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1 Introduction and Main Results

For A > 0and 1 < p < 0o, we denote by Lf (R) the space of measurable functions ¢
on R satisfying Il p = {on fz |¢(x)|p|x|2)‘dx}l/p < oo with c{l =212 (L 4
1/2). The Dunkl operator on the line R is

A
(D) (x) = ¢'(x) + . [Pp(x) — P (—x)],

involving a reflection part, and the Dunkl transform of a function¢ € L )IL (R) is defined
by

(F)(p) = fR 6 () Er(—ixp)lxPdx, peR, (1)

where E) is the Dunkl kernel

z
E i oz . ’
2 (2) = ja—12(i2) + Y ljx+1/2(lz), zeC, ()
and j4(z) is the normalized Bessel function
(z) =" /2™
=2°T 1 Ja =T 1 —_— 3
Ja(2) =2°T (@ + 1) (a+ )Zn'F(n+ot+1) 3)

Since j_1,2(z) = cosz, ji2(z2) = z sinz, it follows that Eg(iz) = €' and %
agrees with the usual Fourier transform on R.

For s > 0, the Sobolev space HAS (R) associated with the Dunkl transform is the
collection of all f € ./ (R) (the space of tempered distributions on R) satisfying

1/2
Lf Nl = {qk(%f)(p)ﬁ(w|p|2>5|p|”dp} < oo.

The homogeneous analog of H; (R) is denoted by H)f (R), which consists of the ele-
ments f € .%'(R) satisfying
1/2

171 g = {CA fR (F) ) |p|2<s+”dp} < 0.

Itis obvious that, fors > 0, H} (R) = LZ(R) N HS(R) and || fll gy < ||f||L2+||f||Hs

Given a > 0, we concern with the family of operators 7} , with ¢ € ]R initially
defined for f € .’(R) (the space of Schwartz functions on R) by

T! () =0 /R (Fo )PP By (ixp) pPdp. x € R, )
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and call T)\t,u f the Schrodinger oscillatory integral associated with the Dunkl trans-
form.

Ifa =2and f € ¥ (R), then the function u(x, t) := T)f’af(x) is the solution to
the free Schrodinger equation associated to the Dunkl operator, with f as the initial
data, that is,

{i?;—;‘(x,r) =Aux, 1), (x,1) e RxR, )
u(x,0) = f(x),
where A = Df, or explicitly, for ¢ € C 2 (R),
92 20 9 A
(Ard) (x) = ﬁt/)(X) +——¢(x) — o) —P(—x)]. (6)
X X dx X

For given f, the solution to the problem (5) may be in symbol written as u(x, 1) =
e—zlA;L f(x)

We remark that, as a family of multiplier operators with multipliers e/1°I*, uniformly
bounded for r € R, T)\’,u can be extended to bounded operators on L%(R), by the
Plancherel theorem for the Dunkl transform (see Proposition 2.3(v) in Sect. 2).

One of the fundamental problems is, for f € H )f (R) with suitable s, to identify the
exponents s for which,

tlir% Tf’af(x) = f(x) forae.x eR. @)

The answer to the above question is contained in the following theorem.

Theorem 1.1 Leta > 1and ) > 0. Ifs > 1/4, then forall f € HAS (R), the assertion
(7) is true in the sense that, for a.e. x € R, the function t TA”af(x), t € R\ {0},
will, after modification on a null set, be continuous with limit f(x) ast — O.

The proof of Theorem 1.1 is essentially based on an L9 estimate for the relevant
maximal function, with which, an almost sharp result is given in the next theorem.

Theorem 1.2 Leta > 1, A > 0and g = %. Then for all f € /(R), we have the
following norm estimate

1
q q
(/( sup |T;,af<x)|> |x|”dx) Sl e ®)
R \O<|t|<o0 *

When A = 0, (5) is identical with the one spatial dimension case of the initial value
problem for the classical Schrodinger equation

{i%—’;(x,t) = (Au) (x,1), (x,1) eR? xR, ©)

u(x,0) = f(x), xeR
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For a Schwartz funption f on RY, if f denotes its Fourier transform, i.e., f &)
(27)~4/2 fRd f(x)e 18 dx, the solution to (9), formally written as u(x,t)
e~'A £(x), is given by

1 A . 2
- i((x,8)+118]
w0 = /Rd F&)el(a1ER) g, (10)

As usual, the Sopolev space H*® (R?) for s > 0 consists of all ¢ € LZ(RY) satisfying
Ip17s == Jpa 16@)P(1 +1€17)°d§ < oco. For f € H*(RY), the problem to find the
exponents s for which,

lirr(l)e_i’Af(x) = f(x) forae. xeR?, (11)
t—

has been studied by various authors. Carleson [7] yielded the first conclusion about
the problem, proving convergence for s > 1/4 when d = 1. Dahlberg and Kenig [8]
showed that this result is sharp. In dimensions d > 2, Sj6lin [23] and Vega [28] estab-
lished independently convergence for s > 1/2, while similar examples as considered
in [8] show failure of convergence for s < 1/4.

The problem for d = 2 has been made more progress. The proof of convergence
for some s < 1/2 appears first in Bourgain’s papers [3,4]. Subsequently, the required
threshold was lowered by Moyua et al. [18] and Tao and Vargas [26,27]; and in Lee
[13], s > 3/8 was proved to be sufficient. The strongest result to date appears in Du
et al. [10] which asserts a.e. convergence for f € H*(R?),s > 1/3.

If the problem (11) is restricted to radial initial data f on RY, d > 2, Prestini [19]
proved that s > 1/4 is sufficient to guarantee a.e. convergence of ¢/’2 f(x), and Sjolin
[24] obtained a sharp maximal estimate like (8) with ¢ = 4d/(2d — 1).

One seemed to have reason to speculate that, the correct condition in arbitrary
dimension d should be s > 1/4. After alonger time when no advances were achieved,
the problem for d > 2 was driven by progress in Bourgain’s paper [5], where, that
f e H'RY), s > 1/2 — 1/(4d), was proved to be sufficient for a.e. convergence.
However, another result in the same paper [5] of Bourgain breaks the illusion of the
exponent s = 1/4 in higher dimension, that is, the requirement s > 1/2 — 1/d is
necessary when d > 4. In this direction, the range was improved by Lucd, Rogers
[15],to s > d/2(d + 2) for all d > 2, and furthermore, Bourgain [6] proved that
s >d/2(d + 1) is necessary for d > 2.

Combining the assertions in Bourgain [6] and Du et al. [10] shows that s = 1/3 is
optimal for d = 2 up to the endpoint. In the higher dimensions, there is some evidence
to suggest that the exponent s = d/2(d + 1) could be sharp too.

