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1 Introduction

The goal of this paper is to study propagation of singularities for the initial value
Cauchy problem for a Schrodinger type equation

(1.1

u(t,x)+qg"(x, Du(t,x) =0, >0, xeR?
u(0, -) = uo,

where u is a Gelfand—Shilov distributionon R?, ¢ = ¢(x, &) is a quadratic form on the
phase space (x, &) € T*R? withRe ¢ > 0, and ¢ (x, D) is a pseudodifferential oper-
ator in the Weyl quantization. This family of equations comprises the free Schrodinger
equation where g (x, &) =i |2, the harmonic oscillator where ¢ (x, &) = i (|x|>+|£]?)
and the heat equation where ¢ (x, &) = |&|%.

The problem has been studied in the space of tempered distributions [22,34] where
the natural notion of singularity is the Gabor wave front set. This concept of singularity
is defined as the conical subset of the phase space 7*R¢\{0} in which the short-time
Fourier transform does not have rapid (superpolynomial) decay. The Gabor wave front
set of a tempered distribution is empty exactly when the distribution is a Schwartz
function so it measures deviation from regularity in the sense of both smoothness and
decay at infinity comprehensively.

In this work we study propagation of singularities for the Eq. (1.1) in the func-
tional framework of the Gelfand—Shilov test function spaces and their dual distribution
spaces. More precisely we use the projective limit (Beurling type) Gelfand—Shilov
space X (RY) for s > 1 /2 that consists of smooth functions satisfying

Vh>03C,>0: [x¥0ff(x)| < Cph®Pl@B)®, x eRY, « BeNI.

This means that X (Rd ) is smaller than the Schwartz space, and hence its dual
P (R?) is a space of distributions that contains the tempered distributions.

The natural concept of phase space singularities in the realm of Gelfand—Shilov
spaces is the s-Gelfand—Shilov wave front set. The idea was introduced by Hérmander
[16] under the name analytic wave front set for tempered distributions, and further
developed by Cappiello and Schulz [2] and Cordero et al. [5] for Gelfand—Shilov
distributions. These authors had an approach based on the inductive limit Gelfand—
Shilov spaces as opposed to our concept that is based on the projective limit spaces.

A concept similar to the s-Gelfand—Shilov wave front set has been studied by
Mizuhara [18]. This is the homogeneous wave front set of Gevrey order s > 1.
It is included in the s-Gelfand—Shilov wave front set. Propagation results for the
homogeneous Gevrey wave front set are proved in [18] for Schrodinger equations,
albeit of a different type than ours.

In this paper the s-Gelfand—Shilov wave front set W F* (1) € T*R?\{0} of u €
2/ (RY) for s > 1/2 is defined as follows: W F* (u) is the complement in 7*R%\{0}
of the set of zg € T*Rd\{O} such that there exists an open conic set I' C T*Rd\{O}
containing zo, and
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VA >0: supeAlle/

zel

Vou(z)| < .

Here V,u denotes the short-time Fourier transform defined by ¢ € X (Rd )\{0}. Thus
the short-time Fourier transform decays like e~ Al for any A > 0 in an open cone
around zp. Note that this means that the decay can be close to but not quite like a
Gaussian e‘Amz, due to our assumption s > 1/2.

For a tempered distribution, the s-Gelfand—Shilov wave front set contains the Gabor
wave front set, and thus gives an enlarged notion of singularity.

Our main result on propagation of singularities for Schrodinger type equations
goes as follows, where e /4" D) denotes the solution operator (propagator) of the
Eq. (1.1). Let g be the quadratic form on T*R¥ defined by ¢ (x, £) = ((x, &), Q(x, &))

and a symmetric matrix Q € C??*?¢ Re Q0 > 0, F = J Q where

J = (21 (I)) € R2dx2d (1.2)

and s > 1/2. Then for ug € =/ (R?)
WS (e~14" D)y ) < (ezﬂmF (W F* (ug) N S)) ns, t>0,

where S is the singular space

2d—1
S = ( (N Ker [Re F(Im F)f]) N T*RY C T*RY
=0

of the quadratic form ¢. This result is verbatim the same as [22, Theorem 5.2] when u
is restricted to be a tempered distribution and when the s-Gelfand—Shilov wave front
set is replaced by the Gabor wave front set (cf. [34, Corollary 4.6]). Thus it gives a
new manifestation of the importance of the singular space for propagation of phase
space singularities for the considered class of equations of Schrédinger type.

The singular space has attracted much attention recently and occurs in several
works on spectral and hypoelliptic properties of non-elliptic quadratic operators [12—
14,23,24,32,33].

The paper is organized as follows. Section 2 contains notations and background
material on Gelfand-Shilov spaces, pseudodifferential operators, the short-time
Fourier transform and the Gabor wave front set. Section 3 gives a comprehensive dis-
cussion on three alternative families of seminorms for the projective Gelfand—Shilov
spaces.

In Sect. 4 we define the s-Gelfand—Shilov wave front set and deduce some proper-
ties: independence of the window function, symplectic invariance, behavior under
tensor product and composition with surjective matrices, and microlocality with
respect to pseudodifferential operators with certain symbols. In this process we show
the continuity of metaplectic operators on X (R%) and on poi (R%).
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Section 5 gives a brief discussion on the solution operator to the Eq. (1.1), that is
formulated for ug € L?(R?) by means of semigroup theory. Exact propagation results
are given for the case Re Q = 0. Section 6 treats propagation of the s-Gelfand—Shilov
wave front set for a class of linear operators, continuous on X (R?) and uniquely
extendible to continuous operators on X (RY).

In Sect. 7 we discuss shortly Hormander’s oscillatory integrals with quadratic phase
function, and we prove the inclusion of the s-Gelfand—Shilov wave front set of such
an oscillatory integral in the intersection of its corresponding positive Lagrangian
in 7*C? with T*R?. Section 8 gives an account of Hérmander’s description of the
Schwartz kernel of the propagator as an oscillatory integral and we show the continuity
of the propagator on I;(R¢) and on =/ (R).

Finally in Sect. 9 we assemble the results of Sects. 6, 7 and 8 to prove our results
on propagation of the s-Gelfand—Shilov wave front set for equations of the form (1.1).

2 Preliminaries
2.1 Notations and Basic Definitions

The gradient of a function f with respect to the variable x € R¢ is denoted by fi and
the mixed Hessian matrix (dy, dy; f);,j with respect to x € R? and y € R” is denoted

;’y The Fourier transform of f € ./ (Rd) (the Schwartz space) is normalized as

FfE) = F&) = /R FeT

where (x, £) denotes the inner product on R¢. The topological dual of . (R?) is the
space of tempered distributions .’ (R?). As conventional D j=—id;forl < j <d.
We will make frequent use of the inequality

x4y < (xS + 1y1Y%), x,y e RY,
where

C. — 1 ifs >1
ST 257 ifo<s <1

Since this inequality will be used only for s > 1/2 we may use the cruder estimate
C,; = 2, which leads to the inequalities

1/s /s o|1/s
AR < QAR 240 A S g ¢y e RY, 2.1

_ 11/s _A s )|1/s
e AR < omaRITANTT A S 0, x,y e RY. (2.2)

The Japanese bracket is (x) = (1 4 |x|?)!/2. For a positive measurable weight
function w defined on RY, the Banach space LL(Rd) is endowed with the norm
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£y = Il f@lpr. The unit sphere in RY is denoted Sq—1 = {x € RY : |x| = 1}.
For a matrix A € RY*4_ A > 0 means that A is positive semidefinite, and A’ is the
transpose. If A is invertible then A~" denotes the inverse transpose. In estimates the
notation f(x) < g(x) understands that f(x) < Cg(x) holds for some constant C > 0
that is uniform for all x in the domain of f and g. If f(x) < g(x) < f(x) then we
write f(x) < g(x).

We denote the translation operator by 7y f (y) = f(y —x), the modulation operator
by Mg f(y) = '8 £(y), x, v, &€ € RY, and the phase space translation operator by
M(z) = MgTy, z = (x,&) € R¥,

2.2 Gelfand-Shilov Spaces

Let A, s,t > 0. The space th(Rd) is defined as all f € C°°(R%) such that

9% f ()]

P 23)

Iflls;, = su

is finite. The supremum refers to all o, 8 € N¢ and x € R?. We set Sen =8y 4.

The Banach space Sf’ , increases with &, s and ¢, and the embedding Sf’ h c .Y
holds for all 4, s, > 0.If s, > 1/2, 0ors =t = 1/2 and h is sufficiently large, then
Sf’ , contains all finite linear combinations of Hermite functions.

The Gelfand—Shilov spaces S} (RY) and B (R?) are the inductive and projective

limits respectively of S} , (R9) with respect to & > 0. This means on the one hand

SSRY =S ,®RY and =R =[S, RY.
h>0 h>0

On the other hand it means that the topology for S} (R9) is the strongest topology
such that the inclusion Sf’ n (RY) C S? (R?) is continuous for each 1 > 0, and the topol-
ogy for X7 (R?) is the weakest topology such that the inclusion 7 R%) c Sf’ h(Rd)
is continuous for each & > 0.

The space 27} (R%) is a Fréchet space with seminorms || - || St h > 0. The Gelfand-
Shilov spaces are invariant under translation, modulation, dilétion, linear coordinate
transformations and tensor products. It holds X7 (R%) # {0} if and only if 5,7 > 0,
s+t > 1and (s,1) # (1/2,1/2). Weset S = S and X; = X. Then SS(Rd) is
zero when s < 1/2, and X (Rd) is zero when s < 1/2. From now on we assume that
s > 1/2 when considering > (RY).

The Gelfand-Shilov distribution spaces (S?)'(R?) and (X?)’(R?) are the projective
and inductive limits respectively of (Sf, h)’(Rd ). This implies that

SR =[S’ RY and (2)'RY) = [ (S],) RY.
h>0 h>0
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The space (S;‘)’(Rd) is the topological dual of Sf(Rd), and if s > 1/2 then
(Ef)’(Rd) is the topological dual of X (R%) [8].

