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Abstract We study sparse spikes super-resolution over the space of Radon measures
on R or T when the input measure is a finite sum of positive Dirac masses using the
BLASSO convex program. We focus on the recovery properties of the support and the
amplitudes of the initial measure in the presence of noise as a function of the minimum
separation ¢ of the input measure (the minimum distance between two spikes). We show
that when w /A, w/t*N =" and A />N~ are small enough (where A is the regularization
parameter, w the noise and N the number of spikes), which corresponds roughly to a
sufficient signal-to-noise ratio and a noise level small enough with respect to the min-
imum separation, there exists a unique solution to the BLASSO program with exactly
the same number of spikes as the original measure. We show that the amplitudes and
positions of the spikes of the solution both converge toward those of the input measure
when the noise and the regularization parameter drops to zero faster than 12V~
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1 Introduction
1.1 Super-Resolution and Sparse Spikes Deconvolution

Super-resolution consists in retrieving fine scale details of a possibly noisy signal
from coarse scale information. The importance of recovering the high frequencies of a
signal comes from the fact that there is often a physical blur in the acquisition process,
such as diffraction in optical systems, wave reflection in seismic imaging or spikes
recording from neuronal activity.

In resolution theory, the two-point resolution criterion defines the ability of a system
to resolve two points of equal intensities. As a point source produces a diffraction pat-
tern which is centered about the geometrical image point of the point source, it is often
admitted that two points are resolved by a system if the central maximum of the inten-
sity diffraction of one point source coincides with the first zero of the intensity diffrac-
tion pattern of the other point. This defines a distance that only depends on the system
and which is called the Rayleigh Length. In the case of the ideal low-pass filter (mean-
ing that the input signal is convolved with the Dirichlet kernel, see (9) for the exact defi-
nition) with cutoff frequency f,, the Rayleigh Lengthis 1/f,.. We refer to [11] for more
details about resolution theory. Super-resolution in signal processing thus consists in
developing techniques that enable to retrieve information below the Rayleigh Length.

Let us introduce in a more formal way the problem which will be the core of this
article. Let X be the real line R or the 1-D torus T = R/Z and M (X) the Banach
space of bounded Radon measures on X, which can be seen as the topological dual of
the space ¥x where ¥ is either the space of continuous functions on R that vanish
at infinity when X = R or the space of continuous functions on T when X = T. We
consider a given integral operator ¢ : M(X) — H, where H is a separable Hilbert
space, whose kernel ¢ is supposed to be a smooth function (see Definition 1 for the
technical assumptions made on ¢), i.e.

Vm e M(X), ®m =/ @(x)dm(x). €))
X

® represents the acquisition operator and can for instance account for a blur in the
measurements. In the special case of ¢ (x) = ¢ (- —x), ® is a convolution operator. We
denote by mgg 120 = D i ao, 8z, our input sparse spikes train where the ag,; € Ri
are the amplitudes of the Dirac masses at positions 7zg; € X. Let y; = Pmyy 14,
be the noiseless observation. The parameter # > 0 controls the minimum separation
distance between the spikes, and this paper aims at studying the recovery of mg, ;4
from y; + w (where w € H is some noise) when ¢ is small.

1.2 From the LASSO to the BLASSO

1.2.1 LASSO

¢! regularization techniques were first introduced in geophysics (see [6,18,21]) for
seismic prospecting. Indeed, the density changes in the underground can be modeled
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as a sparse spikes train. £! reconstruction property provides solutions with few nonzero
coefficients and can be solved efficiently with convex optimization methods. Donoho
theoretically studied and justified these techniques in [12]. In statistics, the £! norm is
used in the Lasso method [23] which consists in minimizing a quadratic error subject
to a ¢! penalization. As the authors remarked it, it retains both the features of subset
selection (by setting to zero some coefficients, thanks to the property of the £! norm
to favor sparse solutions) and ridge regression (by shrinking the other coefficients).
In signal processing, the basis pursuit method [13] uses the £' norm to decompose
signals into overcomplete dictionaries.

1.2.2 BLASSO

Following recent works (see for instance [1,3,5,8,14]), the sparse deconvolution
method that we consider in this article operates over a continuous domain, i.e. without
resorting to some sort of discretization on a grid. The inverse problem is solved over
the space of Radon measures which is a non-reflexive Banach space. This continu-
ous “grid free” setting makes the mathematical analysis easier and allows us to make
precise statement about the location of the recovered spikes locations.

The technique that we study in this paper consists in solving a convex optimization
problem that uses the total variation norm which is the equivalent of the £' norm for
measures. The £! norm is known to be particularly well fitted for the recovery of sparse
signals. Thus the use of the total variation norm favors the emergence of spikes in the
solution.

The total variation norm is defined by

def.
Vi e M(X), Iml(0) S sup {/ Yrdm : ||w||Loo<X)<1].
VeCx X

In particular,

IMag.1zo1(X) = llaolly ,

which shows in a way that the total variation norm generalizes the ¢! norm to the
continuous setting of measures (i.e. no discretization grid is required).

The first method that we are interested in is the classical basis pursuit, defined
originally in [13] in a finite dimensional setting, and written here over the space of
Radon measures

mer?\ilr(lx) {Im|(X); ©dm = y;}. (Po(y1))

This is the problem studied in [5], in the case where & is an ideal low-pass filter on
the torus (i.e. X = T).

When the signal is noisy, i.e. when we observe y; 4+ w instead, with w € H, we
may rather consider the problem
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1
min = ||®m — 2 A X). P
meM(X)ZH m — (yr + w3 +Am|(X).  (Pu(yr +w))

Here A > 0 is a parameter that should adapted to the noise level ||w||;. This problem
is coined “BLASSO” in [8].

While this is not the focus of this article, we note that there exist algorithms to
solve the infinite dimensional convex problems (Py(y;)) and (P, (y; + w)), see for
instance [3,5].

1.3 Previous Works
1.3.1 LASSO/BLASSO Performance Analysis

In order to quantify the recovery performance of the methods Py (y;) and Py (y; + w),
the following two questions arise:

1. Does the solutions of Py(y;) recover the input measure mq ;7,?
2. How close is the solution of P; (y; + w) to the solution of Py(y;)?

When the amplitudes of the spikes are arbitrary complex numbers, the answers
to the above questions require a large enough minimum separation distance A(#zp)
between the spikes where

def. .
Alrz0) = min dx (120, 120,)) )
i#]

where dy is either the canonical distance on R i.e.
Vx,y €eR, dx(x,y)=|x—yl, 3)
when X = R, or the canonical induced distance on T i.e.

Vx,y € R, dx(x+Z,y+Z)=1]31i£|x—y+k|, “4)
€

when X = T. The first question is addressed in [5] where the authors showed, in the
case of @ being the ideal low-pass filter on the torus [see (9)], i.e. when H = T, that
Mg, 17, 15 the unique solution of Py(y;) provided that A(tzg) > £ where C > 0isa
universal constant and f, the cutoff frequency of the ideal low—pasrs filter. In the same
paper, it is shown that C < 2 when ag € CN and € < 1.87 when ag € RN . In [14],
the authors show that necessarily C > %

The second question receives partial answers in [3,4,9, 15]. In [3], it is shown that if
the solution of Py (y;) is unique then the measures recovered by P, (y; + w) converge
in the weak-* sense to the solution of Py(y;) when A — 0 and ||wl|3 /A — 0. In [4],
the authors measure the reconstruction error using the L? norm of an ideal low-pass
filtered version of the recovered measures. In [9,15], error bounds are given on the
locations of the recovered spikes with respect to those of the input measure m4, ;7.
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However, those works provide little information about the structure of the measures
recovered by P (yr + w). That point is addressed in [14] where the authors show that
under the Non Degenerate Source Condition (see Sect. 2 for more details), there exists
a unique solution to Py (y; + w) with the exact same number of spikes as the original
measure provided that A and ||w||7 /A are small enough. Moreover in that regime, this
solution converges to the original measure when the noise drops to zero.

1.3.2 LASSO/BLASSO for Positive Spikes

For positive spikes (i.e. ap,; > 0), the picture is radically different, since exact recovery
of mg,. 1z, Without noise (i.e. (w, A) = (0, 0)) holds for all # > 0, see for instance [8].
Stability constants however explode as t — 0. A recent work [20] shows however that
stable recovery is obtained if the signal-to-noise ratio grows faster than O (1/12V),
closely matching optimal lower bounds of O(1/¢>¥~1) obtained by combinatorial
methods, as also proved recently [10]. Our main contribution is to show that the same
O(1/t*>N~1) signal-to-noise scaling in fact guarantees a perfect support recovery of
the spikes under a certain non-degeneracy condition on the filter. This extends, for
positive measures, the initial results of [14] by providing an asymptotic analysis when
t — 0.

1.3.3 MUSIC and Related Methods

There is a large body of literature in signal processing on spectral methods to perform
spikes location from low frequency measurements. One of the most popular methods
is MUSIC (for multiple signal classification) [22] and we refer to [16] for an overview
of its use in signal processing for line spectral estimation. In the noiseless case, exact
reconstruction of the initial signal is guaranteed as long as there are enough observa-
tions compared to the number of distinct frequencies [19]. Stability to noise is known
to hold under a minimum separation distance similar to the one of the BLASSO [19].
However, on sharp contrast with the behavior of the BLASSO, numerical observations
(see for instance [7]), as well as a recent work of Demanet and Nguyen, show that
this stability continues to hold regardless of the sign of the amplitudes ap ;, as soon
as the signal-to-noise ratio scales like O (1/ 2N=1)_ Note that this matches (when w
is a Gaussian white noise) the Cramer-Rao lower bound achievable by any unbiased
estimator [2]. This class of methods are thus more efficient than BLASSO for arbitrary
measures, but they are restricted to operators @ that are convolution with a low-pass
filter, which is not the case of our analysis for the BLASSO.

