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Abstract We present conditions on the coefficients of a class of vector fields on the
torus which yield a characterization of global solvability as well as global hypoellip-
ticity, in other words, the existence and regularity of periodic solutions. Diophantine
conditions and connectedness of certain sublevel sets appear in a natural way in our
results.
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1 Introduction and Statement of the Results

For a positive integer m, let T ~ R™ /277 be the m-dimensional torus. We will
work on TN+!| where the coordinates are denoted by (x,7) € TV x T', with x =
(x1,...,xy) € TN,
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We are interested in the existence of solutions in C>°(TN*!) to first-order partial
differential equations given by Lu = f, where f € C>®°(TV*!) and L is a vector field
on TN *1 of the type

) < 9
L=5+§(aj+ibj)(z)gj, (1.1)

where the coefficients a; and b; are real-valued smooth functions defined on T!, for
j=1,...,N.

We recall that the existence of local solutions to Lu = f is well-understood and is
in fact characterized by the well-known Nirenberg-Treves condition (P) (see [12, 14]).

The problem is still interesting if we consider the existence of solutions on the
whole torus, a property which will be refered to as global solvability.

We say that L is globally solvable if the range of the operator
L : C®(TN*1) — C¢®(TN*1) is closed. Standard arguments of Functional Analy-
sis imply that LC®(TN+1) = (ker’L)°, where /L denotes the transpose operator
and (ker’L)° is the set of functions ¢ € C®(TN*!) such that u(¢) = 0, for
all u € ker'L ¢ D'(TN*1). It follows that L is globally solvable if and only if
LC®(TN*!y = (ker’L)°. We will use this characterization throughout this article.

It is well known that condition (P) is not necessary for global solvability (see [11],
and also [5]). On the other hand, it follows from [10] that the equation Lu = f has
a solution u € C®(TN*!) for every f € C®(TN*!) satisfying a finite number of
compatibility conditions, provided L satisfies both condition (P) and the following
geometric condition (in which ¢ is the principal symbol of L and g is a complex-valued
function):

(GC) every characteristic point of L lies on a compact interval of a bicharacteristic
of 9i(g¢), on which g # 0, with no characteristic endpoint.

However, as shown in [5], our class of operators (in general) does not satisfy con-
ditions (P) and (GC) simultaneously. Hence, the global solvability of our class of
operators cannot be obtained by directly applying results from [10].

When our operator L does not satisfy condition (P), a necessary condition for
solvability is given by the connectedness of certain sublevel sets [see Theorem 1.1-
(ID]. This relation between solvability and connectedness of sublevel sets is due to
Treves and it has appeared for instance in [13].

The approach and motivations for this paper are related to those in references such
as [1-5,8,11,13].

Our results extend those in [S], where global solvability and global hypoellipticity
were characterized in the case where N = 2 and L had the special form

9 +ibi(t) 9 +iby(t) 9
—_— 1 —_— l —_—.
ar N TIPS,

We introduce the following useful notations:

1 2
a-/O:Z/O aj(t)dt, fOr]zl,,N,
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and

1 2
bjozg/) bj(l)dl‘, for]=1,...,N.

Comparing with [5], the presence of the coefficient a; makes the problem more
difficult. For instance, it will be important to use some smooth cutoff functions in
order to apply the Laplace method for integrals. Also, we must take into account the
influence of the numbers a jo on the Diophantine conditions. As we know, for instance,
from [1,2,5,8], global solvability and global hypoellipticity are related to Diophantine
conditions, which, in some cases, are linked with the notion of non-Liouville vector
(or number). We say that (y1, y»2) € R2 \ Q2 is a Liouville vector if there exist C > 0
and a sequence (py, gn, jn) € 72 x N so that Jjn =2, and

Pn
Yi— —
J

n

—i—‘J/z—q.—n <
Jn

, forall n e N.

C
()"

Motivated by [5], for a pair of vectors («, B) € RY x RN we define the following
Diophantine conditions:

(DC1) there exist constants C > 0 and y > 0 such that
T+, a+if)l = CUEI+ D77,

forall (¢,7) = (£1,...,&n, 7) € ZVNT1\ {0}.
(DC?2) there exist constants C > 0 and y > 0 such that

[T+ (& a+ip)l = CUEI+ITD7,

for all (£, ) € ZN*! such that T + (£, +iB) # 0.
For instance, if A is a Liouville number then the pair (A, 0), (A, 1) € R? does not
satisfy (DC?2).
Note that (DC1) implies (DC?2), and for a pair («, 8) suchthat t 4 (§, «+iB) # 0
for all (£, ) € ZN*T1\ {0}, (DC1) and (DC?2) are equivalent.
The Diophantine condition (DC1) (respectively, (DC?2)) is related to the notion of
nonresonant (respectively, resonant) condition that appears in [7].
When b; # 0 and b; does not change sign, we will see (Example 3.5) that the
operator
Rl . ad . ad
— 4+ (a1(t) +irb1 (1)) — +ib1(t) —, A €R, (1.2)
ot dx1 dx2
is globally solvable if and only if (a9, 0, Abjo, b1o) € R? x R? satisfies (DC2), which
holds if and only if (ajg, A) is not a Liouville vector. Comparing with [5], where a;
vanishes identically, the operator (1.2) is globally solvable if and only if A is not a
Liouville number. Recall that, in dimension 2, there is no influence of the real part of
the coefficient on the global solvability for the operator
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ad d
— 4 (a1 () + irb1 (1)) —  (with Ab1g # 0),
ot 0x]

which is globally solvable if and only if | does not change sign (see [11, Theorem
3.2]).