In this paper we work with the spaces Z(RY) and X/ (RY) = (Z!)'(RY) for
s > 1/2. These spaces are embedded with respect to the Schwartz space and the
tempered distributions as

=R € 7R < S RY) < RY), s>1)2.
For s > 1/2 the (partial) Fourier transform extends uniquely to homeomorphisms

on.’(RY), S; (RY)and T ! (R%), and restricts to homeomorphisms on.# (R?), S; (R9)
and =, (R9).

2.3 Pseudodifferential Operators and the Gabor Wave Front Set

Let s > 1/2. Given a window function ¢ € X (R?)\{0}, the short-time Fourier
transform (STFT) [9] of u € X (R?) is defined by

Vou(x, &) = (u, M¢Tep) = FuTi9) ), x, § €RY,
where (-, -) denotes the conjugate linear action of X} on X, consistent with the inner
product (-, -);2 which is conjugate linear in the second argument. The function R >

z = Vyu(z) is smooth.
Let ¢, ¥ € T, (RY)\0. By [29, Theorem 2.5] we have

Vue/RY) M >0: |Vou)] <eMd”, e R¥, (2.4)
and by [9, Lemma 11.3.3] we have
IVyu(2)] < Q0) Nl 2| Voul % 1Vyol2), z€R¥, (2.5)
where V¢ € X (RZd).

If o € Z3(RY) and ||g]| 12 = 1, the STFT inversion formula [9, Corollary 11.2.7]
reads

(o =0en™ /R Vel @Veg@dz, [ eX(RY, ge TR (26)

The Weyl quantization of pseudodifferential operators (cf. [7,15,27]) is the map
from symbols a € .77 (R??) to operators acting on f € . (R?) defined by

@, )7 =@ [[ e (12 ) roravae

The conditions on a and f can be modified and relaxed in various ways. The Weyl

quantization can be formulated in the framework of Gelfand—Shilov spaces [1]. For
certain symbols the operator a* (x, D) acts continuously on X (Rd) when s > 1/2.
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If a € X/ (R??) the Weyl quantization extends a continuous operator X;(RY) —
poY (R?) that satisfies

@"(x,D)f,8) = Q@m) " a, W(g, ), [ g€ TR,

where the cross-Wigner distribution is defined as
Wig, f)(x, 6 = /R L8+ y/2) fCc = y/De " dy,  (x,€) e R

We have W(g, f) € Z;(R*) when f, g € Z,(RY).
We need the following symbol classes for pseudodifferential operators that act on
(R¥) in order to define the Gabor wave front set and explain its properties.

Definition 2.1 [27] For m € R the Shubin symbol class G is the subspace of all
a € C®°(R*) such that for every o, B € N¢

9oL a(x. )] S ((x. £)" 1AL (x £) e R

Definition 2.2 [15] Form € R,0 < p < 1,0 < § < 1, the Hérmander symbol class
SZ" s is the subspace of alla € C % (R2?) such that for every «, 8 € N¢

00 a(x, &) < (E)" PP (x £) € RY. @7

Both G™ and § ﬁ’f’ 5 are Fréchet spaces with respect to their naturally defined semi-
norms.

The following definition involves conic sets in the phase space T*R?\0 ~ R29\0. A
setis conic if it is invariant under multiplication with positive reals. Note the difference
to the frequency-conic sets that are used in the definition of the (classical) C* wave
front set [15].

Definition 2.3 Given a € G™, a point zg € T*R?\0 is called non-characteristic for
a provided there exist A, ¢ > 0 and an open conic set I € T*Rd\O such that zg € T
and

la(@)| = e(x)™, zel, |z] = A.

The Gabor wave front set is defined as follows where char(a) is the complement
in 7*R?\0 of the set of non-characteristic points for a.

Definition 2.4 [16] If u € .’ (R?) then the Gabor wave front set W F (u) is the set
of all z € T*R?\0 such that a € G™ for some m € R and a¥(x, D)u € . implies
z € char(a).

According to [16, Proposition 6.8] and [25, Corollary 4.3], the Gabor wave front set
can be characterized microlocally by means of the STFT as follows. If u € ./ (R?)
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and ¢ € .7(R9)\0 then zg € T*R?\0 satisfies zo ¢ W F (u) if and only if there exists
an open conic set I';; C T*R?\0 containing zq such that

sup (2)Y |V,u(z)| < 00 YN > 0. (2.8)

z€Ty,

The most important properties of the Gabor wave front set include the following
facts. Here the microsupport u supp(a) of a € G™ is defined as follows (cf. [26]).
For zg € T*R?\0 we have zo ¢ u supp(a) if there exists an open cone I' € T*R4\0
containing zo such that

sup(z)V]9%(z)| < 00, @ € N*?, N >0.
zel

(1) Ifu € .'(R?) then W F (u) = ¢ if and only if u € .7 (R?) [16, Proposition 2.4].
() Ifu € ./(R?) and a € G™ then

WF(@a"(x, D)u) € WF(u) N wsupp(a)
S WF(@"(x, Dyu) | J char(a).

(3) Ifa € S, and u € .#"(R?) then by [25, Theorem 5.1]
WF(a"(x, D)u) € WF(u). 2.9)

In particular W F (T1(z)u) = W F (u) for any z € R,

As three basic examples of the Gabor wave front set we mention (cf. [25, Exam-
ples 6.4-6.6])

WF(@S,) = {0} x (R/\0), xeR?, (2.10)

WF () = RN\0) x {0}, §eR,
and
WF (e ©A%/2) = ((x, Ax) - x e RN\0}, A € R symmetric.
The canonical symplectic form on T*R¥ is
o((x,8), (¢ &) = (&) — (x.&), (x,8), (&) eT*R.
With the matrix (1.2) this can be expressed with the inner product on R*? as

o((x, &), (¥, &) = (T(x, &), ¥, &), (x,6), (&) e T*RY.
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To each symplectic matrix x € Sp(d, R) is associated an operator pu(y) that is
unitary on L2(Rd), and determined up to a complex factor of modulus one, such that

GO a”(x, D) u(x) = (ao x)"(x,D), ae .S R*) (2.11)

(cf. [7,15]). The operator 11(x) is a homeomorphism on . and on .&”.

The mapping Sp(d,R) > x — wu(x) is called the metaplectic representation
[7,28]. It is in fact a representation of the so called 2-fold covering group of Sp(d, R),
which is called the metaplectic group and denoted Mp(d, R). The metaplectic repre-
sentation satisfies the homomorphism relation modulo a change of sign:

w(xx) =xpnGOoux. x.x" €Spd,R).

According to [16, Proposition 2.2] the Gabor wave front set is symplectically invari-
ant as

WF(u(x)u) = xWF(u), x <Spd,R), ue y’(Rd).

The work [4] contains a study of the propagation of the Gabor wave front set for
linear Schrodinger equations, and [19,21] contain studies of the same question for
semilinear Schrodinger-type equations.

3 Seminorms on Gelfand—Shilov Spaces

We need to work with several families of seminorms on X;(R?) for s > 1/2 apart
from the seminorms defined by (2.3). The next result shows that there are three
families of seminorms for ¥;(R?) that are each equivalent to the family of semi-
norms {|| fls,,, & > 0} defined by (2.3). The three families of seminorms are firstly

UFN1y 1Fly A, B > 0} where

I£1y = sup M £ (x)), 3.1)

xeRd

secondly {|f|4, A > 0} where

AlBlLAXI | DB £ (1))

[fla = su , (3.2)
reRY, pend BV*
and thirdly {||f||’/g, A > 0} where
1/s
IF Iy = sup 7|V, £ 2, (33)

zeR2d
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for ¢ € Ty (RY)\O fixed. It will turn out that the choice of ¢ € X (R?)\0 in the
definition of the seminorms {|| f ||//;, A > 0} is arbitrary (see the proof of Proposition
3.1).

The essential arguments in the proof of the following proposition can be found in
several places, e.g. [3,8,11,20,30]. Nevertheless we prefer to give a detailed account
since it is a cornerstone for our results, and in order to give a self-contained narrative.

Proposition 3.1 Lets > 1/2. Then

VA, B>0 3h>0: |fl,+1Flp SIfls,. feZ®RY, (34
and
Vh>0 3A,B>0: |flls,, SIflIL+1flp feZ@®).  (35)
Likewise
VA>0 3h>0: |flaS|fls,. f€BRY, (3.6)
and
Vh>0 3A>0: |fls, SIfla. fe€BRY. 3.7
Finally
VA>0 3h>0: |[fI4 S flls,,. f€Zs@RD, 3.8)
and
Vh>0 3A>0: |fls,, SIfIl4. f € @R, 3.9)

Proof We start with (3.4). Let f € X (Rd). From (2.3) we have for any & > 0
K DP I < IS Nls,, @ BY hTPl o, peNd, x e R
This gives for any n € N and any g € N¢

"D (0] < "2 max [xDP f (0] < A" flls,, (1Y R x e R

(3.10)

which in turn gives with § = 0 and A = 2~ 's(d'/2h)~1/s

0 |x|n/s|f(x)|1/s(d1/2h)fn/x (A(dl/Zh)l/s)n

A
exp (;|x|”“) fel=>" —

n=0

N
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<Ifg Zz " xeR%

For any A > 0 we thus have

LAy S Ufls, s f € BsRY, (3.11)

if hy = (s/(2A))*d~ /2.
Since the Fourier transform is continuous on X3 (R¢) we get from (3.11) for any
B >0

171 SUFls,p SIS, f € DR, (3.12)

for some hq, ho > 0. Addition of (3.11) and (3.12) proves (3.4) for h = min(hy, h»).

The second and longer argument of this proof serves to prove (3.5). The argument

follows closely that of the proof of [20, Theorem 6.1.6]. For completeness’ sake we
give the full details.