The paper is organized as follows. Section 2 contains some preliminaries about the
Dunkl transform and the Dunkl operator which is necessary subsequently; the key
lemmas about the estimates for an associated oscillatory integral involving the Dunkl
kernel are given in Sect. 3; the main results, i.e., Theorems 1.1 and 1.2, are proved
in Sect. 4; and in Sect. 5, we construct a function fy to show that Theorem 1.1 with
a = 2 is not true for any s < 1/4, and when 1/4 < s < 1/2, we prove that the
Hausdorff dimension of the divergence set of T)f’ .S for e H(R)is 1 —2s at most.
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There are closing comments in Sect. 6, about higher dimensional counterparts of the
free Schrodinger equation associated to the Dunkl operators.

Throughout the paper, X < Y or Y 2 X means that X < cY for some positive
constant ¢ independent of variables, functions, etc., but possibly dependent of some
fixed parameters X, s, a and q.

2 The Dunkl Transform and the Dunkl Operator on R

Lemma 2.1 Assume that A > 0.

(1) The Dunkl operator D leaves P (R) (the space of C*°-functions on R with
compact supports) and . (R) invariant.

(i) If ¢, ¥ € C'la, b], then

b b b
[ @arwpcmiar =pwuen|_ - [ oo

ba
- / T (@)Y (—x) + p(—)P () [x[*dx; (12)
and in particular, if ¢, ¥ € C'[R] and ¢ (x)¥ (x)|x|** vanishes at infinity, then
o [ PovIPs == [ semnela 0y

provided one of the two integral exists.
(iii) For ¢, ¥ € C'(R),

[D(Py)](x) = (DP)(xX) Y (x) + ¢ (x) (DY) (x)
A
- ;[f/’)(x) — (=0 (x) — ¥ (=x)]; (14)
and in particular, if \ is even, then

[D(@Y)](x) = (DP)(x) ¥ (x) + ¢ (x) (DY) (x). 15)

Part (i) follows from the equalities

(DfYx) = f/(x) + A fl(xs)ds = f'(x) — & f(xs)ds.

Isl=1 Is|=1
For part (ii), we begin at the left hand side of (13) and split the integral into a sum of

/ Soo and fooo. After integrating each term by parts, the equality (13) follows from a
simple change of variables. Part (iii) is verified by direct calculations.
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Lemma 2.2 Assume that A > 0.
(1) E,(ixp) is the eigenfunction of Dy with ip as its eigenvalue, that is

Dy[E;(ixp)] = ipEy(ixp), and Ej(ixp)lx=o0 = 1. (16)

(i) [EG0)| S A+ xD7, x € (=00, 00).
To show part (i), we apply the formula (z“HJoH_l(z))/ = 722t 1, (2) (see [12,
7-2(50)]) to obtain
—a / —20—2  _a+l !
(Z Ja+1(Z)) =\ "z Ja+l(Z)>

27 (2) — Qa4+ Dz pi1(2),

which may be written as

(ZJa+1(2) + Q2a + 1) jot1(2) = 2(@ + 1) ju (2).

Furthermore, from [12, 7-2(51)] we have (jx(2)) = —zjy+1(2)/(2a + 2). Taking
action of Dy to the real and the imagine parts of E) (ixp) respectively, and applying
the two equalities above, we prove the first formula in part (i). The second one is
obvious, by (2) and (3).

From [12, 7-3(4)], |jo(x)| < 1 for [x| < 1, and from [12, 7-13(3)], |je(X)| <
lx|~*~ Y2 for |x| > 1, so that

eI S A+ 1xD7" 2 for x € (—o0, 00). (17)

Thus part (ii) follows immediately.
The Dunkl transform shares many of the important properties with the usual Fourier
transform, part of which are listed as follows.

Proposition 2.3 (cf. [14]) Assume that ). > 0.
(i) If ¢ € L(R), then F.¢ € Co(R) and || F¢|loc < ol

(i) (Inversion) If ¢ € LI(R) such that F1¢ € LI(R), then ¢p(x) =
[Z(ZF.0)1(—x) for a.e. x € R.
(iii) For ¢ € Z(R) or ¢ € C'(R) having compact support, we have

[Z.(DP)(p) = ip(Fd)(p), [Fo(xd)l(p) = i[Dp(F)l(p), p €R;

and .7, is a topological automorphism on . (R).
(iv) (product formula) Forall ¢, € Li(R), we have

o /R (T )W () |x[Pdx = ¢; /R () (Fap) () |x|Pdx.

(v) (Plancherel) There exists a unique extension of %, to L% (R) with ||.Z.¢|| 2=
19112 and (F;7'$)(x) = (F3.4)(—x).
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(vi) (Hausdorff-Young) If 1 < p < 2, then %) ¢ for ¢ € Lf (R) is well defined
and | Z.9ll < @, where 1/p+1/p" = 1.
A

It follows from Lemmas 2.1(i), 2.2(i), and Proposition 2.3(ii) that, for f € . (R),
the function u(x, t) := T/{’zf(x) is the solution to the initial value problem (5).

If (x, y) # (0, 0), the generalized translation (zy, f)(x) of f € Lf(R)(l <p <o)
associated to the Dunkl transform .7, is defined by (cf. [20])

xX+y
(x, )

(ty Hx) = ¢} /0 (fe«x, o) + fo({x, ¥)e) ) (1 + cos @) sin**~! 9de,

(18)

where ¢} =T'(A+1/2)/(TW)T(1/2)), fe(x) = (f () +f(=x))/2, fox) = (f (x)—

F(=x)/2, (x, ¥)p = v/x2 4+ y2 +2xycosb; and if (x,y) = (0,0), (1, /)(x) =
f(0). For two appropriate functions f and g on R, their generalized convolution
f *, g is defined by

(f #1. 8)(x) = cx fR fO@EnlyPdy,  xeR. 19)

The associated Poisson integral of a function f, for € > 0, is given by (P f)(x) =
(f %5, Po)(x), where P.(x) = mye(e? + x>+ with my, = 22120 (A 4+ 1)/ /7.

We shall also need the Dunkl-Stieltjies transform for dju € B, (R) (Borel measure
on R with ||dv|s, = c; fR |x|**|dv(x)| < oo) defined by

L2 d]1E) = ¢ /R Ex(—ix®)xPPdp(x), £ €R,

and the generalized convolution f x; (du) of f € Co(R) and du € B, (R), by

Lf s (dm)](x) = ex /R(fxf)(—y)lylndu(y), x eR. (20)

Proposition 2.4 (cf. [14]) Assume that A > 0. The following statements are valid for
T and *;.: y
D I f € Latoc(R), then for all x, y € R, (ry fH(x) = (z H(), (1y /H(x) =

(T—y ))(), where f(x) = f(~x).

(ii) Foralll < p <ocand f € Lf(R), ”Tyf”Lf < 4||f||L§ withy € R.

Gii) If f € Lf(]R), I < p < 2 andy € R, then [Z(t,HIE) =
E; (iy&) (%, [)(&) for almost every € € R.

(iv) (Young inequality) If p,q,r € [l,00]l and 1/p + 1/q = 1+ 1/r, then
IS gl =4l fllplglps for f e LY (R), g € L (R).

