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Abstract Harmonic Besov and Triebel-Lizorkin spaces on the unit ball in R¢ with
full range of parameters are introduced and studied. It is shown that these spaces can
be identified with respective Besov and Triebel-Lizorkin spaces of distributions on
the sphere. Frames consisting of harmonic functions are also developed and frame
characterization of the harmonic Besov and Triebel-Lizorkin spaces is established.
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1 Introduction

The theory of Besov and Triebel-Lizorkin spaces B‘;,q and F ;q in the classical setting
on R9 has been developed mainly by J. Peetre, H. Triebel, M. Frazier, and B. Jawerth,
see [5-7,19,24,25]. Besov and Triebel-Lizorkin spaces have also been developed in
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various other settings such as on the sphere [17], on the ball [13] and in the general
framework of Dirichlet spaces [12].

The purpose of this article is to introduce and study the Besov and Triebel-Lizorkin
spaces Bf,q (20), F;q (#€) (with full range of parameters) consisting of harmonic
functions on the unit ball B? in R, d > 1. The primary motivation for this undertaking
is to fill up the existing void in the theory of spaces of harmonic functions and create
a framework for future development.

The gist of our approach to spaces of harmonic functions U on B is the represen-
tation of U in terms of solid spherical harmonics:

oo N(k,d)

U@ =3 3 @)l Vi), bl <1, (1.1)

k=0 v=1

where {Y,} is an orthonormal basis for spherical harmonics on the unit sphere S?~!
and {by, (U)} are the coefficients of U. Identity (1.1) and the likes in the sequel are
extended by continuity for x = (0, ..., 0). The harmonic Besov and Triebel-Lizorkin
spaces B (/) and F), () are defined by means of the multiplier operator

[e'e] N(k,d)
PPV =3 G+ DT Y b @(T). BeR ()
k=0 v=1

For example, B! (), ¢ < 00, is defined by the norm

: B-9)q) 7B g ar \
Sq ;4 = — —5)q - . a—
||U||B,;1(Jf)- (/0 (I=r) IIJ U(r)”Lp(Sdl)l_r) s B>s.

A similar idea has been used in [ 18] for the development of Besov and Triebel-Lizorkin
spaces of analytic functions in the unit disc in the complex plane.

The Besov spaces B! () fors € Rand 1 < p, g < 0o have been introduced in
[9,10] for distributions f on the unit sphere S¢~! in R with (our notation) U being the
Poisson integral of f under the name “Lipschitz spaces of distributions on the sphere”
and some of their properties have been established. We consider them as spaces of
harmonic function on B¢ instead.

Our basic tool is well localized kernels consisting of band limited functions on the
sphere, that are readily available from [16,17] and also from [11].

The first step in developing the harmonic Besov and Triebel-Lizorkin spaces on B¢
is to show that the growth of the coefficients {by,,(U)} of any function U € Bf,q ()
orU eF ]S,q (J€) is at most polynomial. The main result in this article asserts that the
harmonic Besov and Triebel-Lizorkin spaces B;q () and F ;q (A7) can be identified
with the Besov and Triebel-Lizorkin spaces 3, (S~ 1) and 7, (S~ 1) of distributions
on S?~!, developed in [17]. This allows to mitigate between spaces of harmonic
functions on B? and distributions/functions on S?~!. In particular, this enables us to
develop frames consisting of harmonic functions on B¢ by harmonic extension of
the existing spherical frame elements (needlets) from [17]. We use these frames to
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characterize the harmonic Besov and Triebel-Lizorkin spaces B, (5#) and F, (5¢)
by respective sequence spaces.

The analogue of our identification of harmonic Besov and Triebel-Lizorkin spaces
on B? with respective spaces of distributions on S~ in the setting of Ri“ is essen-
tially obtained by Triebel, see [25, Sect. 1.8.3] and the references therein.

The layout of the rest of this article is as follows. Section 2 contains some back-
ground material and basic facts that are used later in the paper. In Sect. 3 we consider
harmonic functions on B¢ and distributions on S¢~! and their frame decomposition.
Harmonic Besov and Triebel-Lizorkin spaces on B? are introduced in Sect. 4 and
some of their basic properties are established. Also, the Besov and Triebel-Lizorkin
spaces of distributions on S¢~! are recalled. The identification of harmonic Besov
and Triebel-Lizorkin spaces on B¢ with Besov and Triebel-Lizorkin spaces of dis-
tributions on S?~! is established in Sect. 5. The frame characterization of harmonic
Besov and Triebel-Lizorkin spaces on B? is given in Sect. 6. In Sect. 7 we briefly
discuss the identification of the harmonic Hardy space .#” on B¢ with the harmonic
Triebel-Lizorkin space F 22(%”). In Sect. 8 we show how the results for harmonic

spaces on BY can be transferred to harmonic spaces on R? \ﬁ by means of the Kelvin
transform. There is an appendix, where we place the proof of Peetre’s inequality for
band limited functions on S9~!.

2 Background

Here we introduce some notation and collect well known technical results that will be
used in the sequel.

2.1 Notation

In this article we use standard notation. Thus Rd, d > 1, stands for the d-dimensional
Euclidean space. The inner product of x, y € R is denoted by x - y and the Euclidean
norm of x by |x| := /x - x. We denote B(y, r) := {x : |[x — y| < r}. Then B¢ =
B(0, 1). The unit sphere in R? is SY~! := {x : |x| = 1} and p(x, y) will stand for the
geodesic distance between x, y € S9! that is, p(x,y) := arccos(x - y).

The Lebesgue measure on S?~! is denoted by o and |E| := o (E) stands for the
Lebesgue measurable of £ C S?=1 In particular, wy = o(SY = 2792 /T (d)2)
is the measure of S~ 1.

All functions we consider are complex-valued if it is not specified otherwise. The
inner product of f, g € L>(S?~!) is given by

gi= [ FORDIo) @1

and the nonstandard convolution of functions F € L*[—1,1] and g € Ll(Sd_l) is
defined by

1 F(x-y)g(y)do(y). (2.2)

Frgl) = (F(x-9),3) =/
Sd
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We shall use the abbreviated notation || - ||, := | - || p(ge-1y for the L”-norm on sé-1,

We shall denote by G(x, ) the spherical cap (ball on S“~!) centered at x € S?~!
of radius 8, that is,

Gx,8) :={yeS’!:px, y) <8} (2.3)

Positive constants will be denoted by ¢, cy, ¢/, ... and will be allowed to vary at
every occurrence. The notation a ~ b will stand for ¢; < a/b < ¢». The constants
will usually depend on some parameters that may or may not be indicated explicitly.

2.2 Spherical Harmonics

The solid spherical harmonics will be our main vehicle in dealing with harmonic
functions on the unit ball B¢ in RY.

Denote by H;, the space of all spherical harmonics of degree k on S¢~1. As is well
known the dimension of Hy is N(k, d) = y‘*}(ﬁ (k:if) ~ k9=1 Furthermore, the
spaces Hy, k =0, 1, ..., are orthogonal and Lz(Sd_l) = EBk>0 Hr.

Let {Yx, : v =1,..., N(k,d)} be a real-valued orthonormal basis for Hj. Then
the kernel of the orthogonal projector onto Hy, is given by

N(k,d)
Zi(x-y) = D YY) 24)
v=1
As is well known
k+ d-2
Zi(x - y) = Clx-y), pi=-——d>2 (2.5)
Uwq 2

Here C,’f is the Gegenbauer (ultraspherical) polynomial of degree k normalized by
Cl(l) = (kHIffl); the polynomials C}', k > 0, are orthogonal on [—1, 1] with
weight w(t) := (1 — 212 see [23, p- 80, (4.7.1)]. In the case d = 2 the kernel of

the orthogonal projector onto Hy, takes the form

1 1
ZO(X'y)=E, Zk(X'y)=;Tk(x'y), k>1,

where T} is the kth degree Chebyshev polynomial of the first kind.

The set of all band-limited functions (i.e. spherical polynomials) on SY~! of degree
< N will be denoted by Iy, i.e. [Ty := EB,ILO Hr.

The Poisson kernel on the unit ball B? is given by

X 11— |x? B
P(y, x) ;=Z|x|kzk(m.y) = T x| <1, ye S (2.6
P X —y

Birkhauser



1066 J Fourier Anal Appl (2017) 23:1062-1096

We refer the reader to [15,22] for the basics of spherical harmonics.
Kernels of the form

ANGe-y) =D ak/N)Zk(x - y), x,yes™, N=>1, 2.7
k=0

where A € C*°(R.) is compactly supported (R := [0, 00)), will play a key role in
this article. Observe that in this case

An(u) = zx(k/N)Zk(u), uel[-1,1], (2.8)
k=0

is simply an algebraic polynomial kernel. We shall utilize kernels of this sort, where
A is an admissible C*° function.