1.4 Contributions
1.4.1 Main Results
From these previous works, one can ask whether exact support estimation by BLASSO
for positive spikes is achievable when ¢ tends to 0. Our main result, Theorem 2, shows

that this is indeed the case. It states, under some non-degeneracy condition on @,
that there exists a unique solution to P; (y; + w) with the exact same number of
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spikes as the original measure provided that [|w||ly /A, [[w]ly /tZN_1 and )x/fZN_l
are small enough. Moreover we give an upper bound, in that regime, on the error of
the recovered measure with respect to the initial measure. As a by-product, we show
that the amplitudes and positions of the spikes of the solution both converge towards
those of the input measure when the noise and the regularization parameter tend to
zero faster than r2V=1,

1.4.2 Extensions

We consider in this article the case where all the spikes locations ¢zo cluster near
zero. Following for instance [20], it is possible to consider a more general model with
several cluster points, where the sign of the Diracs is the same around each of these
points. Our analysis, although more difficult to perform, could be extended to this
setting, at the price of modifying the definition of ny (see Definition 3) to account for
several cluster points.

Lastly, if the kernel ® under consideration has some specific scale o (such as the
standard deviation of a Gaussian kernel, or o = 1/f, for the ideal low-pass filter in
the case of the deconvolution on the torus), then it is possible to state our contribution

. . . . f. )
by replacing ¢ by the dimensionless quantity SRF o t/o (called “super-resolution
factor” in [20]). It is then possible to extend our proof so show that the signal-to-noise
ratio should obey the scaling 1/SRF?V 1

1.4.3 Roadmap

The exact statement of Theorem 2 (our main contribution), and in particular the defi-
nition of the non-degeneracy condition, requires some more background, which is the
subject of Sect. 2. The proof of this result can be found in Sects. 3, 4 and 5. It relies
on an independent study of the asymptotic behavior of quantities depending on the
operator ®,,, (such as its pseudo-inverse) when ¢ tends to zero. This takes place in
Sect. 3. Note that a sketch of proof of the main result can be found in Sect. 2.3.

1.5 Notations
1.5.1 Measures

We consider X = R or X = T as the space of Dirac masses positions. X equipped
with the distance dy [see (3) and (4)] is a locally compact metric space (compact in the
case X = T). We denote by M (X) the space of bounded Radon measures on X. It is
the topological dual of the Banach space €y (endowed with ||-||; % (x)) of continuous
functions defined on X, that furthermore are imposed to vanish at infinity in the case
X = R. The two problems that we study, i.e. the Basis Pursuit for measures Pg(y;)
and the BLASSO P, (y; + w), are two convex optimization problems on the space
M(X).

Let us consider ag € (Ri)N and zo € RY. When X = T, we make the assumption
that zg € —%, }‘)N. We define
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Ao Az), )

where A(zg) is introduced in (2). We denote by B(x,r) (resp. B(x, r)) the closed
(resp. open) £ ball in RY with center % and radius r. We define neighborhoods of
respectively zo and ag as

— def—f A — def — i (an ;
B, < B(zo, TO) and B, = B(ao, W) )

Note that when X = T, if z € Ezo then z € (—%, %)N and for all r € (0, 1],
tz € (—%, %)N . As a result, depending on the context, we consider 7zg and 7z as
elements of TV by identifying them with their equivalent classes.

Then, the initial measure we want to recover is of the form

def
Magy,tzg = a0,i8tzg; -

i=1

Note that for example, in the case X = T, when we write &, tzo,; is considered as
an element of T.

We use the parameter € (0, 1] to make the spikes locations tend to 0 in X, so that
the minimum separation distance of m s, : A(fzg) — O whent — 0.

1.5.2 Kernels

The admissible kernels ¢ : X — H defining the integral operators ® (modeling the
blur of acquisition) are functions, defined on X and taking values in a separable Hilbert
space H, satisfying some regularity properties listed in the following Definition.

Definition 1 (Admissible kernels) We denote by KERX, the set of admissible kernels
of order k. A function ¢ : X — H belongs to KERF if ¢ € €*(X, H). When X = R,
¢ must also satisfies the following requirements:

e Forall p € H, (¢(x), p)yy — 0 when |x| — +oo0.
e Forall0 <i <k, sup ||g0(’)(x)||H < 4o00.
xeH

1.5.3 Linear Operators
We consider a linear operator @ : M(X) — H of the form

Vm € M(X), ®m de:f’/xgo(x)dm(x), %)

where ¢ : X — H belongs to KER. ® is weak-* to weak continuous. Its adjoint
®* : ' H — ¥y is given by

VpeH, VxeX, (P*p)x)=(p(x), py.

Birkhauser



1160 J Fourier Anal Appl (2017) 23:1153-1194

A typical example is a convolution operator, where ¢(x) = @(- — x), for some
continuous function ¢ : X — R, ¢ € L2(X) N €y, so that (dm)(v) = fx o —
x)dm(x). In particular, in the case X = R, the Gaussian filter is defined as

Vi e R, ¢(x) = gox) S e 2, ®)

where ¢¢ is the Gaussian kernel. In the case X = T, a typical example of convolution
operator is the ideal low pass filter which is defined as

Je
VieT, () =gp0)E Y A ©
k=_f<,‘

for some f. € N* called the cutoff frequency. ¢p is the Dirichlet kernel with cutoff
frequency f..

Remark 1 This lastexample is equivalently obtained (as considered for instance in [5])
by using H = C2fe*+! (endowed with its canonical inner product) in place of H =
L3(T), and defining g as p(x) = (e2imhxy f.<k<f.- Note that, to simplify the notation,
we consider in this paper real Hilbert spaces H, but our analysis readily extends to
complex Hilbert spaces.

Given general ¢ and @ as in (7), and given X = (x1,...,xy) € XV, we denote by
®; : RV — H the linear operator such that

N
Va e RN, ®@z(a) dg'zaifp(xi),

i=1

and by I';z : (RY x RY) — H the linear operator defined by

N
s (Z) T (@) +big! ()

i=1

For ¢ € KER¥, operators involving the derivatives are defined similarly,
N .
VO<i<k, (@)% :aeRY— (@)% (@) =D aip?(x).
i=1

We occasionally write @’ (resp. ®7) for ()" (resp. for (®5)?)), and we adopt
the following matricial notation

@z = (p(x1) ... ¢(xy)) and T = (P Pf),
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where the “columns” of those “matrices” are elements of . In particular, the adjoint
operator ®* : H — R¥ is given by

VpeH, ®ip= ((CD*P)(xi))lgigN'

We denote by ¢ € H the k" derivative of ¢ at 0, i.e.

o L 0% (0). (10)

In particular, o = ¢(0).
Given k € N, we define

U 0 o .. o). (11)

If ¥, : RK1 M has full column rank, we define its pseudo-inverse as

f. f.
\IJ,j o (V¢ \Ilk)_lllllf. Similarly, we denote F; o (s I‘);)_IF;C-k provided I'; has full

column rank.

1.5.4 Linear Algebra

For z € RV, we let

1 e 1 0 e 0
7] . N 1 e 1
def.
HZ ; : : : : c RZNXZN’ (12)
@)*N! )N (@) 2 )2
eN-D! - @2N-D)! 2N-2)! (2N -2)!
so that H =1 is the matrix of the Hermite interpolation at points zp, ...zy when
Ron—1[X] is equiped with the basis (1, X, ..., %)

For each N € N, we define

sy ,0,...,07 e RV, (13)

Iva.1,.... 07 erV. (14)

We use the £°° norm, |-| o, for vectors of RY or R2N  whereas the notation |- || refers
to an operator norm (on matrices, or bounded linear operators). ||-||7; is the norm on
'H associated to the inner product (-, -)3¢. [|[|Leo(x) denotes the L°° norm for functions
defined on X.
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2 Asymptotic Analysis of Support Recovery

This section exposes our main contribution (Theorem 2). The hypotheses of this result

require an injectivity condition and a non-degeneracy condition, that are explained in
Sects. 2.1 and 2.2.

2.1 Injectivity Hypotheses

We introduce here an injectivity hypothesis which ensures the invertibility of @}, &,
and '/, T';; for t > 0 small enough.

In the case of the ideal low-pass filter [defined in (9)], I's has full column rank
provided that x = (x1,...,xy) € X N has pairwise distinct coordinates (see [14,
Sect. 3.6, Proposition 6]). That property is not true for a general operator . However,
in this paper we focus on sums of Dirac masses that are clustered around the point
0 € X,ie X =tzfort > 0and z € RV with pairwise distinct components. The
following assumption, which is crucial to our analysis, shall ensure that I';, has full
rank at least for small ¢.

Definition 2 Let ¢ : X — H. For all k € N, we say that the hypothesis Z; holds if
and only if

Qe KER* and (90, - . ., @r) are linearly independent in H. Ti

See Definition 1 for the definition of the space KER¥ and Eq. (10) for the definition
of ¢x.

If Z; holds, then \IJ,’C“ Wy, is a symmetric positive definite matrix, where Wy, is defined
in (11).

To exemplify the meaning of this injectivity hypothesis, Proposition 1 below con-
siders the case X = T with ® a convolution operator.

Proposition 1 Let ¢ € €*(T, R) (where ¢(x) = §(- — x)), then Iy holds if and only
if oo has at least k + 1 non-zeros Fourier coefficients. In particular if © is the ideal
low-pass filter with cutoff frequency f. € N*, Ty holds if and only if k < 2 f,.

The proof of this proposition is given in Sect. 1.

As we shall see in Sect. 3, the conditions Zy_; and Zpy_; imply respectively
the invertibility of &7, ®;, and I'/,T;,, provided that ¢ is small enough. According to
Proposition 1, in the special case of an ideal low-pass filter, these conditions holds if
and only if f. is large enough with respect to the number N of spikes.

2.2 Vanishing Derivatives Precertificate

Following [14, Sect.4.1, Definition 6], we introduce below the so called “vanishing
derivatives pre-certificate” ny ;, which is a function defined on X that interpolates the
spikes positions and signs (here 41). Note that ny ; can be computed in closed form
by solving the linear system (15).
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Proposition 2 (Vanishing derivatives precertificate, [14]) If 'y, has full column rank,
there is a unique solution to the problem

inf {liplly 5 Vi=1,...,N, (®*p)(tz0,)) = 1, (®*p)'(120,1) = 0}.

Its solution py ; is given by
1
pve =T ( (;V) : (15)

L. . . . def.
and we define the vanishing derivatives precertificate as ny ; = ®*py ;.

As shown in [14] (see Sect. 4.2), ny; governs the support recovery properties of
the BLASSO P; (y: + w). More precisely, if ny ; is non-degenerate, i.e.

Vxe X\ {tzo1,...,12 s x)| <1,
{ \ {tz0.1 o.N} [nv. ()] (16)

Viell,...,N}, ny.,(t20.1) # 0,

then there exists a low noise regime in which the BLASSO recovers exactly the correct
number N of spikes, and the error on the locations and amplitudes is proportional to
the noise level.