(v) Assume that p,q,r € [1,2)and 1/p+1/q =14 1/r. Then for f € Lf(]R),
g€ 1LK R), [Z.(f *» ©NE) = (Fo )HENFg)(&). In particular *;_is associative
in L, (R).
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(vi) For1 < p < oo and du € B, (R), the mapping [ +— f %, (du) has an
extension from Lf(R) to itself and satisfies || f *; (du)HLf < 4||f||L£ dwllss,. If f
is even, then the constant 4 in (ii), (iv) and (vi) may be replaced by 1.

(vii) For f € LY(R), 1 < p <2, and dp € B, R), [Z.(f #1 du)](E) =
(Z HENF(dw)](E).

Proposition 2.5 (cf. [14]) Assume that ). > 0. Then for f € . (R) and given m > 0,

em(1+x% 4+ y2)~*
[(Tyl FDE)] < (I + []x]| — [y[|2)m

, x,y€eR.

Proposition 2.6 (cf. [14]) Assume that . > Qand e > 0. If f € Lf M), 1 <p <2,
then [ 7. (P ))I(E) = e <E1(F5 £)(&), and for x € R,

(Pef)(x) = ¢ /R e<EI(F f)(&)E, (ixE)[E P dE.

3 The Key Lemmas

The key to the proofs of Theorems 1.1 and 1.2 is the following lemma. The lemma
contains more information than what is need in the paper, but may be used elsewhere.

Lemma 3.1 Suppose thata > 1, 1/2 < s < 1, and ¥ € C*®(R) is even and with
compact support. Then forb e R, x,y € R\ {0}, x # y,

oo
iblp|® . . 4 - - —
‘/ e By ixp) Ex(=ivp) (1) 101 Sdp‘§|xy| Mr—yPthoo@n
—0o0

The proof of Lemma 3.1 is based on the following two lemmas.

Lemma 3.2 Suppose that a > 1, 0 < ki < 1 < ko, and 8 € C*®(R) is even,
nonnegative, bounded, with support contained in R\ {0} and satisfies ffooo 10" (p)|dp <
0. Then for b, x, y € R\ {0}, x # y, satisfying

1
. lx — yl\ T
kic, kacl[ | 0=9 th ¢= ,
[kic, kxcl | supp with ¢ ( —

we have, for all h > 0,

lxy|~*

) (22)
lx — ¥l

h
’ / h@(p)e""ﬂ' Ek(imeA(—iyp)dep’ <
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Lemma 3.3 Suppose thata > 1, and 0 € C*(R) is even, nonnegative, bounded, and
satisfies ffooo 10’ (p)|dp < oo. Then for b, x,y € R\ {0}, x # y, and for all h > 0,

h —A a .

Dl old X X — 2(a=1)

V 0(p)eitlr! Ex(ixp)EA(—iypnm”dp's | y'y| (' il +1> .
_h -

|x b
(23)

Proof of Lemma 3.2 Let 2 denote the integral on the left hand side in (22) and assume
that b > 0 without loss of generality. We shall need the following equality

iablol*p +x = VeV E, ixp) Ex(—iv) = D, [V Ex(i0) Ex(~ivp)

4peiblol’

t oA 2PV O ), forp £0. (24)

Indeed, by (15),
D, [P By (ixp) By (~iyp) |
= iab|p|* 2 pe’V* E; (ixp) E5.(—iyp) + """ D, [Ex(ixp) Ex(—iyp)],
and by (14) and Lemma 2.2(i),

Dy [E; (ixp) E;(—iyp)] = i(x — y)Ej.(ixp) Ex(—iyp)
A . . . .
5 [Ex(ixp) — Ex(—ixp)][Ex(—iyp) — E;(iyp)].
Combining the two equalities proves (24).

Applying (24) to €2 and appealing to (12), then 2 may be written as the sum of 21,
5, and Q3, where

¢ ':if K o 1P B, (ixp) Ex (—iyp) | p|*dp
L T Lablel 2 +x —y g ’ ’
—din [ 6(p)ele” n
= j j dp,
2= g /;h ab|p|a_2p+x_ypnyH%(xp)JH%(yp)lpl o
0 (p)e’P" v
Q3= —i - Ep(ixp)Ej(—i
3 ablpl—2p T 1y 2 (ixp) Ex(—iyp)|pl y

It is noted that for p € supp9, if |p| < kic, then

ablpl* 20 +x = 3| = v =yl —ablpl*™ = (1=K ) lx = yl; 29)
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and if |p| > k»c, then
ablpl2p +x = y| zablpl* ™ — lx =yl = (7 = 1) =yl ©6)

It follows from Lemma 2.2(ii), (25) and (26) that |Q3]| < |xy|_)‘|x — y|_1.
As for Q1, by Lemma 2.2(ii) and (15) we have

h
_ 0(p)
Q< |x A/ D [ :Hd
(2] S lxyl N Py r—— 0
h
< |xy|™* / D [ ”9 d
S lxyl ( N Py (p)dp
+/” 16" (p)|dp )
_n lablpl*=t —|x —y|| )

It follows from (25) and (26) that the later integral is bounded by a multiple of

o0
lx —y|™! / 16" (p)ldp < 1x — yI 74

—00

furthermore, since

1 ab|p|®—?
Dy -2 ~ -1 2’
ablp|®=2p +x —y (ablp|®=" —|x —y])
we have

h a—2 —A

ab, % X
|91|§|xy|**/ 00 g P 27)
0 (abp™ T —|x — y]) =yl

Taking partial integration to the integral above and in virtue of (25) and (26), we obtain

h / —A
0 X
@l o [ g4
0 Tabo T — =31 T Ix—yl

—A —1
Slxyl™ x —ylm .

For €2, taking the substitution p — —p and summing with the original form, by
(17) we get

h a—2
) ab| |26 (p)
2] < [xyl A/ L
i @blp[T2 = (x — )7

< Jay /h abo0(p) dp,
0 (abp®=! —|x — y|)°

) Birkhauser
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which is the same as the first term on the right hand side of (27). Therefore
|20] S lxylHx =yl

Finally combining the estimates for €21, 2> and 3 proves (22). The proof of
Lemma 3.2 is completed. O

Proof of Lemma 3.3 Assumethatb > 0. Since, by Lemma 2.2(ii), the integrand above
is dominated in absolute value by a multiple of |xy|~*, the desired estimate for 0 <
h < |x — y|~! follows immediately.

