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Abstract
In this paper, we prove that the maximal inequality

| sup 122 f e 12 o) = Cllf lmpi. Y f € Hp(R)
lt]<1 oc

holds for any s > 5 with @ = {(x,y) € R* | x > O} and Ap = 87 + (I + x)d2.
As a direct application, we obtain the pointwise convergence for the free Schrodinger
equation id;u + Apu = 0 with initial data u(0) = f inside strictly convex domain.
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1 Introduction

Let  be the upper right plane {(x, y) € R? | x > 0}. Define the Laplacian on £ to
be Ap = 8)% + (1 + x)ag, together with Dirichlet boundary conditions on 92 : one
may easily see that €2, with the metric inherited from A p, is a strictly convex domain,
we refer the reader to [17,18] about the dispersive estimate and Strichartz estimates
for wave equation in such convex domain. In this paper, we study the following local
maximal inequality

[ ‘Slup1 IS(0) f (x, y)|||le @ = Cllf @ YV f € Hp(S), (1.1)
tl< oc
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where u(t, x, y) := S(t) f (x, y) solves

idiu+Apu=0, (t,x,y) eRxQ
u(t,x,y) =0, (x,y)€d, (1.2)
u(0,x,y) = f(x,y),

and we define H7},(2) as the completion of C2°(£2) equipped with norm

s 2
1 Wy @ = 1F 120 + 1 (=2D)2 f 20y (1.3)

Using the standard process of approximation (see Corollary 1.2 below), we obtain the
point-wise convergence by (1.1)

tli_I)I(l) SO f(x,y) = f(x,y), ae. (x,y) € Q, V feHy), (1.4)

We easily check that (1.1) is valid for s > 1 by Sobolev embedding [1]: Hls) (Q) —
L°(2). In this paper, we want to look for the minimal s to ensure (1.1). The impetus to
consider this problem stems from a series of recent works of the dispersive operators,
including the Schrodinger operator and the wave operator in the flat space R?, since
Carleson [8] on the Schrodinger operator. We also refer to [4-6,8—11,19,23-25,27-34].

To be more precise, let us recall the results for maximal operators associated to the
Schrodinger equation in the flat space R?

| sup 1e7 2 M 2 0.1y = CIFONrscey (1.5)
t<

where B(0, 1) ¢ R is the unit ball centered at zero. Carleson first raised such problem
1

in [8], where he answered the d = 1 case with s > i This result was shown to be
optimal by Dahlberg and Kenig [11]. In dimension d > 2, Sj6lin [29] and Vega [33]
established (1.5) withs > % independently. In particular, the result can be strengthened
tos = % by Sjolin [29] when d = 2. Meanwhile, Vega [33] gave a counterexample to

show that (1.5) fails if s < 1.

The maximal inequality (1.5) for dimension two is closely related to the develop-

ment of the Fourier restriction theory. The first breakthrough for s < % was achieved

by Bourgain [4,5], where he proved that there exists s < % such that (1.5) holds true.
Thereafter, Moyua—Vargas—Vega [25] further developed Tomas-Stein X, 4-space to
obtain that (1.5) holds if s > so for some s € (%, g—(l)). By making use of the bilinear
Restriction estimate for paraboloid, Tao—Vargas [32] and Tao [31] improved the result

tos > é—g and s > % respectively. Recently, observing the localization properties of

Schrodinger waves, Lee [19] obtained the result for s > %. Shao [30] gave an alterna-

tive proof by using the method of stationary phase and wave packet decomposition.
In [7], Bourgain gave a counterexample to show that s > % is necessary for (1.5) with
d = 2. By using polynomial partitioning and decoupling method [16], Du—Guth-Li
[13] got the result for s > %, which is sharp up to the endpoint s =

3
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Previous to [6], the results about d > 3 remained s > 7, and s > }‘ was still

believed to be the correct condition for (1.5) in every dimension. The study on this
problem stagnated for several years until the recent work [6], where the %—barrier
was broken for all dimensions. More precisely, Bourgain [6] proved that (1.5) holds

. 1 1 .. . .
if s > 5 — 7. More surprisingly, Bourgain also discovered some counterexamples to

disprove the widely believed assertion on the %—threshold. Specifically, he showed
that s > % — é is necessary for (1.5) if d > 5. These examples originated essentially
from an observation on arithmetical progressions. Recently, R. Luca and M. Rogers
[20] showed that s 2 5 dj-z is necessary for (1. 5) if d > 3. More recently, Bourgain
[7] gave a counterexample to see that s < % T +2 is necessary for d > 3. Up to
the endpoint, Du—Zhang [14] proved the sharp result for (1.5) in higher dimensions
d > 3. We remark that their result [14] also gives improved results on the size of
divergence set of Schrodinger solutions, the Falconer distance set problem and the

spherical average Fourier decay rates of fractal measures.