Definition 2.1 We say that a function A € C*° (R ) is admissible of type (a) or (b) if
A satisfies the conditions:

(a) suppr C [0,2] and A(u) = 1 foru € [0, 1] or

(b) supp X C [1/4,4].

Theorem 2.2 Let A be admissible and |17 ||oo < A for 0 < m < K. Then for any
N > 1 the kernel Ay from (2.7)—(2.8) obeys

AR (cosO)] < cANTF2 (1 + Njg) K, ol <7, v >0, 2.9
and hence
IAY W) < cANTTI (U4 Np(e, ) 7K,k yestTl @210)

Here the constant ¢ > 0 depends only on K, v, d. Furthermore, for x, y, z € S~

, y)N¢
|AN(x-z>—AN(y-z>|5cA%, if px.y) <Nl @11

For a proof, see [16, Theorem 3.5] and [17, Lemma 2.6], also [11, Theorem 5.1].

2.3 Maximal Inequality

Let M; be the maximal operator, defined by

1 1/t
Mifw = sup (= [ 1 odo) L i= 0, @12)

Gox

where the sup is over all spherical caps G = G(z, §) containing x (see (2.3)).
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We shall use the Fefferman-Stein vector-valued maximal inequality (see [3,21]):
IfOo<p<o00,0<gqg <o00,and0 < ¢ < min{p, g}, then for any sequence of
measurable functions fi, f2,... on sd-1

H (i [Mif; 0] )l/q L=< i |f,(.)|q)”" | (2.13)
j=1

j=1

This inequality is usually stated for # = 1 under the condition p, g > 1. Then the
above version of the maximal inequality follows readily. A proof of (2.13) fort = 1is
also given in [8, Theorem 1.2] from where it follows that the constant ¢ > 0 in (2.13)
can be written the form ¢ = (¢ (d) max{p/t, (p/t — )"y max{1, (g/t — D)~Hhl/’.

We shall also need the following integral version of the maximal inequality: Let
P, q, t be as above. Then for any continuous function F : [a, b) x S9! s C one has

([ Psoonala)“], <l([ 1) ] o

with the same constant ¢ > 0 asin (2.13). This inequality is an immediate consequence
of (2.13) by discretization using Riemann sums and a limiting process.

The next lemma contains an analogue of Peetre’s inequality which involves the
maximal operator M; from (2.12).

Lemma 2.3 Lett > 0and N € N. Then there exists a constant ¢ > 0 depending only
ont and d such that for any g € Ty

lg(WI d—1
}‘:1813)_1 0T Np(x. y) @7 <cM;g(x), VxeS . (2.15)

Here M; is the maximal operator from (2.12).

To streamline our presentation we place the proof of this lemma in the appendix.
We shall need the following simple

Lemma 2.4 Foranyg e L'(S™ Y and M > d — 1

Nt g(y)| d-1
_ A4 Y 2.1
/Sd_l T+ Np i do(y) <cMigx), VxS ,VN eN, (2.16)

where M is the maximal operator from (2.12) with t = 1 and ¢ depends only on d
and M.

The proof of this lemma is straightforward and we omit it (for the idea see e.g. [21,
(16) in Chapter II, Sect. 2.1]).
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The following obvious inequality will also be needed: If M > d — 1, then

Nd—l
/ ———————do(y)<c, VxeSTL VN>, (2.17)
si-1 (1 + Np(x,y))

where ¢ depends only on d and M.

2.4 Useful inequalities

The following Nikolski-type inequality (see e.g. [2, Theorem 5.5.1]) will be used.
Lemma 2.5 [f0 < g < p < o9, then forany g € Iy, N > 1,

gl ppgi-1y < eNU=DAa=UP g4 iy, (2.18)

where ¢ = c(d, p, q).
Two simple inequalities will be needed.

Lemma 2.6 (a) Ify, K > 0, then
1
/ A=r""Y8dr <cK™7, c=c(y). (2.19)
0

®) Ifa,y >0and0 <r < 1, then

o0
S <l —n)7, e =clay). (2.20)
=0

Proof (a) Substituting r = 1 — u/K in the integral in (2.19) we get

1 K u\k 00
/ a—=rr K = K_V/ uy_l(l — —) du < K_y/ u’ e "dy,
0 0 K 0

implying (2.19) with ¢ = I'(y), I' being the I"-function. Here for the last inequality
we used the following obvious inequality (1 —u/K )K < e Y whenever) <u < K.
(b) It is readily seen that

oo

o] oo
¢ _ ro\Y v
E re2ot < ¢ réu? lduzc( ) (rl—') v dv,
1/2 L=r/ Jix
:

£=0

where we applied the substitution u = {=. Evidently, FTe < 1/2 whenever 1/2 <
r < 1 and (2.20) follows. In the case when 0 < r < 1/2 inequality (2.20) follows
trivially from the case r = 1/2. O
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3 Harmonic Functions on B9 and Distributions on S¢~1

The purpose of this article is to study harmonic functions on B¢, which are intimately
related to their boundary values. The boundary values of harmonic functions are in
general distributions. In this section, we clarify the relationship between harmonic
functions on B? and their boundary value distributions on S?~1.

3.1 Harmonic Functions on B¢
Denote by 7 (BY) the set of all harmonic functions on the unit ball in R?. The

properties of spherical harmonics readily imply the following representation of any
function U € . (B?):

U(x):i@/ U(an)zk(i-n)da(n) x| <a, 0<a<1. (3.1)
= ak Jga-i x| ' ' S

Using the spherical harmonic basis functions (see (2.4)) this takes the form

00 N (k,d) 1 x
— k _ =
vw=3nt 3 L, vantamismr. () 62
00 N(k,d) X
=2 " 2 bWV ( ). xl<a.
% ; ' ”(|x|)

Above the series converge absolutely and uniformly on every compact subset of
B(0, a). It is an important observation that the coefficients

1
by (U) = a—k/sd_1 U(an)Yiy(n)do (1) (3-3)

are independent of a for all 0 < a < 1. This implies the representation

N(k,d)

U@ =3 it Y e @Ya(), <1, (3:4)
k=0 v=I

where the coefficients by, (U) are from (3.3) and the convergence is absolute and
uniform on every compact subset of B?. In certain cases, it is convenient to write this
representation in the form

00 N(k,d)
Uerg) =D " D b)Y @), 0<r<1, ges’". 3.5)
k=0 v=l1
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Applying the Cauchy—Schwarz inequality, it follows by (3.3) that forany 0 < a < 1
[bry (U)] < a_k”U(Cl')”LZ(Sd—l), v=1,...,Nk,d), k=0,1,..., (3.6)

The topology on . (B?) is naturally induced by the uniform convergence on all
compact subsets of BY. Clearly, 7 (B%) is complete with respect to this topology.

We are interested in harmonic functions U € .#(B%) with coefficients of at most
polynomial growth:

b (W) <ck+17Y, v=1,....,Nk,d), k=0,1,..., (3.7)

for some constants y, ¢ > 0. As will be shown in Proposition 4.2 below the functions
in the harmonic Besov and Triebel-Lizorkin spaces of interest to us will have this

property.
The following basic lemma on harmonic functions will play an important role in
what follows (see [4], Lemma 2, page 172):

Lemma 3.1 Suppose B is a ball in R? with center x € R?. Let U be a harmonic
function on B that is continuous on the closure of B. Then for any p > 0

1
|U (x)|P SC(P,d)—/ |U(y)|Pdy. (3.8)
|Bl JB

3.2 Distributions on S?~1

To define distributions on S¢~! we shall use as test functions the class S := C®°(S?~1)
consisting of all functions ¢ on S?~! such that

1Zk * $ll2 < c(p,m)(A + k)™, Vk,m = 0.

Recall that the convolution Z; *x ¢ is defined in (2.2). It will be convenient to define
the topology on S by the sequence of norms

N(k,d) 12
Pu(@) = D (k+ D" Zix gl = D k+ D" ( D 19, ¥ll?) T 3.9)

k>0 k>0 v=I1

Evidently, the topology on S can be equivalently defined by the seminorms
Pr:(¢) = ||A6n¢”007 m=0715"-7

where A is the Laplace—Beltrami operator on S?~!. Furthermore, it can be defined
by the seminorms

Pr@) = > 8%l m=0.1,....

lae|=m
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where 4;(x) = ¢(x/|x]), see e.g. [20]. It is easy to see that S is complete in the
topology of S defined above.

Observe that all Yz, € S and hence by (2.4) Z;(x - y) € S as a function of x for
every fixed y and as function of y for every fixed x.