The constants involved in the main result of [14] (Theorem 2) depend on the value
of t > 0. The goal of this paper is to precisely determine this dependency, and to show
that this support recovery result extends to the setting where + — 0, provided that
(X, w) obey some precise scaling with respect to 7.

Since our focus is actually on the support recovery properties of the BLASSO
when ¢ — 0, it is natural to look at the limit of py ; as + — 0. This leads us to the
(2N — 1)-vanishing derivatives precertificate defined below.

Proposition 3 ((2N — 1)-vanishing derivatives precertificate) If Zoy—1 holds, there
is a unique solution to the problem

inf {Iplly; 3 (@*P)(O) =1, (@*p)©) =0,.... (@ p)¥ D 0) =0} .
We denote by pw its solution, given by

pw = W Sow (17)

def.
and we define the (2N — 1)-vanishing derivatives precertificate as ny = D* pyy.

The following Proposition, which is a direct consequence of Lemma 1 in the next
section, shows that indeed 1y ; converges toward nw .
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BT D Y VO O [ P

\VARVERY
t=20.4 t=20.2 t=10.01

Fig. 1 Top row ny , for several values of 7, showing the convergence toward ny . The operator @ is an
ideal low-pass filter with a cutoff frequency f. = 10 [see (9)]

""""""" N UV A VAL

NZl(anf:nW) N: N:3

1

Fig. 2 nw for several values of N. The operator ® is an ideal low-pass filter with a cutoff frequency
Je =10 [see (9)]

1 1 1 1
0.8] 0.8 0.8 0.8
0.6 0.6 0.6 0.6
0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2
% % 0 5 10 l?10 5 o 5 0 Yo 5 0 5 10 l-]10 -5 0 5 10
N=1 N=2 N=4 N=7

2

_xt
Fig. 3 nw for the Gaussian filter (x eR, px)=e 202) for several numbers of spikes and o = 1. ny
is (2N — 1)-non-degenerate. It gets flatter at 0 when the number of spikes increases

Proposition 4 If Toy_1 holds and ¢ € KERX (for K > 2N — 1), then fort > 0
small enough Iy, has full column rank. Moreover

lim py ;= pw strongly in H,

t—0t

tim 7% = 9% in 1 he uni X
\ Ny, =Ny in the sense of the uniform convergence on X,

t—0 ’

forall0 <k < K.

Figure 1 shows graphically this convergence of ny ; toward nw in the case of the
deconvolution problem over the 1-D torus with the Dirichlet kernel. Figures 2 and 3
show nyw for several values of N. Notice how it becomes flatter at 0 as N increases. This
implies that ny ; for small ¢ gets closer to degeneracy as N increases. This is reflected
in our main contribution (Theorem 2) where the signal-to-noise ratio is required to
scale with 12V 1,

The behavior of ny ; is therefore governed by specific properties of ny for small
values of t > 0. In particular, as stated by Theorem 1 below, the non-degeneracy of
nw (as defined in Definition 3 below) implies the non-degeneracy of ny ; (as defined
in (16)).

Definition 3 Assume that Z>y_ holds and ¢ € KER?Y . We say that ny is 2N — 1)-

non-degenerate if nEf,N)(O) # 0andforall x € X \ {0}, [nw(x)| < 1.
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Theorem 1 Suppose that nw is (2N — 1)-non-degenerate (Definition 3). Let Ry > 0.
Then, there exist Cy > 0, tw > O such that for allt € (0,tw), all z € RN with
pairwise distinct coordinates and |z, < Rw, and all n € €*N(X) N W2N-2(X)
satisfying for 1 <i < N, n(tz;) = 1 and n'(tz;) =0,

Ve e {0....2N), H o _ “)H <cC
(e{ Lon MW e x) w

:>(Vx e X\ U{tz,-}, M) <1 and Y1 <i <N, n'(tz) < 0).
i

The proof of this theorem can be found in Sect. 1.

Remark 2 An important consequence of Theorem 1 is that if ny is (2N — 1)-non-
degenerate, then, by Proposition 4, ny ; is also non-degenerate for > 0 small enough.
The function ny ; is then the minimal norm certificate for the measure m, ;-,, and the
Non-Degenerate Source Condition (see [14]) holds. As a result, for fixed small ¢ > 0,
the BLASSO admits a unique solution in a certain low noise regime corresponding
to a large enough signal to noise ratio, with exactly the same number of spikes as the
original measure m, ;-,. For more details on that matter, see [14].

A natural question is whether iy is indeed (2N — 1)-non-degenerate. Proposition 5
below (proved in Sect. 1) gives a partial answer in the case of the deconvolution over X.

Proposition 5 Assume that ® is a convolution operator (i.e. for all x € X, p(x) =
@(- —x) and H = L*(X)) and Ty holds. Suppose also, only in the case X = R, that

forall0 <i <2N —1, 3% (x) — 0 when |x| — +o0. Then 77(2N)(O) < 0.
w

Remark 3 Thanks to Proposition 5 and the first part of the proof of Theorem 1 (which
is given in Sect. 1), note that the following is true: there exist Cy > 0, tiy > 0 such
that for all t € (0, tw), z € RN with pairwise distinct coordinates and |z|,, < Rw,
there exists 7+ > 0 with 7+ > max twzi and r~ < O withr~ < mig twzi such

l\l\ l\l\

that for all n € €*N(X) N W2N-°(X) satisfying for all 1 <i < N, n(tz;) = 1 and
n'(tz;) = 0:

Ve € 0’”"2N’H  _ (aH <C
( { b U W

1

— (Vx e, rh \ U{tz,-}, In(x)] <1 and Vie{l,...,N}, n'(tz;) < O).

Whether the other condition in the definition of the (2N — 1)-non-degeneracy of
nw holds (i.e. whether [nw| < 1 on X \ {0}) should be checked on a case-by-case
basis. Since nw depends only on the kernel ¢ and can be computed by simply inverting
a linear system, it is easy to check numerically if nw is (2N — 1)-non-degenerate.
Proposition 6 shows that in the special case of X = R and the Gaussian kernel, ny
can be computed in closed form and is indeed (2N — 1)-non-degenerate.
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Fig. 4 nw for the ideal low pass filter as f. increases, for N = 2
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Fig.5 nw for alow pass filter for f. = 10 with increasing high frequency content. First row ny . Second
row associated Fourier coefficients of the filter. The curve showing nyy is in blue when itis (2N — 1)-non-
degenerate and in red when it is degenerate

Proposition 6 Assume that X =R, H = LZ(R) and ® is a convolution operator, i.e.

forallx € R, o(x) = ¢(- — x), where ¢ : x € R — e~ is a Gaussian. Then the
associated (2N — 1)-vanishing derivatives precertificate is

N ok

x2
Vx eR, nW(x)zesz a

Tk (18)
k=1

In particular, ny is (2N — 1)-non-degenerate.

The proof of this result can be found in the Appendix 1.4. If we denote by nw o, the

(2N — 1) vanishing derivatives precertificate associated to the filter ¢, : x € R —
2

e_2X72, then nw s = nw,1(5). That is why we only consider the case of o = 1in
Proposition 6. Figure 3 shows ny for the Gaussian filter with an increasing number
N of spikes.

For the deconvolution over the 1-D torus, we observed numerically (as illustrated
in Fig. 2) that ny is (2N — 1)-non degenerate for the ideal low pass filter for any value
N suchthat N < f, (Fig. 4 represents the complementary case where N is fixed but f,
increases). However, for some filters, the associated nw might be degenerate. This is
illustrated in Fig. 5 where nw is illustrated for several filters with increasing complexity
i.e. we consider low pass filters with a fixed cutoff frequency, with increasing extreme
Fourier coefficients (starting with a slowly varying filter). Remark that the last two ny
(in red) are degenerate, as they correspond to the filters with the higher complexity
(the Fourier coefficients increase the most with the frequency).
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2.3 Main Contribution

We now state our main contribution.

Theorem 2 Suppose that ¢ € KER*N*! and that nw is QN — 1)-non-degenerate.
Then there exist constants (t1, tw, C, Cr, M) (depending only on ¢, ag and zg) such
that for all 0 < t < min (t1, tw), for all (A, w) € B(0, CRtZN_l) with ”% ”H < C,

e the problem P, (y; + w) admits a unique solution,

o that solution has exactly N spikes, and it is of the formmyg -, with (a, z) = gF (A, w)
(where g} is a €N function defined on B(O, CRIZN*I) C R x H),

e the following inequality holds

2] ||w||H)

l(a,z) — (a0, 20)|lc <M (tZN——l + N1

Note that the value of constants involved can be found in the proof of the theorem,
more precisely, (1, C) are defined in (46), Cg is defined in Proposition 9, ty is defined
in Theorem 1 and M is given in Corollary 1.

The proof of Theorem 2 uses results spanning Sects. 3, 4 and 5. Below, we give a
sketch of proof to guide the reader through the remaining of the paper. The elements
of the proof are divided in three main steps.

Step 1 (Sections 4.1 and 4.2) We start with the first order optimality equation that any
solution m, -, for fixed ¢ > 0, of P, (y; + w) must satisfy i.e.

1
I} (®rea — ®pgpap — w) + A ( (;V) =0.

Itis obtained by applying Fermat’s rule to the problem P, (y,+w). Since the parameters
(a,z, A, w) = (ao, 20, Or, O7¢) are a solution of the equation, the idea is to parametrize,
in a neighborhood of (A, w) = (O, 0%), the amplitudes and positions (a, z) in terms
of (A, w) by applying the implicit function theorem so that (a, z, A, w) is a solution of
the first order equation. This process is detailed in Sects. 4.1 and 4.2. The rest of the
proof consists in proving that the measure m, ;. is the unique solution of the problem
Py (y: + w). But before we have to deal with the domain of existence of the above
parametrization.

