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Abstract

We establish the boundedness on L”(R") of oscillatory singular integral operators
whose kernels are the products of an oscillatory factor with bilinear phase and a
Calderén—-Zygmund kernel K (x, y) satisfying a Holder condition. Our results also
hold on weighted L? spaces with A, weights.
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1 Introduction

In [6], Phong and Stein studied oscillatory singular integrals with bilinear phases as a
hybrid between the Fourier transforms and singular integral operators.
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Let n € N, B = (bj) be an n x n matrix with real entries. For x =
(-xlv ~'-7xn)7y = ()’1, ~-‘7yn) € Rn’ ]et

n n

B(x,y) =xBy' = Zzbjkxjyk-

j=1k=1

For a singular kernel K (x, y), the oscillatory singular integral operator Tp, acting
initially on test functions, is given by

T f(x) = p.v. fR POV K (x, ) f(y)dy. M

Let’s begin by recalling the following:

Theorem 1.1 Let A > 0 and A = {(x, x) : x € R"}. Suppose that
(i) Forall (x,y) € (R" x RM\A,

IK(x, y)| < ; 2)
lx — y|"
@) K(x,y) € Cl((R” x RM\A), and for (x, y) € (R" x R*)\A
A
VK (x, y)| + |VyK(x, )| < W; 3)
(iii)
176l 2 ®ny— L2 ®ey < A, 4)
where

T, f(x) =pv. /Rn K(x,y) f(y)dy. Q)

Then, for 1 < p < 00, there exists a positive C, which may depend on p, n and
A, but is independent of the matrix B, such that

T8 fliLr@ny < Cpll fllLe@m (6)
forall f € LP(R").

The above result first appeared in [6, p. 130] for smooth convolutional kernels K,
while the fact it also holds for C! nonconvolutional kernels was pointed out in [7, p.
192].

Since the publication of [6], many papers have been written regarding oscillatory
integrals with singular kernels, successfully extending the results of Phong and Stein to
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more general phase functions (see, for example, [1,3,5,7,8]). The focus of the current
paper is to consider the L? boundedness of Tp without assuming that K (x, y) is
C! away from the diagonal [or that K (x, y) has a special form such as K (x, y) =
|x — y|7"Q((x — y)/|Ix — yD]. The C' condition on K (x, y) has been generally
viewed as a key assumption due to the historically important role played by van der
Corput type arguments. In our main result presented below, the C' assumption will
be replaced by a well-known weaker condition of Holder type on K (x, y).

Theorem 1.2 Let A, § > 0. Suppose that
(i) Forall (x,y) € (R" x R")\A,

A
IK(x, )| < - (7
lx — vl
(ii)
Ky - K] < — el ®)
X, y) — KX,y =
(Jx — y| + |x/ — y|)n+o
whenever |x — x'| < (1/2) max{|x — y|, |x’ — y|}, and
Aly —y')
|K(x,y)—K(x,y/)| < (9)
(x = yI+ t — ¥/
whenever |y — y'| < (1/2) max{|x — yl, |x — y'|};
(iif)
”TOHLZ(R”)A)LZ(Rn) < A. (10)

Then, for 1 < p < 00, there exists a positive C,, which may depend on p, n, §
and A, but is independent of the matrix B, such that

T8 fliLr@®ry < Cpll fllLe@m (1D

forall f € LP(R").

An extension of the above result to the weighted L” spaces with A, weights will
be given in Sect. 3.

2 Proof of Theorem 1.2
For B = (bjk)nxm let
b=max{lbj|:1=<j, k<n}. (12)
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If b = 0, then Tg = T,. It is well-known that, under the conditions (7)—(10), T, is
bounded on L?(R") for 1 < p < oo. Thus, from this point on, we may assume that
b > 0.