The space S’ := S'(S?~!) of distributions on S?~! is defined as the space of all
continuous linear functionals on S. The pairing of f € S’ and ¢ € S will be denoted
by (f, @) = f (¢), which is consistent with the inner product on L2(S?1, see (2.1).
More precisely, S’ consists of all linear functionals f on S for which there exist
constants ¢ > 0 and m € N such that

(/. o) = cPu(@), VpeS. (3.10)

For any f € S’ we define Z; * f by
Zix f(x) == (f, Zi(x - @) = ([, Zi(x - @), (3.11)

where on the right f is acting on Zy(x - y) = Zy(x - y) as a function of y (Zj is
real-valued). From (3.9) and (3.10) it follows that

(oY) Sctk+1)™, Vk>0, Yv=1,...,N(k,d), (3.12)
with ¢ and m as in (3.10). Furthermore, Z; x f € H; and
1Zi* fll2 < etk +1)"HE=D2 0 vk > 0, (3.13)

in light of (3.12) and (2.4). For more information about distributions on S941 ) see
[17].

Convergence

We shall frequently use that

f=DZxf VfeS (3.14)

k=0

with convergence in distributional sense. This follows readily by duality from the fact
that ¢ = >, Zx * ¢ for every ¢ € S with convergence in the topology of S.

By the same token, if A € C*°(R4) is an admissible cutoff function of type (a)
in the sense of Definition 2.1 and Ay is the kernel from (2.7), then we have f =
limy_00 Ay * f in &’. This yields the following Littlewood-Paley decomposition
of distributions: Let ¢ € C°°(R;) be an admissible function of type (b) such that
suppe C [1/2,2] and

o0

> 2" u) =1 foruel[l, o). (3.15)
j=1
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For the existence of such functions, see e.g. [17]. Set

o
k
. -1 . .

®g:=Zp=w;' and ®; .:Z¢(F)zk, i=1,2,.... (3.16)

k=0

Then
f= Z(IDj x f forall f € §'(convergence in &), (3.17)
Jj=0

see [17, Lemma 2.1].
The relationship between harmonic functions on B¢ and distributions on S~ is
clarified by the following

Proposition 3.2 (a) To any U € ' (B?) represented by (3.4) (or (3.5)) with coef-
ficients satisfying (3.7) there corresponds a distribution f € S', f = fy, (the
boundary value function/distribution of U ) defined by

N (k,d)

f :=Z Z by (U)Yxy, (convergence in S') (3.18)
k>0 v=1

with coefficients by, (U) = (f, Yiy).

(b) To any distribution f € S’ with coefficients by, (f) := (f, Yr,) there corresponds
a harmonic function U € 5 (B%), U = Uy, (the harmonic extension of f to BY)
defined by

) N(k,d)
U =X X be((i5) <1, (3.19)
k=0 v=1

with coefficients by, (U) = by, (f) obeying (3.7), where the series converges uni-
formly on every compact subset of BX.
(c) ForeveryU e ¢ (B%) we have Uy, = U andforevery f € S’ we have Jfu; = 1.

Proof (a) From the fact that the coefficients by, (U) obey (3.7) it readily follows
that the series in (3.18) converges in &’. This and the orthogonality of {¥,} lead to
(fv qu) = bkv(U)~

(b) If f € &', then by (3.12) we have |by,(f)| < c(k + 1) for some constants
¢, m > 0, implying that the series in (3.19) converges uniformly on every compact
subset of B4 and by, (U) = by, (f).

Claim (c) reflects the fact that in either case by, (U) = by, (f). O
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3.3 Frame Decomposition of Distributions on S9~!

Here we recall the construction of a frame (needlets) on S9-1 whose elements are
bandlimited functions. Note that the situation is more favorable in dimension d = 2,
where Meyer’s periodic wavelets (see [14]) form a basis with the desired properties.

The construction of needlets on S9!, d > 2, starts with the selection of a real-
valued function A € C*°(R.) with the properties: supp A C [1/2,2], A > 0, A(u) >
¢ > 0forue[3/5,5/3], and Z:ﬁo k2(2_”u) = 1foru € [1, 00). Define

00 v .
Aoi=7Z0, and Aji= > a(5) 7 Jz 1. (3.20)
v=0

It is easy to see that f = Z?O:o AjxAj* f forevery f € S’ (convergence in S’).
The next step is to discretize Aj * A for j > 1 by a cubature formula on sa-1,

One constructs a cubature on S~! with nodes in X'; € S?~! consisting of < ¢2/¢@~1

almost uniformly distributed points on S~ ! and positive coefficients {welgex; of size

wg ~ 277@=D guch that

/S L fdo) = 3w f(€) (3:21)

EEX]‘
for all spherical harmonics of degree < 27 +1,‘ see [17]. In fact, X; can be selected
as a maximal §;-net on S?=1 with 8; = y27/, where y > 0 is a sufficiently small
constant. Then it readily follows that there exists a disjoint partition {A¢ }ze x; of se-1
consisting of measurable sets such that G(£,68;/2) C As C G(£,6;),& € &;. In

addition, set Xp := {e1} with e; := (1,0, ...,0), and w,, = a);l. From (3.21) it
follows that

Aje Ay = [ A A o) = 3 wed € 08 )
g1 e

which allows to discretize f = Z?O:O Aj* Aj* f and obtain

f= Z Z (f.ye)Pe, VfeS (convergenceinS'). (3.22)

Jj=0&eX;
. 1/2
Here ¢ := We Zo, & € Xy, and

Vet = wPAjE-x), e j=1. (3.23)

We set X' := U;>0X; assuming that equal points from different sets X; are distinct
points in A" so that X’ can be used as an index set. This completes the construction of
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the system {y¢ }¢cx. From above it readily follows that {1/¢}¢cx is a tight frame for
L2(S1.

Observe that the frame elements {1/¢} are not only band limited, but also have
excellent localization on S¢~!. From the properties of A and Theorem 2.2 it follows
that (see also [16,17]) for any M > O there exists a constant ¢ > 0 such that

[e (x)] < 27D 420 px, )™, xeSTl EeX;, j=0. 324)

Moreover, as shown in [11, Theorem 5.1] the localization of /¢ can be improved to
sub-exponential: For any & > 0 the cutoff function A above can be selected so that

We ()] < 12/ @D exp{ —e2(27p(x,8)' ), xesi gex;, j=0,
(3.25)

where c1, ¢y > 0 are constants depending on &.
Note that for more flexibility itis possible to construct a pair of dual frames {¥¢ }ec v,

{1/75 Jecx on S9=1, where each Ve is defined as above with A being an arbitrary admis-
sible complex-valued cutoff function of type (b), while &g is defined as above with A
instead of A such that ZVZQA(Z_"M)X(Z_VM) =1lon/[l, 00).

For more details and proofs, see [11,17].

3.4 Frame Decomposition of Harmonic Functions on B¢

By harmonic extension of the needlets from Sect. 3.3 we next construct a decomposi-
tion system for harmonic functions in 57’ (B?). We define We (x) = wé/ 2 Zy = a)gl/ 2,

& e Xp,and forall £ € X, j > 1, we set

2J
e (x) == wy/? ZA(Z;’_I)WZV(% -s), xeRY, (3.26)
v=0

where A is from the definition of needlets in (3.20). Observe that W (x)|IXI:1 is just

the function ¢ from (3.23) and V¢ € (B9, ie. W; is the harmonic extension of
Ye on B¢. We also define a natural dual to {Weleex by \Ilg = W for & € X, and

2J
~ 1/2 1% _ X .
B () = w> x(zj—_l)m ”zv(m-g), x| >0, £ €X;, j>1.
v=0
(3.27)

Note that W |sa-1 = We|ga1 = ¢ and Wg, W are real-valued.

Observe that if more flexibility is needed the cutoff functions A and A mentioned
in Sect. 3.3 can be used in the construction of W, W;.

We next record some basic properties of the system {We}ecx, {\Ilg Jeex.
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Proposition 3.3 (a) Each function Vg, § € X, from (3.26) is harmonic on RY and
for each \ilg Jfrom (3.27) the function |x|2_d \iJg (x) is harmonic on R4 \ {0}
(b) Any U € 2 (B?) with coefficients obeying (3.7) is represented as

U= <U ¥ > ¥, (3.28)
EeX

where the convergence is uniform on every compact subset of B¢ and the coefficients
< U, Vg >i= (U(r), U (r) = /S UrmWe(rmdo(n), r € (0,1), (3.29)

do not depend on r. Furthermore, < U, \i'g >= (fu, ¥e) with fy being the
boundary value distribution of U, defined in (3.18).