Step 2 (Section 4.3) The implicit function theorem only provides the existence of a
neighborhood in (A, w) of (Or, 07¢) where the parametrization holds, but we do not
know how it size depends on the parameter ¢. This issue is important because one of
our aims is to determine the constraints on ¢ (corresponding roughly to the minimum
distance between the spikes of the original measure), on the noise level and on the
regularization parameter A so that the recovery of the support is possible. Section 4.3
is devoted to show that the parametrization, which writes (a,z) = g (A, w) (see
Eq. (38) for the definition of the implicit function g;°), of the solutions of the first order
optimality equation holds in a neighborhood of (Og, 07) and of size proportional to
t?N=1_ This result corresponds to Proposition 9. The proof uses an upper bound of
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dg; which is stated in Corollary 1. Proposition 9 relies on asymptotic expansions (of
I';; for example), when ¢+ — 0, gathered and used in the proof of Lemma 5. Section 3
is devoted to these asymptotic expansions and it may be skipped at first reading.

Step 3 (Section 5) Up to now, we have constructed a candidate solution m, ;, (com-
posed of N spikes) where (a, z) = g/ (A, w) is built by parametrizing the solutions of
the first order optimality equation. Moreover this parametrization holds for all (A, w)
in a ball of radius proportional to #2¥ =1, It remains to prove that m,_ is indeed the
unique solution of Py (y; + w). To prove that m, ;; is a solution, it is equivalent to
check that

1
0ed (m = 5 1Pm =y = wli3, +A|m|<X>) (Maz),

. . def. ..
which reformulates into n; ; = }TCD*(y, +w — ®my ;) € d|my,-|(X). This is done

by first showing the convergence of 1, ; towards nw when (¢, A, w) — 0 in a well
chosen domain, see Proposition 11, and then using Theorem 1 and the fact that iy is
ensured to be (2N — 1)-non-degenerate (which is one of the hypotheses of Theorem 2)
to get the non-degeneracy of 7, ; and the conclusion.

2.3.1 Putting All Together

After this sketch, we now give the detailed proof. It uses Proposition 9 (parametrization
of the solution of the first order optimality equation on a ball, for the parameter (1, w),
of radius proportional to 2N=1y) Proposition 11 (convergence of 1, ; towards nw),
Theorem 1 (use of the (2N — 1)-non-degeneracy of nw to transfer it to 1, ), and
Proposition 10 (upper bound on the error of m, ;, with respect to mg, ;7).

Proof of Theorem 2 Let us take 7, A, w as in the hypotheses of the Theorem 2. Let
(a,z) = g/ (A, w), where g is the function constructed in Sect. 4. Let us define

def. 1 def.
Pir = X ((thoa0+ w— Ctha) and n; = ®*py ;.

By Proposition 11 combined with Theorem 1 where we take

def. -
Rw = sup{|zlos : 2 € Bz ). (19)
we have for 0 < t < min(tw, t1),

ve e X\ [Jlrzih Ims @)l <1 and V1 <i <N, gf,(tz) <0, (20)

1

while 1, ;(tz;) = 1 = sign(a;) by definition.
We deduce that 1, is in the subdifferential of the total variation at m, ;, because

e 1) € Cx,
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o 1] x) < 1 thanks to Eq. (20),
o V1 < i < N,y (tz;) = 1 = sign(a;) by definition of 7, ; (recall that (a, z) =
%
g (A, w)).

As aresult m, ;; is a solution to Py (y; + w) and p; ; is the unique solution to the dual
problem associated to P, (y; + w) (see [14, Sect. 2.4] for details on dual certificates
and optimality conditions for Py (y; + w)).

Let m be an other solution of P (y; + w). Then the support of m is included
in the saturation points of 1, ; = ®*p,, ie. in {tz;,...,tzy}. As a result
m = mgy ., for some a’ € RN and m satisfies the first order optimality equation
Iy (Prza’ — Pizya0 — w) + A ]l(;v = 0. Hence @} ®;;a’ = @}, P;.a and since
®,, has full rank (by assumption ¢ is chosen sufficiently small, see Lemma 1 for the
proof), ®f, &, is invertible and a’ =a.Som = mg; and Py (y; + w) admits a unique
solution: mg ;.

The bound on the error between (a, z) and the amplitudes and positions of the initial
measure (ag, zo) is a direct consequence of Proposition 10. O

2.4 Necessary Condition for the Recovery in the Limit £ — 0

Our main contribution, Theorem 2, states that under a non-degeneracy property which
involves ny, it is possible to perform the recovery of the support of a measure m,, (7,
in the limit + — 0 when the data are contaminated by some noise, provided that
max(|Al/e2N 1wl /1YL lwllgy /2) < C for some constant C > 0 depending
only on the filter ¢ and (ag, zo). It is natural to ask whether the non-degeneracy
condition on nw, in order to get the recovery of the support in some low noise regime,
is sharp.

The following Theorem shows that the (2N — 1)-non-degeneracy assumption on
nw is almost sharp in the sense that the recovery of the support in a low noise regime
leads to [[nw L x) < 1.

Theorem 3 Suppose that Trn_1 holds and ¢ € KER?*N T, Suppose also that there
exists a sequence (t,),¢cN such that t, — 0 and satisfying

Vn e N, I\, wy), Iay,, z,) € RN x RN, Ma, 1,2, 15 solution of Py, (i, + wn),

where (A, w,) — 0 with W — 0. Then

ImwliLex) < 1. (21)

The proof of this result can be found in Appendix 1.5.
The remaining sections of the paper, namely Sects. 3, 4 and 5 are devoted to the
proof of Theorem 2.
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3 Preliminaries

Our study relies to a large extent on the asymptotic behavior of quantities built upon
®,, and I';, for ¢+ > 0 small, such as (CD;kZCD,Z)_1 or (F,*ZF[Z)_I. In this section, we
gather several preliminary results that enable us to control that behavior.

3.1 Approximate Factorizations

Our asymptotic estimates are based on an approximate factorization of @5 and I'z using
Vandermonde and Hermite matrices. It enables us to study the asymptotic behavior of
the optimality conditions of P (y; + w) when t — 0. In the following, we consider
Z € EZO [see (6)] and t € (0O, 1], so that H;, is always invertible. Moreover, we shall
always assume that ¢ € KER?".

Proposition 7 The following expansion holds

th = ‘IJZN—Ith + Af,ZDlv (22)

where Vo _1 is defined in (11), Hy, is defined in (12), and where

1 2IN—1
def. 2N, _(2N) (1—1s) )

o ( 4 A St ,

tz ( /0 @) (stzi) QN — 1)! ds I<i<N

1 2N-2
NN 2N (g LT
(/0 (@)™ (s1z2i) (2N —2)! ds)lgigzv)

def. _. _ _
Dt=d1ag(t2N,...,t2N,t2N 1,...,t2N 1).

Proof This expansion is nothing but the Taylor expansions for ¢ and ¢':

B (tzi)*N!
o(tzi) = 9o+ (tzi))e1 + ...+ m‘PZN—]
1 IN—1
(1I—s)
+(lZi)2N/O <P(2N)(Stzi)mds7 (23)
e — . (1zi)*N 2
0 (1z;) = @1 +(Zz)¢2+...+m§02N—l
-1 [ om (1 —s)2N=2
+ (tzi) /0 @ (StZi)mdS- (24)

The above expansion yields a useful factorization for I';,,
def. -1
I'ye = Wi H; where W, = Wy + A DiH,, .
The rest of this section is devoted to the consequence of that factorization for the

asymptotic behavior of I';; and its related quantities. The main ingredient of this
analysis is the factorization of H,, as
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. 2N—1 . 1 1
H;, = diag(l,¢,...,t )H, diag 1,...,1,;,...,; . (25)

Let us emphasize that our Taylor expansions are uniformin z € Z_S’ZO . More precisely,
given two quantities f(z, 1), g(z, ), we say that f(z,7) = g(z, 1) + O(t¥) if

limsup sup < +o0.

t—0t ZEEZO

tk

Lemma 1 The following expansion holds fort — 07,
Ve = Won—1 + O(). (26)

Moreover, if Ton—1 holds then Vy, and T';; have full column rank for t > 0 small
enough and

(W)™ = (Wi Wan—1) T+ 0() (27)

1
r ( (;V) =W v + 0. (28)

Proof We begin by noticing that

A .DeHZ = *N A, H diag(1, 1/¢,..., 1/e2N 7
= AI,ZH;1 diag(IZN, tZN*], Lo ).

The function z — HZ_1 is ¢°° and uniformly bounded on Ezo, and (z,t) — A
is €° on the compact set EZO x [0, 1] hence uniformly bounded too. As a result, we
get (26).

Assume now that Z, 51 holds. Since lI!;‘ v_1 Yan—1 isinvertible, there is some R >
0 such that for every A in the closed ball B(W}y_; Won—1, R) C REN-Dx@N=D 4
is invertible. By the mean value inequality

[y oy =A< swp |54 - w3y wan-B7!|
BeB(Wiy_ Yan_1,R)
2
—1 %
< s HB H A=Wy Wan—1].
BeB(¥5,_Van-1.R)

Applying thatto A = W W, = W) Woy_ |+ O(t) (since each term in the product
is uniformly bounded), we get (27).
Now, for the last point, we infer from I';, = W;, H;, and the fact that H; is invertible

that F,‘;’* = \IJ;;’*HZZL*. Hence
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1 _
ro ( (;v) = Uy = W (W 0,) oy

where 8, is defined in (13). .
Each factor below being uniformly bounded in ;, x [0, 1], we get

re (“(;V ) = (Wan-1 4+ 00) (Wiy_ Wan- ™'+ 0(0)) 62n

= Wy 1 (Wsy_ Wan—1) 'an + O(1).

3.2 Projectors

In this paragraph, we shall always suppose that Zoy_; holds. Another important
quantity in our study is the orthogonal projector Py, )1 (resp. Py g,, ;)L) onto

(Im ;) * (resp. (Im Won_1)L). We define

def.

M; = Pgyr,. )t =ldy — T (DT 7' T,
def. —
Mon—1 = Pumw,y_pt = ldy — Yoy 1(W3y_1Wan—1) Ywry .
Observing that Py, 1 = Py, )L, we immediately obtain from the previous

Lemma that IT;, = [Toy—1 + O(2).
By construction, IT;;®;; = I1,;®;, = 0, but the following proposition shows that
this quantity is also small if we replace ®;; with ®;..