FlI‘St we deduce two estimates that are needed. From (3.4) it follows that || f ', < oo
and ||f||B < oo forany A, B > 0 when f € X;(R%). Thus for any A > 0 we have

o9 n/s /s 7 AN\" A
Z |x| |f(.x)| (;) :exp (;|x|l/s‘)|f(x)|l/§‘ g (||f||£4)1/s" X ERd,

|

=0 n!
which gives the estimate
, s\ Sn d
"L f @O < LI () (Z) , xeRY neN
Using |a|! < d!“la! (cf. [20, Eq. (0.3.3)]) this gives in turn
ds sla|
X FOO < NIy (@)’ (K) , xeR?Y aeN

Finally we take the > norm and estimate for an integer k > d /4 with & =4k—d > 0:

X Fll 2 < sup ()2 F)l < sup x0T F(x)
xeR4 xeR9, |y|<2k

) ; ds sla+y|
VA (CE D) (X)

2d sle|
<N @h® (TS) , aeN, (3.13)

using (o + y)! < 21+7lqly! (cf. [20]) and considering k a fixed parameter.
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From (3.13), ||f\||;B < oo for any B > 0, and Parseval’s theorem we obtain

2ds

R R s1Bl
IDP fll 2 = Qo) 2EP Fll 2 S I FIR(BY? (7) , BeN’ (3.14)

Since || fII'y < ||f||’A+AO when Ag > 0and A > 0 we may use B = A when

we now set out to prove (3.5). It suffices to assume 2 < 1. We have for ¢, 8 € N4
arbitrary and f € ;(R?), using the Cauchy—Schwarz inequality, Parseval’s theorem
and the Leibniz rule

Ix*DP f(x)| = 2m)~¢

/ xa/lﬁf@wxﬁ)df‘ < 1)@+ 2@ DB £
Rd

< max ||D?(x*DP
S | max I D¥( N2

A Y - - d
< max ( )( )mnx“ RDPTY=H£1,2, x € R
Iyl <2k 2 n Tl

p<min(e.y) W
(3.15)

In an intermediate step we rewrite the expression for the L2 norm squared using
integration by parts and estimate it as

Ix*~# DY =1 2,
= [(DPFVR fae 2 pFay =i gy
= |(f, DPFY i (2221 Pty =it )|

- 200 — 2
< 2 (ﬂ o “)( o )K!I(xz""z“’“f, D22k g
k<min(B+y —pu,20—2p)
+vy - 200 —2 o o
< 2 (ﬁ ’ “)( . M)KYIIX”’ 2 f 2| D

e<min(f+y —u,20—2p)

Setting & = 22°75/2(2ds/A)* and using (3.13), (3.14) and «! = «!*~% where
6 =25 —1>0, we get
[x*~#DPHY =1 F )12,

S22 AP > Ko — 21 — K)!2B + 2y — 21 — K)))*
k<min(B+y —u,200—2)

» (2_5/2_2‘\']1)\2a74;472k+2/3+2y|
< @R FIL 0 FI > ()™ (Qa = 2)!2B + 2y — 2u))*

Kk <min(B+y —pu,20—2)

y (2—5/2—25h) |[—4p—2k+2y|
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e DLl TN FA > (o —2)!2B + 2y —2)1°
Kk <min(B+y —pu,20—2p)

S QTEERHHB A1 P14 (Qa — 2)1(28 — 21)1)°

since we have assumed & < 1, since || < 2k which is a fixed constant, and since
2| 2/8
()~ (2*5/2*2511) “ < exp (8d (h*‘25/2+2f) ) . keN.

We insert this into (3.15) which gives, using p! < u!zs and

Qa — w)! < 22 (@ — )2,

XD £ (x)]
SRS max

S

x> (Z) (Z)M!(@a — 2128 — 21"

u<min(a,y)
. ~ r\(«
<@ PALINAID max > ( )( )(a!ﬂ!f
ly1<2k - 2
pu<min(e,y)
SR @B (£ + 1), x €RY, @, peN

This finally proves (3.5), since for any & > 0 we may take A = 23+3/25p=1/545.
Next we show (3.6) and (3.7). We start with (3.6).
From (3.10) it follows that we have for A > 0

A o |x|n/s|Dﬂf(x)|l/s(dl/2h)fn/s A(dl/Zh)l/s n
I R
n=0 :

o
<UAIL pRlfs S o7y eRY, peNd,
n=0

provided A < 27 's(d'/?h)~1/5. Thus
AMIDE Pl S N flls,, (BY R, x eRY, e N,
which gives
1fla S flls,,e f € Zo®RY,

provided & < min(A™!, (s/(2A))*d~1/2). Hence we have proved (3.6).
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We continue with the proof of (3.7). From (3.6) we know that | f|4 < oo for any
A > 0Qwhen f € Es(Rd). Hence forany A > 0, 8 € N4 and x € RY

o0
|x|"/A|Dﬂf(x>|1/A " A Us o o
2 L) = e (D) 108 oo < 11 pran,

n=0

which gives
sn
x| DP £(x)| < | fla(n!B) Al (%) . neN, BeN! xeR’

and thus

d slo]
W DP £ ()] < | flaalpy AP (Xs) CwpeN xR
From this it follows that

1flls,, S1flas f € Zo®RY,
for any & > O provided A > max(h_l, sdh_l/s). This proves (3.7).

It remains to show (3.8) and (3.9). We start with (3.8).
Let A > 0and ¢ € =, (R?%)\0. We have for f € Z;(R%)

Vo .1 = [FTR®)] £ 1f1* [T.31) = /R 7€ = ml@(=mldn
S /R ,exp(=8AJ& = ') [(=m)] dn

< IFlga exp(—4AJE['") /R L exp@AI|) [G(=m)l dr

<N Fliga exp(—4AlE[S), x,& € RY,

using (2.2) and (3.4). From this estimate and | V,, f (x, §)| = m)~9 Vaf(&, —x)| we
also obtain

IV £, )1 S N1 fllgq exp(—4ALx|'%), x,& e RY.

With the aid of (2.1) we may conclude

1/s 1/s 1/s
SOy f o, 6)12 < TV, £, 6)] BTV, £ (1, 8))
S lga I fliga

which gives
LA S ALf A 1P S0 ga + 11 Fliga-
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Combining with (3.4) we have proved (3.8).
We now show (3.9). For that purpose we use the strong version of the STFT inver-
sion formula (2.6) and its Fourier transform, that is

fx)=@m)™ /Rw Vo f (v, mMyTyo(x) dy dn, (3.16)

F& = @)™ /R Vol Ty Moy@ (&) dy d, (3.17)

where f € Z,(R?) and ¢ € I, (RY) satisfies l¢ll;2 = 1. From (3.16) we obtain for
any A > 0

1/s 1/s
et |f(x>|§/2d|v¢f(y, Ml g — )l dydn,
R
_ 1/s 1/s _ _vll/s
< ”f”gA/dee 3AI0I ALl 2411 g

=3AI.mIYs 24y
§||f||/3/A/2de I 24 g
R

d
SUfl54, x €RY,

which gives [ £’y S 1115,
From (3.17) we obtain for any A > 0

1/s =~ 1/s
OIS / Vo f (v, m1 07156 — )| dy dn,
R
< ||f||/3/A/ e ST JAEN =241 =" gy g
R2d

SUfI5, & eRY,
which gives ||f||/A SFI5,- Thus || £y + IIﬂI/A < IIf1I54 so combining with (3.5)
we have proved (3.9).

Finally we show that the seminorms {|| f||’;, A > 0} are equivalent to the same

family of seminorms when the window function ¢ € Z;(R?)\0 is replaced by another
function ¥ € Z;(R)\0. From (2.5) we obtain for A > 0

1/s 1/s
el |V¢f(z)|§/2deA'Z' Vo f (2 = w)| [ Vyp(w)| dw
R
1/s _ _ 1/s
<IFI / A2 |y
de
1/s
< I1FI / A Y o (w) dw
R2d

2
SUflsa. z € R,
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using (3.8) applied to ¢ € Z;(RY), i.e. lell: < oo for all C > 0. This proves the
claim that the window function ¥/ € X;(R¢)\0 gives seminorms equivalent to those
of p € Ty (RH)\0. O

4 Definition and Properties of the s-Gelfand-Shilov Wave Front Set

For s > 1/2 and u € X (R?) we define the s-Gelfand—Shilov wave front set
W F*(u) as follows, modifying slightly Cappiello’s and Schulz’s [2, Definition 3.1].
This concept is a coarsening of the Gabor wave front set W F (1) in the sense that
WF(wu) C WFS(u) foralls > 1/2and all u € 7' (RY).

Definition 4.1 Let s > 1/2, ¢ € Z;(RY)\0 and u € =/ (R?). Then z9 € T*RY\0
satisfies zo ¢ W F*(u) if there exists an open conic set I';, C T*R?\0 containing z¢
such that for every A > 0

ARz

sup e
z€ly,

|Vou(z)| < oo.

It follows that W F*(u) = f if and only if u € X (R?) satisfies

_ /s
[Vou(z)| < e A7 7 e R¥,

for any A > 0. By Proposition 3.1 (cf. [29, Proposition 2.4]) this is equivalent to
u € Ty(RY).

The following lemma is needed in the proof of the independence of W F*¥ (1) of the
window function ¢ € Z;(R%)\0.