To evaluate the integral in (23) for larger 4, take an even function ¥y € C*°(R)
satisfying

Supp WO C] - 1a 1[7 0 = wO(P) =< 1a and I/Io(p) = 1 for 14 e] - 21 2[

It suffices to prove that

h i a
‘/hmmwau—ymkaEummEu4wmm”@

—A _yla ﬁ
< lxyl |x — yl 41 . 28)
|x — vl b

Let 2 denote the integral on the left hand side above. If |x — y|* < b/2, then for
lx = yllpl = 1,

1 2x —y|

=2ac% !, 29
-yl b “ 9

—1
Vel ——

where c is given in Lemma 3.2, so that the support of the function

Bo(p) :=0(p)Yo(lx — ylp)

is contained in [kac, 00) U (—o0, —kac] with ky = (2a)!/@~D_ Thus by Lemma 3.2,
121 < eyl x =y~
In what follows, we assume that |x — y|* > b/2. O

Put

1 <|x—y|a)2(al—1)
y = .
lx — ¥l b

We split the integral 2 on the left hand side of (28) into two parts: Q = Q4 + Qs,
where

Birkhauser



278 J Fourier Anal Appl (2019) 25:267-298

h — . a
Q= / h (1 — (p jc> Yo (%)) 80(p)eP1" E; (i) Es.(—iyp) o dp;

h — . a
= / Yo <p ; C) Yo (%) 6o(p)e”*" Ex (ixp) Er(—iyp)|p|**dp.

It is easy to see that the support of the integrand in 24 is contained in [—c — 2y, —c +
2y1U[c — 2y, ¢ 4+ 2y]; and then by Lemma 2.2(ii), we have

4] < ylxyl ™

As in the proof of Lemma 3.2, applying (24) to Q25 and appealing to (12), then Q5
may be written as the sum of ¢, €27, and Q2g, where

h —
s [ e[ (57) e (55)

Bo(p) ib|p|® . . 2
X . E E;,(— dp,
abpli2ptx—y| ¢ .(xp) Es(=iyp)|pl™dp

. —4ia h p+c p—c
97'_(2A+1>2f_hw°( y )1/’°< y >

Oo(p)e'IPl* : . 2
ablp2pta—y ™ Jir 1 xP) g 1 () P17 dp,

auim i (1 (22 (22°)

bo(p)eillel”
ablp|“2p+x —y

h

~ Ex(imeA(—iypnm”)

—h

By Lemma 2.2(ii),

h
_ p+c p—c 8o (p)
P ) T ) ety

and from (15), Q¢ is dominated by a multiple of the sum of Q¢ and Q¢, where

h
_ 1 p+c p—cC
QL — Ix A/ D[ ]‘ < ) (_ )9 dp,
6 = Xyl Il PP para— Yo > Yo > o(p)dp

h - d
= ot [ [on[vo (55 90 (57 w0 | G e
N A A S A N Al | I e pey

) Birkhduser
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Since | D, [(ablp|*2p +x — )| S ablpl*~2/ (ablpl®™" — |x — y|)2, it follows

that

c—y h b a—2
Q) < fxy|~ (/ +f ) - >dp
w—yI7t Jery/ (abpe=! — |x — yl)

lxy|~* N xy|~*
~x —yl—ablc =yt " ablc+y)l = |x —y|

We note that, if y > c, the first term above disappears and
able+y)" = lx =yl = (27T = 1)l -y,
so that f < |xy|™|x — y|7! < lxy|7*y;if 0 < y < c, then

x =yl =abe =y~ =lx =y (1= A =y/0*™") 2 1x =yl /e,

ab(e+ )" = Jx =yl =x =yl (1 + /0™ = 1) Z v = yly /e,

so that 4 < |xy| 7 x — y|7le/y < lxyl Ty

(30)

€19

For Q¢, we first note that the value of p in the support of the integrand satisfies
lo+cl >y, |p—c|l > y,sothat |ab|p|*~! — |x — y|| is bounded below by |x — y| —
ab(c —y)* ' > |x — y|ly/corab(c+y)* ' —|x —y| > |x — y|y/c. Thus we have

-1 .
|xy|*)\. c 2|x—y| —c+y B ct+y B
Q< = lx — yldp + y~'dp + y~'dp
lx = yly \J2jx—y! —c—y c—y

lxy|™ ¢ _
<= Syl ™y,
lx —yly

and so

Q6 < lxyl Tty

For 27, taking the substitution p — —p and summing with the original form, we

get

14 l(ablp|a=1)? — (x — y)?|
c—y h b a—2
< eyl ™ <f +/ ) — 2dP,
k==t Jety/ (abpe=! — |x — y])

which is the same as in (30) for Qg. Therefore

" — — b a—2
127] S |xy|—k/hwo (p;‘C) o (,0 C) Yo(lx — y|p)ab|p] p
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1971 < |xy| ™y

Finally for Q2g, by Lemma 2.2(ii) it is easy to see that it has a bound similar to (31)
for 2, and so

1] < |xy| ™y

Combining the estimates for ¢, Q7 and Qg shows that [Qs| < |xy|™y, and
in conjunction with that for €4, one has || < |xy|~*y which proves (28) when
[x —y|* > b/2.

Proof of Lemma 3.1 Assume that b > 0. Denote by A the integral on the left hand
side of (21) and define the function {9 € C*°(R) as in the proof of Lemma 3.3
We then write A into the sum of Ag and A, where

Ao = / (1 — Yollx — y|p)2) VPV B (ixp) Ex(—iyo) ¥ (%) 1p1*dp,

—00
(32)
Oo 2 iblp|® P 2
M= [ e = 1o P Eip) Bx-ivorw () 1P dp. 39)
—0o0
The estimate for A is trivial, since by Lemma 2.2(ii),
—A 2|x—y|’1 -5 —A s—1
Aol Sert™ [T 0 S e = 51
To evaluate A1, Two cases are to be considered separately. O

Casel: |x —y|* <b/2.
As in the former part of the proof of Lemma 3.3, in this case, the deduction in (29)
for |x — y||p| > 1 implies that the support of the function

01(p) == Yo(lx — ylp)

is contained in [kc, 00) U (—o0, —kac] with ky = (2a)'/@~D_ Thus by Lemma 3.2,
the function

p . a
Qp) = / 01 (e 11” E, (ixm) Es (—iym) InPdn
—p

satisfies, for all p > 0, |Q(p)| < |xy|*|x — y|~!. Now taking partial integration
© P
=3 [ oo (%) o)
—o0 N

_ —%/_OO 20 (01009 (£) |p|ﬂ‘);dp,

o0
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and hence

AL S Lfy_';' <|x - [ 1‘(91<p>w (£)).|ar

x—=y|~

(0.¢]
+/ p—S—ldp>
=yl !

—A —1
Sy e =y

Casell: |x —y|* > b/2.
Since

2 2
o o 4p £ \\?2 4p
t=vo(2-) 2=wo(32)) +(1=vo (=) |+ (1= (%)) vo (=) .
2c 2c c 2c c
we split the integral for A into two parts: A; = A1 + Az, where

A= [ 006 Extip) B v (57) 1P dp.

—00

oo
ib|p|® . . P -
A= [ 2™ B Gixo)Ex-ivorv (1) 10,
o0

with

62(p) = [wo (52) (2=wo(3))+ (1 V0 (%)2” Yo(lx = ylp),
0 = (1= 90 (2)) vo (*2) ot = 1.