Lemma 2 There exists a constant L1 > O (which only depends on ¢, ag and z¢) such
that

2N-2
[ M@ |5, < Lut
uniformly in z € Ezo-
Proof Applying a Taylor expansion to ¢®, we write

7 2N-2 %
CD;/Z =Won_1Vi; +t A¢ ;

where
0 ... 0
0 o 0
~ 1 ... 1
Vi, = ' . , (29)
(IZ])ZN_3 (IZN)ZN_3
QN=3) -+ T(2N-=3)!
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| —5)2N-3

~ _ 1
A= ((Zi)ZN 2 Jo 02N Gs1z0) Sty ds)1<,~<zv'

Hence

thq);/z = le(“ytz Vtz + (‘“IJN—I - qjtz)‘?tz + t2N721~\t,z)
= th(—At,ththl ‘7;1 + [2N_2]\t,z) since le\ptz =0.

Using (25), we see that

D:H 'V, = H "diag(t®™, *N 71 L 0V,
= tZN*ZHZ*1 VZ, hence

M, @), = 2N 2T (= A H 'V, + Ay ).

Since ||IT;;|| < 1 and the continuous function (z,t) +> —A,,ZHZ*IVZ + [\t,z is
uniformly bounded on the compact set BZO x [0, 1], we obtain

2N-2

”thq);/z HH < sup HAI/,Z/HZ7]VZ/ + [\t’,z/ H !

(2 .1)eB x[0,1]

We study further the projector I1;, when it is not evaluated at the same z as I';;.

Lemma 3 If ¢ € KER?M*! then there is a constant Ly > O (which only depends on
@, ap and zo) such that for all z € B, all t € (0, 1],

Proof Let us observe that

ap
;. Tz (O)H < szZN |z — 2000 -
H

thrtzo = th(\lj2N71 th() + At,z()Dt)
=M, (Wi Hyzy + (Won—1 — Vi) Hyzy + Ag 7y Dy)
= Mo (= Ay oDy, Hygy + Ay 2y D) sincell; W, = 0.

Observing that
—1 _ 2N gy—1 : =g
DiH; Hyy =t""H "Hydiag(l,...,1,1/¢t,...,1/t) = H_ " Hy Dy,

we get
Ml = Mz (Arg(daw = H Heg) + (Mg = A HI ' Hyg ) Dy
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For k € {2N — 1,2N}, the function (u, s, ) — u*@®™ (stu) is defined and €’
on the compact sets (since ¢ € KER2N +1y

. Ag Ag
VI<i<N, ZOi_T,ZOi“‘T x [0, 1] x [0, 1],

where A is defined in (5). Thus there is a constant C > 0 (which does not depend on
t nor z € Bz,) such that

1 k—1
I —s
/ (@ 0 stz — oo (s1200) S as| < Clai — 201l
0 (k — 1!
hence || Atz — At,z” < Clz — 20leo -

As aresult, since ||T1;;|| < 1 and z — H;] H, is bounded on EZO,

[Mic iy = A B 12 = 20kso -

-1
H s¢ s HHZ’ Hz
eBy,

As for the left term, A, is bounded uniformly in # € [0, 1], and the mapping z +—
Hz_leo is €' on B,,. As a result, there is a constant C > 0 such that

vz e B.,, HIdN—HZ_lHZO <Clz = 20la -

To conclude, we observe that D; (%O) = 2N (%0), and we combine the above

inequalities to obtain

a
Hntzrtzo (00)

< (€ swp |HI | +C sup A ] ) 2V iz = 20l
/EEZO |

'7—( tel0,1

3.3 Asymptotics of the Vanishing Derivatives Precertificate

We end this section devoted to the asymptotic behavior of quantities related to I'y,
by studying the second derivative of the vanishing derivatives precertificate ny ; (see
Definition 2, and [14] for more details). Theorem 1 ensures that the second derivatives
of ny ; do not vanish at zp ;, 1 <i < N. However, it does not provide any estimation
of those second derivatives. That is the purpose of the next proposition.

In view of Sect. 4, it will be useful to study those second derivatives not only for
the precertificates that are defined by interpolating the sign at £z but more generally
for the precertificates that are defined to interpolate the sign at ¢z for any z € Ezo-
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Proposition 8 Assume that ¢ € KER2N! and that Trn—1 holds. Then

CD;/Z*F;’* (]1(;\]) — tZN_zn%,N)(O)dZ + O(IQN_I) , (30)
where d. e RV, d ;2 [T -z for1<i<N. @D
Z L) Z,1 (2N)! J#l 1 J X S .

Proof We proceed as in the proof of Lemma 2 by writing @, = Wy | v, A1PN2ZA 1z
[see (29)] and ¥;, = T4, thl . We obtain

O =W Vi, + 2V 2N, — PN T2A,  HY,
The first term yields

~ 1 ~ _ _ 1 ~
Vi F T ( (;V) = Vi Ui, (V) YH b ( ON) =V,.*n =0. (32)

As for the second term, we take the Taylor expansion a little further (using integration
by parts),

1 | — 5)2N-3
()P ( ds — P2N
/Ow SN ¥ = v -2
1 2N-2
‘ QN+ (L= 8)
+tz,/0 [0 (stz;) N —2) ds,

SO as to obtain

e RN

Az =( ) diag(e;) + O(1) . where e; = b
tz=(Q2N, ..., 02N gle; ’ < 2N =2)! I<i<N

and, as usual, O(¢) is uniform in z € Z_S’ZO. From Lemma 1, we also know that

F;’* (]l(;v) = pw + O(2), hence

" (02N, PW)H
S Wi ( (;V) = diag(e;) : +0@0) =N e, +00). (33)
(02N, PW)H

Now, we proceed with the last term. Similarly, by integration by parts,

A= (gozN ... gozN) diag(f;) + O(2).
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where f; is defined by

o (@@ @ @™ v g
2N)! @2N)! " 2N - 1)! 2N - 1!
Hence,
! (Qan, PW)H
Af T ( o ) = diag(f.) : + 0@ =" O f + 0.
(v, Pw)n

To conclude, we study VZ*HZ_I’* (which is uniformly bounded on EZ())- In
Rony—1[X] endowed with the basis (1, X, ..., %) , H is the matrix of the linear
map which evaluates a polynomial and its derivatives at {zy, ..., zny}. On the other
hand V,* represents the evaluation of the second derivative at {z1, ..., zy}. Thus,

VAH Y = (P @) i<i<ns

where P is the unique polynomial in Ry _1[X] which satisfies

: (@)™ : (z)*V !
Vi=1,...,N, P(zi)=-—— and P'(z;) = ————.
l @ =amr PR =58r T
One may check that
XZN
P(X) = - —z)?
X = G (ZN),H( )
Z2N 2
d p" —
an (zi) = (2N —2)! (2N)' H(Zt
As a result,
= VHZ WAL (ﬂév ) " (0)(d: =) + 0, (35)

where O(t) is uniform in z € EZO. We obtain the claimed result by summing (32),
(33) and (35). O

4 Building a Candidate Solution
Now that the technical issues regarding the asymptotic behavior of I';; have been

settled, we are ready to tackle the study of the BLASSO. In this section, we build a
candidate solution for P, (y; + w) by relying on its optimality conditions.
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4.1 First Order Optimality Conditions

The optimality conditions for P, (y; + w) (see [14]) state that any measure of the form
My iz = ZIN=1 a;8;7; is a solution to Py (y; + w) if and only if the function defined by

n,\’,d;f' ®* p; , with px,tdg'% (12900 + w — Pyza) satisfies || < 1 and
N1 (tz;) = sign(a;) forall 1 <i < N.

Observe that we must have njw(tzi) =0forall 1 <i < N.Moreover, in our case,
since we assume that ap; > 0 we have in fact n, ;(tz;) = 1.

In order to build such a function 7, ;, let us consider the function f; defined for
some fixed t > 0 on (IRN)2 x R x 'H by

77A,z ”LOO(X)

def. 1
fr(u, v) = Iy (cbtza — ®ypa0 — w) + A ( (;V) (36)

where u = (a,z) and v = (A, w). 37

. def. . . . .
Now, let us write ug = (ao, zo). Notice that m, ; is a solution to Py (y; + w) if and
only if f;(u,v) = 0 and ’7/\JHL°° x) < 1. Our strategy is therefore to construct

solutions of f;(u, v) = 0 and to prove that || Nt ||L°°(X) < 1 provided (A, w) and nw
satisfy certain properties. More precisely we start by parametrizing the solutions of
fi(u, v) = 0, in a neighborhood of (u¢, 0), using the Implicit Function Theorem.

The following Lemma 4 (whose proof is omitted and corresponds to simple com-
putations) shows that f; is smooth and gives its derivatives.

Lemma4 If ¢ € KERM! for some k € N* then f; is of class €% and for all
(u,v) € (RN)? x (R x H)

Z

o
Yufit, v) =Tpzlichia + 1 (o diag(®]*(®r.a — Dy — w)

80 fi(u,v) = ((%N) : —F?;)

def. (1d 0
where Jy, = ( g tdiag(a))'

0 diag(®/(Psa — Dyzpa0 — w)))

4.2 Implicit Function Theorem

Suppose that Zyy_1 holds and ¢ € KER>NT!. By the results of Sect. 3, there exists
0 < #o < 1 such that for 0 < ¢ < to and all z € B, Tj.T; is invertible. In the
following we shall consider a fixed value of such 7y provided by Lemma 5 below
which also ensures additional properties.

Now, let 7 € (0, 19) be fixed. By Lemma 4, f; is €2V, 9, f; (uo, 0) = I CizoJtag
is invertible and f; (ug, 0) = 0. Hence by the Implicit Function Theorem, there exists

V; aneighborhood of 0 in R x H, U; a neighborhood of u in (RN )2 andg; : V;, —> U;
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a € function such that
Vu,v) e Uy x Vi, fi(u,v) =0 <= u=g0).
Moreover, denoting dg; the differential of g;, we have

VoeV, dg()=— @ fi(g@),v) " 8 fi(g@),v).

4.3 Extension of the Implicit Function g,

Our goal is to prove that m, (; is the solution of the BLASSO, where (a,z) = u =
g:(v). To this end, we shall exhibit additional constraints on v € V;, such as the scaling
of the noise ||w]|4 or A with respect to ¢, in order to ensure that H’?M ”LOO(X) < 1.
However, the size of the neighborhood V; provided by the Implicit Function Theorem
is a priori unknown, and it might implicitly impose even stronger conditions on A and
wast — 0.

Hence, before studying whether || M.t ||LOO x) < 1, we show in this section that

we may replace V; with some ball with radius of order t*¥~! and still have a para-
metrization of the form u = g;(v) satisfying f;(g:(v), v) = 0 where f; is defined
in (36).