Form e Nyu e R"andr > 0, let D,,,(u,r) = {v € R" : |v —u| < r}. Let ¢ be
a real-valued C*° function on (0, 00) such that 0 < ¢ < 1,

1
supp(¢) C (5,4>, (13)
and
Y s =1 (14)
veZ
forall r > 0.
For v > 0, define the operator S, by
Suf (x) = / S PEDK (3@ Vblx = y) f()dy, (15)
and let
K,(x,y) <2v )HK(ZVX 2Uy> (16)
(X, = e —_—, —= .
YVE\G) T\

It is easy to see that (7)—(10) remain valid with the same constants A and é if K (x, y)
is substituted by K, (x, y). Clearly one may also assume that § < 1.
For f € L>(R"),

10 sy = [ S0F @57z

_ / ,1 fR Ly ) o Fodxdy, (17)
where
Fox) = (z)n/zf(?—x) (18)
v = «/Z «/E s

Ly(x.y) = / FOTIBE K R (2 — xDé 1z — v)dz. (19)

Without loss of generality, we may assume that b = =byg, holds for some
ko € (1,2,...,n). Forx € R", let ¥ = (x3, ..., %), P(x) = Zz_lblkxk, and
Gu(x,y,2) = Ky(z, x)Ky (2, y)P(lz — x[)p(lz — y]). Then,
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[Ly(x, )| < xD,0,8(x —y)

i(h—172v | »
X./D FANDy_1(G.4) /Rel(b FORIETIGy (x y, dz 2. (20)
n—1(X,49)NDp—1 (Y,

Lets € R. Forz = (z1,2) € R", letz’ = (z1 + s, Z). We will need the following
inequality:

Gu(x,y,2) = Gy(x, y,2)| < Cls|’, 1)
where C is independent of s, v, x, y and z. We will first verify that
1Kz, 1) (|2 — x|) — Ky, x)p(J2 — x])| < Cls° (22)
uniformly in s, v, x and z.
When |s| > 1/4, (22) follows trivially from (7) and (13). Thus, we may now assume
that |s| < 1/4.
The first case to be examined is when ¢ (]z — x|) and ¢ (|]z’ — x|) are both nonzero.
Then, we have |z — x| > 1/2, |2/ — x| > 1/2, |z —Z/| = |s| < (1/2)|z — x|, and
K, (', x)| < C.

Therefore, it follows from (8) that

|Ky(z, ) (|2 — x|) — Ku(Z, x)p (12 — x])|
< |Ky(z,%) = Ky(@, )1z — xD| + 1Ko (2, )l (|z — x]) — (12 — x])]
<Clz=ZP + 119 llclz — Z) < ClsI’.

Next, if ¢(|z — x|) # 0 and ¢(|z' — x|) =0, then |z — x| > 1/2 and

1Ky (z, )¢ (|12 — x]) — Ku(Z', ) (17 — x| = |Ku(z, DIl (|2 — x]) — (12 — x])]
< Cll¢'llclz — 2| < Clsl’.

Finally, the case of ¢(|z — x|) = 0 and ¢ (]2’ — x|) # O can be treated in the same

manner as above, which completes the proof of (22).
From (22), one gets

1Ky(z, oz — y)) — Ko(@, 1) (I2 — yD)| < Cls | (23)

uniformly in s, v, y and z.
By (7), (13), (22) and (23), we have

IGy(x,y,2) — Gy(x, y,2)]
<|Ky(z, )¢z — x|) — Ky (Z', x)p(Iz' — xDIIK (2, y)P (|2 — y]]
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+ 1Koz, )bz — yD) — Ko (@ ¢ (12 — yDIKu (', )b (12 — x))]
< ClsPP(1Kv(z, ¢ Iz — yDI + 1Ku (2, )¢ (12 — x]]) < ClsP?,

which proves (21).
By letting s = Tb[2?VP(x — y)]~! and using (22), we have

/ JdOTPNNPCN G (x, y, 2)dzy
R

= (1/2)‘/e“b‘lzz”)“”("‘”(Gu(x,y,z) — Gy(x,y.2))dz
R

< Cls’|Di(x1,4) U Dy (x — 5, 4)|

n -4
< C27MB | Y b o — i) (24)
k=1
It follows from (19), (20), (24) and the proposition on p. 182 of [7] that
sup f [Ly(x, y)ldy = sup / |Ly(x, y)ldx
xeR" JR? yeR® JR"
n -5
< c2—2“5b5/ Y buxi| dx
D, (0.8) | 1
2v8 b ’ 2v8
<Cc2™ <—> < C27°". (25)
ZZ:] |blk|