For A 11, we take partial integration to get
A —1f°°9( W () eI dg(p)
1= 2] 1(p N P p

- /Z 20 (91009 (£) |p|*)’pdp,

here

o o
Qp) = / 62 (e E, (i) Es (—iym) .
—p

It is easy to see that

C
supptr C {p: |p| < E}U {p: lpl = 2c},
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and 6, satisfies the conditions in Lemma 3.2. Hence |Q2(p)| < |xy|*|x — y|~! for
all p > 0 and

A S eyl e — yl ol

As for A1y, we again take partial integration to get

1 [e¢)
An=3 [ ou (%) oI

- —%foo 20 (63009 (£) |p|—f);dp, (34)

—00

where

p i a . .
Qp) = / 631 E, (ixm) Es (—iymn P dn.
—p

It is noted that

supp 63 C {,0 :

Now we apply Lemma 3.3 to obtain

1
~lx =yl b 4

i
1
N e 1 G
LI =
~lx =yl b

(eso2v (%))p do + f 4Cp“dp>

I

sothat,for1/2 <s < 1, |x — y|* > b/2,

- s—1) L A
[A12| S x| b ( 2) < L (35)
~x =yl \x — y)e ~x =y

The proof of Lemma 3.1 is finished.

4 Proofs of the Main Results

We shall prove a more general theorem than Theorem 1.2.

Theorem 4.1 Leta > 1, A > 0, 1/4 < s < 1/2, and q = %. Then for all
f € Z(R), we have the following norm estimate

1
q q
( f ( sup |T£,af(x)|> |x|”dx> SNl (36)
R \O<|t|<oo

Birkhduser



J Fourier Anal Appl (2019) 25:267-298 283

Obviously Theorem 1.2 is the particular case of Theorem 4.1 with s = 1/4.

Proof of Theorem 4.1 We first note that, to show (36), it is sufficient to prove the
inequality taking integration over [—M, M] for each M > 0, instead of over R.
Further, it suffices to prove that, for all A > 0,

M q 5
Tt 2),d < .
</ (sup Imf(X)|> x| x) Sl s
—M \0<t<A *

since supy_,<4 |}, f(x)| increases and tends to supy_; .o |7} , f(x)| as A — oo.
Moreover, for f € #(R), one may manipulate the linearization of the maximal
function supy_, < 4 |T)f’ oJ (x)] instead of itself, in terms of a measurable function r =
t(x) with 0 < t(x) < A, that is, we shall show that

1
u 1
1(x) q 0 q < ) _ 4) + 2
(f_M T o[ 1 dx) Wl 4= 6D
If we set g(p) = |p|*(F. f)(p), then (37) is equivalent to

1

M a
( / Vgl |x|2*dx) S llglzz. (38)

where
Us.ag() = ¢ / (PP B, (ixp) ol pPdp, x € R,
R

By duality, (38) is further equivalent to

1 1
2 M , g 4r+2
U* h(p)l? 1p/%d </ ho)|? |x1*d , g =
(a/R! | 1plPdp ) S I 6P dx 9=
(39)
where
1 i a
Ui ah(p) = Ip|™ / h(o)e " OEE, (—ixp)x[Pdx, peR.  (40)
—1

We take an even function ¢ € C*°(R) satisfying
suppy C [-2,2], 0=<9y(p) =1, and y(p)=1forpe[-1,1]. (4])

It follows that, for large N > 0,
p * 20 2, p * TTE TN 120
() U@ 1ol dp = | ¥ () UlLah(@)US h(p)lpl™dp
R R

Birkhauser



284 J Fourier Anal Appl (2019) 25:267-298

M oM ‘ .
:/ / [/ et )=t()lp] E;.(ixp)Ex(—iyp)
-MJ-M R

0 . I
<y (%) 102 dp | ACOR () ey dx dy.,

and then by Lemma 3.1, we have

M |h(x)h
[ (&) 1w ioras [© [ Ry dxdy.

Now letting N — oo, Fatou’s lemma asserts that
M
|h(x)h(Y)I
/|Umh(p)| lp|*dp </ f —— - xMyl dxdy. (42
M lx =y
Finally we need to apply a lemma from [25] to the right hand side above.

Lemma 4.2 ([25, Lemma 1.7]) Assume that 0 < B < 1,2/2—-8) < p <2,
y =1 — B/2 — 1/p. Then for measurable functions h,

[R ()[R (y)] (f )2/p
dxdy S h(x)|Pd .
//]R|X—y|/3|x|1’|y|)’ RN R| x)|Pdx

We rewrite the right hand side of (42) as

/ / () [1x P4 R ()| |y |24

T =yl ey

and then, putting 8 = 1 — 2s, p = ¢’ (givenin (39)),and y = 1 — /2 — 1/p =
2)/q’ — A, this double integral is bounded by a multiple of

M N 2/’ M ) 2/q'
[ [ (meipe) dx} =< | meore |x|2Adx) .
-M M

Thus the inequality (39) is proved, and then, the proof of Theorem 4.1 is completed.

O
Now we turn to the proof of Theorem 1.1.
We restrict the discussion to ¢ € [0, 00).
An immediate consequence of Theorem 1.2 is that, foreach M > 0 and A > O,
M
/ sup [T}, f ()| Ix[*dx < eullflly, 1745 fe M), (43)
M 0<t<A

where the constant ¢y > 0 is independent of f. Since H;(R) C H;/ 4(]R) when
s > 1/4, it suffices to assume f € H; / 4(R) in proving Theorem 1.1. In what follows,
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we work with a procedure as in [22]. Given such an f, we take a sequence { f; : k >
1} € L (R) satistying

I fie = fll s <275

It then follows from (43) that

M ©© o0
/ > sup [T, filx) = T fir1 O] 1x1Pdx <em D N fie— fitll s < 2cm
—M = 0<t<A =1 .

It is noted that each function (x, t) > T{g o Jx(x) is continuous in R x R with values
fr(x) when ¢t = 0, so that the supremum can be taken over ¢ € [0, A]. We have that,
for almost all x € [—M, M],

oo

Z sup |7}, fu(x) — T} , fiy1(x)| < o0,
k=1 0<t<A

which implies, for x with the property, that the sequence of functions ¢ TA”“ fre(x)
converges uniformly in ¢ € [0, A], to a continuous function, vy (), says. Obviously
vy (¢) is well defined for a.e. x € R, and continuous in ¢ € [0, A]. However, since fi
tends to f ask — oo in L%(R) norm, it follows that

A
lim |x|2)‘/ T} fe(x) — T,{af(x)|2dtdx =0,
k—oo JRr 0 ’ ’

and hence, there is a subsequence k; — oo such that, for a.e. x € R, the sequence
of functions t T)f oSk ; (x) converges in the L?([0, A]) norm to the function ¢ +>

T)f‘af(x). We conclude that, except x in a null set in R, T;)af(x) = v,(¢) for a.e.
t € [0, A]. By choosing Ay — oo, the functions ¢ — v, () are continuously extended
to [0, 00), for a.e. x € R.

