( (Mf(s))‘ds) ﬂ( / (Mf(s))lds>
a? {se(a?,bY):Mf(s)>t"}
5 (b)’ - ay)s

and hence,

b . 1/2 ) 1/2
(/ (Mf(Sy))VdS> t(/ (Mf(sy))VdS)
a {se(a,b):Mf(sV)>tV}

y—1

< B —a")\ Y (S - 1) < (b —a).

Case2If b/a > 2,let I = (a,b), I, = (a¥,b”) and let g = fx@1,)- then there
exists 0 < K < +o0 such that

K
5 = (Mg(s'NY7" <K,

-1
for every s € I and it holds that w(s) < (Mg(s¥)) v .

Birkhduser



J Fourier Anal Appl (2019) 25:145-166 163

Now, if 0 < t < 2K then

b 1/2
([ =) (] )
a {xe(a,b)y:w=1(x)>1}
b N\ 172 N\ 172
5(/ (Mg(smv) r(f (Mg(sV))v)
a (xe(a,b)w=1(x)>1}
) 1/2 2\ 12
<([7) ([.,5) =e-o
a K xe(a,b)K

And, if > 2K, then for every s € (a, b),

1/2

(MFYDYY < (M(fx31,)(S"NY + (Mg(s¥ )Y
1

< (M(fxan) DY + K < (M (fran )TNV + 2.

Therefore, there exists ¢ > 0 such that
(se@b):wls)>1c {s € (a,b): M(fx3)(s?) > ct”} =F.

Then,

1/2
r(/ w) <t (w(F)/?
{se(a,b)y:w=1(s)>1}

Y 1/2
gtl/z ([/(M(fX?)Iy)(sy))y) gtl/z (/ ds>
. F

1/2
1
~ 12 / 57 lds
[se@” brym(frxan, ) 6577

1
. . -—1. .
Now, since y > 1, the function s»  is decreasing and hence, for every measurable
I 1
set E, [ps7 'ds <|E|7 . Therefore,

12 1
t(/ w) ,Stl/z(’{sely:M(fx31y)(s)>cty}|y>
(se(a,b)y:w=1(s)>t}

) % % v %
S o B B B R g e W I
ZQNETS 31, 131, | J31,
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Consequently,

b 12
(L) )
a {xe®,c):w(x)>1}
P I
s(by—ayw(/ w) — |
. 35,1 by,

! b 12 1
SO —a’) (f w(s)(Mf(sV))V> S@ —a)Tb-a)P~b—a

1/2

Therefore, we have proved that w(s) = (M f(s?)) 77 A?(RJ“).

-1

Let us now take u € Aj(R1) and set w(s) = (Mf(s¥))7 (u(s?))!/”.Let E be a

measurable subset of an interval I and let us use that, by (i), v(s) = (u s'NYY € Ay
Then,

/ (Mf(G7) T u(s?) ds < f Wy Vrds = — 2
1

mf(Mf(sV)ﬁ mi;(Mf(sV)ﬁ .

Let us take 0 < o < 1. Then, since

1 fMfT) T ds
[,(Mf(s7)7ds 1]

3

we have, using that (Mf(sV))% € Ay,

inf(Mf ()7 Ninf M)\ (MFT)ds
se se

(T s s
B 1] - 1] ‘

Therefore, we obtain that

_ (|E|> /(Mf(sy)) v u(sy)l/yd < (|E|> M/‘(Mf(s”))%1 ds
1] 1) 1l Ji

Now, we have already proved that (M f (s?)) 77 A?(RJ“), and hence

|E| 2 =1 =1
(—) / M) T < / (MF(s) 7 ds.
) ) .
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Consequently,

AS (/ (M.}‘(SV))_Tl ds) v|(11|) < f (Mf(SV))_Tl(u(SV))l/V ds,
E E

and the result follows by (2.1).
(iii) If w" € Ry(R"), then w”" = (Mf)~'(Mg)® for some radial functions f and g
and some 0 < § < 1. Hence wo(s) = (Mf(s”))_Tl(Mg(s”))%, So

wo(s 1) = (M f(s#T)) 7 (Mg(s 1)),

and by (ii), vo(s) := (wo(s%))nzil € A?(R“'). On the other hand, if u(s) = s, then
one can immediately see that u € A;Q(RJ“). Consequently,

M : L*'(vg) —> L>*(vp)
and
M : L () — L**®(u)
are bounded operators and, by interpolation,
M L hu' ) — L2 fu'™?)

is also bounded, for every 0 < 6 < 1. Therefore, wo(s%)s% = (vo(s))%
n—1

(u(s) T € AFRY).

v) Ifw" € ﬁz(R”), thenw = (Mf )_TI(Mg)% for some radial functions f and g and

some 0 < § < 1. Hence, using (ii),

wo(s) = (M F(s™) ™ (Mg(s")r € AR®RY).
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