Finally, we are ready to state our main results.

Define

ag = (a0, -..,ano), Po = (bio,...,bno),

a(t) = (a1(t),...,an()) and B(t) = (b1(t),...,bN(2)), t € T!.

Theorem 1.1 Let L be given by (1.1).

(I) Ifbj = 0 for every j, then L is globally solvable if and only if the pair (cp, 0)
satisfies (DC?2).

(l) If bjo = 0, for every j, and if bj # O for at least one j, then L is globally
solvable if and only if (ajo, ..., ano) € ZN and all the sublevel sets

t
Qf:lteTl;/(S,ﬁ(r))dt<r], reRand &€ € ZVN,
0

are connected.
(Ill) If bjo # O for some j, then L is globally solvable if and only if the following
properties are satisfied:
(IIl.1) dimspan{by,...,by} =1;
(I1L.2) the functions b; do not change sign;
(II1.3) the pair (g, Po) satisfies (DC?2).

Remark 1.2 In (I1I.1) the span is taken on R; hence, condition (III.1) means that the
functions b; are real multiples of a smooth real-valued function b defined on T!.

We now point out an important remark about Theorem 1.1-case (II). Consider
N
0 0
— +1i bi(t)—, 1.3
at+l/§ ,()axj (1.3)

where by = 0, for all j, and at least one b; does not vanish identically. Of course,
(1.3) does not satisfy condition (P); however, a necessary condition for (1.3) to be
globally solvable is that each function T! 3 t — &by (t) + --- + Exby (1) (€ € ZV)
changes sign at most twice, which is weaker than condition (P).

Another question of our interest is the regularity of solutions u € D'(T¥*!) to
L = f, where L is given by (1.1) and f belongs to C*°(TN*!). This regularity
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will be described by the expression global hypoellipticity. We say that L is globally
hypoelliptic if i € D'(TN*1y and Ly € C°(TN*1) imply that o € C*°(TN*1).

As in Theorem 1.1, Diophantine properties of the coefficients of L are linked to
hypoellipticity.

Theorem 1.3 Let L be given by (1.1). Then, L is globally hypoelliptic if and only if
the functions aj and b satisfy the following properties:

(1) the functions b; do not change sign;
(2) dimspan{by,...,by} < 1;
(3) the pair (xg, Po) satisfies (DC1).

Note that, in contrast to Theorem 1.1, condition (P) is a necessary condition for
global hypoellipticity.

As a consequence of Theorem 1.3, the operator L given by (1.2) is globally hypoel-
liptic if and only if (aj9, A) € R?\ Q? is not a Liouville vector.

When the coefficients of L are constant, Theorems 1.1 and 1.3 give us results which
are in agreement with those of Greenfield and Wallach in [8]. In fact, when

- 9
L=—+ i +ifj) —,
o1 ; (o +181) 50
where «; and 8; are real numbers, for j = 1,..., N, then it follows from simple

adaptations of the techniques used in [8] that L is globally solvable if and only if
the pair (o, B) satisfies (DC2), where ¢ = (a1, ...,0;) and B = (B1,..., BN).
Likewise, this constant coefficient vector field is globally hypoelliptic if and only if
the pair («, B) satisfies (DC1).

We dedicate Sects. 2 and 3 to the proof of Theorem 1.1, and Sect. 4 to the proof of
Theorem 1.3.

2 Beginning of the Proof of Theorem 1.1: Cases (I) and (IT)

First, recall that
N
0 0
L=— i +ibj) (1) —
o +;(a]+l ’)()ax,-

is globally solvable if and only if LC* (TN+1y = (ker!L)°, where /L denotes the
transpose operator of L, and (ker’L)° is the set of the functions ¢ € C*(TV*!) such
that p(¢) = 0 for all © € ker L.

As a first step in our proofs, we claim that there is no loss of generality in assuming
that the real part of our operator L has constant coefficients. Indeed, by using partial

Fourier series in the variables (x1, ..., xy), we may define the automorphism 7' :
C®(TN*1) — ¢o°(TN+*!) given by
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t
ﬂ(é,t):ﬁ(&,t)expli/ (é,a(r)—ao)dr}, forall £eZV,  (2.1)
0
with inverse 7~ : C°(TN+1) — ¢°(TN*1) given by
— t
T‘W(E,t):ﬁ(é,t)exp{—i/ (E,a(r)—ao)dt], forall £ €ZV. (22)
0

The operator L is globally solvable if and only if the new operator T LT ~! is globally
solvable; the latter has the form

N
d
TLT ' = + > (ajo+ib, ) 5 (2.3)
j=1

where now the real part of the coefficients is constant; moreover, it is easy to see that
ajo can be replaced by zero if a j belongs to Z.