Lemma 4.2 Lets > 1/2 and let f be a measurable function on RY that satisfies

1FG)] <M x e Y, (4.1)

for some M > 0. Suppose there exists a non-empty open conic set ' € RI\0 such
that

sup A1) £ ()] < o0 (4.2)
xel
forall A > 0. If
g€ () Lipoum®RD 4.3)
A>0

then for any open conic set T'' € R\0 such that T' N Sg_; € T', we have

sup A1 £ % g(x)] < 00 (4.4)

xel”

forall A > 0.
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Proof By (2.1) and the assumptions (4.1) and (4.3) we have
I x g S MMk e R,

so it suffices to assume |x| > L for some large number L > O.
Let ¢ > 0. We estimate and split the convolution integral as

1f * ()] </

(y)<e(x

)If(x — ) Ig(y)lder/() ( )If(x—y)llg(y)ld%
yy>e(x

=1 =D

Consider I;. Since (y) < e{(x) wehavex —y e Tifx e I/, |x| > I,and ¢ > O is
chosen sufficiently small. The assumptions (4.2), (4.3), and (2.2) give

I 5/ e AN [g ()] dy < e—gmm/ A g (y)) dy
(y)<elx) R4
St xer, iz, @.5)
for any A > 0. Next we estimate /5 using (4.1) and (y) > &(x). The latter inequality

implies that Iy|V/$ > |x|Y5e'/5 /2 when |x| > Lif L > 0is sufficiently large. This
gives forany A > 0

_y|l/s
125/ MY e (v dy
(y)>e(x)

1/s (/s _op—l/s s g=l/s s
< M / QMW =27 R @MAAN I 2eT MM 6 (3| dy
() >e(x)

o 1s ~1/s |1/s
< (CM-2M-A)lx] /Rle(”’”zs @MFEADT e (y)| dy
< efAlxll/’Y’ X € Rd, |x| = L, (4.6)

again using (4.3). A combination of (4.5) and (4.6) proves (4.4) for A > 0 arbitrary.
O

Using Lemma 4.2 we show next that Definition 4.1 does not depend on the choice
of the window function ¢ € X (Rd)\O.

Proposition 4.3 Suppose s > 1/2 andu € Z; (RY). The definition of the s-Gelfand—
Shilov wave front set W F* (1) does not depend on the window function ¢ € T3 (R%)\0.

Proof Let ¢, ¥ € T, (R?)\0. By (2.4) we have for some M > 0
[Vou(z)| < MAT e RM,
and by (2.5) we have

Vyu()] < @) Nl 2l Voul % Vgl @), z€R¥.
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By Proposition 3.1 (cf. [29, Theorem 2.4]) we have
Vyp@)] S e A 2 e R¥,

for any A > 0, and hence

1 2d
Vyp € () Lipapm ®D.
A>0

From Lemma 4.2 we may now draw the following conclusion. If [V,u(z)| decays

1/s . . ..
—AlZ" for any A > 0 in a conic set T € T*R?\0 containing zo # 0 then we

_ 1/s . ..
Alzl'” for any A > 0 in a smaller cone containing zo for |Vyu(z)|.
—Alz)V/s

like e
get decay like e

Hence, by symmetry, decay of order e for any A > 0 in an open cone around
a point in 7*R%\0 happens simultaneously for Vou and Vyu. O

The s-Gelfand—Shilov wave front set W F'¥ (u) decreases when the index s increases:
t>s = WF'(u) C WF'Q). 4.7
From W F(u) € W F*(u) for u € ./ (R%) and (2.10) we have for any s > 1/2
WF* (80) 2 {0} x (RN\0).

To see the opposite inclusion we note that if xg € Rd\O and &g € R then (x0, &0) €
' ={(x,&) € T*RY\0 : || < C|x|} for some C > 0, which is an open conic subset
of T*R?\0.

Let ¢ € T,(R)\0 and let ¢ > 0. Since [Vodo(x, &) = lo(—x)] it follows from
Proposition 3.1 that for any A > 0

1/s 1/sy |11/
Sl.lpeAlZl |V¢78()(Z)| < sup eZA(1+C ) x| |

zel zel

p(—x)| < oo.

This shows that (xo, &) ¢ W F*(8p), and proves
WF* (80) S {0} x (RN\0).
Hence
WFS(80) = {0} x (R/\0), s> 1/2. 4.8)
Next we show continuity of the metaplectic operators when they act on X, (R?) for
s > 1/2. We note that continuity of metaplectic operators acting on S;(R) for s > 1

is contained in [6, Proposition 3.5], and G. Tranquilli [31, Theorem 32] has shown
continuity on Ss(R?) for s > 1/2. Our proof is inspired by hers.

Proposition 4.4 Ifs > 1/2and x € Sp(d, R) then the metaplectic operator u(x) acts
continuously on L3 (R?), and extends uniquely to a continuous operator on -, (R%).
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Proof By[7,Proposition4.10] each matrix x € Sp(d, R) is afinite product of matrices

of the form
A7l 0 I 0
A G

for A € GL(d,R) and B € R%*¢ symmetric. To show that z(x) is continuous on
>, (R?) it thus suffices to show that (x) is continuous on Xz (R?) when x has each
of these three forms.

We have w(J) = Qn) 2%, and u(x)f(x) = |A|"?f(Ax) when A €

GL(d, R) and
(AP0
*=\o a4 )

The Fourier transform and linear coordinate transformations are continuous oper-
ators on X, (R?). Therefore it remains to prove that j(x) is continuous on = (R?)
when B € R?*¢ is symmetric and

X:(g (;) (4.9)

We have u(x) f(x) = ¢/B¥%)/2 £ (x) when (4.9) holds (cf. (2.11) and [7]).

Due to the continuity of coordinate transformations on X (R9), it suffices to con-
sider diagonal matrices B with non-negative entries. By an induction argument applied
to the seminorms (2.3) it further suffices to work in dimension d = 1 and prove con-
tinuity on X (R) of the multiplication operator f — gf for g(x) = ei*/2,

It may be confirmed by induction that for any k € N we have D¥g = p; g where

Pk 1s the polynomial of order k

Lk/2] k—2m S\
X (=1i)
= k! _—
Pi() mZ;) ml(k — 2m)12m

Using k! < 2k (k —2m)!(2m)! we can estimate | pr(x)| as

k/2] | k—om Lk/2]
|x] 2m)! _
|pr(x)| < E ok < E [x|K =2 2m Tk
m=0 : m=0

By Leibniz’ rule we have forany A > Oand any B > A

D" (g ()| < D (”)|pk<x>| D" f ()]

k
k<n

s _Blxl1/s —n n prell/s n =N\
<Ifhp@’ e fTAT SO ) Ipe()le™ A"(—,)
k<n -

n

< 1S —Alx\l/“A—n
|fl2B(n)’e > X

)ka(x)le_lelmAk(k!)_s, neN, xeR.
k<n
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As an intermediate step we compute and estimate, using m! = m!>~¢ where
e=2s—1>0,

Lk/2]
Pk AR KD < D7 2 mm AR k)

m=0

Lk/2] s k—2m)/s \*
(k —2m)'\* [ (Alx])¢
— 2n1+kA2m !
2 " Kl (k — 2m)!

m=0

k/2 S
< AV LZ/:J Sk (A" Cm2k —2m)\’
- ot m! k!

Lk/2] 2 e
< SAV I Z om+k (A m/s)
~

m!
m=0

< esAl/Slxll/sesAZ/ssz.
If B > sA!/S we thus obtain
ID"(@f))| < 1 £Lp ) e A (a/5)7
<Iflasm)’ e A (4757 neN, xeR
Hence we have shown that for any A > 0 we have

lgfla S 1f1B

for B > max(2s(54)/%, 10A). In view of Proposition 3.1 this shows that the multi-
plication operator f — gf with g(x) = ¢**/2 is continuous on 2 (R).
Thus () is continuous on Xy (Rd) when x has the form (4.9) with B symmetric.
We may now conclude that () is continuous on X (R?) forall x € Sp(d, R).
Finally the unique extension to a continuous operator on X (R?) follows from the
facts that () is unitary and X (R?) is dense in Z;(Rd). O

The combination of Propositions 4.3 and 4.4 gives the symplectic invariance of the
s-Gelfand—Shilov wave front set, as follows.

Corollary 4.5 If s > 1/2 then
WFS (u(u) = xWF*(u), x € Sp(d.R), ue X/ (RY).
Proof By the proof of [34, Lemma 3.7] we have
[ViGoe (OOw) (x2)| = [Veu(2)|

for ¢ € Zs(Rd), u € E;(Rd), x € Sp(d,R) and 7 € R, By Proposition 4.4
w(x)e € T(R?) so the result follows immediately from Proposition 4.3. O
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Example 4.6 A combination of (4.8) and () = 2n)~4/2.F gives
WFS(1) = RN\0) x {0}, s> 1/2. (4.10)

If B e R™4 s symmetric then x defined by (4.9) defines the metaplectic multi-
plication operator () = el (Bx.x)/2 Corollary 4.5 combined with (4.10) yields

WFS (! {B¥*)/2) = ((x, Bx) : x e RI\O}, s> 1/2. (4.11)

Next we show a result on the s-Gelfand—Shilov wave front set of a tensor product.
The corresponding result for the Gabor wave front set is [16, Proposition 2.8]. With
obvious modification of the proof given below you get an alternative proof of the latter
result. Here we use the notation x = (x, x”) € R, x’ ¢ R", x” € R".

Proposition 4.7 Ifs > 1/2, u € T,(R™), and v € T, (R") then

WF (u®@v) S (WF'(u) U{0}) x (WF(v) U {0))\0
={(x,&) e T*R™™"\0: (',&NeWF ) U{0}, (x",&") € WF*(v) U{0}}\0.

Proof Let ¢ € Z,(R™)\0 and ¥ € Z;(R™)\0. Suppose (xq, &) € T*R™T\0 does
not belong to the set on the right hand side. Then either (x(’), é(/)) ¢ WF*u) U {0}
or (xy,&)) ¢ WF*(v) U {0}. For reasons of symmetry we may assume (x;, §)) ¢
W FS (1) U {0).