Pointwise convergence

Counterexample
= s> 1 Carleson [8] Dahlberg—Kenig [11]s < 1
=2 s = %-ﬁ- Bouragin [7], Lee [19], Shao [30]
s > % Du-Guth-Li [13] Bourgain [7]s < %
d>3  s>1% Sjolin [29], Vega [33]
s>%—ﬁ Bourgain [6] s<% $,d25
Luca-Rogers [20,21], Demeter—Guo [12] s < % ﬁ d>3
Bourgain [7] s < % — 2(d1+])
s > % — 2(d1+1) Du—Zhang [14]
d>1 s > z]T Gigante—Soria [15] Radial initial data

Now, we list our main results.

Theorem 1.1 Let s > % There holds

I sup|5(t)f|;|L2(B«w) vy < Clifly@. ¥ feHpQ  (1.6)

for any (xg, yo) € 2, where B((xo, yo), 1) is the unit ball centered at (xo, yo), with
the metric inherited from Ap.

As a consequence of Theorem 1.1, we obtain the point-wise convergence result.

Corollary 1.2 Let s > % Then, we have
tli_I}(l)S(t)f(x, V) =fx,y), ae (x,y) € Q, (1.7
for any function f € HJ ().
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Theorem 1.3 The convergence property (1.4) requires s > 4—11.

Remark 1.4 As I know, this is the first result to consider the point-wise convergence
result in convex domain. In the future, we will try to utilize the polynomial partitioning
and decoupling method to improve the result in Theorem 1.1, and describe the size of
divergence set of Schrodinger solutions in convex domain.

We conclude this section by giving some notations which will be used throughout
this paper. To simplify the expression of our inequalities, we introduce some symbols
<, ~. If X, Y are nonnegative quantities, we use X < Y or X = O(Y) to denote the
estimate X < CY for some absolute constant C, and X ~ Y to denote the estimate
X<y <X.

2 Preliminaries

2.1 Airy Function

First, we recall a few well-known facts about Airy functions. For z € C, Ai(z) is
defined by

<M@:%/éw%mM=%/wq§ﬂﬂM. @.1)
R R

This integral is not absolutely convergent, but is well-defined as the Fourier transform
of a temperate distribution. And it is easy to see that Ai(z) satisfies the Airy equation

Ai"(2) — zAi(z) = 0. (2.2)
For positive z > 0, as z — 00, we have Ai(z) = O(z~°°), while for negative values
Ai(—2) = e T AI(e ™ 52) + e TAi(€'T2) = AL (2) + A_(2).

Notice that A_(z) = A4+ (Z). We also have asymptotic expansion (e.g. [26])

1 T _2i23 r(d) _lim 33
A_(z) = ———e'7e 37 B =77 173 W_(2), (2.3)

3
with e TE?) ~ (1 + ) csz%) ~2/TW_(z) as z — 400, and the corresponding
k>1

expansion for A, where we define W, (z) := W_(2).
Next, we recall some basic properties of Ai(z).

Proposition 2.1 [22] All the zeros of Ai(z) are real and negative, say
Ai(—wr) =0, —1>—-—w; > —wy > -+ —> —0Q. 2.4)
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Moreover,
wk=<%(k—%)n)7:k%, Vk=1 2.5

Lemma 2.2 [17] There exists Cq such that for L > 1, the following holds true:
sup ( 3 kT IAIG - u)k)|2> < CoL53. (2.6)
beR l<k<L

2.2 Eigenfunctions and Sobolev Spaces

In this subsection, we recall some basic properties of Sobolev spaces in the Friedlander
model case as in [17,18]. Let Q := {(x, y) € R2 | x > 0, y € R} denote the half-
space Rﬁ := R* x R with the Laplacian given by Ap = 82+ (1 +x) 33 with Dirichlet
boundary condition on 0£2. Taking the Fourier transformation in the y—variable gives

—Ap.y=—02+ (14 x)n°.