As a consequence, when b; = 0 for all j, we may assume that L is the constant
coefficient operator

N
0 0
E + ;ajoaij

hence, as in [8], we can prove that L is globally solvable if and only if («g, 0) €
RN x RY satisfies (DC2), where g = (ajo, - . ., ano). This concludes the proof of
Theorem 1.1 in case (I).

For the remainder of this section, we will proceed with the proof of Theorem 1.1
by analyzing the situation (II), where b;o = 0, forall j = 1,..., N, and at least one
function b; does not vanish identically. Propositions 2.1 and 2.2 show the necessity
of the conditions in (II), while Proposition 2.5 shows the sufficiency.

Proposition 2.1 Let L be given by the right-hand side of (2.3). Suppose that bjo = 0,
forall j, and that at least one b does not vanish identically. If (ayo, . . ., ano) ¢ zN,
then L is not globally solvable.

Proof The hypotheses imply the existence of m and £ in {1, ..., N} such that b,, does
not vanish identically, b,,0 = 0 and ago ¢ Z. Assume first that m = £. Without loss
of generality we may assume that m = £ = 1. In this case, it follows from Theorem
3.2 of [11] that the vector field

0 d
Ly =— ibi(t)) —,
1 at‘l‘(a]O"‘ll())axl

viewed as a vector field on T2, is not globally solvable. By using partial Fourier series
in the variables (x2, . .., xy), we can verify that the fact that L is not globally solvable
easily implies that L itself is not globally solvable.
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Now, assume that m # £. Again, there is no loss of generality in assuming that
m = 1 and £ = 2; hence by does not vanish identically, b1g = 0, a1o € Z, by vanishes
identically and a>g ¢ Z. As above, in order to prove that L is not globally solvable it
is enough to prove that

9 4 (1o + ib1(1) = + axg
—_— a l _— ar)——
9 o e T %,

is not globally solvable. Recall that, since ajg € Z, it is enough to prove that

Ly ad b ad 0
1= +i 1(0@ +0t2oa—x2
is not globally solvable.

We will construct a function f in (ker’L12)°\ L12C%°(T?) by using partial Fourier
series in the variables (x1, x2). Note that, since axg ¢ Z, there is an increasing sequence
(kn)nen C Z such that k,, > n > 0 and axok, ¢ Z, for all n € N. We will construct
the function f of the form

o0
f(xh X2, f) — z f(knv kna l) eikn(X1+X2)' (24)

n=1

The next step is to construct the sequence f (ky, ky, +) (the Fourier coefficients of

)
Define

!
H(s,t):/ bi(t)ydr, 0<s,t <2m,
1—s

and set

A = H(sg, tg) = o max H(s,t).

<s,t<2m

Since b changes sign we have A > 0; also, we may assume that 0 < so, o, fo— S0 <
2m. Set o = t9 — 5o and take a function ¢ € C2°((0p — 8, o9 + §)) which satisfies
0 <¢(t) <1land ¢(r) = 1 in a neighborhood of [og — /2, op + §/2], where § > 0
is small enough so that (o9 — 8, o9 + 8) C (0, 7).

We finally define f (kn, ky, -) € C°°(T") to be the 277- periodic extension of

P (r)eFna200=D=knd =4 e [0, 2771,

foralln € N.

Since A > 0, the sequence ( f (kn, kn, -))neN, Which consists of smooth functions on
T!, decays rapidly; hence, the function f given by (2.4) belongs to C*°(T?). Moreover,
our assumption k,apg ¢ Z implies that ji(—k,, —k,,-) = 0, for all . € ker’ L, and
n € N. Hence f € (ker'L»)°.
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Next, it will be shown that there is no u € C*(T?) such that Ljou = f. Indeed,
suppose thatu € C °°(T3) is such that L1ou = f. Then the partial Fourier series in the
variables (x1, x2) gives

d.. . . . . "
EM(J’ k1) + (=jb1(t) + kiax) u(j, k, 1) = f(j, k. 1),
for all (j, k) € Z? and ¢ € T!. In particular, for each n € N we have

d . . A A
Eu (kny kn, 1) + ky (=b1(t) +iaz) i (ky, kn,t) = f (kn, kn, 1),

which has a unique solution, since k,a>o ¢ Z. This solution can be written as

. -1 2T . 1
ik kn, 1) = (1 . 872mk,1a20) f ks kst —5) efz.sknazoekn I b](r)drds.
0

For t = t¢, the definition of f (kn, ky, -) implies that

|t (kn, kn, 10)]

I — e—Zniknazorl/ o (10 _s)efkn(AfH(S,to))ds
|s—s0|<8

. l/ o kn(A=H(s.10) ¢
2 Jis—sol<8/2

Since A — H(so, t9) = 0, s¢ is a point of minimum of A — H(s,79) > 0. In
particular, sq is either a zero of infinite order or a zero of even order. By proceeding as
in the proof of Proposition 3.3 in [5], we may apply the Laplace method for integrals
(see [6]) so that we obtain a constant C > 0, which does not depend on n, such that

| (kn, kn, 10)] = C k) ™'/,

contradicting the fact that i (k,, k,, ty) decays rapidly.
Therefore, there is no u € C*°(T?) such that Liu = f.
This completes the proof of Proposition 2.1. O

Proposition 2.2 Under the assumptions of Proposition 2.1, but now supposing that
(@10, ..., ano) € ZV, the existence of a disconnected sublevel set Qf implies that L
is not globally solvable.