Proof The validity of (a) is immediate from the theory of spherical harmonics as
|x|>—4 We (x) is the Kelvin transform of We.
To prove (b) we observe that by (3.22)

fo =" (fu, ve)Ve,

teX

where the convergence is in S’ (SY~!). Hence, by harmonic extension

Urn) = D (fu. ¥e)We (rn).
teX

On the other hand, by the properties of {Z;} it readily follows that

(U@, U (r)) = (fu, ¥e)

and this completes the proof. O

4 Besov and Triebel-Lizorkin Spaces

We now center on Besov spaces B, () and Triebel-Lizorkin spaces F),? () con-
sisting of harmonic functions on the unit ball BY. As will be shown these spaces can
be identified with the Besov B;,q and Triebel-Lizorkin j’-'“;,q spaces of distributions on
the unit sphere S~
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4.1 Harmonic Besov and Triebel-Lizorkin Spaces on B¢

For U € . (B%) and B € R we define

o N(kd)
JPU@E) =D rfk+ )77 D bY@, 0<r<1, s @1
k=0 v=I

By (3.6) it follows that the above series converges absolutely and uniformly on every
compact subset of B¢ and hence J#U is a well defined harmonic function on B<.

Observe that if, for example, f € S(S~1), U(r§) := de_. P(y,r&) f(y)do(y)is
the Poisson integral of f,and TU (r&) := (%(rU(r&)), then J7"U (r&) = T"U(r§),
m € N.

Definition 4.1 Lets e R,0 < g <oo,and 8 := s + 1.

(a) The harmonic Besov space Bf,q (J),0 < p < o0, is defined as the set of all
U € #(B?) such that

! _ _ dr \1/q .
U1 g3 ) :=(/0 =N PUE, g 77—) " <00 ifq # oo

and

Ul gy = sup (1 =P~ 177 U)oy < oo

O<r<l

(b) The harmonic Triebel-Lizorkin space F,?(#), 0 < p < oo, is defined as the
setof all U € .#(B%) such that

! dr \1/a
W = | ([ a=no=ms-tuer;2=) |

< 00
1—r Lr(Sd-1)
if ¢ # oo, and

WUl = || sup (1 =P =107 P U]
0

<r<l

< 00
Lp(Sd-1)

As will be shown, choosing an arbitrary § > s above will result in equivalent quasi-
norms for B),’ (/) and F),? (), respectively. The choice B = s + 1 suppresses the
dependence of the quasi-norm on 8 and simplifies the notation.

Some other basic properties of the harmonic Besov and Triebel-Lizorkin spaces
Bf,q () and F, ,S,q (J€) are given in Proposition 4.4 below.

We next show that the harmonic functions U from B;q () and F ls,q (A7) have
coefficients of at most polynomial growth (see (3.7)).

Proposition 4.2 Lets € R, 0 < p, g < oo. Then there exist constants y, ¢ > 0 such
that for any U € Bf,q ()
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b (U)] < ek + DY [Ullgs, v=1,....,N(k,d), k=0,1,.... (42)

The same estimate holds for any U € F,S,q (), 0 < p < oo, with || U||F[s7q in place of
U ”B‘,Yﬂ on the right.

This proposition will follow from the next lemma that will play an important role
in the sequel.

Lemma 4.3 Let U € 5 (B?) and formally denote

N (k,d)

£=20 D" b)Y, 4.3)

k>0 v=1

which simply means that by, (f) := by, (U). Also, let the function ¢ € C*°(R) and
suppe C [1/2,2]. Write

2J

Do * f = Zo* [, <I>,,'*f:=kZ(‘; (2] 1)Zk>n<ffor]>1 (4.4)
where Zj x [ = ZN(k d) by (U) Yy, and set
[j=[1-2771-27771 j>o. (4.5)

Then forany B € R,0 <t < 1, and j > 0 we have
1D % fx)] < 2P M1 / (M PUe)O] )(x)) , Vx e ST,
(4.6)

where M| and M; are two versions of the maximal operator defined in (2.12) and
¢ > 0 is a constant depending only on ¢, d, B, t. Moreover,

. dr 1/t
1o % £l gcz—fﬁH(/I U =) Hp ift<p<oo, (47)
J

_ _ dr \U/t |
1) fllp <2 fﬂ(/l U, ==) " ifr<p=oo. (48
J

with constants c depending only on p, ¢, d, B, t.

Proof Observe first that ®; * f and Z; x f are well defined on S9=1 because their
definitions involve finite linear combinations of spherical harmonics.
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Let first j > 1. From (4.4) we have forany 0 <r < land f € R

k
Ok f=> [go(zj_l)r_k(k n 1)—ﬂ]r’<(k TP Zex f. 4.9)
k>0
Denote
k
0jrr-y) =2 055 )r M+ P iy =1 @10)

k=0

Set N := 2/~! and consider the function A(u) := N Po@)r N + 1/N)P.
Clearly, Qjr(x - y) := Zkzok(k/N)Zk(x -y)and supp A C [1/2, 2]. Itis easy to see
that

N oo <cr VNP for m >0, c¢=c(m,e,p).

We now invoke Theorem 2.2 to conclude that for any M > 0
9Jd=1),.=2/%"H—jp

1Qjr(x -l <c : e HyeSTl c=cM, g, B.d). (@11
(14+2/p(x,y))

From (4.1) and (4.4) it follows that J AU (r&) = > o r*(k + 1)P Zy x f(€) and
using (4.9) and (4.10) we get

@« f=0QjxJ UG, Vre(). 4.12)

Let V; be a maximal §-net on S9=1 with § = 27/, and assume that {Ag}gey/.
is a companion disjoint partition of SY~! consisting of measurable sets such that

G, 27771 C Ag € G(E,277), & € Vj (see (2.3)).
LetO < < landsetr; :=1—3.27/72 Then

By (4.12) with r = r; and the fact that 0 < ¢ < 1 it follows that

@ @I =| [ 0 s UG o] @13)

c _
< S 2o P Qe (- I sup [JTPU G
e yeAs YEAg

Applying Lemma 3.1 with B = B(y,sin27772) C I; x G(y,27/72) to the
harmonic on B¢ function J~PU we get

I PU Gy Sczfd// JPUG) ' do(n)dr, Vy € Ag, &€
1; JG(y,27772)

(4.14)
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Therefore, for all € Ag and y € Ag

1
I |G, 277+ G(®,2-i+1)

sc/[ MIPUEN] - dr

1

_ _ dr
I PUGEI < P UGnI'do () —

(4.15)

where M, is the maximal operator defined in (2.12). From (4.13), (4.11) withr = r;,
rj_21+1 ~ 1, and (4.15) we infer
D) * f(0)If
2—Jjpt

JPU D —d B
fcg (4 2p0x, ) |As|/AE/ MO END] 7o)

=By (r- rdr
< cz_jﬁtz./(d—l)/ flj [M[(J ver ))(ﬂ)] 1=r (4.16)

sd-1 (1+2/p(x, )M

Recall that estimate (4.11) hold for any M > 0. We choose M so that Mt > d.
Now, we apply Lemma 2.4 to (4.16) to obtain (4.6) in the case j > 1.

The case j = 0 is simpler. Indeed, using Lemma 3.1 and bounding the Jacobian
r4=1 of the spherical change of variables from above by 1 we get

C
Do * fO = 1UO) =[JPUO) < ————— IV PU(y)I'dy
|B(0,271] Jpo.21
1/2
—c / _ PU ) dor ()~
~ Jo IGW. ™| Jown I—r

<c / [MPUGHO] -
Iy 1

for all ¥ € SY~!. From the fact that the above inequalities are valid for all € S¢~!
it follows that (4.6) holds in the case j = 0.

In order to prove (4.7) we choose t* € (0, t) and then apply (4.6) with * in the
place of ¢, the maximal inequality (2.13) for a single function with 1 and p/¢* in the
place of ¢ and p and Holder’s inequality (z/1* > 1) to obtain

19 % £, = 27| [ my (/, (M PUe)O]

=0

~ dr )1/t*

< 2 ( / (MU en0]” -

1

< /[M,*(J U0 = )WH,,'

4.17)
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Now applying the maximal inequality (2.14) with ¢* and ¢ in the place of ¢ and ¢ we
obtain (4.7).