Forn #0, — Ap, is a self-adjoint, positive operator on L?([0, 00)) with compact

resolvent. In fact, the potential V(x,n) = (1 + x)n? is bounded from below, it is

continuous and lim V (x, n) = oco. Thus, we can consider the form associated with
X—>0Q

—32 + V(x,n),

) =/O (18xv]* + V(x, p)|v]?)dx,

D(Q) =Hy(Ry) N {v e L*Ry), (1 +x)'?v € L*Ry)},
which is clearly symmetric, closed and bounded from below by a positive constant
c. If ¢ > 1 is chosen such that —Ap , + c is invertible, then (—=Ap ; + c)_1 sends

L2([0, 00)) in D(Q) and we deduce that (=Ap,y + ¢) !isalso a self-adjoint and
compact operator. The last assertion follows from the compact inclusion

D(Q) = {v| dv, (1+x)"%v € L*([0, 0)), v(0) = 0} = L2([0, 00)).

Thus, we derive from classical spectral theory that there exists a base of eigenfunctions
vr of —Ap ; associated to a sequence of eigenvalues A () — oo. From —Ap ;v =
Av, we get

831) =% = 1+ xnP)v,
v(0, 1) =0.
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and after a suitable change of variables, we find that an orthonormal basis of
L%([0, +00)) is given by eigenfunctions

nl/3
ex(x,m) = fi k1/6Al(n X — wg) 2.7

where f} are constants so that
llex (- ’7)||L2((0,oo)) =1,
and ¢y, satisfies

4
— Apger(x, m) = re(mex(x,m),  Ae(n) = n* + w3, (2.8)

with {wy}x being the zeros of Airy’s function in decreasing order, see (2.5).

Remark 2.3 (1) As Remark 3.1 in [17], if we denote §,—, to be the Dirac distribution
on Rt, a > 0, then it reads as follows

Sema = Y ex(x,mex(a, n). (2.9)

k>1

(2) fir asin (2.7) has uniform upper bound and lower bound with respect to k. Indeed,
we get by ||€k(.x, Tl)”ig(,ﬁ_) = 1

2/3 o 5
fk kl/g / |A1(1’]§x - Wk)| dx = 1.

By scaling, we have

N
1617/0 |Ai(x — wy)|?dx = 1.

Hence,

2 1 * 2 -

£ =k§(/ IAiCx — wy)] dx)
0

We are reduced to show that there exist constants C; and C» such that

1 o . 2 1

Cik3 5/ [Ai(x — wy)|” dx < Cak3. (2.10)
0

Birkhauser
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Using the asymptotic behavior of Airy function: Ai(—z) = O (z’%) asz — 400,
and wy ~ k%, we obtain for k sufficiently large

1 1

wkfwkj wkwa 1
/ |Ai(x — wy)|* dx :/ (wg — x) " 2dx
0 0

~D S — 2~ Jwg ~ k3,

1

By |Ai(z)] < C(1 + |z])~#, we estimate

1

wk+wk3 1 5
f LA —wp)? dx Sw) Sk,
Wi —wy

On the other hand, by the asymptotic behavior of Airy function: Ai(z) = O(z=%°)
as z — +o00, we get

o0 oo
/ 1 AI(x — wp)|? dx 5/% x%dx < 1.

Wit wy wg

And so (2.10) follows.
(3) We have by (2.6)

W=

sup ( > e, n)lz) < Con3L3. @2.11)

xeR+t 1<k<L
For each function f(x,y) € L2*(Q), taking the Fourier transformation in the

y-variable, and using the fact that {ex(x, n)}i>1 forms an orthonormal basis of
L%([0, +00)), we have the expansion formula

Fem) =" fumerx.m, ﬁ(n)zfo fx mex(x, ) dx.

k=1

By orthogonality, it gives

1
2

1 mlzen = (X 1AmE)
k=1

Therefore, we have by Plancherel theorem

L G L2y = IF Gl 2ty = ( kZ ||fk<n)||iz(R))7. (2.12)
=1
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Similarly,

17 G g = (D2 1002 o ) (2.13)

k=1

3 Proof of Main Theorem
3.1 Proof of Theorem 1.1

First, we recall the dyadic partition of unity, see Proposition 2.10 in Bahouri-Chemin-
Danchin [3].

Proposition 3.1 (Dyadic partition of unity, [3]) Let C be the annulus {é eR: % <

gl < —} There exist even functions ¢ and ¥, valued in the interval [0, 1], and
suppg C B(0,4/3), suppy C C, and such that

PE) +Y Yy =1, VEieR 3.1

j=0

Applying the dyadic partition of unity (3.1), we estimate

sup [S(1) f1

[t|<1

L2(B((x0,50),1) )

sup |S(1)e(yv/ —Ap) fl

|t|<

<

L2(B((x0,y0),1) )

+ sup |S()W 2 J—=A ‘ . 3.2
Z |t|<p1I E)( D)/l L2(B((x0,y0), DN R) (3:2)
Then, we are reduced to show
ISOe(v=Ap) fllrz , =ClifllL2 @) (3.3)
sup |S(HY (27 /—=A <2 |yl J=A
mfl' Y27 /=Ap) [l @ Gomm DD v V=2 f | 20
(3.4