Proof Recall that, since ajo € Z, for j = 1,..., N, we may assume that
N
0 0
L=—+i bi(t)y—. 2.5
o ’J.Z;"()axj 2.5)

The proof will be by contradiction. Suppose that L is globally solvable. Due to Lemma
6.1.2 of [9], itis well known that the solvability of L implies an inequality involving the
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transpose operator. As in the proof of necessity in Proposition 2.1 of [5], a convenient
version of this lemma yields the existence of constants m € N and C > 0 such that

/]I‘N+l fo

for every f € (ker’L)° and every v € C°(TN*1),

The proof is then reduced to the study of inequality (2.6). By making use of a
disconnected sublevel set Qf we will construct sequences of functions, {f,} and
{vn}, which will produce a contradiction with (2.6).

Take a disconnected sublevel

<Co[ D0 sup 971 ] | DD sup [9°CLw)| . (2.6)

TN+1 TN+1

l|<m || <m

t
Qf = [z eTl;/O (', B(r))dt < r], where B(1) = (b1(7), ..., by(T)).

Asin [5,11], we can find a real number ry < r such that

t
Qf = [t € Tl;/o (&, B(x))dT < 1o

has two connected components with disjoint closure. Also, we can construct functions
fo. vo € C®(T), satisfying the following conditions:
2

; fo(t)dt =0, supp(fo) N Qf(; =0,

Supp(v(/)) - Qfos

and

2
Jo@®vo(t)dt > 0.

For n € N, define the functions f;, v, : TV*! — C by
t o
falx, 1) = exp [—n / (€, ﬁ(r))df] fo(ye &
0
and
! . /
vu(x, 1) = exp {n/ (€', ﬂ(f))df] vo(t)el"(,f )
0

Since bjo = 0, for all j, it follows that f,, and v, belong to C* (TN+1y. Moreover,
we claim that f, € (ker!L)°. In fact, for each . € ker’L c D'(TN*!), by using
partial Fourier series in the variables (xq, ..., xy) we can write
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0= Z c§exp[/ (&, ﬁ(t))dt]e (E.x) with c¢ € C,

EeZN

from which we obtain
21
(u, fn) = em)Ne, fo(t)dt =0, forevery n €N,
0

where ¢, is a complex number. Thus f,, € (ker’L)°, foralln € N.
The inequality (2.6) for f,, and v, yields

/ Sntn
TN+

for every n € N.
Notice that the left-hand side of the inequality (2.7) satisfies

<Co| D sup (09l ) - DD sup [0%(Lua)l ). @7

|0{\§mTN+l la|<m TN+1

2
/ Fu@va(dt = Q)N fo(Hvo(r)dt > 0.
']1‘N+1 0

On the other hand, since (supp(fo)) N Qf(; = {, there exists C; > 0, which does
not depend on 7, such that

> sup [0Sl < Cin" sup e RESOUT < cpmemm - 28)

N+1
laj<m T reThaf,

also, since (supp(v(/))) C Q% there exists C» > 0, which does not depend on n, such
that

S sup (0% Lu) = D sup (991" B EFOMTY (1)einE 0y,

TN+1 TN+I

lee|<m loe] <m

< Cn™  sup o Jo & B@)dT
resupp(vy)

n
< Con™ sup ef(;(é’,ﬂ(r))dr
tesupp(vy)

— Con™em IS (€. p(0)dT (2.9)

‘o .

where #; is a maximum point of the function ¢ elo & BT regtricted to
’

supp(vy) C Qfo.
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1
We now set ¢ = / (€', B(z))dt —ro. Notice that ¢ < 0 and that ¢ does not depend

0
on n € N. Moreover, from (2.8) and (2.9) we have

> osup (39l | | D sup [0%(Lva)| | < C1Con"e™, (2.10)
lac|<m TN+I1 lee]<m TN+1
foralln e N.

Finally, from (2.7) and (2.10) we have

2
0 < o)V fo()vo(s)ds < CCCan*"e™, for all n € N,
0

which is a contradiction, since lim n?"e"¢ = 0.

n—o0

The proof of Proposition 2.2 is complete. O
Example 2.3 The operator

0 + 0 + i cos(2t) i
— —_— 1 COS —_—
ot 0x1 dx2

defined on T3, is not globally solvable. Indeed, the sublevel set

t
[t € ']Tl;/ cos(2r)dt < O]
0

is disconnected.