Inturn (4.7) implies (4.8) for p < oo by applying the Minkowski inequality (r < p).
Finally, (4.8) for p = oo follows immediately from (4.6) and the obvious property of
the maximal operator M;g(x) < ||glco- O

Proof of Proposition 4.2 (i)LetU € F,?(#) and denote by {by, (U)} the coefficients
of U, defined in (3.3). Let the function ¢ € C*°(R,) be such that supp g C [1/2,2]
and p(u) = 1 for u € [271/2,21/2]. Just as in (4.4) write

2J

Dy x f:=Zo* f, CDj*fzzz ( )Zk*ffor]>1 (4.18)
k=0

2j-1

where Z * f := ZN(k Dy o (U) Yk

Let 8 > s and 0 < t < min{l, p, g}. With these notations we use Lemma 4.3 to
conclude that (4.7) is valid. Applying Holder’s inequality (¢ /¢ > 1) to (4.7) leads us
to

1) 5 1, < 277 ( /|J roear )"

/(1 r)(ﬂ V)CI|J ﬂU( )|q dr )l/qH
—r/p

<c2” /‘||U||F;q. (4.19)

<278

Here we used that 1 — r ~ 27/ whenever r € I;.
Using Lemma 2.5 and (4.19) we obtain, for each j > 1 and 0 < g < oo,

10 % flla < /D@ 5 g, < 2/1DIVPT 2Ny

and
27 N(k d) N (k,d)
2 _ 2
||<1>,,~*f||2—2¢(2,._1) Z iy (U) 2 > D W)
k=0 21—3/2§k52j—1/2 v=1

The above and the fact that N C U;=1[2/73/2,2/=1/2] imply (4.2) for k > 1 with
Ul B () replaced by ||U || E () Also (4.2) for k = 0 follows immediately from
(4.19) with j = 0. This proves Proposition 4.2 for Triebel-Lizorkin spaces.

(ii) We next prove (4.2) in the case when U € B)’. This proof will follow in the
footsteps of the above proof. We shall borrow from above. Denote by {bx,(U)} the
coefficients of U, defined in (3.3). We define ®; * f just as in (4.18).
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Let 8 > s and 0 < t < min{l, p, g}. With these notations we use Lemma 4.3 to
conclude that (4.8) is valid. Applying Holder’s inequality (¢ /¢ > 1) to (4.8) leads us
to

. _ dr \1/q
19,5 7l <2 ( [ v =)
J

1—r

. d 1/q .
=2 ([ a=nE N Pueh—) " =2 Ul
I -

Here we used that 1 — r ~ 27/ whenever r € I;.
Further, we proceed just as in the proof of (4.2) in part (i). O

In the next proposition we collect some basic properties of the harmonic Besov and
Triebel-Lizorkin spaces.

Proposition 4.4 (a) The harmonic Besov and Triebel-Lizorkin spaces B;,q () and
F;q (F€) introduced by Definition 4.1 are independent of the selection of the para-
meter B > s.

(b) The harmonic Besov and Triebel-Lizorkin spaces qu () and F ;q () are con-
tinuously embedded into 7 (B?), that is, for any admissible parameters s, p, q
and any compact K C BY there exists a constant ¢ > 0 such that

IUlLek) = cllUligse, VU € B, () (4.20)

and similarly for U € Fls,q ().
(¢c) The spaces B‘;,q () and F ;q () are complete and hence they are quasi-Banach
spaces (Banach spaces if p,q > 1).

Proof Part (a) will follow from the identification of B,! (") and F},% (/#) with Besov
and Triebel-Lizorkin spaces of distributions on S9-1 see Remark 5.3. Part (b) follows
readily by Proposition 4.2. The completeness of the harmonic Besov and Triebel—
Lizorkin spaces B;,q () and F ;q (#€) follows by (b) and a standard argument using
Fatou’s lemma. It also follows by the identification of B‘;,q () and F ;q () with
Besov and Triebel-Lizorkin spaces on S?~! and the completeness of the latter spaces.

O

4.2 Besov and Triebel-Lizorkin Spaces on S¢~1

To define Besov and Triebel-Lizorkin spaces on SY~! we employ functions of the
form (3.16).

Definition 4.5 Lets € R, 0 < g < 0o and g satisfy the conditions: ¢ € C*°(R,),
suppe C [1/2,2], and |¢(u)| > ¢ > O for u € [3/5,5/3]. For a distribution f € &’
set

®o % f = Zo* f, q>,~*f=z<p(L)zk*f,jzl, 4.21)

271
k>0
where Z; * f is defined in (3.11).
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(a) The Besov space B, = B,/ (S?™1), 0 < p < o0, is defined as the set of all
distributions f € S’ such that

oo

; a\ /4
10 = (D2 (29195 % flliwgen) ') < oc, 4.22)

j=0
where the ¢9-norm is replaced by the sup-norm if g = oo.

(b) The Triebel-Lizorkin space ]-';q = f;q (81,0 < p < o0, is defined as the
set of all distributions f € S’ such that

l/q‘

1z o= | (i (27195 (1)) o, 423)
j=0

j=

<
LP(S4-1)

where the £9-norm is replaced by the sup-norm if ¢ = oco.

Several remarks are in order:

(a) The definitions of the Besov and Triebel-Lizorkin spaces above are independent
of the particular selection of the function ¢ with the required properties. Different
¢’s produce equivalent quasi-norms and one may impose additional conditions
on ¢ if necessary.

(b) The class S is continuously embedded in each of the spaces B;q and f-f,q , that is,
there exist constants m > 0 and ¢ > 0 depending only on s, p, ¢ such that

Pl < cPulg), Vo €S, (4.24)

and the same inequality holds with B;,q replaced by }";q.
(c) The spaces B, and F, are continuously embedded in &', which means that for
any s € Rand 0 < p, g < oo there exist constants ¢ > 0 and m € Ny such that

(o) <clfligyPu@). VfeB) Ypes, (4.25)

and similarly for the Triebel-Lizorkin spaces 7.
(d) The above readily implies that B’ and F,’ are complete and hence they are
quasi-Banach spaces (Banach spaces if p, g > 1).

For details and proofs, see [17].

5 Identification of harmonic Besov and Triebel-Lizorkin spaces

We now come to the main assertions in this article.

Theorem 5.1 Lets € R, 0 < p < 00, 0 < g < 00. A harmonic function U €
F ;)q (Z0) if and only if its boundary value distribution f = fy defined by (3.18)
belongs to .7-‘;7‘] (S?=1, moreover ||U||F;q ~ ||f||]_-;q.
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Theorem 5.2 Let s € R, 0 < p,q < o0. A harmonic function U € Bf,q () if
and only if its boundary value distribution f = fy belongs to Bf,q (891, moreover
WUl ~ £l

We start with the proof of Theorem 5.1, which is somewhat more involved than the
proof of Theorem 5.2.

5.1 Proof of Theorem 5.1

(i) We first show that if f = fy € F,'(S?"!) is the boundary distribution of a
harmonic function U € s (B%) with fy defined in (3.18), then U € F;q () and
IUN e < cll fll e

Let ¢ € C*°(R4) be such that suppe C [1/2,2] and ¢ satisty (3.15). Define
the kernels ®;, j = 0,1, ..., just as in (3.16). Also, choose ¢ € C*°(R;) so that
supp @ C [1/4,4] and ¢(u) = 1 foru € [1/2, 2]. Set

3 k
Qj,(x-y)::Z@(zjfl)rk(k—}—l)’ng(x~y), j>1,0<r<1. (51
k>0

Denote briefly N :=2/~" and let g(u) := N@u)rN*(u 4+ 1/N)P. Clearly, we have
Qjr(x-y) = Zkzog(k/N)Zk(x -y) and supp g C [1/4, 4]. It is readily seen that

lg™ lloc < er™/ENP form =20, ¢ =c(m, . ).
Then applying Theorem 2.2 we conclude that for any M > 0

2jd=1),2"% jB

: —. Vx,yeST c=cM.¢.B.d). (52)
(1+27p(x, )

1Qjr(x-y)| <ec

From (3.15) and the fact that ¢(u) = 1 for u € supp ¢ we get for all & € S¢~!

I7PUGe) = e+ 0P Zix f(8)

k=0

=Zox F©O+ Y. > d( : )rk<k+1)%(%)zk*f@>

j—1
stz 2

=Zox fE)+ D 0jrx Q) * f(&). (5.3)

j=1
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Choose 0 < ¢ < min{p, g}. Clearly ®; * f € Il,j+1. Then by (5.2) with M =
(d — 1)/t +d and Lemma 2.3 it follows that

10y % @ % f(x)]
o 2jd=1)|g .
<cr? 421'3/ - | J*(f_(f))/hdda()’)
s (1+2/p(x, y)
1D * £y / 2/@-1
51 (142 p(x. y))*

5cr2j_42j5 sup "
yeSd-1 (1 + 2j+1,0(x, y))T

do (y)

(5.4)
Scrzj_42jﬁ/\/lz(q’j * f)(x).
Here for the last inequality we used (2.17). Hence,
TPUGE) < 1Zox FEI+c D ¥ 2P M % ). VE €S,
izl

(5.5)

implying

10Ul pse = c(1Zox fllp +N) < el fll e +N)
with

N = H(/Ol(l _r)(ﬂ—S)q(zrzf*“zjﬂMt(cDj " f)(-))q dr )l/q Hp

. 1—r
Jj=1

It remains to show that N < c|| f|| F Three cases are to be considered here.
Case1: 0 < g < 1. We have

N=e (/01(1 - jzz;rl"“‘qzmq (Mo@; = ol )|
= (X2 HO)’ /01(1 - r)(ﬂ—s)q—lﬂj"‘qd")l/q Hp