It remains to show that v,(0) = f(x) for a.e. x € R. Indeed, since ||T/\”a f -

f||L% — 0ast — 0, then, for a sequence t; — 0, T;{af(x) — f(x) almost
everywhere, and so does vy (t;) — f(x) = v, (0).

5 The Divergence Set of 7{ , f

5.1 Another Representation of T)f 2 f(x)

We shall need the following equality (cf. [29, §§13.31])
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2¢;, /0 e_zszj)\—1/2()65)]1—1/2()’&)5%615

1 X242\ XYy
= oz XP (‘ P ) Jr=1/2 (lz> (44)

forA > —1/2and argz € (—m/2, /2).
For f € Z(R) and x € R, from (4) we have

. it—e) o2 .
/2000 = fim i [ (e EvGia)lpPdp
R

= lim Cx/ FOKLCx, y)lyPdy. (45)
e—0+ R
where, for € > 0,
t _ (it—€)p? . . 2
Kl(x,y) =cx A e Ex(ixp)Ex(—iyp)|p[*dp. (46)

It follows from (2) that

oo
1t — 2 . .
Kl(x,y) ZZCA/ VP jac1 2(xp) joe12(3P)
0
2
Xyp . . o5
+20 dp,
2+ 12 JA+1/2(XP)J)»+1/2()’,0{| p~dp

and then, by (44),

1 x2 42 xy . )
Ké(X,y)=W—+meXp (— e )E,\ (2—Z), with z =€ —it. (47)

Substituting this expression into (45) and applying the dominated convergence theo-
rem, we obtain, for f € Z(R) and ¢ # 0,

T, ) = /R FOIK )y dy. 48)

where

.\ AF1)2 2., .2
: (1 X +vy Xy
K (x,y) = <_2t> exp ( i 1 ) E; (z N ) . 49)

5.2 A Counterexample in H; (R) for s < 1/4
Assume that s < 1/4. We shall construct a function fj € Hf (R) for which, in a set of

positive measure, 7} , f diverges as  — 0+, even after a modification on a null set
of .
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Let ¢ be a nonzero element in Z(R), supported in (—oo, —1). We consider the

functions, for0 <t < 1,

ww=o(D) B (-i5). xeR

Since, from (1),
(Zad0)(p) = cat /R ¢(—x)E;, (ixr—l) Ej(ixtp)|x|**dx, p € R,

then by Propositions 2.3(ii) and 2.4(iii),

(Zd)(p) =t [1-1(Frd)] (tp).

Applying Proposition 2.5 to %, ¢ we have

—2a— 2
I ll7gs = car' =47 /R [z-1(Z®)] (0)]” @ + 0°)°|p|*dp

< tl—ZA—Zs/ (1 + IOZ + t—Z)—Zk
~ r (1+lpl — 17122

< tl_ZS/ (t2+;02)s 0,
~ r (1+lp| —1712)2

(> + p»*|pl*dp

so that

lpell s < 07472 for 0 <1< 1.

For x € (0, 1), we choose 1 (x) = t2x/2. From (48) and (49), we have

;e TO+1/2)/2

t(x) — —ix/(21%)
T 5 e (x) = Doz €

x fR $(y) exp (—ig) £, (=i2) B (i) IyPay.

We shall need the following equality

. . Iy~ 1
E, (iy)E(—iy) = s({1+0(=)), for [x|>c>0.
2wy y

Indeed, from (2) we have

2

E,Gy)Ex(=iy) = jio12()* + 5 hr12(0)7,

_y
2L+ 1)

(50)

(D

(52)
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and then, (52) follows by making use of (cf. [12, (7-13(3))])

—A

. [y T 1
_ - = ol-11, f > 0.
Ja—12() = N |:COS (Iyl > )+ <y>:| or |x|>c>

Applying (52) to (51) we obtain, for x € (0, 1) and0 < ¢ < 1,

oI TO+1/2)/2

me—i}c/@ﬂ) [V (x) + O ()], (53)

T (x) =

where

2

V@) = [ d(y)exp (—i;—) dy, z#0.
R Z

Since ¥ (z) is a nonzero holomorphic function in C \ {0}, there exist an interval
I C(1/2,1),1t € (0, 1), and a constant ¢ > 0, such that for x € I and ¢ € (0, #p),

\T“x)(p,(x)\ > co. (54)

We now adopt the procedure in [22] to finish the construction of fy. We shall
define recursively a sequence {t j} C (0, tp), converging to zero so fast that it satisfies

N ] [(1—49)/2

=1 < oo,and forall x € I,

TV 0| <27 for £k, 59

where 7 (x) = t}x/2.

We start with a number #; € (0, tp) and assume that 1, ..., t,,—1 have been chosen
sothat 0 < #; < min{to, 27/} (1 < j < m)and (55) is satisfied for j, k < m. Since
foreach j (1 < j < m), ¢, € Z(R) and supp d)t C (—o00,0), Tt(x)d), (x) converges
to zero uniformly for x € I ast — 0+, and from (48), (49), and Lemma 2.2(ii), we
have, for each j (1 < j < m),

t (x)

6| S ——— T \/_)MH / p1yI*dy.

which, again, converges to zero uniformly for x € I as t — 04. Hence one may
choose t,,, 0 < t,, < min{t, 2""“}, sothat,for j=1,...,m — 1,and forx € I,

t/ (x)

T, | <27 and

1, ()] <277
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We define fy = Z?il j¢>tj. It follows from (50) that fy € H; (R) and

o0
T)f,sz(x) = ZjT)f,2¢tj (x), x eR.
j=1

For x € I and each k, by (54) and (55) we have

74 o] = eok = - 2, (56)
J#k

which shows divergence of T)f’fé’” fo(x) as k — oo.

Finally we remark that, by continuity, (54) is also true if 7(x) is replaced by any
number in a small neighborhood of 7(x). Similarly, (55) still holds when #;(x) is
replaced by numbers close to #;(x), and so does (56).

5.3 The Divergence Set of Tf, i

Assume thata > 1 and A > 0. Theorem 1.1 shows that, if f € H;\‘ (R) with s > 1/4,
then the set {x € R : T)f’af(x) -+ f(x) as t — 0} is of zero measure in Lebesgue
sense. A refinement of this question in the classical case (i.e. for A = 0) was studied
in [1,2,21], by considering the Hausdorff dimension of the divergence sets. This
subsection will extend the methods of [1,2] to determine the Hausdorff dimension
of the divergence set of T)f’ S

As in [1], discrete times will be taken to avoid measurability issues. Let

a,(s) = sup dimy {x €R: T)fkaf(x) - f(x) as k — oo} ,
(e}, f ’

where dimg denotes the Hausdorff dimension, and the supremum is taken over all
sequence #; — 0+ and all f € H; (R). a; (s) may have no sense when considering
the space H; (R) itself, since the functions are only defined up to a set of zero measure
of Lebesgue. However each equivalence class of the Sobolev space H; (R) has a
representative as f = g *, G, with some g € L% (R), where Gy, with the Dunkl
transform (14| p|%) ~3,isthe Bessel potential kernel associated to the Dunkl transform.
The definition of «; (s), and also Lemma 5.1, Lemma 5.2, and Theorem 5.3 below,
will be restricted to these representatives.