Thus, by (17), (18) and (25),
1Sy F 2@y < (€272 full o gn) /> = €271 £l 2y -
By (7) and (13), we have
1Sy fllLt ey < CIHFIlLt @y -

By first interpolating between L' and L? and then using a duality argument, we obtain
that, for ] < p <ocoandv € N,

ISy fllzrany < C277|| fll Lo ), (26)
where 6, is the positive number given by
2p=b it 1<p<2,

= if 2<p<oo.
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Let
0
yo =Yy ¢Q7n,
and
WIOE fR e PEIK (e Wl = YD) f (). 27)
Since

supp(y) < [0, 4],

the localization technique described on pp. 118-119 of [6] can be used to get

IS fllLe@ny < Cpll fllLon) (28)

for 1 < p < oco. Since the argument, after proper scaling, uses the size condition (2)
but not the smoothness condition (3), we will omit the details of the proof of (28).
It follows from (14), (26) and (28) that

o
175 fllony < IS FllLen + Y IS0 fllLran

v=1

o0
< C,,(l n 22—v5p>||f”LP(R”) =Cpll fllLr .

v=1

Theorem 1.2 is proved.

3 Weighted LP Spaces

Theorem 1.2 can be extended to the weighted L? spaces with the Muckenhoupt A,
weights. First, let us recall the definition of A, weights for 1 < p < co. Let w(-) be
a nonnegative, locally integrable function on R”".

Definition3.1 For I < p < oo, w is said to be in the Muckenhoupt weight class
Ap(R") if there exists a constant C > 0 such that

1 1 p=l
_ d . —1/([7—1)d ) C 29
<|Q|wi(y) y><|Q|/Qw(y) y < (29)

holds for all cubes Q in R”. The smallest such constant C in (29) is the corresponding
A constant of w.
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We recall that A, (R") C Ap,(R") when p; < py and

Lemma3.1 [2] Let p € (1,00) and w € A,(R"). Then there exists a 6 € (0, 1) such
that w't? e Ap(R™). Both 0 and the A, constant of w'*? depend on n, p and the
A constant of w only.

Let L (R") = {f : / [f ) Pwx)dx < oo} and
R}l

l/p
1l any = (fR If(x)l”w(x)dx> .

Then, we have the following:
Theorem 3.1 Let the operator Tg be given as in Theorem 1.2, p € (1,00) and w €

Ap(R"). Then there exists a positive Cp_y, which may depend on p, n, 8, A and the
A, constant of w, but is independent of the matrix B, such that

”TBf”Lg(]Rn) =< Cp,w”f”L{;(Rn) (30)

forall f e LL(RM).

We will end the paper with a brief description of the proof of Theorem 3.1.

First, a weighted version of (28) follows from the L%, boundedness of 7, (see [4, p.
712]) and an application of the localization technique mentioned earlier. Essentially
all one needs now is to find a weighted analogue of (26), which can be done as follows.

By Lemma 3.1, there exists a # > 0 such that w!*? ¢ Ap(R™). By (7), (13) and
(15), we have

ISy f()] = CMuL f(x), €1y

where My denotes the Hardy—Littlewood maximal operator. Thus,
”Svf”LZIM(R") = CP’U)”f”LZHG(R")' (32)

By using (26), (32) and an interpolation with change of measures (see [9]), one obtains
that

IS0 £l e @y < Cpan2™ DU £l oy

for all v € N. The rest of the details are omitted.
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