Jj=1

and applying first inequality (2.19) and then the maximal inequality (2.13) we arrive
at

N =e|(Z 2w« Hop)

=1 b

< CH (szsq@j * f(.)lq)l/q Hp — C||f||}-;q.

j=1
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Case 2: 1 < g < oo0. We write

(X 2 Mm@ )’

Jj=1

_ (2 (rzj*“zj(ﬂ—S))l_l/q (rzf'*“)l/qzj[s+(/3—S)/q]Ml(q>j . f)(.))"

j=1

and applying Holder’s inequality and (2.20) we get
i—4 . q
(22 M@ HO)

j=1
< (Do a5 O (D20 E)

izl j=1
< chZH(l — )~ B=9)a=Dpjsq+p—s) [M, (@« O]

j=1

Therefore, using the above, (2.19), and the maximal inequality (2.13) we obtain

N = e (2 M@ 5 N /1 Pa-ntean) |

izl

<o (X2« nol) |

Jj=1

<c (szfﬂcbj *f(-)|q)l/q Hp =cliflige

j=1

Case 3: ¢ = co. We have

N = sup (=P S M@ 5 0|
O<r<l =1 4
< | sup 2/ My (@) () sup (1= )= 3 210

j>1 O<r<l r

jzl1
< o swp 2P M@ O <] swp2iti@ 5 fOI| = el il
Jj=1 p Jj=1 p

For the second inequality above we used (2.20) and for the third inequality we used
the maximal inequality (2.13). The proof of the first part of the theorem is complete.

(ii) In this part, we show that if U € F, (), then the boundary distribution f € S’

associated to U belongs to f\;,q (Sd_l) and ||f||]_—;q < c||U||F;q. This proof relies on
Lemma 4.3.
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Following Proposition 3.2 we write

N(k,d)
f= Z Z by (U) Yk, = z Zy * f, (convergence in S”) (5.6)
k=0 v=1 k>0

where Zj * f is defined in (3.11).

Let ®; and ¢ be just as in the definition of Besov and Triebel-Lizorkin spaces on
S9—1 (Definition 4.5 in Sect. 4.2), that is, ®; is defined by (4.21) with ¢ € C®°(R ),
lp(w)| > ¢ > 0foru €[3/5,5/3], and suppe C [1/2,2].

Let 8 > s and 0 < ¢ < min{l, p, ¢}. Lemma 4.3 yields for j > 0

|<I>j*f(x)|§c2*f”(M1(/[ (IPUENO] —)(x)) Vr e SO,

1
(5.7)

Now, we are prepared to estimate || f || F We consider two cases depending on

whether ¢ < oo org = oo
Case 1: g < co. We obtain from (4.23) and (5.7)

17l = (JZ>:02 1 S)q(Ml(/J[ (JPUr ))()]t dr )())q/t)l/q‘Lp
SCH(jz()Z o S)q /[MI(J BU(V ))()] dr )q/f)l/Q‘Lp‘

Here we applied the maximal inequality (2.13) with 1, g /¢ and p/f in the place of ¢,
g, p. Now, applying Holder’s inequality (¢/¢ > 1) to [ 1 we get

170z SCH(ZZ_NS_W/, MU PuEnol )

j>0 J -r

/ (1 =) P14 M, PU ))()]

LP

s

dr l/q‘
) Ly

—r

where we used that 1 —r ~ 27/ forr € I j. At this point we apply the maximal
inequality (2.14) and obtain

1
dr \1/q4
s _ \B=)q| 1B YK = 5q
17l s ECH(/O (1-r) |J7PU(r)| l—r) HLP cllUll e
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Case 2: g = oo. Using (5.7) we have

Ifllzgee =1l SUI(;stlq’j * FOIp
jz

<c’ sup2”~ J(B—9) Ml / [M,(] BU(r- ))()]r dr )(')]m
Jj=0 ,
=l (gzo | B rvorar o],

Since p/t > 1 we can apply the maximal inequality (2.13) for a single function to
obtain

[fllFgee < ¢

sup2 00 ([ Mool 1)

j>0 I;

Applying Holder’s inequality (1/¢ > 1) to f ;0 we get

. d
£l = ¢ sup2~/E=9 [ M~ Puen o)~ |
’ j=0 I 1—rlp
< c| sup27/¥=) sup Mz(J_ﬁU(V'))(')H
j=0 relj P

<e| s (1= MUV

O<r<l

<c|M( sup a1 —r)ﬂﬂ‘|J*ﬁU(r-)|)(.)”p.

O<r<l1

Applying again the maximal inequality (2.13) for a single function we arrive at

1 fllzge < cf sup (1 - r)'f‘—su—ﬁU(r-an = cllUl pye.

O<r<l

The proof of Theorem 5.1 is complete. O

5.2 Proof of Theorem 5.2

This proof will follow in the footsteps of the one for the Triebel-Lizorkin spaces (Sect.
5.1). We shall adhere to the notation there and only indicated the necessary changes.

(i) We first show that if f € Bf,q (S?1) is the boundary distribution of a harmonic
extension U € J#(BY),i.e. f = fy,then U € B! (/) and Ul gsa < cll fllgsa-

Let ¢ € C*°(R,) be such that suppg C [1/2,2] and ¢ satisfy (3.15). Define the
kernels ®;, j =0, 1,..., as in (3.16). Just as in the case of Triebel-Lizorkin spaces
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we have the representation

JPUGE) = Zox fFE) + D, Qjr+ Py f(E), VE€ST!,

izl
with er from (5.1). Then by (5.4)

10, % @)% fE) <er? 2P M@ % f)E), j=1,

for any 0 < t < min{p, ¢q}. Now, applying the maximal inequality (2.13) we infer for
p <00
~ i—4 .
1Q)r % ®j % fllp < er? 2711 @) % £l

For p = oo the above implication is immediate. Therefore, putting p* := min{l, p}
we have

_ * * . * *
W PUGIN <N Zox £y +e D r¥ P2 @« fll . (5.8)
j=1

Assuming g < 0o, this yields

1Tl gz < c(llf gz + N,

N = (/1(1 —r)(ﬂﬂ‘)q(Zr2j—4p*2jﬂp*”q>j *f”g*)q/p* (t’r)l/q' (5.9)

1
0 j=1

Three cases present themselves here.
Case 1: 0 < g < p*. Using that ¢/ p* < 1 we get

1
. i—4 . dr
N < C/O (1 —r)B=94 Zrzf q21/3!1||¢>j * f||{§7:

j=1

1 -

=c ) 2P 0; « f||‘;/ (1 — r)B=9a-1,2" g,
; 0
Jj=1

We now apply inequality (2.19) to obtain

N1 <e 3 279095 fl < el £l

Jj=1
as desired.
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Case 2: p* < g < oo. Write

q/p*
J=4 % o % *
D I ® ) )
Jj=1
q/p*
4 x O T SRR Y *
O e L e e K S L L YR
j=1
Applying Holder’s inequality (using that g/ p* > 1) we get
q/p*
j—4 % ook *
2 TP f
jz1
q/p*—1
< Zr2j74p*2j[s+(ﬂfs)%]q”(Dj*f”z[z) Zr21—4p*2j(ﬁ—s)p*
Jj=1 j=1
Using inequality (2.20) we obtain
q/p*=1
Zrz-f—“p*zj(ﬁ—s)p* < (1 = r)y~B=9@=r",

jz1
Putting the above two estimates in (5.9) we get

N9 < Csz[SLH'(ﬁ—S)P ]”q)j * f”%
j=1

1 .
X/ (1 — B=4=1(] _ py=B=9a=p" 27 p* g,
0

1 .
<c E 2][~YQ+(/3—~Y)P*]||(D]. * f||(;;/ a _r)(ﬁ—s)ﬁ*—lrzrz‘l"dr'
. 0
Jj=1

We apply inequality (2.19) to the above integral to obtain

N9 < CZQJ'[W-Hﬂ—S)P Ip=i(B=s)p D * f”(II?
j=1

=c > 2%0;x ff < cll f
j=1

as desired.
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Case 3: g = oco. From (5.8) we obtain

—4 t
1U NG < 1Zo % fI} +¢ sup (1=r)E0P" %" 2 @y

O<r<l i>1

I)*
< ||f||3mo —i—c(supZ” | ®; *f||p) sup (1 —r)(ﬂ s)p* Zrzl 4p*2j(/3 s)p*
j>1 O<r<l =1

P
< ||f||,3m+c(sup2”n<1> *fnp) = cllf e

]>
where for the last inequality we used (2.19). This completes the proof of the first part
of the theorem.