Example 2.4 The operator

ad . 3 . .3 a 0
E—i-(sm t +isin (2t)) (—+—)

0x] 0x2

defined on T3, is not globally solvable. Indeed, the sublevel set

1 1
{t € ’JT‘;/ sin’ (21)dt < -]
0 2

is disconnected.

The next result shows that L is globally solvable under the conditions given in
(II)-Theorem 1.1. In fact, the correct choice of the point 7 in (2.14) will imply that we
can construct a continuous right inverse for L, namely, L~ Im(L) — C®(TN*h,
given by means of formula (2.16).
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Proposition 2.5 Let L be the operator given by (2.3). Suppose that bjo = 0, for all
J, and that at least one b does not vanish identically. If (ayo, ..., ano) € 7N and,

moreover, all the sublevel sets Qf are connected, then L is globally solvable.

Proof Given afunction f € (ker’L)°, we will findu € C*°(TV*!) such that Lu = f.
As in the proof of Proposition 2.2, we may assume that L is given by (2.5). By using
partial Fourier series in the variables (x1, ..., xy), we are led to solve

d A
Eﬁ(é, N — (€ BOYIE D = fE D, 1T, £eZV, 2.11)

where we recall that (t) = (b1(t), ..., bn(2)).
Our assumption bjo = 0 (for all j =1, ..., N) implies that, for each § € ZN | the
function

t
¢e(x,1) =exp [—/ (€, ,B(T))df] e i(Ex)
0

belongs to C*°(TN*1). Moreover, ' L(¢s) = —L(¢¢) = 0; that s, ¢ € ker’L. Since
f € (ker'L)° we have

2
/ e BT fe nar =0, forall £ e ZV. (2.12)
0

It follows from (2.12) that, for an arbitrary f; € T!, the function (&, -) defined by

1 t S A
G, 1) = e,fg(évﬁ(f))dff g_.fo (5»ﬁ(f)>dff(§-’ s)ds, (2.13)
lg

with ¢ € T! to be chosen later, is well defined and belongs to C*°(T'). Simple
calculations show that (&, -) is a solution to (2.11) [in particular, there are infinitely
many solutions to (2.11)].

In order to obtain a sequence of solutions (&, -) which decays rapidly, we will
choose a convenient point #¢ in (2.13). For each & € Z¥, choose tz € T' such that

tg t
/ (&, B(0))dT = sup [ / <s,ﬁ(r>>dr],
0 0

teT!

or equivalently

—/S@,ﬂ(r))df — inf [—/ €, ﬂ(r)>dr] . 2.14)
0 teT! 0
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For 1 satisfying (2.14), we claim that the sequence i (&, -), given by (2.13), decays
rapidly. In fact, for fixed £ € Z" and for fixed r € T!, define

o= /0 (&, B(0)de

and
Q= Hs € ’]I‘l; _/S(g, B(t))dt < rt} .
0

It follows from our assumptions that 2, is connected. Since ¢ and f¢ belong to &/,
there is an arc I'; entirely contained in €2, and joining #¢ to ¢. Hence

s t
—/ (&, B(r))dt < —/ (&, B(r))dt, forall seT. (2.15)
0 0

Again, by using (2.12) we can write

Qe 1) = /F exp[ /O (&, B(0)dr /0 <s,ﬂ(r>>dr]f(s,s>ds. (2.16)

Finally, the conjunction of (2.16) with the estimate (2.15) implies that

(€, 1)] < 27 sup |f(&,1)]; (2.17)

teT!

hence, from the rapid decay of f (&,-), for every n € Z,, we obtain a constant
C = C(n) > 0 such that

C
&1

la(g, )] < , forall t e T

By proceeding as above we can prove analogous estimates for all the derivatives
am &, ), meN.
Therefore, it (£, -) decays rapidly and

u(x,t) = Z A, e e

EeZN

is a solution to Lu = f in C>°(TN*1).
This concludes the proof of Proposition 2.5. O

Example 2.6 As mentioned in [5], the operator

8+, (f)a-i"'(f)8
— 1 COS _— 1 S1n —_—
Jat 0X1 0x2
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is globally solvable. According to Propositions 2.1 and 2.5, by adding a real part in
the coefficient we may either maintain or lose solvability; for instance,

i + (sin(t) + i cos(t)) i + (cos(t) +isin(?)) i
at ax1 dx2

is still globally solvable; on the other hand,

Dt (sin20) 4 cos(n)) - +i sinr)
— S 1 COS — 1 S1In —
dt 0x1 0x)

is not globally solvable, since (1/2m) fozn sin?2(t)dr = 1 /2 (is not an integer number).

3 End of the Proof of Theorem 1.1: Case (III)

We proceed with the proof of Theorem 1.1 and we now deal with case (III), in which
bjo # O for at least one j € {1,..., N}. Proposition 3.2 shows the necessity of
conditions (III.1)—(III.3), while Proposition 3.4 shows the sufficiency. First, we will
prove the following equivalence:

Lemma 3.1 For a pair of vectors o = (a1, ...,ay) and B = (B1,...,BN) in RN,

the condition (DC?2) is equivalent to the following Diophantine condition:
(DC3) there exist constants C > 0 and y > 0 such that

1= 2T EPT) = Clg) 7,
forall & € ZVN such that (£, 8 —ia) ¢ iZ.