Let V* = [Jycyp V, where V is the collection of all open sets V. C R x H such
that

e 0eV,

e V is star-shaped with respect to 0,

e V C B(0, C7t?N72), where C7 > 0 is a constant defined by Lemma 5 below,

o thereexistsa &2V functiong : V — (RN)H2 such that g(0) = upand f;(g(v), v) =

Oforallv eV,
g(V) C By x Bz,

Observe that V is nonempty (by the Implicit Function Theorem in Sect. 4.2) and
stable by union, so that V;* € V. Indeed, all the properties defining ) are easy to check
except possibly the last two. Let V, V € V and g, g be corresponding functions. The
set {v eEvNV; gv) = g(v)} is nonempty (because g(0) = ug = g(0)) and closed
in V N V. Moreover, it is open since forany v € VNV, v € B(0, CTtZN’Z) and,
by Lemma 5 below, the Implicit Function Theorem applies at (g(v), v), yielding an
open neighborhood in which g and g coincide. By connectedness of V NV, g and g
coincide in the whole set V N V. As a result, the function g7 : V,* — (RV)?, defined
by

g;k(v) def. g()ifv € V, V € V, andgis a corresponding function, (38)
is well defined. Moreover, g/ is ¢V and g/ (V") C By, x Bz,

Before proving that V;* contains a ball of radius of order 2Nl
variations of g, we state Lemma 5 mentioned above.

and studying the
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Lemma 5 If Zoy_1 holdsand ¢ € KER2N* then there exists ty € (0, 1) and Cr > 0
(which only depend on ¢ and ug) such that for all t € (0, tp), if

= (a.z) € Bay x By and v=( w)e B(o, CTﬂN*Z) , (39)

then the matrix

def. _ _ _
GOy w) S VAW, + 1 H  Fo g H Y (40)
def. {0 0
where F;, = (0 _ diag (q);,;qlz)), 41

def. 1 a
and g, = AI7;" ( (;V) + Mzw + M Ty ((;’) , 42)

is invertible and the norm of its inverse is less than 3 || (\IJS‘N_1 Won_1)~ ! ||
If, moreover, f;(u,v) =0, then

3uft(u, U) = H;;Gtz()\-’ U))th.]ta

and this is an invertible matrix.

Let us precise that by (A, w) € B(0, C7t*N~2), we mean that |»| < Crt>¥~2 and
lwly < Cre*N =2

Proof We consider fy € (0, 1) small enough so that for0 < ¢ < fypand all z € Ezw

'/, T is invertible and

H(\y;;\p,z)*lH <2 H(%fﬁl’ﬂv—l)*lu by Lemma 1, (43)

4Q2Rw)*N
‘)\CD;/;F;*Z’“L (ﬂév) ‘ < % ‘kné‘z,N) (0)‘ 1*N=2 by Proposition 8. (44)
~ !

In the last equation, we have used the fact that ‘Hj#i (zi — Zj)z’ < 2Rw)?N (where

Rw =sup{lz]n; 2z € Ezo} is defined in Eq. (19)).
We also know that for some constants L1, L, > 0 which only depend on ¢ and uy,

| &7 w| < lwliy L1*N =2 by Lemma 2,

A
and ‘(D;/Z*thrtz() (Cg)) < LiL, TOI4N72 by Lemmas 2 and 3,

oo

forall z EZO = E(zo, %), t € (0, tp), where A is defined in (5).
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Combining those inequalities with (44), we see that

1
|cb//*qtz| ‘ (D;/;F;kz’-’_ ( (;V) + d)//*ntzw + CD thrtzo (O)‘

oo

A

(2N) 2N-2 2N-2 0 4N-2
<M —— (2N)' 3V O N2 4wl LN 2 4 LiLa S0

On the other hand, since

HE™ = diag (1 1/:2N—1) H*Vdiag(1,....1.1,....1),

0 0
and F; = (0 — diag (q)”*ﬂhz))

we get
-1 Lg—1 _ g | -1
HY 7 R B = ¢ diag (1 ..... W) H*'F,
I H ! diag (1 i)

so that

*,—1
o st < Bl

izt | otz

Al 4R | o)
gc(ﬂ’” (2N)! } (0)’

llwll Ao
+ v vz L1+ LaLi— 1!

. _ - *,—1 -1 —1
with € = sup(a,z)eBaoszo H; H ” Hz ” ‘a ’oo
Possibly choosing 7 a bit smaller, we may assume that

0< CLL 202 !
—_— < .
D IO RS e

As a consequence, there exists Cr > 0 such that for all # € (0, #y), and all (a, z) €

Bay x Bz,
Al lwlly
(max (tZN——Z’ N2 <Cr

1
VR H ‘
H = 4“(‘1’21\/ (Wanv—1)~ 1”
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Then, recalling (43) and setting

d f. -1 _ —
< H i) HE T g
<2 |y vav-n'| ! !
< _1Ya2n—1 =,
e 4| wgy_Wav-7 2
we see that the matrix (40) is invertible, and
* =1 %1 11\ ! R k 1 3
H (IdZN o (W) HE T R H ) <SSk = — <3
k=0

Eventually, using (43) again, we obtain that the norm of the inverse of (40) is less
than 3 || (W3 Wan—) 7'

Now, if f;(u, v) = 0, then d>/*(<b,za ®;,,a0 —w) = 0, so that thanks to Lemma 4
we obtain

0 0

_— *
Sufilt, v) = TpzLichia 10 (0 diag(®/ (®;;a — Pyzya0 — w))) '

Moreover,

a ag
D0 — q)tz()a() —w =TIy (0) - tho (0) —w

= T Ty + I TR w —ars ™t Ly

O 0
a
— FtZO (00) — w
_ ao o+ (1N _
= _thrtzo o)~ M ;w — )“th o)~ —qtz-

As a result,
0 0
8 ﬁ(u U) \IJI‘ZHIZ‘Ita +t 0 _ dlag ((D//*qt )
z
- H;;Gtz()\» w)Hy; Jra,

and 9, f (u, v) is invertible. m]
We may now study the variations of g;".

Corollary 1 If Zry_1 holds and ¢ € KER?*NT! then there exists M > 0 (which only
depends on ¢ and uy), such that for 0 <t < ty, forall v € V/

M
ldgt )] < 7=
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Proof Letus recall that by construction, V;* C B(0, C7#*¥~2). Thus, from Lemma 5,
we know that for all v € V/*, 9, fi(g:(v), v) = H G, (A, w)H;; J1q, Where (a, z) =

. —1
g7 (v). Since dg; (v) = — (3u fi (g (v), V) By f1(g] (v), v), We get
g et (1
dgf(v) = —Jig H ' GOy ) HET! (( (;V) ’ _H;;w;;)
= J; 7 diag (1 ey ) Gz G )™ (82 W72)

Using Lemma 5 and the fact that J, ', H!, W, are uniformly bounded on B, x Bz,
we obtain the claimed upper bound of H dgf(v) ” forall v e V. O
We are now in position to prove that V,* contains a ball of radius of order 2N

Proposition 9 If 7oy_1 holds and ¢ € KER2N*! there exists Cg > 0 such that for
all t € (0, tp),

’

Ag min;(ap;) C
B(O, CRIZN_I) C Vt* with Cg > min 20 l(aO,z) Cr .
aM to

am’
Proof Let v € R x H with unit norm (i.e. max (A, |wll) = 1), and define
def.
R, = sup{r >0; rveV'}.

Clearly 0 < R, < Crt*N~2. Assume that R, < Crt*N=2. Then by Corollary 1, g/
is uniformly continuous on V;*, so that the value of g/ (R,v) can be defined as a limit,
and ft(gz*(va)a Ryv) = 0.

By contradiction, if g/ (R,v) € By, x B, then by Lemma 5, we may apply the
Implicit Function Theorem to obtain a neighborhood of (g;(R,v), R,) in which g/
may be extended. This enables us to construct an open set V € V (in particular we may
ensure that V' is star-shaped with respect to 0) such that V;* C V, which contradicts
the maximality of V/*.

Hence, g/ (Ryv) € 9(Bgy, % By,) = (B(Bao) X Ezo) U (an X 8([310)). Assume
for instance that g/ (R,v) € an x 0(B,) (the other case being similar). Then, for
(a,z) = gf (Ryv),

A M

1
0
- = e 20l </O |dg; (s Ryv) - Ryv| ds < v Ro»

which yields R, > f—/&tzN". Similarly, if g/ (Ryv) € 9(Bg,) % EZO, we may prove
that R, > mini(ao‘i)t2N_l
= M .
Eventually, we have proved that for all v € R x H with unit norm,

. Do oy_1 mini(aoi) Hy_g 2N-2
R, > min | —1¢ , ————t ,Crt )
v = (4M 4M T

and the claimed result follows. O
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4.4 Continuity of g; at 0

Before moving to Sect. 5 and to the proof of || M.t ||L°° x) < 1 (which ensures that
Mg ;7 1s a solution to the BLASSO), we give a first order expansion of our candidate
solution u = g*(v) for all v € B(0, Cgt?N~1).

Proposition 10 If Zoy_ holds and ¢ € KER?N*! then for all t € (0,19), v €
B(0, Cre*N ™,

|A] wll
lg; ) —gf @] <M (;w—l + IZN]T : (45)
Proof To show Eq. (45), it suffices to write
1
G =g O+ [ dgiv) - vds,
0
and use Corollary 1 to conclude. O

5 Convergence of 1, ; to nw

It remains to prove that m, ;, where (a, z) = g;(v) is indeed a solution to Py (y; +w).
To show this statement, we prove that 1, ; converges towards nw when (¢, A, w) — 0
in a well chosen domain. This section is devoted to this result. The proof of our main
contribution, Theorem 2, which can be found in Sect. 2.3, uses this convergence result
and the assumption that nw is (2N — 1)-non-degenerate to conclude.

Proposition 11 Assume that ¢ € KER*M*! and that Ty _1 holds, and let Cyy > 0
be the constant defined in Theorem 1, g/, to > 0 and Cr > 0 be the function and
constants defined in Sect. 4.

Then there exist constants t; € (0, ty) and C > 0 (which depend only on ¢ and u)
such that for all t € (0, t1) and for all (A, w) € B(O, CRIZN”) with || % ”H < C, the
following inequalities hold

14 14
vee (o, 2Ny o -y Cw.