(ii) We next show that if U € B}, (), then the boundary distribution f = fy € &’
associated to U belongs to B, (S?~!) and I1fligge < ellUllgsa-

Let ®;, j = 0,1, , be just as in the definition of Besov and Triebel-Lizorkin
spaces on Sd ! (Deﬁmtlon 4.51in Sect. 4.2). Then inequality (4.8) holds for these ®;’s
and the function f from the hypothesis. This inequality coupled with the definition of
”f”Bf," in (4.23) leads to

1/q

q/t
Il < | 3279 / 1 Ul )

Jj=0

ZZ J(B— 5)4/ J~ ﬂU(r)||q

Jj=0

) dr 4
Sc(/ a —r)““)‘f||JﬂU(r~)|l’Z,1—) =c|Ullgs.
0 —-r 4

1/q

Here for the second inequality we applied Holder’s inequality (¢/t > 1) to |, L
The proof of Theorem 5.2 is complete. O

Remark 5.3 Theorems 5.1 and 5.2 readily yield that the harmonic Triebel-Lizorkin
and Besov space norms introduced in Definition 4.1 are equivalent for different 8 > s.

6 Frame Characterization of Harmonic Besov and Triebel-Lizorkin
Spaces on B¢

Theorems 5.1 and 5.2 allow easily to transfer results on Besov and Triebel-Lizorkin
spaces on S?~! to harmonic Besov and Triebel-Lizorkin spaces on B¢. Here we record
the frame characterization of harmonic Besov and Triebel-Lizorkin spaces on B? that
follows by the respective results on S~ from [17].
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We assume that {W¢ }¢ ¢ x are the harmonic needlets and {\I—’g }eex is its dual frame,
defined in (3.26)—(3.27). Recall that X := U;>(4&’; contains the centers of localization
of the needlets on S?~! and {Agleex; (J = 0) is a disjoint partition of S9!, defined
in Sect. 3.3.

Definition 6.1 Lets € R, 0 < p, g < oco. The Besov sequence space b;q is defined
as the set of all sequences of complex numbers /1 = {h¢ }¢cx such that

1/q
T 1/p74
Il = Z [2J(s+(d71)/27(d71)/17)( Z |h§|1’) ] <00 (6.1)
j=0 fed;

with the usual modification when p = oo or g = oo.

We introduce the operators: ~
Analysis operator Sy, : U — {< U, Vg >}ecx,
Synthesis operator Ty : {helsex > 2 eer he Ve,

Theorem 6.2 Let s € Rand 0 < p,q < oo. Then the operators Sy, : B)! — b))
and Ty : b;,q — B;q are bounded, Ty o S5, = 1d in Bls,q. Consequently, a harmonic
function U € B‘;,q if and only if {< U, \ilg >} e b‘;,q and

00 a\ Va
Ul gsa ~ll{< U, g >}l 50 ~ 2 U P v
1l ~ 1< U B >Higo ~ | D0 | 27( 2 1< U = vl ) :

j=0 §€Xj
where < U, \TJE > is defined in (3.29).

In the following we adhere to the notation from above.

Definition 6.3 Let s € R, 0 < p < 00, and 0 < g < oo. The Triebel-Lizorkin
sequence space ﬁ,q is defined as the set of all sequences of complex numbers &7 =
{he}ecx such that

1/q

— —1— q
il i= | [ 22 [14em 07 2 e 14, 0] <oo. (62)

feX Lp(gdfl)

where 14, stands for the characteristic function of Ag.

Theorem 6.4 Lets € Rand 0 < p < 00, 0 < g < oo. Then the operators Sy, :
F ;q — f‘;,q and Ty : f‘;,q — F ;q are bounded, T\p~o Sg = Iq inF ;q. Consequently, a
harmonic function U € F;q ifand only if {< U, Vg >} € fqu and

~ > . - 1/q
1UlLg ~ =< U, B = Higr ~ [ (2277 30 1< U, > gel?) |
J=0 ge;

Lr (S’
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Theorems 6.2 and 6.4 follow readily by Theorems 4.5 and 5.5 in [17] and Theo-
rems 5.2 and 5.1 above. We omit the details.

7 Harmonic Hardy Spaces

Here we consider the harmonic Hardy spaces .77 (B?) on the ball (usually denoted
by h?(B?)), see e.g. [1, Chapter 6].

Definition 7.1 The space J¢7 = %”P(Bd), 1 < p < 0, is defined as the set of all
harmonic functions U € 2 (B%) such that

||U||}?0p = Sup ||U(V')||Lp(§d—l) < Q. (71)

O<r<l1

Proposition 4.3 in [17] and Theorem 5.1 imply the following identification of har-
monic Hardy spaces:

Proposition 7.2 For 1 < p < 0o, we have
HP(BY) ~ LP (ST ~ FASTY ~ FY2 () with equivalent norms. (7.2)

More precisely, there exists a boundedly invertible linear map between any two of the
above spaces.

Proof Let

Pree) = [ PO.ref0)a0) forf € LI, 1 < p < o

where P(y, r€) is the Poisson kernel, defined in (2.6). As is well known (see e.g.
[1, Theorem 6.13]) for any U € ,%”P(Bd), 1 < p < oo, there exists a function
f = fu € LP(S? 1) such that U = Pf. As P(y, r&) is a summability kernel on
S, we have || f(-) = Pf(r)ll, — Oasr — 1—and [Pfr)l, < |Ifll, for
0 <r < 1. Therefore, ||U |l szr = | fllLr-

On the other hand, from the properties of the Poisson kernel it readily follows that if
feLPS? 1,1 < p<oo thenPf e #P(B? and fpy = f, using the notation
from above.

Therefore, P : LP(S¢~') — #P(B?), 1 < p < o0, is a linear isometric isomor-
phism, leading to the identification 27 (B%) ~ LP(S?~ 1) in (7.2).

The identification L7 (S971) ~ FO2(S?1) is established in [17, Proposition 4.3]
and ]722 (41 ~ F‘,(,)2 () follows by Theorem 5.1. O

8 Harmonic Besov and Triebel-Lizorkin Spaces on R? \ B
It is natural to consider the set .7 (R4 \ﬁ) of all harmonic functions U on R4 \ﬁ

such that limy| o U(x) = 0if d > 2 or lim|y|,oo U(x) = const. if d = 2. As'is
well known the Kelvin transform
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KU(x) == x> U/ |x?)

maps one-to-one 77 (B?) onto 7 (R4 \ ﬁ) and ;%” (R4 \F) onto ¢ (B?). Conse-
quently, every harmonic function U € 7 (R¢ \ B9) has the representation

00 N(k,d) .
Ux) = ZW z bkv(U)qu(m), x| > 1,
k=0 v=1

where by, (U) = akt4-2 Jsa—1 U(an) Yy, (n)do (1), a > 1. Above the series con-

verges absolutely and uniformly on every closed subset of R? \ B,
In this setting the operator J# (see (4.1)) is defined by

00 k + 1)_ﬂ N(k,d)
FPUCE =2 = D bY@, r>1, s
k=0 v=1

Then the harmonic Besov space B;q (),s €e R,0 < p,g < oo, on R4 \ﬁ is
defined by the quasi-norm (8 := s + 1)

([T — By By ey dr_\Ve
1U g3 ) -=( : d=r=) I/ U(V')||Lp(gd71)m) if g # oo

and by the usual modification of this norm when g = oo.
Similarly, the harmonic Triebel-Lizorkin space F ;q (),s € R,0O < p < o0,

0 < g < oo, onR? \ﬁ is defined by the quasi-norm (8 := s + 1)

if g # o0

o0 dr 1/q
v N B=9a j=By(r 4
||U||qu(yf) T H (/; (1 g ) |J U(r )l r ) ‘ Lp(Sd—l)

(r—=1

and with the obvious modification if ¢ = oo.

It is readily seen that the Kelvin transform is an isometric isomorphism between
the harmonic Besov spaces Bf,q () on B4 and on R? \ B9 as well as between the
harmonic Triebel-Lizorkin spaces ng (o) on B? and on R¢ \ B?. Moreover, the
Kelvin transform retains unchanged the boundary distributions in both cases. There-
fore, the identifications established in Theorems 5.1 and 5.2 above are valid for the
respective harmonic Besov and Triebel-Lizorkin spaces on R? \ B¢ as well.

One also applies the Kelvin transform to the frames from Sect. 3.4 to construct
a pair of dual frames {We }ecx, { \Ilg Jeex, where each frame element W is a harmonic
function on RY \ B4, Then frame characterization of the harmonic Besov and Triebel—
Lizorkin spaces on R? \ B4 follows easily by Theorems 6.2 and 6.4. We skip the
details.