Proof Suppose that («, ) does not satisfy (DC3). Thus we can find a sequence
(E)nen C ZV such that [£(n)] = n, (E(n), p — ie) ¢ iZ, and

11— P EPO | < gy, 3.1)
for all n € N. In particular, [{(§(n), 8)| — 0, as n — oo, which implies that
1= WP > e~lor|(E(n), ), 32)
for n € N sufficiently large.
It follows from (3.1) that there is a sequence of integers (t,) such that 7, +
(§(n),a) — 0, as n — oo (in fact, it is enough, for each n € N, to choose 7,

to be either the greatest integer not exceeding —(£(n), ) or the least integer greater
than —(£(n), @)). Hence, if n € N is sufficiently large, we have

Isin(2r[1, + (E(n), )| = 7|t + (§(n), ). (3-3)
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Inequalities (3.1), (3.2) and (3.3) imply that, for n € N sufficiently large,
e 2 |(E (), BY| < |1 = TEW PN < |1 — 2TEO PN < g
and

7|t 4+ (E(m), @)| < 1sinQ27 [, + (E(n), &)])]
< 262 EM-B) Isin(2n [T, + (E(n), o)1)
< 2|1 — 2T EWFIN | <21 (m)| 7

Finally, from these last inequalities we obtain

2n~"

2
[Tn + (§(), e +iB)| < |tn + (E(n), )| 4 [(E(n), B)| < Ié(n)l_"; <

for all n € N sufficiently large, which implies that («, 8) does not satisfy (DC?2).

Conversely, suppose that («, 8) does not satisty (DC?2). In particular, we can find
a sequence (£(n), 7,) € ZN x Z such that |£(n)| > n, 7, + (E(n),a + i) # 0,
(§(n), B) < 0and

Ita + (€M), a +iB) < (EMI+ mD™" < 1§,

for every n € N. For n € N sufficiently large we have cos(2w (§(n), «)) # 0, and
since (£(n), B) < 0, it follows that

|1 — 2 &) < | — 2TEW-B) cos (2 (E(n), a))| + | sin@m (E(n), @)
< |1 —cos2m(E(n), a))| + |1 — 27 EP))|
+ |sin27 (E(n), )|
< |1 = cosm[ty + (E(n), )| + |1 — & E™-F)|
+ IsinQr[5, + (En), )|
< 47|t + (E®), @) + 2w |(E(n), B)]
<6m|t, + (E(n), a +iB)| < 6m|EM)|™" < 6",

which implies that («, 8) does not satisfy (DC3). O
We now prove the necessity of conditions (III.1)—(III.3) in Theorem 1.1.

Proposition 3.2 The operator L given by (2.3) is not globally solvable in the case
where bjo # 0, for some j =1, ..., N, and at least one of the following conditions
fails:

(Il1.1) dimspan{by,...,by} =1;
(I11.2) the functions b do not change sign;
(II1.3) the pair (o, Po) satisfies (DC?2).
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Proof Under the general assumption that b ;o # 0 for some j, the proof can be divided
into three parts.

First, suppose that (II1.1) fails; that is, there exist m and £ in {1, ..., N} such that
bmo # 0, and by, (¢) and by (¢) are R-linearly independent functions. There is no loss
of generality in assuming that m = 1 and £ = 2. We claim that

ad . d . ad
Lip = — + (aijo + ib1(t)) — + (a2 + iba (1)) —
at axi dx2

is not globally solvable. The arguments to prove our claim are similar to that of
Proposition 2.1. We will sketch the proof.
Recall that Lemma 3.1 of [5] implies the existence of integers p and g such that

T! 51+ ¥ (1) = pbi(t) + gba (1)

changes sign and ¥y = Qm)! fozﬂ Y (t)dt < 0. We now define

t
H(s,t) =/ Y(t)dr, 0<s,t <2m,
t—s

and

A = H(sg,t9) = max H(s,1),
0<s,t<2m

where, without loss of generality, we can assume that 0 < sq, fo, fop — So < 27. Set
op = to — 5o and let § > 0 small enough so that (o9 — 8, o9 + &) C (0, #p). Next, let
¢ € C°((o0—3, op+8)) such that ¢ () = 1 in a neighborhood of [og —8/2, o9+ 68/2]
and0 < ¢(t) <1, forallr € T'.

As in the proof of Proposition 2.1, by using partial Fourier series we may consider
a function f € (ker’L»)° \ L12C*°(T?), given by

oo
fxi,x2, 1) = Zf(np, ng, [)ei"(l’xl'i‘qxz)’

n=1
where f (np, nq, -) is the function in C*(T') which is the 2 -periodic extension of
¢(t)ein(palo+qazo)(to—t)e—nA’ t €[0,2n],

for all n € N.