HLDO(X) =
with ., = ®&* (% (@izoa0 + w — @;za)) and (a, z) = g (h, w).

Proof Lett € (0,19), v € B(0, Cgt*M~!), and (a,z) = u = g} (v). Then, using
fi(u,v) =0 [see (36)], we get
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o
('D
._.,
[am—
—~

Dzpa0 +w — d>tza)

@) )

1 1
:F;‘£+(6V)+H,Z + = HIZFIZO(O)'

Hence,

1 w 1 ao
e (5) ol ¢ I [ ()

From Lemma 1, there exists Cy >_0 and ty > 0 (which only depends on ¢, ug) such
that for all # € (0, ty) and all z € B,

1
(), o

Moreover, since I1;, is an orthogonal projector,
e
1z A H X A

and by Lemma 3, there exists L, > 0 (which only depends on ¢, uq) such that, for all
t € (0, 1)

S \
I =l )

Gathering all these upper-bounds, one obtains

w
- < (Cy + LoaM)t + (1 LMtH—H
| pa.c PW”H (Cv + LoM)t + (1 + LoMr) 4
w
< (Cv+ Loyt + (14 Loh) |2
Al
Now, denoting by ®© : M(X) — H the operator m > fx ¢® (x)dm(x) and by
dO*  H — Fy its adjoint (so that n(e) CD(Z)*p;\,, and 77%) = CD(Z)*pW), we let

def
K = max su H © (x ”
0<l<2Nxe§ v H
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which satisfies K < +o0o because ¢ € KER?V*!_ Then, forall ¢ € {0, ..., 2N},

H’?g — HLOO(X) <K | pri = pwly

<K ((Cv+ Lo+ (1 + LoM) H%”H) .

As a consequence, by taking ¢ smaller than min(z, ty, W) and for all
(A, w) € B(0, Crt®*N~1) such that

Cw

w
R
(+2)AH2K

we get

(©) ©

— < Cw.
H T — w HL”(X) v
O
Remark 4 The constants involved in Proposition 11 are
def. . C def. C
t1 = min ( 1o, tv, — W ) and cE—W (46)
2K(Cy + Lo M) 2K(1 4 LoM)

They only depend on ¢ and uy.

6 Conclusion

In this paper, we have proposed a detailed analysis of the recovery performance of
the BLASSO for positive measures. We have shown that if the signal-to-noise ratio
is of the order of 1/¢2N~!, then the BLASSO achieves perfect support estimation.
This results nicely matches both Cramer-Rao lower-bounds [2], bounds for combina-
torial approaches [10] and practical performances of the MUSIC algorithm [7]. It is
also close to the upper-bound obtained by [20] for stable recovery on a grid by the
LASSO. We have hence shown that these bounds do not only imply stability, they
imply exact support recovery for the BLASSO, if nw is (2N — 1)-non-degenerate. We
have observed numerically that this condition holds for the ideal low-pass filter and
that this is the case for a large class of low-pass filters. We have showed that this is
true for the Gaussian kernel by providing the expression of nyy .
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Appendix 1: Proof of the Results of Sect. 2
Appendix 1.1: Proof of Proposition 1

The functions (¢, ..., @) are linearly independent in L%(T) if and only if their
respective Fourier coefficients are linearly independent in 7). If (cnleoDnez
denotes the Fourier coefficients of ¢g, the Fourier coefficients of ¢; are given by
(i) calgol), oz (With the convention that 0° = 1).

If @9 has k + 1 nonzeros Fourier coefficients corresponding to pairwise distinct
frequencies (no, . . . ng), those Fourier coefficients are given by the matrix product

1 Qirng) QRimng)* ... (Qimng)*
Cnol#0l 0 1 Qizny) QRirn)? ... Qirnp)*
0 leol) \ 1 Gigny Qimng? ... Qinng)

Both the diagonal and the Vandermonde matrices are invertible, hence the family of
Fourier coefficients of (¢, ..., ¢x) is linearly independent.

Conversely, if Z; holds, one can find k 4+ 1 Fourier coefficients, corresponding to
some frequencies ny, . . . ni, such that the matrix (c,,[¢;)o<e, j<« is invertible. From
the above factorization, we deduce that each ¢, [¢o] must be nonzero for 0 < £ < k.

Appendix 1.2: Proof of Theorem 1

The proof proceeds in two steps. First we show the result locally around 0 in X thanks

to U%Z,N)(O) < 0 (because ng,‘z,N)(O) # 0and [nw| < 1 on X \ {0}) and then we extend
the result to all X thanks to |pw| < 1 on X \ {0}.

Locally

Let us prove that there exist Cy > 0, ty > 0 such that for all r € (0, tw), z € RN
with pairwise distinct coordinates and |z|o, < Ry, there exist ¥+ > 0 with r™ >
max twz; and r~ < 0 with r~ < min fwz; such that for all n € ¢*N(X) N
1<i<N <i<

W2N’°°(X) satisfying for all 1 < i < N, n(rz;) = 1 and n/(¢z;) = 0, the following
implication holds,

Ve O,...,2N,H o _ (“H <cC
( €{ I MW oy S EW

— (Vx e ,rH\ U{tz,-}, [n(x)] <1 and V1 <i <N, n(tz;) < O).
i

First, we prove that, provided Cy > 0, fy > 0 are small enough, n’ has exactly
2N — 1 zerosin (r—,rT).
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Lett > Oand n € €N (X) N W2N-2°(X) and 7 € RY with pairwise distinct
coordinates and |z|o, < Rw such that forall 1 <i < N, n(tz;) = 1 and n'(tz;) = 0.
We suppose that z; < z2 < ... < zy. By Rolle’s Theorem, forall 1 <i < N — 1,
there exists ¢;(t) € (rz;,tz;+1) such that n'(c;(t)) = 0. As a result n’ has at least
2N — 1 zeros in all (r—, r ) satisfying the requirements.

Now, let us assume by contradiction that n’ has strictly more than 2N — 1 zeros
for arbitrarily small values of Cy, ty and in all (+—, ™) satisfying the requirements.
As a result, there are sequences (fx)xeny Where 1; — 0, (zx)keny (Where each z; € RY
has pairwise distinct coordinates and |zx|o, < Rw), (Vlj)keN and (r; )ken Where for
alk e N,r” >0,r] > 1gathk(zk)i, rf > 0andr, <0,r < 1£igzvtk(zk)i

X X

and e = 0. And there exists (x)reN € (‘521\’ (X)n WZN*OO(X))N such that for all
keN

Vie{l,...,N =1}, m(t(ze)i) = 1 and  ni(t(zi)i) =0,

© 1

Ve e f0,..., 2N}, ‘nk — -

’LOO(X) Sk

and n,’( has at least 2N zeros in (r; , r,j ) (we already know that n,’( has at least 2N — 1
zerosin (ry, r,:r )). Thus, for all k € N, by applying successively Rolle’s Theorem, we

obtain that there exists x; € (r, , r,:r ) such that r),(CZN) (xx) = 0. Since x; — 0 (because

i = 0yand [ — Y ‘Lw(x) < L, we deduce that V) (0) = 0, which is
a contradiction. Hence 1’ has exactly 2N — 1 zeros in some (+—, rT).
Using the same argument, we may also prove that foralli € {1, ..., N}, n"(tz;) #

0. Let us now observe that, either forall 1 <i < N,n”(tz;) > Oor,foralll <i < N,
n"(tzi+1) < 0. Indeed, assume for instance by contradiction that for some 1 < i <
N—1,1n"(tz;) > Oand " (tz;+1) < 0. Then, there exists ¢; () € (tz;, tz;1+1) such that
n(ci(t)) = 1. Applying Rolle’s Theorem on respectively (tz;, ¢; (t)) and (c; (¢), tzi+1),
we obtain that n’ vanishes at least twice in (zz;, tz;11). It is a contradiction with the
fact that i’ has exactly 2N — 1 zeros in (#—, r*) forall 0 < ¢ < ty.

As a result, there are only two possibilities: either ”(rz;) < 0 for all i (and
then for all x € (r—,r*) \ U;{tzi} n(x) < 1), or n”(tz;) > 0 for all i (and then
forall x € (r—,r*) \ U,{tzi} n(x) > 1). But since n%N)(O) < 0, there is some
X € (r—,r") and some gy > 0 such that nyw(X¥) < 1 — gp. Choosing Cy small
enough so that Cy < go/2, we obtain that n(x) < 1 — g9/2. As a consequence, for
all x € (r—,rM)\ U;{rzi}, n(x) < 1. Finally we can suppose that nw (x) > —1 on
(r~,r™) by imposing 0 < Cy < infy nw + 1.

To sum up, we have proved the following :

Ve e o\ [ Jltz) n@)l <1 and YI<i <N, 9"(tz) <0. (47)
i
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Globally

As nw is non-degenerate, we have supy, -+ [nw| < 1. We can assume that 0 <
Cw < (I = supy\ (- »+) Inwl)/2 and use [[n — nw [l =(x) < Cw so as to obtain

Vx e X\ (r_,r+), In(x)| < 1. (48)

Gathering Eqgs. (47) and (48), we obtain the claimed result.

Appendix 1.3: Proof of Proposition 5

The proof of Proposition 5 relies on the study of the structure of the matrices W} Wy.
We start by introducing the notion of checkerboard matrices.

Definition 4 Letn € N* and A = (a; ;); ; € R"*". We say that A is a checkerboard
matrix if for all (7, j) such thati + j is odd, a; ; = 0.

For an odd n, such a matrix looks like

ar, 0 ars 0 0 aln-—2 0 al.n
0 azpn 0 a4 ... a2p-3 0 azn—1 0
0 an-12 0 a4 ... an_1n-3 0 an—1,n—1 0

an,1 0 an 3 0 0 an.n—2 0 an.n

Lemma 6 The set of checkerboard matrices of size n € N* is an algebra over R. As
a result the inverse of a checkerboard matrix is also a checkerboard matrix.

Proof The only difficulty is to show that the product of two checkerboard matrices is
also a checkerboard matrix. Let A = (a;,j);, j and B = (b;,;);, j be two such matrices.
Let (i, j) such thati 4 j is odd. Then Zzzl a; kby,j = 0 because if i + k is even then
(i+j)—(@G+k)=j—kisoddand j — k + 2k = j + kis odd, hence b; ; = 0. On
the contrary, if i 4 k is odd then a; x = 0. So AB is a checkerboard matrix. The last
statement holds because the inverse of any matrix is a polynomial in that matrix. O

Now we give a more precise result on the structure of some particular checkerboard
matrices.