Indeed, plugging (3.3) and (3.4) into (3.2), and using the Cauchy—Schwartz inequality,
we obtain for any s > %

Birkhauser
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S
|?|u<p1 I5@)] L2(B((x0,50), 1) N )
> 1
Sl + (X2 ve V=20 [2q)’

j=0

S 1l + (sz Z [ 7 V) fen | ogmy)”

1

Sl + (Z |22 fe(m) ”i%R))i

k=1
S I g )-

First, we consider the contribution from the lower frequency term, i.e. (3.3). Taking
the Fourier transformation in the y-variable, we have

o(/=Ap ) fx.m =" o(Va@) fimer(x, n).
k=1

By the support property of ¢, we know that || < 1. Then, we obtain by Bernstein’s
inequality in y-variable and (2.11) with L ~ |r;|_2

1SOe(/=AD) i@ SISOEG/~A0) f iz
< “e”AD"’(P(\/TDJ?) f(x’ ) ” L2(R)

<H Ze—m\k(n) (VA () fe(mex (x, n)‘

00 1 Inl™?

SH(ZIfk(n)Iz)Z(Z x|

s(; LA ag)’

Sl

LI([R)

L3(®)

3

And so (3.3) follows.
Next, we turn to prove (3.4). Notice that

SOy QR =Ap) f(x,y)
- /;{eiy"ei’Af)~nw(2*f, /—AD,n)f(x, n) dn

= [ eSS e @ ol fetmente ) d
k=1
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=2 [ T eosr) Y- O Vil fepren v ) dp

k=1

= / e [2 Y cos (yo(z, k)Y 27 VD) fi(p(, k)

0 k=1

dp(t, k
%ek(x, oz, k))] dt

T,k
]:n—>z|:2X[0 oo)(ﬂZcos ¥t )P QYD) fi(p(z, 1) LK)

k=1

ex(x, p(z, k))](r),

where we use a change of variables: T = Ax(p) = p> + wep3 ~ 227, We utilize
Bernstein’s inequality and Plancherel theorem in time ¢ to get

sup [S(w Q@ =Ap) f(x, y)|

t1<1

< 2SOV QTIV=AD) f D32

) d k 2
5221“/ ‘Zcos Yo @IV (e, k) LBy (v, oo, )| de

By orthogonality, it gives

sup SO @ V—Ap)f(x, y>\

1)< LI(Rt)

< 2% /Ooo /Ooo \;cos (v, ©) ¥ Q7T fi(p(r. k)
xwek(x, p(t, k))(2 dx dr

<2212/ W@ IVDP fi(o(r. b)) \3”(’ OF ar

. i 7 3 ’k
522-'2/w(z—vm)ﬁ!fk(p)ﬂ pgr )’d"

k=1"FP

. > i r 1
52”2/ v @V ro) P (o) ——— dp

k=1"°P

2p + Fwip3
SYY IV A |
k=1
j —j 2
SY @ V=20 f |20
where we use the changing variable 7 = A (p) = p> + ka% and

1 o .
S50,
2p + Fwgp3 k()

) Birkhduser
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Thus, using Holder’s inequality, we obtain

sup |S(0¥ 2 V=Ap)f1|

L2(B((x0.y0), D Q)

[t]<1
< sup | sup ISy @ V=Ap)f|
yeR 1 r1<1 LI([RT)

This implies (3.4).
Therefore, we complete the proof of Theorem 1.1.

3.2 Proof of Corollary 1.2
Fixed f(x,y) € H} (), we define

Q. f(x,y) = T () f(x.y) = lim S() f(x.y) and Q" f(x.y) := sup [S()f].

t—0 |t]<1

Then, |Q. f (x, y)| < 2Q* f(x, y). By the density, we get foreach f(x, y) € H}, (),
&
Ve>0,3geCX(Q), st.|f— gllus @) < 3 (3.5)
Observing that

IS()g = gllre@ S N1SWg—¢ll 3 —0, as -0,
Hp ()

we obtain Q2,g(x) =0, V g € C2°(2). Hence,

Quf =Qu(f — 8. |Quf| =2 -] =2Q"(f - ).