Then (x)), §)) € I'" € T*R™\0 where I'" is an open conic subset, and

sup ANy )] < 00
(", ENel

for all A > 0. Define for C > 0 the open conic set
I'={(x,%& e T*R™H" (x/’ s/) er’, |()C//, g//)| - C|(x/, %_/)H c T*Rm+n\0,

Then (xo, &) € I for C > 0 sufficiently large since (x;, &)) # 0. By (2.4) we have
for some M > 0

Vyu@] S M 2 e RY
This gives for any A > 0

1/s
sup AlCO VoL@ u(x, £)]
(x,§)el

= sup eA‘(x’S)ll/S|V¢M(X/, N Vyu(x”, €7)]
(x,&)el

< sup AN HCALMIGTEN [y g
(x,&)el
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1/s 1 gy (1/s
< sup  e@ATCTQATMNICEN 1y gy
(', &)er’

< OQ.

It follows that (xq, &) € WF*(u ® v). O

We need in Sect. 7 the following result which is an adaptation of [16, Proposition
2.3] from the Gabor wave front set to the s-Gelfand—Shilov wave front set. Modified
naturally the proof can be considered an alternative proof of the latter result.

Proposition4.8 Ifs > 1/2, u € ¥ RH\0 and A € R¥*" is a surjective matrix,
then

WFS(uoA) = {(x, A'€) € T*R"\0 : (Ax, &) € WF*(u)} UKer A\0 x {0}.

Proof Due to Corollary 4.5, and j(x) f (x) = |B|'/? f (Bx) when B € GL(d, R) and

(B! 0
X=\o B)

it suffices to assume k :=n —d > Oand A = (I; 0) where 0 € R?*k, We split
variables as x = (x’, x”/) € R" with x’ € R? and x” € R¥. We need to prove

WFu®]l)
={(x;&,00 e T*R"\0: (x',&)e WF'(u)} U ({Od} x RF\0 x {on}) (4.12)

where we use the notation 0, = 0 € R".
The inclusion

WF@u® 1)

C {3 €,0) € TR0 (x',) € WF' @) U ((04) x R\0 x {0,)

is a particular case of Proposition 4.7, combined with (4.10).
To prove the opposite inclusion, we first show

WFu®1) D {04} x R\\O x {0,). (4.13)

Let ¢ € Z,(RH\0 satisfy (u, ¢) # 0 and let ¥ € =, (RF)\0 satisfy 1?(0) # 0. If
x” € RF\0 then due to

Vogyut @ 1(x,6)| = [Vyu(x', €] [ (—£")] (4.14)

we have for any t > 0
Voot ® 1(t(0,x": 0)] = [V,u(0,0)| [¥(0)] = |(u, )| [/ (0)] # 0.
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Thus Vygy 1 ® 1 does not decay in any conical neighborhood of (0, x”; 0) € T*R”",
which proves (4.13).
To prove (4.12) it thus suffices to show the inclusion

WFu®1) 2 {(x;&,0) e TR0 : (x',&) € WF*(u)}. (4.15)

Suppose 0 # (x0; &), 0) ¢ WF*(u ® 1). If (x;), §)) = 0 then (x, &) ¢ WF*(u),
so we may assume (x,, &)) # 0. We have (xo; §),0) € I' € T*R"\0 where I' is an
open conic set such that

1/s -~
sup eAOT IV u(x’, €] 1P (—E")] < 00
x,&)el’

forall A > 0, cf. (4.14).
Define the open conic set

I ={(,€) e T*"RNO: " eRF: (¢, x",&,0) e T} € T*R\O.
Then (x;, &)) € I'" since (x;, &)) # 0.Let A > 0 be arbitrary. Define the functions

FOLEY = MO o N 1F0)], (L E) e T*RY,

g(x, &) = NN Y (! £ [ (=)
<O Y i EN [T (€], (x,§) € T*R".

For some sequence (x,, &, ),eN < I', where for each n € N there exists x], € RF
such that (x,,, x),, &, 0) € ', we have

1 gmy1/s -~ _ .
sup AN Vu, £ = 19O lim f ()6

(x',&")el”
~ 1
= |y (0)] ngngog(x;,xg,s,;,o)
< sup MO V(! 6] 1 (—£")]
(x,§)el’
< oo.
This means that (x, &)) ¢ W F*(u) which proves (4.15). O

Lets > 1/2 and suppose a € C*°(R*) satisfies the estimates
10%(z)| < k@), «eN* zeR*™, (4.16)

forall & > 0. According to [1, Theorem 3.10] @™ (x, D) is then a continuous operator
on X, (R%) that extends uniquely to a continuous operator on hoj (R?). In particular
W F*(a" (x, D)u) is well defined for u € X (R?). The next result shows that these
pseudodifferential operators are microlocal with respect to the s-Gelfand—Shilov wave
front set. First we need a lemma.
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Lemma 4.9 If ¢ € Z,(R*)\0 and a € C®(R??) satisfies the estimates (4.16) for
all h > 0, then forany A > 0

[Vpa(x,6)] S e 1" x e RM, & ¢ R

Proof We start by estimating a seminorm (2.3) of ¢ T_ya. From (4.16) we obtain for
any h > 0

y*DE(@(aly + ) < D (ﬂ)w"Dﬁ—w(m ID”a(y + x)|
y<B

5 ||‘P||Ss,h/2 Z (5) (h/2)|/3—)’+01+7|((,3 _ V)!]/!Ol!)s

y<pB

< (/) > (ﬁ)
y<B v
5 h‘ol+/3‘(ﬁ|a')8" X, y c de, o, ﬁ c N2d.

It follows that for any & > 0 we have the estimate
1§ T_xalls,, < Ch, xeR™,

where Cj, > 0. Note that the estimate is uniform over x € R%.
By Proposition 3.1, or more precisely (3.4), we have for any A > 0

I7T_val)y < Ca. x € R¥,
for some C4 > 0. This gives finally for any A > 0
Vpax.§)| = laT,g(6)| = [FT_va®)] S e " x e RM, £ e RM.

]

Proposition 4.10 Ifs > 1/2 and a € C®(R*) satisfies the estimates (4.16) for all
h > 0 then

WFS(a® (x, D)u) € WF*(u), u e E.(RY).

Proof Pickg € X (R?) such that ||¢|| 12 = 1. Denoting the formal adjointof a™ (x, D)
by a®(x, D)*, (2.6) gives for u € X/ (R?) and z € R*

Vy(a" (x, D)u)(z) = (a" (x, D)u, I1(2)¢p)
= (u,a"(x, D)*TI(2)¢p)

=Qn)™ /de Vou(w) (IM(w)g, a¥ (x, D)*T1(z)¢) dw
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= @m) /R  Vpu() @"(x, D) Iy, TH)g) du
- em) /R Vule = w) (@ (x, D)1 — wig, 1)) duw.
By e.g. [10, Lemma 3.1] we have
(@ (x. D)1z = wip. @) = 21) ™ |Voa (= 5. Tw))

where @ is the Wigner distribution ® = W (g, ¢) € X (R2d). Defining

gw) = sup [(@”(x, D) T1(z — w)gp, 1(z)p)|, w e R¥,

zeR2d

we thus obtain from Lemma 4.9

1 2d
8 € () Lepear oy ®*)
A>0

and
|Vip(a® (x, D)u)(2)| < [Vpul % g(z), z € R¥. (4.17)

If 0 # z9 € T*RY\WF*(u) then there exists an open conic set ' C T*R4\0
containing z¢ such that forall A > 0

1/s
sup ALl

zel

[Vou(z)| < oo.

By (2.4) we have for some M > 0
[Vou()| < eMlZ‘l/S, z e R¥,

It now follows from (4.17) and Lemma 4.2 that for any open conic set I'” containing
zo such that IV N Spy_1 € I' we have forall A > 0

sup e 1V, (@” (x, DYu)(2)| < o0,
zel’

which proves that zg ¢ W F*(a" (x, D)u). We have thus shown
WF*(@a" (x, D)u) € WF*(u).

m}

Corollary 4.11 Let s > 1/2 and u € Eg(Rd). For any z € R we have
WFS(I1(2)u) = WF*(u).
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Proof Since TI(—z)I1(z) = %8 for z = (x,&) € R, it suffices to show
WF*(I1(z)u) € W F*(u). The latter inclusion follows from Proposition 4.10 if we
succeed in showing that the Weyl symbol for I1(z) is smooth and satisfies (4.16) for
any h > 0.

We have I1(z) = al (x, D) where

a(w) = WHAHTZ) g = (v 8), weRM

(cf. the proof of [34, Lemma 3.7]). Thus

<|z|/h>°"/3)s

10%a; (w)| < |z = hl (@) (
ol
(d(|z|/h>1/f)'“')s
loe|!

< h'“'(a!)f(

< R @) exp(sd(|zl/m)'%), aeN*, weR¥,

for any & > 0. The estimates (4.16) are thus satisfied. O

5 Schrodinger Equations and Solution Operators

As stated in Sect. 1 the ultimate purpose of this paper is to prove results on propagation
of the s-Gelfand—Shilov wave front set for the initial value Cauchy problem for a class
of Schrodinger equations. More precisely we study the equation

[ ou(t,x)+q*(x, Du(t,x) =0, G.1)

u(0, ) = uo,

where s > 1/2,up € Z.(R?), ¢ > 0 and x € R?. The Hamiltonian ¢* (x, D) has the
quadratic form Weyl symbol

q(x, &) = ((x,8), Q(x,&)), x, &R,

where Q € C2dx2d 5 symmetric matrix with Re Q > 0. The special case Re Q = 0
will admit to study the equation for ¢ € R instead of ¢ > 0.

According to [1, Theorem 3.10] ¢ (x, D) extends to a continuous operator on
)24 (RY), and we will later prove that also the solution operator is continuous on X, (RY)
for each ¢ > 0 (see Corollary 8.2).

The Hamilton map F corresponding to g is defined by

oY, FX)=q(,X), X,YeR¥,

where ¢ (Y, X) is the bilinear polarized version of the form ¢, i.e. ¢(X,Y) = g(¥, X)
and ¢ (X, X) = g(X). The Hamilton map F is the matrix
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F — jQ c C2d><2d

where 7 is the matrix (1.2).