Lemma 7 Let A = (a;,j)1<i,j<ont1 be a symmetric positive-definite checkerboard
matrix of size 2n + 1 such that

i
ai,j =(=1)"72ai

J it
2072

foralli, j €{l,...,2n+ 1} such thati + j is even, and let (b; j)1<i,j<en+1 denote
the entries of A~Y. Then bap+1,2n+1 and by 2,41 are positive.
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Proof The fact that by,,1,2,+1 1S positive, is a direct consequence of the fact that A~
is symmetric positive-definite because so is A.

From the expression of the inverse of a matrix using cofactors, we see that by 2,41 =
det(/il m+1)/ det(A), where Al on-+1 1s the matrix obtained from A by removing the
first row and the last column. Since A is symmetric positive-definite, det(A) > 0, and
we need only show that det(A1 2n+1) > 0. But one can see that A1 2n+1 18 a skew
symmetric matrix of size 2n, hence

det(A120+1) = pf(A12041)%,

where pf(A 1.2n+1) is the Pfaffian of the matrix Al,an. For more details on the Pfaffian
(definition and proof of the result used here), see [17]. As a result, det(ALGH) >0

Moreover, Al 2n+1 1s invertible. Indeed if we denote the colums of A (resp. the
columns Al m+1) by Cl, ooy Copy (resp. C‘l, R 6‘2”), we observe that for0 < i <
n—1, C2,+] € E; and C2(l+1) € E> where

E; = Span{ezjy1; 0 < j<n—1},
Ey = Spanfeyj+1); 0<j<n—1},

with (e;)1<i<2n 18 the canonical base of R2"_ Since E; and E are in direct sum, if
A1 2n+1 18 not invertible it means that either (C2,+1)0<, <n—1 Or (Cz(,+1))0<, <n—118
linearly dependent. But it cannot be (C2(1+ 1))o<i<n—1 because it would imply that
(Ca(i+1))o<i<n—1 1s also linearly dependent, because

0
C260 = (62(i+1)) ’

which would contradict the invertibility of A.
So it means that (C2;+1)0gi<n—1 must be linearly dependent. However from the
structure of the matrix A, one can see that forall0 <i <n —1

0 (=D *ag g4
(=D lay 41, 0
0 —(=D*ayii3,
—(=Dlayi3, 0
Coip1 = : and Cyiy1) = :
' l0 (=D aniimy—1,1
(=D aziim—1,1 0
. l0 — (=D ay 11
—(=D"azi )11 0

Thus, a linear combination between the elements of (égi+1)0<,~<,,_1 gives the same

linear combination between the elements of (CA'Z(,'H))OQ- <n—1, which contradicts for
the same reason as before the invertibility of A.
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Hence A 2,1 is invertible and by 2,41 > 0. O

The nextresult describes the structure of the matrices \Il;f ;. when @ is a convolution
operator (i.e. for all x € R, ¢(x) = ¢(- — x)) and k € N* is odd.

Lemma 8 Suppose that ® is a convolution operator. Then for all k € N*, W W is a
checkerboard matrix. Moreover if Loy holds, then the entries indexed by (1,2N + 1)
and 2N + 1,2N + 1) of (W4 Wan) ! are positive.

Proof Let (i, j) such that i 4 j is odd and for example i > j (W' Wy is symmetric so
it does not matter). The entry (7, j) of \IJ,;" Wy is equal to

<§0i717¢j7])7_{ .

Recall that in the setting of Proposition 5, H = L*(X) and (f, g}y = /. x fg. Suc-
cessive integrations by parts (we integrate the left term and derive the right term)
yield

i—j+l
2

<(pi—ls (p]—l)H = (_1) <¢H’12'*l_ls (p#_1>,’_{’

i—j—1
(pic1,0j-1)y = (=D 2 <¢#_1,€0$_1>H«
Hence, by the symmetry of the scalar product, we obtain that

(§0i—1, §0j—1)H = _<‘Pi—1» <Pj—1)H-

This implies that (¢; 1, ¢;-1),, = 0 for odd values of i + j, so that Wy Wy is a
checkerboard matrix (see Definition 4).
Moreover, similar computations show that when i + j is even

iej
((pifla(pj7]>H = (_1) 2 <§0%_1’ (p%_1>H

If o5 holds, W3\ Wy is symmetric positive-definite. As a result \IJ;N W,y satisfies

the assumptions of Lemma 7, so the entries (1,2N + 1) and 2N + 1,2N + 1) of
(\I/;N\Ifzgv)’1 are positive. O

We can now prove that n%z,N) (0) < 0 when @ is a convolution operator and 7y
holds.

Proof of Proposition 5 Since ny = ®* py, we deduce that
2N _
Tlgy '(0) = (¢aw, PWIiH = <<P2N, Won_1 (Wiy_ 1 Wan—1) 182N>H-
Consider the symmetric positive definite matrix

Wiy (Wan—1 Wiy 0N
Wr Wy = [ 2N IN—1 c RINX2N.
2N F2N ([w;‘N_lmN]* lpan I3,
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Observe that \IIE‘N_I W, N1 is invertible, and that

def. —
S E ool = (ean Wano1 (W3 Won-) " Wiy _oan), #0.

Indeed,
S = |(Idy — Moy-Deanll3; > 0

since (¢, . . . ¢2n) has full rank.
Thus, we may apply the block inversion formula, and (W], ¥ ~) ! is of the form

1
(W Wan) ! =
13 — Tan—1)ean I,
y ( * k% —(w;lezN_l)—lw;NlmN)
—[(Wiy_ Yon—) " 5y oo 1

Lemma 8 ensures that the entry (2N + 1, 1) of (W5, ¥ ~) ! is (strictly) positive. This
precisely means that

(@an, Wan—1 (W35 Won—1) " San )y,
1(0d7 — Mon—1)ean 13,

and as a result ni,‘z,N) (0) = (pan, pw) <O. O

Appendix 1.4: Proof of Proposition 6

Let denote (ax)ogk<on—1 the coefficients of the first column of the matrix
(¥3y_;Wan—1)~!. Then we know that for all x € R,

N—-1

nw () = > ang* 9 (x).
k=0

x2/4

Since ¢ x ¢ = x — /me /%, we get that for all x € R,

N—-1
2 -
nw (X) = /me D an Hy (), (49)
k=0
where Hyy is the Hermite polynomial of order 2k associated to x — e~ 14,
Now let us show (18) recursively on N € N*. If N = 1, we have that ny (x) =
e=**/4 because Wiy Way—1 = (/7). Suppose that the property is true for some
N € N¥ ie.,
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N—1 2%
M) =Y S (50)

where we use the notation 1y to recall that this is the function ny for N spikes.
Then form for all x € R,

k() L e (w1 () — nw v (x)) -

k 1s a polynomial o_f degree 2N [thanks to (49)], it satisfies x(0) = 0 and for all
1 <i<2N —1,9(0) = 0. As aresult for all x € R,

Kk(x) = szN,

for some A € R.

It remains to show that A = 22NN' Remark that for all x € R, k @V (x) = A(2N)!

and on the other hand ¥ @M (0) = (2 )(0) because nW N +1(0) = 0 by definition
of nw.n+1. So it is enough to show that

2N)!

(ZN) (0) 22NN' )

&1y

Thanks to the Leibniz formula applied to (50), we have the following formula,

N-1
2N\ - (2k)!

2N) oy —
Ny.n0) = kE—O (2k)H2N—2k(0) eI

Since Hoy_2x(0) = (—1)N—* %, thanks to Lemma 9 below, we obtain,

N-1

QN) (2N)! -k @N-=2k—D! (k)
v (O = é N —2oil TV N T (v Sk 2%
N—-1

_en e N 2 (Vi
~ 22NN g (N—1—k%! 2N -2k

N—-1

(2N)! N—1 le/l N—1—k
=N -1 d
22NN| kZ:( k )( ) 0 * *

2N)!
= 2(2N1i”1v/ (1 —x)Nldx.

=1/N

This ends the recursive proof and thus we have (18).
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To conclude that nw is (2N — 1)-non-degenerate, it remains to show that for all
x € R*, Inw(x)| < 1, since we already know that ngf,N) (0) < 0O thanks to (51). But

we have, thanks to (18), that for all x € R*, 0 < nw(x) < 1 since Z,ICVZ_OI 2"%2, is the

. 2
truncated power series of e* /4.

Lemma9 One has for all k € N,

Fopsa(0) = (—ir1 GEE D!

22k+1f ° (52)

Proof We know that Hy7(x) = x Hg4+1(x) — (k + 1) Hi(x) where Hy is the Hermite
polynomial of order k associated to x e_xz/ 2. Thus Hoi12(0) = —(2k + 1) Hy (0)
and then,

2k + 1)!

Haiey2(0) = (=1 ==

(53)

Now, remark that ﬁk x) = 2-k12 g, (x/ «/E), so that together with (53) we get the
expected result (52). O

Appendix 1.5: Proof of Theorem 3

. def. . .
For all n € N, the solution m,, = Ma, tyz, OF P, (yi, + wy) satisfies the following
first order optimality conditions:

1
F;:Zn (CDthnal’l - q>t20a0 - wﬂ) + )"l’l ( (;V) = O (54)

Since ny,,.1, = d>*(%n(<b,mao + wy, — Dy, 2, a,)) satisfies |3, .,
Im ®* and n,, 4, (tz,) = sign(a,) = 1.

As a result, by taking n large enough if necessary, we know that (a,, z,) =
&/ (Ap, wy) with g/ € ‘KZN(V,*) so that (a,, z,) — (ao, zo). Therefore all the asymp-
totic results that we established are true when applied for (ay,, z,) for n large enough.
Observe from (54), that we get for all n € N:

et (In wy 1 ao
Phrnty = Ftnzn ( 0 ) + 1L, s + o 0,2, Tz (0) :

LOC(X) < 19 nA‘Yllel €

As a consequence:
||p)‘llstn - pW”H — 0 when n — +o00,

so that forall 0 </ < 2N,

() )

H Mty — M — 0 when n — +oo0. (55)

oo
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In particular, since H M.t

< 1, we deduce (21):

mwllLee ) < 1.
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