By proceeding as in the proof of Proposition 2.1, we can verify that f belongs to
(ker?L12)° \ L12C>®(T3), which implies that L is not globally solvable.

Now, assume that (III.1) satisfied and that (II1.2) fails. In this case, there exists
m € {1,..., N} such that b,,0 # 0 and b,,(¢) changes sign. Thus, it follows from
[11]-Theorem 3.2 that
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d 0
Ly = E + (amo + by (1)) 9%,

is not globally solvable, which implies that L is not globally solvable.
To complete the proof, we now assume that (III.1) and (II1.2) are satisfied, but (I11.3)
fails. In this last case, we can write the operator L as
R 9
L=o+ Z (ajo+ir;b(t)) PR (3.4)

j=0 /

where b € C®(T!, R), b does not change sign, by = (27)~! 02” b(t)dt # 0, and
A= (A1, ..., An) € RN\ {0}

Recall that «g = (a0, . .-, ano), Bo = (b1o, ..., bno) = bo(r1, ..., AN) = bok,
and B(t) = (b1(t),...,bn(t)) = b(t)(A1, ..., ANn) = b(¢)A. Since we are supposing
that (ag, Bo) does not satisfy (DC2), Lemma 3.1 implies that (DC3) does not hold.
Thus, one of the following situations must occur:

(i) there exists a sequence (£(n)),en C ZY such that [E(n + 1)| > |£(n)| > n,
(§(n), po) > 0, and
[T —exp {27 (E(n), fo — i)} | < [E(m)|™", forall neN, (3.5)
or
(ii) there exists a sequence (£(n)),eny C ZV such that |£(n 4+ 1)| > [E(n)| > n,
(§(n), Po) =0, (§(n), ao) ¢ Z, and
|1 —exp{—27i(§(n), o)}| < [E(m)[™", forall neN. (3.6)

In order to finish this proof we must show that L given by (3.4) is not globally
solvable when either (i) or (ii) occurs.

Assume first that (i) occurs. For L given by (3.4) we will construct a function f
belonging to (ker’L)° \ LC®(TN*1). By using partial Fourier series in the variables
(x1, ..., xn), we consider the function

o0
o= fEm. 0™, 3.7
n=1
with partial Fourier coefficients, f (&(n), -), given by the 27 -periodic extension of

&(n)| 2@ (t)e! TDEM0) -y e 0, 207],

where (1) € CX((Z — 8,% +8)), ¢(t) = 1 in a neighborhood of [Z52, ZF2],
0 < ¢(#) < 1,and § > 0is small enough so that (5 — &, 7 +8) C (0, 7). The factor

|E(n)|~"/? implies that f (E(n), -) decays rapidly. Hence f € C°(TN+1). Moreover,
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for all 1 € ker!L and for & € ZV satisfying (&, Bo) # 0, we have /i(&, -) = 0. Thus
f € (ker’L)°.

We claim that f ¢ LC®(TN*!). Indeed, suppose by contradiction that there
exists u € C®°(TN*!) such that Lu = f. The partial Fourier series in the variables
(x1,...,xN) gives

A d
f(Em), 1) = Eﬁ(é(n), 1) +iEm), a0 +iB0)iEn), 1)

d
= Eﬁ(é‘(n), 1) +iEM), ag +ib(t)A)iu(E(n), 1), (3-8)

foralln € Nands € T!. Since (&(n), Bo) > 0, Eq. (3.8) has a unique solution, which
can be written as

i), 1)
— 2 t
= (1- ) 1 f(E(n),t—s)exp[(E(n),A)/ b(r)dr}e”@(")’“wds,
0 t—s

where, to simplify notation, we have defined

cn = (§(n), Bo — i) = (§(n), bor —iag) (n € N).

The definition of the function f (£(n), -) implies that

A& m). )] = 1= s )] 2 / e s b g,
ls—7/2|<8/2

Recall that b does not change sign and that (£(n), Abg) > 0. Hence
T
(E(n), A)/ b(t)dt >0, forall |s—m/2|<§/2.
T—s

Moreover, (3.5) implies that
1= e 7! = |1 —exp(27 (£ (), fo — ico)}| ™" > [E)]".
Summarizing, we obtain
A ), 1) = 1= e ™8 > )" E M) 28 = n"/2s,

which is a contradiction, since |i(&(n), )| should decay rapidly.

Therefore, f given by (3.7) belongs to (ker ' L)° \ LC>® (TN *1), which implies that
L is not globally solvable when (i) occurs.

To finish the proof we just mention that similar computations show that L is not

globally solvable when (ii) occurs. Indeed, under conditions (ii), the same f, given by
(3.7), belongs to (ker ' L)° \ LC®(TN+1).
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The proof of Proposition 3.2 is complete. O

Example 3.3 By Proposition 3.2, for any functions a;, ay € C °°(']I‘1, R), the operator

a . .9 ad . 9 a
3 + (al(t) + i sin (t)) 8_)61 + (az(t) +1cos (I)) 3_)62

is not globally solvable, since sin?(z) and cos?(r) are R-linearly independent functions.