For ug € L?(R?) the equation (5.1) is solved for r > 0 by

ut,x) = e "4 Dy (x)

where the solution operator (propagator) e 4" D) s the contraction semigroup that
is generated by the operator —g" (x, D). Contraction semigroup means a strongly
continuous semigroup with L? operator norm < 1 for all # > 0 (cf. [35]). The reason
why —g" (x, D), or more precisely the closure M_, as an unbounded linear operator
in Lz(Rd) of the operator —g" (x, D) defined on . (Rd), generates such a semigroup
is explained in [17, pp.425-26]. The contraction semigroup property is a consequence
of M_, and its adjoint M_z being dissipative operators [35]. For M_, this means

Re(M_ju,u) = (M_gequ,u) <0, ue€DM_,),

DM_y) < L2 (Rd ) denoting the domain of M_, which follows from the assumption
Re Q > 0. Note the feature M_7 = M* 4 that holds for the Weyl quantization.

Our objective is the propagation of the s-Gelfand—Shilov wave front set with s >
1/2 for the Schrédinger propagator e ~/4" *>P)_ This means that we seek inclusions
for

WS (e 4" D)y

in terms of W F*(up), F and ¢ > 0 for ug € =, (R?).

IfRe Q = Othen the propagator is given by means of the metaplectic representation.
To wit, if Re Q = 0 then e ~"¢" D) is a group of unitary operators, and we have by
[7, Theorem 4.45]

e—l‘qw()C,D) — H/(e—zil‘F), t e R

In this case F is purely imaginary and i F' € sp(d, R), the symplectic Lie algebra,
which implies that e=%*F e Sp(d, R) for any ¢ € R [7]. According to Corollary 4.5
we thus have if s > 1/2

WFS(e7'4" Dy = e 2HIEWES (ug), 1eR, upe T (RY).

The propagation of the s-Gelfand—Shilov wave front set is thus exact when Re Q =
0. In the rest of the paper we study the more general assumption Re Q > 0. Under
this assumption we will show in Sect. 8 that the propagator e 4" -P) is a continuous
operator on X (Rd) and extends uniquely to a continuous operator on X (Rd) when
s > 1/2.
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6 Propagation of the s-Gelfand—Shilov Wave Front Set for Certain
Linear Operators

In this section we prepare for the results on propagation of the s-Gelfand—Shilov wave
front set for e~74" *D) in Sect. 9. We show propagation of singularities for linear
operators in terms of their Schwartz kernels.

For s > 1/2 a kernel K € X/(R??) defines a continuous linear map ¢ :
% (RY) — T (RY) by

(X f,e)=(K,g®f), fgeIR. (6.1)

Letg € X (RY)satisfy [|¢]|;2» = landset ® = ¢®@¢ € Z;(R??). By [34, Lemma4.1]
we have for u, ¥ € Z;(R%)

(Hu, ) = Qm) M [paa VoK (x, v, & —n) Vo (x, ) Vgu(y, n) dx dy d& dn.
(6.2)

In the following results we need a definition from [16], adapted from the Gabor to
the s-Gelfand—Shilov wave front set. For K € =/ (R??) we define

WF(K) = {(x,&) e T*R?: (x,0,&,0) € WF*(K)} < T*R\0,

WF5(K) ={(y,n) € T*R?: (0,y,0,—n) € WFS(K)} € T*R9\0. 6.3

Lemma 6.1 Ifs > 1/2, K € E;(RM) and WF}(K) = WF;(K) = {0, then there
exists C > 1 such that

WF(K) C{(x,y,&m) € TR : C7M(x, &)] < (v, m| < Clix, §)I}.
Proof Suppose
WK*(K) € {(x,y,€,m) € T*R* : |(y, | < Cl(x,6)]}
does not hold for any C > 0. Then for each n € N there exists (x, yu, &, 1) €
W F*(K) suchthat |(y,, n,)| = n|(x,, §,)|. We may assume that | (x,,, yn, &1, 72)| = 1
for each n € N since W F*(K) is conic. Thus (x,, &) — 0 as n — oo. Passing to a
subsequence (without change of notation) and using the closedness of W F*¥ (K) gives

(xn’ynasna 77n)_> (anao’ U)GWFS(K)» n—)OO,

for some (y, n) € Sz¢—1. This implies (y, —n) € W F; (K) which is a contradiction.
Similarly one shows

WK*(K) C {(x,y,6,m) € T*R* : |(x,&)] < Cl(y, )}

for some C > 0 using WF;(K) = 0. O
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In the next result we use the conventional notation (cf. [16,17]) for the reflection
operator in the fourth R? coordinate on R*

(x,y,$777)/=(x,y,$7_77)7 X,)’,g»’lERd-

Lemma 6.2 Suppose s > 1/2, K € T.(R*) and WF{(K) = WF5(K) = 0.
Suppose that the linear map & : Xy (RY) - poi (RY) defined by (6.1) is continuous
K Ty(RY) — = (R?) and extends uniquely to a continuous linear operator J#
T RY) — TR, If o € ,(RY) satisfies || @]l 2 = 1 and ® = ¢ ® ¢ then (6.2)
extends tou € X/ (R?) and € Ty(RY).

Proof Let ¢ € X;(R?) satisfy [|¢]|;2 = 1 and let u € =/ (R?). By (2.4) we have for
some M >0

WVou(z)| < M 2 e R, (6.4)
Define forn € N

Un :(2n)_d/ Vou(2)(z)g dz.
lz]<n

In order to verify u, € X (R?) we use the seminorms (3.3) for A > 0. We have
forany A > 0

1/s 1/s
eAlv! |V¢un(w>|5/ |Vou(z)| A | Vp(w — 2)| dz

lz]<n

1/s 1/s _ — o1/
5/ Ml A ] —24lw—2]'
lzl<n

/ e(M+2A)|z|1/S dz
lz|<n
1

<1, w e R¥,

A

It follows that u, € Z;(R?) forn € N.
To prove that u, — u in X; (RY) as n — oo we pick ¥ € X (RY). From (6.4), the
estimate (cf. Proposition 3.1 and [29, Theorem 2.4])

V()] S e e R¥, A0, 6.5)

we obtain by means of dominated convergence and (2.6)

(ttn, ¥) = 2m) ¢ / Vou(z) Vot (z) dz

lz1<n
— (2n)_d/ Vou(z) V¥ (z) dz
R2d

= (u,y), n— oo.
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This proves the claim that u, — u in Z; (Rd) asn — oQ.
We also need the estimate (cf. [9, Eq. (11.29)])

Vi ()] < @)™ |Vyul  [Vapl(2), z € R,

which in view of (6.4) and (6.5) with ¥ replaced by ¢ and conjugation of the window
function gives the bound

Voun(2)| S M 2 eR¥, peN, (6.6)

that holds uniformly over n € N.
We are now in a position to assemble the arguments into a proof of formula (6.2)
foru € X/ (R%) and ¢ € Z;(R?). Using (6.2) for u, gives

(Hu. ) = lim 27)~* /w VoK (x,y,& = Vo (x, §)
xVgun(y, n)dx dy d§ dn. 6.7)

Since Vi, (v, ) — Vigu(y, n) as n — oo for all (y, n) € R*, the formula (6.2)
follows from dominated convergence if we can show that the modulus of the integrand
in (6.7) is bounded by an integrable function that does not depend on n € N.

For C > 1 define the open conic set

D ={(x,y&mel* R : C7x, &) <|(,nl < Clx, &)} € T*R*\0.

If C is chosen properly then we have W K*(K) € I" by Lemma 6.1.
Let ¢ > 0. For the integral in (6.7) over ['" we may estimate, using the estimate

VoK (x, v, &, —n)| S PIEVEDI” 1 y g ) e RY, 6.8)
for some B > 0 (cf. (2.4)), and (6.5), (6.6), for any A > 0
/|V<1>K(x,y,§,—n)IIVw/f(x,f;‘)lIVaun(y,n)ldxdydédn
l"/
< / e—elOMI' QRB=A) O +QBHAM+N DI 4y gy g ay
l"/

< / el QCB=ALC QB+M+NOI 4o 4y s dn < 00, (6.9)

in the final inequality assuming that A > 0 is sufficiently large.
Since I C T*RZd\O isopen and WK*(K) € T" we have for any A > 0

VoK (x,y.& —n)| < e Ay &ml'™ (o £ _p) e RY\T.
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This gives for the integral in (6.7) over R* \I'’, again using (6.6),

/RM\F/ VoK (x,y, & —=mI Ve (x, )| |Vgun(y, mIdxdyd§ dn

~

< / oAy EMIV MG g0 4y g dp
R4d\l—~/

< / MMy EDI g g dy < 0o (6.10)
R4d

provided A > 0 is sufficiently large.
Combined, (6.9) and (6.10) show our claim that the modulus of the integrand in
(6.7) is bounded by an integrable function that does not depend on n € N. O

Since
VoIl(t, 0)p(x, &) = 5V 0t —x,0 — &), 1,x,0,6 eRY,

we obtain from Lemma 6.2 with ¢ = TI(z,0)¢ for (t,0) € R*, u e X/ (R?),
¢ € TyRY) and ||l 2 =1

Vo (Zu)(t,0) = (H u, T1(t, 0)p)

= (2n)—2"/ eV K (x, y. & —n)
R4d
x Voot —x,0 — &) Vgu(y, n)dx dyd& dn. (6.11)

This formula will be useful in the proof of Theorem 6.3.