In sum, by virtue of the Kelvin transform one obtains analogues of all results in
this article for harmonic functions on R? \ B¢,

Birkhauser



1094 J Fourier Anal Appl (2017) 23:1062-1096

Appendix
Proof of Lemma 2.3

Assume g € Iy. Let A € C*°(R) be an admissible function of type (a) in the sense
of Definition 2.1. Set

Ay y) = D ak/N)Zi(x - ).

k=0

Clearly, Ay * g = g and by Theorem 2.2 for any M > 0 there exists a constant ¢ > 0
such that for x, y, z € S4~!

d
An( D) = AnG 2l = colx. )N if pr.y) <N~ ©.0)

+ Nop(x, )M’

Fix0 < & < 1. For y € S¢~! we have

lgW] = in
ue

f lg)l+  sup  |g(y) — g(u)|
G(y,eN—1)

ueG(y,eN-1)

and hence

g infucGren— 18|
H(x) := sup @Dy = SUP e )<d71>/r
yegi-1 (14 Np(x, y)) yesi-t (14 Np(x, 7))
su en-1y 18(y) — g()]
+ sup PueG(y,eN-1) 18 yd lgt
yesi-1 (L4 Np(x, y)@=b/

=: H1(x) + Ha(x).

To estimate Hj(x) we first note that

| 11

inf Jgu)| < (— |g(u)|td0(u)) ,
ueG(y,eN-") IG(y, eN"D| JGy.en—1

implying
G(x, p(x, N v
Hl(x)f( |G (x /i(x y)+e )Id 1)
|G(y, e NTHI(1 + Np(x, y))4~
| 1/t
X |g(u)|td0(u)) . 9.2)

(lG(x, p(x,y) +eN"] Joien—

Since G (x, p(x,y) +eN~') C G(y,2p(x,y) + eN~1), we have

G (x, p(x, ) +eN7")| < |G(y,20(x, y) + N )|
< /&) 1+ No(x, NGy, eNTH].
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We use the above in (9.2) and enlarge the region of integration in (9.2) from B(y, e N )
to G(x, p(x, y) + eN~") to bound Hj(x) by

1 1/t

(—d+1)/t ( t

ce sup — lg(u)| do(u))
yeSd-1 |IG(x, p(x,y) +&eN l)| G(x,p(x,y)+eN—1)

< ce "IV Mg (x).
Therefore,
Hi(x) < ce DM g(x). (9.3)

We now estimate H»(x). Using (9.1) we obtain

sup lg(y) —gw)| = sup / [An(y-2) — An(u - 2)|lg(z)|do(2)
ueG(y,eN-1) ueG(y,eN-1)J84-1

/ Nip(y, w)lg()|
<c sup 0
ueG(y,eN~1) si-1 (1 + Np(y, 2))

Ng(2)]
= fo s,

do(2)

and choosing M := (d — 1)/t + d we get

d—1
Hy(x) < ce sup / N7 ls (@) do (2).

d—
yesd-1

1 (1+ Np(y, x) T (1 + Np(y, 2) 7 4

Clearly, 1 + Np(x,z) < (1 4+ Np(y,x))(1 + Np(y, z)) and hence

Nd—l
Hy(x) <ce sup / dﬁ!g(z)l do(z)
yeSd-1J8471 (14 Np(x,2)) 7 (1+ Np(y, 2))¢
Nd—l
<ce sup 8@ — sup / —dda(z)
zesd-1 (1 + Np(x,2)) 7 yesd-1Jsi-1t (1 +Np(y, 2))

< ceH(x),
where for the last inequality we used (2.17). From this and (9.3) we infer
H(x) < ce "IV Mg (x) + e H (x).

Here the constants ¢ and ¢’ are independent of ¢. Consequently, choosing ¢ so that
¢’e = 1/2 and taking into account that H (x) < 0o we obtain (2.15). O

) Birkhduser



1096 J Fourier Anal Appl (2017) 23:1062-1096

References

')

[ Y I O}

10.
1.
12.
13.
14.
. Miiller, C.: Spherical Harmonics. Lecture Notes in Mathematics, vol. 17. Springer, Berlin (1966)
16.
17.
18.
19.
. Seeley, R.T.: Spherical harmonics. Amer. Math. Monthly 73, 115-121 (1966)
21.
22.
23.

24.
25.

. Axler, S., Bourdon, P, Ramey, W.: Harmonic Function Theory, Second edition. Graduate Texts in

Mathematics, vol. 137. New York, Springer (2001)

. Dai, F,, Yuan, X.: Approximation Theory and Harmonic Analysis on Spheres and Balls. Springer, New

York (2015)

. Fefferman, C., Stein, E.: Some maximal inequalities. Amer. J. Math. 93, 107-115 (1971)

. Fefferman, C., Stein, E.: H? spaces of several variables. Acta Math. 129, 137-193 (1972)

. Frazier, M., Jawerth, B.: Decomposition of Besov spaces. Indiana Univ. Math. J. 34, 777-799 (1985)
. Frazier, M., Jawerth, B.: A discrete transform and decompositions of distribution spaces. J. Funct.

Anal. 93(1), 34-170 (1990)

. Frazier, M., Jawerth, B., Weiss, G.: Littlewood-Paley theory and the study of function spaces. In:

CBMS Regional Conference Series in Mathematics, 79. Amer. Math. Soc, Providence, RI (1991)

. Grafakos, L., Liu, L., Yang, D.: Vector-valued singular integrals and maximal functions on spaces of

homogeneous type. Math. Scand. 104, 296-310 (2009)

. Greenwald, H.C.: Lipschitz spaces on the surface of the unit sphere in Euclidean n-space. Pac. J. Math.

50, 63-80 (1974)

Greenwald, H.C.: Lipschitz spaces of distributions on the surface of unit sphere in Euclidean n-space.
Pac. J. Math. 70, 163-176 (1977)

Ivanov, K.G., Petrushev, P., Xu, Y.: Sub-exponentially localized kernels and frames induced by orthog-
onal expansions. Math. Z. 264, 361-397 (2010)

Kerkyacharian, G., Petrushev, P.: Heat kernel based decomposition of spaces of distributions in the
framework of Dirichlet spaces. Trans. Amer. Math. Soc. 367, 121-189 (2015)

Kyriazis, G., Petrushev, P., Xu, Y.: Decomposition of weighted Triebel-Lizorkin and Besov spaces on
the ball. Proc. Lond. Math. Soc. 97(2), 477-513 (2008)

Meyer, Y.: Ondelettes et opérateurs I: ondelettes. Hermann, Paris (1990)

Narcowich, EJ., Petrushev, P., Ward, J.D.: Localized tight frames on spheres. SIAM J. Math. Anal. 38,
574-594 (2006)

Narcowich, FJ., Petrushev, P., Ward, J.D.: Decomposition of Besov and Triebel-Lizorkin spaces on
the sphere. J. Funct. Anal. 238, 530-564 (2006)

Oswald, P.: On Besov—Hardy—Sobolev spaces of analytic functions in the unit disc. Czechoslovak
Math. J. 33(108), 408-426 (1983)

Peetre, J.: New Thoughts on Besov Spaces. Duke Univ. Math. Ser., Duke Univ. Press, Durham (1976)

Stein, E.: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Prince-
ton University Press, Princeton (1993)

Stein, E., Weiss, G.: Fourier Analysis on Euclidean Spaces. Princeton University Press, Princeton
(1971)

Szegd, G.: Orthogonal Polynomials. Amer. Math. Soc. Collog. Publ., vol. 23. Amer. Math. Soc.,
Providence (1975)

Triebel, H.: Theory of Function Spaces. Monogr. Math., vol. 78. Birkhéuser, Basel (1983)

Triebel, H.: Theory of Function Spaces II. Monogr. Math., vol. 84. Birkhduser, Basel (1992)

) Birkhduser



	Harmonic Besov and Triebel--Lizorkin Spaces  on the Ball
	Abstract
	1 Introduction
	2 Background
	2.1 Notation
	2.2 Spherical Harmonics
	2.3 Maximal Inequality
	2.4 Useful inequalities

	3 Harmonic Functions on Bd and Distributions on mathbbSd-1
	3.1 Harmonic Functions on Bd
	3.2 Distributions on mathbbSd-1
	Convergence
	3.3 Frame Decomposition of Distributions on mathbbSd-1
	3.4 Frame Decomposition of Harmonic Functions on Bd

	4 Besov and Triebel--Lizorkin Spaces
	4.1 Harmonic Besov and Triebel--Lizorkin Spaces on Bd
	4.2 Besov and Triebel--Lizorkin Spaces on mathbbSd-1

	5 Identification of harmonic Besov and Triebel--Lizorkin spaces
	5.1 Proof of Theorem 5.1
	5.2 Proof of Theorem 5.2

	6 Frame Characterization of Harmonic Besov and Triebel--Lizorkin Spaces on Bd
	7 Harmonic Hardy Spaces
	8 Harmonic Besov and Triebel--Lizorkin Spaces on mathbbRd setminus overlineBd
	Appendix
	Proof of Lemma 2.3

	References