To make sense of 7} of forall f € H; (R), it may be defined as the pointwise limit

. N
T! f= lim T)
)»,af N— 00 Aa f
whenever the limit exists, where

Birkhauser



290 J Fourier Anal Appl (2019) 25:267-298

Ty f) =c fR ¥ (%) (Z ) ()" E; (ixp)lpPdp, xR, (57)

¥ € C*°(R) satisfying the conditions in (41).
A positive Borel measure 1 on R is said to be «-dimensional, 0 < @ < 1, if

w(x—r,x+r))
ca(p) :== sup < 00

xeR,r>0 re

M(A,,) denotes the set of «-dimensional probability measures supported in the
“annulus” A, = {x e R: 1/m < |x| < m]}.

Lemma 5.1 Assume that 0 < s < 1/2and 1 —2s < a < 1. If f € H}(R) and
uw e M*(Ay,), then

1 gy S mP 22 e W f s (58)

Proof Fors > 0, put

9—i=1/2 oo

['(s/2) Jo

G,(x) = eI E s A3 ys L e R (59)

Applying Fubini’s theorem shows that c;, fR G (x)|x|*dx = 1; and furthermore we
have

(FG)(p)=0+p)72,  peR. (60)

Indeed, since (Z.$)(p) = e~ for ¢ (x) = (28)*~1/2e=¥*/4d) (taking € = 1/(49),
t = x = 01in (46) and (47), Proposition 2.3(iv) implies that

e / ey (o) |x[Pdx = ¢ / (28) 412140 (., v (x) x| dix,
R R

whenever ¥ € .7 (R). We integrate both sides with respect to e ~°8 371ds and change
the order of integration, to get

o / (1 + xP) 0l Pdx = e / Gy (1) (T (0) | [Pdx
R R

for all ¢ € (R). This proves (60).
Appealing to G and by Proposition 2.4(v), proving (58) is equivalent to showing,
for g € Li(R),

I8 % Gl gy S m¥ 22 e )18l 2 (61)
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We observe that, from (19) and (20),

g *1 Gsllpau < CA/RfRIg(y)I (T G) (=) y[Pdy dpu(x)

—1
< m*c NGy @l 2 g2,

where we have used the fact (7xG)(—y) = (7, G)(—x) by Proposition 2.4(i), and so,
(61) is a consequence of the inequality

1G5 (@)l S m* e (o). (62)
To prove (62), we first note that, by Propositions 2.3(v) and 2.4(vii),

1G5 5 @I = 172Gy - Faldwl} = 1.5 (Gos %2, (@) - Fr@in)l -

Applying Lebesgue’s monotone convergence theorem, Fubini’s theorem, and Propo-
sition 2.6 successively, we obtain

1Gs . @Il = Tim e /R e~ VLT3 (Gas 2 ()] () - Fr(dp) ()| pI*dp

= lim c%/ / e IPL L. (Gas 51, (d )] (p)
e—~>0+ R JR

E; (ixp)|p|**dp |x|*dpu(x)

= lim ¢, fR [Pe (Gas %3 (dp)] (0)|x [P dpe(x).

e—>0+

In what follows, we shall show that, for © € M“(A,,) with1 > o > 1 —2s > 0,
(Gog . () (x) Sm* e (), x eR, (63)

which implies, by Proposition 2.4(iv), [Pe (G2s *; (du))] (x) < m® 125 ¢, (u) for
all x € R, so that (62) is proved.
Since, by (59),

0 .
Gy (x) 5/ eI g3 A3 s < x Tl x 20,
0
it follows from (18) that

s
(1xGas)(—y) < /O (x% +y> = 2xycos0)* 7121 + cos ) sin? "1 0db.  (64)
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If xy > 0, then

/2 0 s—A—% 1
(txG2s) (=) S, / [(X — y)2 + 4xy sin2 §j| Sin2)‘_1 9d0+(x2+y2)s_’\_7
0

/2 25—20—1 I
5/ (Ix = yl + /xy0)~ 621do + (x* + y*)' 2
0
/(1+)2S 2)\12)\ ldr‘l‘(.x +y)s)\7
where A = (7r/2)+/|1xy|/|x — y|. Since, for 0 < s < 1/2,
A 25—2h—1.20—1 A 2
1 sl < [ ——— ) log(A+2),
/O(-Irr) r "S\ At 0g(A+2)
it follows that, for xy > 0,

(65)

(x| + [y~ x|+ |yl
(1xG2s)(=y) S — yl_zs lo — +1).
lx — y] lx — ¥l

It is remarked that only for s = 1/2, the factor log appears in (65). If xy < 0, then
0
(x2 + y2) cos® 5 <x*+ y2 —2xycosf < 2()62 + y2),

so that from (64), (t,G25)(—y) < (x? 4+ y?)*~*~2, which shows that (65) hold also
for xy < 0.
Now for0 < s < 1/2,1—2s <« < 1,and for u € M%(A,,), applying (65) gives

(x| + [y~ o <|x|+|y|

(Gag *3 (dp)) (x) S 155 + 1> Iy du(y).
R X —yl lx — vl

Choosing o’ € (1 — 2s, ) and noting that r* ~"+2 log(r~! + 1) < 1for0 < r < 1,
it follows that

o' —1+42s
(Gay %, (d10) (1) < R('X'T'y L (66)

x =yl

If |x| < 2m, decomposing dyadically around x shows that

o] o .
12 o B = m2T X m27)
(Gag #3 (dp)) (x) S m* 1= ;;mz Ty BT
Sm e () (67)
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and if |x| > 2m, then (G, 5 (dp)) (x) < |x1¥ 7 Lu(=m,m) < m* 125 ¢q ().
Thus (63) is proved. O

LemmaS5.2 Leta > 1,2 >0,and 1/4 <s < 1/2. Thenfor1 —2s <a < landa
real sequence {1}, we have

sup sup T)f’f[’lN f ‘

k>1 N>1

S AR Je O f L s (68)

L'(dp)

whenever u € M*(Ay,) and f € H; (R).

Proof By linearization of the maximal function, it suffices to prove

/ (1Y F) ) grdui)

m

< M2 e GO s g 2o
(69)

uniformly in the measurable functions + = 7(x) and N = N(x), whenever u €
M (Aw), f € Hy(R),and g € L™ (dp).
From (57), Fubini’s theorem and the Cauchy-Schwarz inequality give us

‘ / TN £) () g < Ol £l (70)

where

2
/A w(—'p | )ei’(x)lplaEx(ixp)g(x)du(x) oI~ dp.