The following result concerns propagation of singularities for linear operators and
is a version of Hormander’s [16, Proposition 2.11] adapted to the s-Gelfand—Shilov
wave front set. We use the relation mapping notation

WF(K) o WF*(u)

={(x.&) e T*RY: Iy, m) € WF () : (x,y,& —n) € WF(K)}.
Theorem 6.3 Lets > 1/2 and let # be the continuous linear operator (6.1) defined
by the Schwartz kernel K € X, (de ). Suppose K = Xy (Rd) — X (Rd ) is continuous
and extends uniquely to a continuous linear operator # : T (R?) — poi (RY), and
suppose

WF}(K)=WF,(K)=0. (6.12)

Then foru € X (RY) we have

WF(#u) CWFS(K) o WF*u). (6.13)
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Proof 1t follows from (2.4) that (6.8) is satisfied for some B > 0 if ® € X (de)\O.
Denote by

p13(x,y, 6,1 = (x,8§),
p2,—4(-x7y7‘i:9 U)Z(ya _71), x3y1$’n€Rdy

the projections R* — R?? onto the first and the third R¢ coordinate, and onto the
second and the fourth R¢ coordinate with a change sign in the latter, respectively.
By Lemma 6.1 there exists ¢ > 1 such that

WFS(K) C Ty ={(x,y,&n) € T*R* . ¢7'(x,8)] < (v, m)]| < clx, &)},

and, defining

Pz ={(x.y.&n € T*R*: ¢|(x, &) < |y, )},
Toq={(x.y.&n) € TR : c|(y. | < |(x. &)},
we thus have
Iy € R*\(I' 3 UTy4). (6.14)
We show the inclusion (6.13) by showing that
0+ (9, 60) ¢ WF*(K) o WF*(u) (6.15)

implies (7o, 6p) ¢ W F* (2 u). Thus we suppose (6.15). By [34, Lemma 4.2] we may
assume that (19, 6p) € S0 and Q0N W F*(K) 0 Q> = { where Qo, Q> € T*R%\0 are
conic, open and W F*(u) C 2. (The assumption of [34, Lemma 4.2] corresponds to
the assumption (6.12).) Here we use the notation Q C T*R? \O for the closure in the
usual topology in T*R\0 of a conical subset @ € T*R?\0.

Hence

QN pia (WFE)Np; L R) =0,
or, equivalently,
PIAQNWF (K)Npyl, Q=0
Due to assumption (6.12) we may strengthen this into
Prs (R0 U{OD\ONWF(K) N py Ly (22 U{0D\O = 4.
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Since p; 3 (Qo U {0)\0 and p5", (€2 U {0})\0 are closed conic subsets of R*/\0,
decreasing I'j C R* \0 if necessary, there exist open conic subsets I'g, I'1, 2 C
R*\0 such that
WF'(K)ST1,  pi3QCSTo  pil,Qchy,
and
FoNI'iNIy =40. (6.16)
Let Xy C T*Rd\O be an open conic set such that (#y, 6y) € ¥p and X9 N Soy—1 <

Q. Let ¢ € X5 (Rd), lell;2 =1 and ® = ¢ @ ¢. From Lemma 6.2 we know that
formula (6.11) holds. Therefore we have for any A > 0

1/s 1/s
MOV, () (1, 0)] < /M VoK (x, y, & —ml e DT Vgt — x,60 = £)]
R
x| Vgu(y, mldx dy d& dn. (6.17)
We will show that this integral is bounded when (¢, 0) € X for any A > 0 which
proves that (tg, ) € W F* (% u).
Consider first the right hand side integral over (x, y, &, —n) € R*\T'|. We have
forany b > 0
_ 1/s
VoK (x,y, &, =) S e MIOEMIT (e y &, —m) e RM\TY,  (6.18)
dueto WFS(K) C Ty and I'; € R*\0 being open. By (2.4) we have
Vou() < eM" 2 e R¥, (6.19)
for some M > 0, and by Proposition 3.1 we have

Vo) S e 2 e R¥, (6.20)

for any ¢ > 0. Thus
1/s
/M VoK (x, y, & —m)| MO\ Voot — x,0 — &) |Vau(y, n)| dx dy dg dn
R4\

</ e~ bl y £ 241 )1+ My 2410 —x.0-6)]'
e
Voot —x,0 —§)|dx dyd§ dn
< / CCATM=IEYEDI gy ag dy < oo (6.21)
R4d

if b > 0 is chosen sufficiently large. The estimate holds for all (¢, #) € R?.
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It remains to estimate the right hand side integral (6.17) over (x, y, &, —n) € I'.
By (6.14) and (6.16) we have I'y € G| U G, where

G1 =R¥\(I'3UT4UTy), Gy =R*\(I'|3Ul4UDY).

When ('x7 Y, Ev _77) S F] WehaVel(.x, ‘i:)l = |(yv U)|~Fir5twesmd}’(x, Y, E? _77) €
G1.Then (x, vy, &, —n) ¢ I'o which implies (x, &) ¢ Qq. There exists § > 0 such that

|(x,8) = @, 0)| = 8|(x, &), (x,8) ¢ Qo, (1,0) € Xo.

Lete > 0. For (¢, ) € £y we obtain with the aid of (6.8) using |(x, &)| < [(y, n)|,
(6.19) and (6.20), where B, M > 0 are fixed and ¢ > O is arbitrary, with B; > O a
new constant that depends on B, M, ¢, s,

1/s
// VoK . y.& = e Vot —x.0 — )] [Vgu(y, n)| dx dy d dy

1
</ B3£I S 241 )Y+ M ) S
G
s 2Al=x0-01" 1y ot — x 0 — £)| dx dy dE dn
< / el @y EMI BN —clt=x.0-OI"" 4\ 4y ge dp
G

’
1

A

/RM =1 EMI 4 BI=es O g gy de d

00 (6.22)

A

provided ¢ > B8~ /5.

Finally we study (x, y, &, —n) € G». Then (x, y, &, —n) ¢ I'> so we have (y, n) ¢
Q,. Hence (y,n) € G where G € T*R¢ is closed, conic and does not intersect
W F*(u). We obtain with the aid of (6.8) for any (¢,6) € T*RY, using [(x, §)| =
[(y,n)| and (6.20), for B > 0 fixed and B; > 0 a new constant that depends on
A,B,¢g,s,

1/s
/ VoK (x,y, & —n)| e Voo — x,0 — &) |Vau(y, n)| dx dy dE dn
G}

s 1/s 1/s
S’/G eBIGY. &M +2A](x,8)] |V¢u(y, | dx dy d€ dn

’
2

s | 1/s
5/ e—SI(x,y,S,ﬂ)ll/ +B1l(y.mI" IVau(y, m|dx dyd& dn
Gy
B |w‘1/s
< sup e”!
weG

|Viu(w)| < oo. (6.23)
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We can now combine (6.17), (6.21),I'1 € G1U G2, (6.22) and (6.23) to conclude

sup AN 1y Cru) i, 0)] < 0o
(1,0)eXy

for any A > 0. Thus (t9, 6p) ¢ WF* (% u). m]

7 The s-Gelfand—Shilov Wave Front Set of Oscillatory Integrals
7.1 Oscillatory Integrals

We need to describe a class of oscillatory integrals with quadratic phase functions
introduced by Hérmander [17]. This is useful due to the fact that the Schwartz kernel
of the Schrodinger propagator e 4" D) is an integral of this form, as we will describe
in Sect. 8. Our discussion on oscillatory integrals is brief. For a richer account we refer
to [17,22].

Let p be a complex-valued quadratic form on R4+

p(x,0) = ((x.0), P(x,0)), xeR? 6ecRV, (7.1)

where P € C@TN)x(@+N) ig the symmetric matrix

Py Py
P = xx Lx 7.2
(Pox P@e) (7.2

where Py, € C4%4 Py € C?*N and Pgy € CN*V,
Suppose P satisfies the following two conditions.

(1) ImP > 0;
(2) the row vectors of the submatrix

are linearly independent over C.
Under these circumstances the oscillatory integral

u(x):/ P g x e RY, (7.3)
RN

can be given a unique meaning as an element in .#”(R¢), by means of a regulariza-
tion procedure [17,22]. Due to the embedding .7/ (R¢) € X/ (RY) (s > 1/2), the
oscillatory integral defines a unique element u € X (RY).

An oscillatory integral of the form (7.3) is, up to multiplication with an element in
C\0, bijectively associated with a Lagrangian subspace A € T*CY, that is positive in
the sense of

ic(X,X)>0, Xe
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The positive Lagrangian associated with the oscillatory integral (7.3) is
A= {(x, pl(x,0)) € T*C? : py(x,0) =0, (x,0) € C!TNyCcT*C?. (7.4)

The integer N in the integral (7.3) is not uniquely determined by u. In fact, it may be
possible to decrease N and obtain the same u times a nonzero complex constant. This
procedure may be iterated until the term that is quadratic in 6 disappears. The form p
is then (cf. [17, Propositions 5.6 and 5.7])

p(x,0) = p(x) + (L0, x) (7.5)
where p is a quadratic form, Imp > O and L € RN ig an injective matrix. The
matrix L is uniquely determined by the Lagrangian A modulo invertible right factors,

and similarly the values of p on Ker L are uniquely determined.
The oscillatory integral is (cf. [17, Proposition 5.7])

u(x) = Qm)Nso(L'x)e'?™, x e RY, (7.6)

where 89 = 8o(RY).

7.2 The s-Gelfand-Shilov Wave Front Set of an Oscillatory Integral

Theorem 7.1 Let u € .'(R?) be the oscillatory integral (7.3) with the associated
positive Lagrangian A given by (7.4). Then for s > 1/2

WF*(u) € (AN T*RH\0. (7.7)

Proof First we assume N > 1 in (7.3) and in the end we will take care of the case
N =0.

As discussed above we may assume that p is of the form (7.5) where p is a quadratic

form, Imp > 0 and L € R?*¥ is injective, and u is given by (7.6). The positive
Lagrangian (7.4) associated to u is hence

A={(x,p(x)+LO): (x,0) € CITN L'x =0} c T*C. (7.8)

By [22, Proposition 3.4] and the uniqueness part of [17, Proposition 5.7] we may
assume

Re (Ranp’) L RanL, Im(Ranp’) L RanlL.
Ifx e R, 0 € CVNand 0 = Im (p'(x) + LO) = Im (p')(x) + LIm6, we may
thus conclude Im (p/)(x) = 0 and LIm 6 = 0, so the injectivity of L forces & € RV,

Hence

ANT*RY = {(x,Re (p)(x) + LO) : (x,0) e RN, L'x =0}. (7.9)
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According to Proposition 4.8 and (4.8)

WFS(8o(L') = {(x, LE) € T*RN\0: L'x =0, € € RV\0} U Ker L'\0 x {0}
= (Ker L' x LRM)\0 € T*R%\0.