This together with (1.6) and (3.5) yields that
|21z @ = 219°(F =@ 12 @ SIf — gllp@ <& (3.6)

We obtain Q. f = 0, a.e. (x,y) € €, since ¢ is arbitrary. And so the limits liH(l) St f
t—

exists almost everywhere. On the other hand, by the orthonormal basis of L2([0, 00)),
we have

fem) =" fumerx.n, fk(n)=/o f e, n) dx,

k=1

and
~ s oA 2
1AWy e =17 @D 2y + [ (2D F @ | 2ty
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o0 o0
=D 1A + Y 2 D | 2g)-
k=1 k=1

with e (x, ), Ax(n) and Ap ; defined in Sect. 2. Thus, for any ¢ > 0, there exists
N > 0 and R > 0 such that

&€
Z eI ey + Z I e T2y < 5
k=N
Then, for |z| < €, we estimate
17125 6, (RPN R3)

HS(Z‘)f - f”iz(g) =”eitAD'nf(xv n — f(x, n) Hiz(R‘*xR)

tnqg

[ 1) e |2

~
Il
-

o
”( ithg(n) _ 1)fk(;7) ”iZ(R) + Z ||fAk(77)||iZ(R)
k=N

~
Il
-

N
~ 2 3 2
[ = 1) fe2zry + 22 1A 212
k=1

e¢]

+ D 1A <
k=N

k=1

where we use the fact that

=

o
Z /W —1) fk(”)||L2(\n\<R) = >p M — 113 N A2, < €
k<N

k=1 = k=1
InlsR

in the last inequality. This implies
tim [S()f = /]2 = 0.

Therefore, (1.7) follows by the fact that the limit lirr(l) S(t) f exists almost everywhere.
11—

3.3 Proof of Theorem 1.3

Let ¢ € C2([2%, 2% +251), k=1,2,..., and

0<¢i <1, <C25,

Birkhauser
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Taking
gk(x, y) = F~ (¢r(mega (x, m),
then, we have

eitAng(x’ ) :/ ei(yﬂ—tkzk+2(ﬂ))¢k(n)62k+2 (x,n) dn.
R

Writing @ () := yn — tAps2(n) — %z(n,x)% with z(n, x) = wyr+2 — r}%x, then
') =y—1t(2n+ %w2k+21’]%) + %z(n,x)%n’%x. For  <x,y < 1, taking

2 1o—3
y+35z2(no, x)2ny " x K
tx,y) = —3 O = po=2F42271,

2no + % Wok+2 ng

we get ®'(np) = 0 and

_ k
| @) — ®(no)| < sup |®'@)|-In—nol <3, Vnel2,2°+271. (3.7
n

By (2.7), (2.3) and Remark 2.3, we get for all n € [2K, 2% + 2%] and [x| <1

1

2 2 n3 .
7 i=Woki2 — N3X X 23k exr2(x,m) = f2k+22ij1(—Z),
6

Ai(—=2) =A_(2) + A1(2), A4 (z) = A_(2),

v 2.2
A =t Fe i (o), 2vmui @) ~ [ 14 Y
k>1

Thus,

" AD g (x, y)

1

. 3
= / ! 1tk gy () o L[ Ay + A-] (0. ) d
R 276
1

. . 3
= el P00 / NOD=ENgy () frrsa _27‘” Y (21, x)) iy
R 3

1

3 1
T i (yn— 2 b n3

+e i f gt()n thpk42 (M) +52(n,x) )f2k+2¢k(ﬂ)FW+(Z(n,x)) dn
R 3

=1L+ 1.

) Birkhduser
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From (3.7), we know that

1

i =| / =2y (7) fria 20, 07020, 0) | 2 28
276

N?v-

Since [d,[yn — tAx+2(n) + %z(n,x)%]l > ¢9 > 0, and |8$[yn — thy+2(n) +
220, )1 < €27%, and
1

[ faaun s en o] < €27

we estimate by integrating by parts

l

ol = | [0 0000 o ) v ) an| 278,

Hence,

n(y)Ang(x y)} > || — | ] >2% Vs<x,y<l (3.8)

1
2
On the other hand,

gk e, Mllag @) S PkG+1) (3.9

Now, we argue by contradiction. We assume that the convergence property (1.4)
holds for any function f € H ISD(Q) with s < %. Then, by the same argument as in [2,
Lemma C.1], we have

4 IF 1 a3 )\ 2
‘{(x,y) €eQ: 3<y=<1 |x|<1l, sup [P f(x,y)|> k}‘ < C(—D( )) .
O<t<l A

This together with (3.8) and (3.9) implies for A = 2§

itAp

sfoemeidsyst k=l sup | Pg(x, )] > 23]

O<r<l1

| =

5 2
§C< ||gk||fk1D(s2))
22
<C22k(s—%)’

which is a contradiction as k — +o00, as long as s < th' Therefore, we conclude
Theorem 1.3.

) Birkhduser
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