N (x)

®2=CA/
R

Again by Fubini’s theorem,

®* < aillgl g Q(x, y)dpx)du(y),
B s i
where

Qx,y) =

R‘lﬁ(]\',/(o)'c))l// (_I\y()y|)> )=t ()pl” E;(ixp)E, (—iyp)lplz)‘_zsdp .

But by Lemma 3.1, Q(x, y) < |xy|™*|x — y|*~!, and hence, in a way similar to (66)
and (67),

@2 < |XY| —* 2 a4 d
||g||LOO(dM) x—y |1 e n)du(y)

2A+a—142s

~ “g”LOO(dM)m co ().

Substituting this into (70) proves (69) O
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Theorem 5.3 Leta > 1 and & > 0. Then for 1/4 < s < 1/2, we have
a(s) =1—2s.

Proof We first assume that 1/4 < s < 1/2. To show «; (s) < 1 — 2s, it suffices to
prove that, for | —2s <« < 1l andeachm > 1,

H ({x € s TE f00) » £ as k> o) =0, (1)

whenever f € H;}(R) and ty — 04, where H* denotes the a-Hausdorff measure.
Furthermore, by Frostman’s lemma (cf. [16]), (71) is asserted once we prove

w(fes T 0 100 as k> o)) =0, (72)

for f € H)(R), n € M¥(A,) with 1 —2s < < 1,and fy — 0+.
It is first noted that, if f € Z(R), T)f" oJ (x) tends to f(x) for every x € R. For
general f € Hy(R) andagivene > 0, let fo € /(R) satisty || f — fO”H)f < €. Since

TN F = f1 =N = ol 1T fo = fol +1/0 — S

it follows that, for § > 0,

I ({x : limsuplimsuplT)ff;le - fl> 5})

k—o00 N—>o00

. 1) 1)
=u ({x : sup sup |TA,aN(f_fO)| > 5}) +u({x s fo—fl> 5})
k>1 N>1

Thus by Lemmas 5.1 and 5.2,

. . 1 €
" ({x : Tim suplim sup |7/ f — f| > 6}) S = follg < 5,

k—oo0 N—o©o

and then, (72) is concluded by letting € — 04 and § — 0+ successively.

The reverse inequality «y (s) > 1—2s is a consequence of the existence of functions
like f = g *, Gy with some g € L%(R), which are singular on sets of dimension «
when 0 < @ < 1 —2s. Indeed. as in [2], we may take E = Eq()[1/2, 3/2], where Ey
is the generalized Cantor set with dimy Ey = «, and define, fors <y < (1 —«)/2,

go(x) = x0,2x)d(x, E)™7,

where d(x, E) denotes the distance from x to E. We then have fR lg0(X)?|x|Pdx <

22 foz d(x, E)™?Ydx < oo by [17, Lemma 3.6] (cf. [30, Lemma 1] also). It remains
to show that gg *, Gy is singular on E.
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If |x| < 4, then, from (59), G (x) > fl e /@9 552=3 45 > |x]5~1=2% and so
for x, y € (0, 2), we have, by (18),

T ¢
(t:G5)(—y) 2= / (x% + y* — 2xy cos 9)%*)‘*%(1 + cos ) sin? ! 646
0

/2 e
> / (Ix =yl + /xy0)* 212149
0

>+ P -yl

Now for x € (0, 2), let xo € E be such that [x — xo| = d(x, E). We have
: 2 1 2
(80 %1 Gs) (x) z/o () =y, E)7V [yPrdy

z/ lx — yI* "y — xol Vdy
|y—xo|<|x—x0l/8

2 lx —xol77,

that means, (go *) Gs) (x) 2 1/d(x, E)Y ™% and g¢ *; G is singular on E.

If s = 1/2and f € 12(R) we choose, for 0 < o < 1,5 € [1/4,1/2)
such that 1 — 25’ < « < 1. Then, since f € H,’*(R) € HS'(R), (72) holds for
all u € M*(A,) and fy — 0+. Therefore, for 0 < o < 1 (71) is true for all
f € H!>(R) and 1z — 0+, which shows that a;,(1/2) = 0. O

6 Closing Comments

6.1. Here we give a short description on the free Schrodinger equation associated to
the Dunkl operators on RY x R for d > 2, which is left for further work.
For given Ay > 0,k =1,...,d, we put

A=A, ha)

as a multiplicity vector. For a differentiable function f on R?, the Dunkl operators are
defined by

0 A
Dif () i= 5= f () + i(f(x) — fxo), k=1,....d,

where xoy = (x1,..., —Xk ..., Xq). The associated Laplacian is A, = Zle D,%, or
explicitly, for a twice differentiable function f,

d

2Ak A
(Asf) () = Af () + Z ——f( )= > SR — fxon).

k=1 "k
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For each k, the adjoint of the Dunkl operator Dy is —Dx, as a densely defined
operator from the L2 space on R to itself, which is associated with the measure
w; (x)dx, where

d
2A
wa () = [ ] bl
k=1

In general, for 1 < p < 0o, we denote by Lf (R9) the space of measurable functions
f on R4 satisfying ”f”Lf(]Rd) = {ck fRd |f(x)|PwA(x)dx}l/p < o0, where ¢, =

[Ti_; e, with ¢;1 = 274120 (y 4 1/2).

The Schrodinger equation associated to the Dunkl operators is id;u(x,t) =
Asu(x, 1), (x,1) € R? x R, and we consider its initial value problem with an initial
data f,

idu(x,t) = Au(x,t), (x,1) e RY xR, 7
u(x,0) = f(x), x € R4, (73)

If f € . (R?), the solution u to the problem (73) would have an explicit representation
in terms of the multiple Dunkl transform. From the details, we define the Dunkl
transform of a function f € L/l\ (RY) by

(F.N)E) = /Rd fO)Ex(=ix o &)wy(x)dx, & eRY,

where x o & = (x1&1, ..., x4&q), E; is the Dunkl kernel given by

d
Ex(ixo&) =[] Exixi&o),

k=1

with E, k.(Z) is the one-dimensional Dunkl kernel given in (2). It is noted that Eo(—ix o
£) = ¢ 108,
For f € .7 (R%), the solution u to (73) is given by

u(x, 1) =c, /R d(%f)(&)e”'f'zEk(ix o &)wy (6)dE,  (x,1) e RY x R.

6.2. The general setting of the Dunkl theory is on the study of multivariable analytic
structures associated with finite reflection groups, of which the basic tools are the
Dunkl transform and the Dunkl operators invariant under a given group. During the last
decades, it has gained considerable interest in various fields of mathematics and also
in physical applications (cf. [11]); for example, the Dunkl operators for the symmetric
group Sy on R? are naturally connected with the analysis of quantum many body
systems of Calogero—-Moser—Sutherland type, which describe algebraically integrable
systems in one dimension.
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The free Schrodinger equation studied in the present paper and its higher dimen-

sional counterparts described above are associated to the abelian groups Z, on R and
Zg on R? for d > 2 respectively.

Acknowledgements Supported by the National Natural Science Foundation of China (Nos. 11371258,
11571261).
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