We write p(x) = p,(x) + ip; (x) and
pr(x) = (Ryx,x), pi(x) = (Rix, x) (7.10)

with R, R; € R?xd symmetric and R; > 0. The function eiPr®™ considered as a
multiplication operator, is the metaplectic operator

) = (o)

where
1 0
X = (2Rr 1) € Sp(d, R). (7.11)

The function g(x) = e #™) satisfies the estimates (4.16) for all 4 > 0. In fact,
)
since R; > 0 it suffices to verify the estimates for g(Ux) = H’}.: le*lhxi where

U e R jg an orthogonal matrix and u; > 0 for 1 < j < n < d. The function
x — g(Ux) clearly satisfies (4.16) for all 2 > 0 since it is a tensor product of a
Gaussian on R”, that belongs to X, (R"), and the function one on RI—",

If we consider e ™) as a function of x, &) e T*RY, constant with respect to the
& variable, then the corresponding Weyl pseudodifferential operator is multiplication
with e =P ) Proposition 4.10 gives

WF(e "u) CWF*(u), uc E;(Rd). (7.12)
Piecing these arguments together, using Corollary 4.5 and (7.9), gives

WFS(u) = WF*(e Pie” 8o(L"))
S WFS (e 8o(L"))
= xWF*(8o(L"))
= {(x,2R,x + LO) : (x,0) e RN L'x =010
= {(x, p.(x) + LO) : (x,0) e RN L'x =0}\0
= (AN T*RH)\0. (7.13)

This ends the proof when N > 1.
Finally, if N = 0 then the (degenerate) oscillatory integral (7.3) is

u(x) = P )
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where p = p, + ip; is given by (7.10) with R,, R; € Réxd symmetric and R; > O.
By (7.4) the corresponding positive Lagrangian is

A ={(x,2(R, +iR)x): x € C?}y c T*? (7.14)
which gives
ANT*R? = {(x,2R,x) : x € RY}.

Since WF3(1) = (Rd\O) x {0} (cf. (4.10)) we obtain, again using (7.12) and
recycling the argument above,

WFS(u) = WFS(e Pielfr)
C WFs(e'*r)
= xWF(1)
= {(x,2R,x) : x € R)\0}
= (AN T*RH\0.

m}

Remark 7.2 From WF(u) € WF*(u) foru € ./ (R%) and s > 1/2 it follows that
Theorem 7.1 is a sharpening of [22, Theorem 3.6].

8 The Schwartz Kernel of the Schrodinger Propagator

Let ¢ be a quadratic form on T*R? defined by a symmetric matrix Q € C24*24
with Hamilton map F = J Q and Re Q > 0. According to [17, Theorem 5.12] the
Schrodinger propagator is

W
e~14" D) — Hy—2itF

where JZ,2ir .S (Rd) - (Rd) is the linear continuous operator with Schwartz
kernel

d4+N)/2 Pog/i Py ; 0 1 2d
Kr(x,y) = Qr) @TN/2 et ( 70077 Foy / ePEY0 40 e 7 (RM)
RN

x0 p ;c/y
8.1)
with T = ¢2'F This kernel is an oscillatory with respect to a quadratic form p on

R24*N a5 discussed in Sect. 7.1. The positive Lagrangian associated to the Schwartz
kernel K,—ir is

A={(x,y, & —n) e T*C* : (x,&) = e 2 F(y, ). (8.2)

By [22, Lemma 4.2] the Lagrangian A = A2+ given by (8.2) is a positive twisted
graph Lagrangian defined by the matrix e~ e Sp(d, C). When a twisted graph
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Lagrangian defined by a matrix 7 € Sp(d, C) is positive, also the matrix is called
positive [17]. This means

i(0(TX, TX)—0o(X,X)) =0, XeT*C

Since K,-2ur € ' (R%?) the propagator is a continuous operator e 4" *-D)
S(RY) — 7' (RY). We have in fact continuity e~ /4" D) . #(R?) — Z(RY).
This follows from [17, Proposition 5.8 and Theorem 5.12] which says that J#7 :
Z(RY) — Z(RY) is continuous for any positive matrix T € Sp(d, C). The next
result shows that 77 : X (Rd ) = X (Rd ) is continuous and .#7 extends uniquely
to a continuous operator %7 : X/ (Rd ) —> X (Rd ).

Proposition 8.1 Suppose T € Sp(d, C) is positive and let #7 : ./ (R?) — & (RY)
be the continuous linear operator having Schwartz kernel Kt € ' (R?*?) defined

by (8.1). For s > 1/2 the operator J7 is continuous on g (RY) and H#7 extends
uniquely to a continuous operator on X, (RY).

Proof Due to the above mentioned continuity of J#7 on .% (R?), we have for some
integer L > 0

sup |AT f)I S D sup x“DP ().
)CERd |D(+ﬂ|<LXERd

Using the seminorms (2.3) it can be seen readily that the operators f — D f and
f — x®f are continuous operators on X (R?). By Proposition 3.1 we therefore have
forany A > 0

1/s -~
A DP F ) <X DP A SN + 1l e+ BI <L, xeR,

for some B > 0, where we use the seminorm (3.1). This gives

17 £1y = sup e Ltz £ S £ + 171l (8.3)

xeRd

which gives a desired continuity estimate for one of the two families of seminorms
(U f1y 171, A B >0}

To prove that J#7 is continuous on X (R?) it remains to estimate ||.% (J#7 f) ', for
any A > 0. The Fourier transform has Schwartz kernel K (x, y) = e ~**¥) which is a
degenerate oscillatory integral with N = 0, cf. (7.3). The corresponding Lagrangian
is by (7.4)

b= {(xy, =y, =) € TCY 1 (x,y) € T*CY)
= {(x, 3.5, - € T*C¥ 2 (x, ) = T (v, ).
Due to the uniqueness, modulo multiplication with a nonzero complex number,

of the correspondence between oscillatory integrals and Lagrangians, it follows that
F =Qm) P u(J) = ¢ 7 for some ¢ € C\0.
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We may hence write for some ¢ € C\0, using the semigroup property of T — %7
modulo sign, when T € Sp(d, C) is positive (cf. [17, Proposition 5.9])

F(Hrf)=FHr FF V=P A0 47T f
= :tczgz/jj"jﬁ_lf.

Since JTJ € Sp(d, C) is positive, and since the estimate (8.3) holds for any
positive T € Sp(d, C) for some B > 0, we obtain for any A > 0

17 Py SN + 11 (8.4)

for some B > (. Combining (8.3) and (8.4) and referring to Proposition 3.1, we have
proved that J#7 is continuous on X (Rd).

Finally we show that %7 extends uniquely to a continuous operator on | (RY).
The formal adjoint of J#7 is %/771 which is indexed by the inverse conjugate matrix

T € Sp(d, C) [17]. The positivity of T is an immediate consequence of the
assumed positivity of 7. Thus #7 may be defined on X/ (RY) by

(Hru,9) = (u, #z19), ue€ iR, ¢e TR, s>1/2,

which gives a uniquely defined extension of .7 as a continuous operator on X/, (RY).
O

Corollary 8.2 The Schrodinger propagator e='4" %-P) has Schwartz kernel K o-2itF €
y’(RZd). Fort > Oands > 1/2itis a continuous operator on Xy (Rd), and it extends
uniquely to a continuous operator on X, (RY).

9 Propagation of the s-Gelfand—Shilov Wave Front set for Schrodinger
Equations

Since the Schwartz kernel of the Schrédinger propagator e /4" %) is an oscillatory
integral corresponding to the positive Lagrangian (8.2), an appeal to Theorem 7.1
gives the following result. For s > 1/2 the s-Gelfand—Shilov wave front set of the
Schwartz kernel K,-2ir of the propagator e~ (D) for t > 0 obeys the inclusion

W F* (K ,~2itr)
CH{(x,y, & —n) € T'R¥N\0: (x,&) = e 2" (y, ), Ime™2F (y, 1) = 0}.
©.1)

Combining this with Corollary 8.2 and Theorem 6.3 now gives a result on prop-
agation of singularities. The assumptions of the latter theorem are satisfied for
H = Hyoir = e_tqw(x’D), since WF}(K,—2ir) = WF;(K,-2ir) = § follows
from (9.1) and the invertibility of e HF ¢ C2dx2d of (6.3).
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Corollary 9.1 Suppose q is a quadratic form on T*R? defined by a symmetric matrix
Qe C¥*2 ReQ >0, F=7JQ, ands > 1/2. Then for u € T,(R%)

WFS (e—14" D)) < =21 F (WFS(u) A Ker(Im e—Z”F)) >0

As in the proof of [22, Theorem 5.2], the latter inclusion can be sharpened using
the semigroup modulo sign property of the propagator [17]

e~ (1t12)q"(x.D) _ 4 ,~119"(x.D) ,~12q" (x.D) t,t > 0.

In fact, using this property and some elementary arguments one obtains the inclu-
sions

WF "Dy (2 (WF @y ns))ns

IN

e™21F (W ) N Ker(Im 77
where the singular space

2d—1
S = ﬂ Ker [Re F(Im F)’] | N T*R? € T*R?
j=0

of the quadratic form ¢ plays a crucial role.

Corollary 9.2 Suppose q is a quadratic form on T*R? defined by a symmetric matrix
QeC¥*2 ReQ >0, F=7JQ, ands > 1/2. Then for u € T,(R%)

WF (e "Dy < (2 (WF @ ns))ns. 1> 0.
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