We finish the proof of Theorem 1.1 by showing that conditions (III.1)—(II.3) are
sufficient for global solvability.

Proposition 3.4 Let L be given by (2.3) and suppose that bjo # 0, for some j =
1,..., N.Then L is globally solvable if the following conditions are verified:

(IIl.1) dimspan{by,...,by} =1;
(I1L.2) the functions b; do not change sign;
(I11.3) the pair (ag, Po) satisfies (DC?2).

Proof Given f € (ker’L)°, our goal is to seek u € C*®(TN*1) solution of Lu = f.
Notice that our assumptions imply that L can be written as

9 N

, d
Frid ;0 (ajo+ir;b(r)) P

where b € C°(T!, R), b does not change sign, by = (27)~! 02” b(t)dt # 0, and

A= (A1, ..., An) € RN\ {0}).
Partial Fourier series in the variables (x1, ..., xy) leads us to solve the equations

%ﬁ(é, D+ a0 +ibOraE, 1) = f(E, n, teT!, gezV, (3.9)

where we recall that oy = (ajg, ..., ano).

We now divide the task of finding solutions to (3.9) into three cases.

First: & € ZV is such that (£, bor) = 0 and (£, ag) € Z.

In this case, the function ¢ (x,1) = e'!(6:20)e=1(E:X) pelongs to ker!L, which
implies that

2w
0={¢e, f) = (ZJT)N/O F(&, el gy,

Hence, Eq. (3.9) has infinitely many solutions and we fix

t
ﬁ(g,m:/ f(&, 5)eDE@ gg 1 eT! (3.10)
0
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as a solution of (3.9). Notice that
t A~
i, 1)l 5/0 |f(&,)lds. (3.11)

Second: & € ZN is such that (&, byA) # 0.

Now Eq. (3.9) has a unique solution in C*°(T"). It is worth pointing out that this
solution can be written in two different ways.

When (&, A)by < 0, we write

2
i 1) = (1 — ¥ree)~! / FE 1 — 5)e&EM I bt pmisan) g (312)
0

where ¢z = (§, boA — iap). Since b does not change sign and since (§, 1)by < 0 we
have

t
(E,A)/ b(t)dt <0, forall t,s €[0,2n]. (3.13)
t—s

Recall now that the validity of (III.3) and Lemma 3.1 imply that («g, boA) satisfies
(DC3). It follows from (3.13) and (DC3) that the solution given by (3.12) satisfies

. 1 2 R
lu(§, )| < EIEly/O [f(&, t—s)|ds. (3.14)
On the other hand, when (&, A)bg > 0 we write
. 2 f4s .
A, 1) = (e727% — 1)~ FE 14 s)e ENITbOATisExlgg - (315)
0
Since b does not change sign and, also, (&, A)by > 0, we have
t+s
(é,k)/ b(t)dt >0, forall t,s €[0,2n]. (3.16)
t
As before, (3.16) and (DC3) imply that the solution given by (3.15) satisfies

1 =
lag, 0l < EIEIV/O If &1+ 9)lds. (3.17)

Third: &€ € ZN is such that (£, boA) = 0 and (&, ag) ¢ Z. Again Eq. (3.9) has a
unique solution in C®°(T"'), which can be written as

2
aE ) =@ —e—zﬂf@’“m)—l/ fE, 1 —s)esE) g, (3.18)
0
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By using estimate (DC3) we obtain

1 =
liu(§, 1)l < EISIV/ [, 1 —s)lds. (3.19)
0

Up to this point we have defined a sequence (i(£, -))gczn of solutions of the Eq.
(3.9). The proof will be concluded if we show that this sequence decays rapidly. Since
f (&, -) decays rapidly, it follows from (3.11), (3.14), (3.17) and (3.19) that, for each
n € Zy there exists C(n) > 0 such that

C
(€, 1)| < # forall +eTand& € ZV.

Similar estimates can be found for each derivative #" (¢, -), m € Z... Therefore,
(weE, ) gezn decays rapidly, which completes the proof of Proposition 3.4. O

Example 3.5 Consider

0 0 0
L=—+ @@ +irb1(t)) — +ib1(t)—, b1 #0,
Jt 0x1 0x2

defined on T3, where A € R, a;j,b; € COO(T],R), and b; does not change sign.
It follows from Propositions 3.2 and 3.4 that L is globally solvable if and only if
the pair (ajo, 0), (Ab19, b19) € R2 satisfies (DC?2), which holds if and only if either
(a1, 1) € Q% or (aig, 1) € R?\ Q2 is not a Liouville vector. In particular, if @ is a
Liouville number (« € R \ Q), then

L 8+( +i 2t)8+' 2,0
= — a+icos“t) — +icos“t—
Y ax1 dx2
is not globally solvable. On the other hand, there are « and A Liouville numbers such
that the pair (c, A) is not a Liouville vector (see [2, Example 4.9]), hence

L 9 + (a +ikcos> 1) 0 +icos’t 9
= — o+ — 41 —
2 Jat dx 0x2

is globally solvable.

4 Proof of Theorem 1.3

In this section we will deal with global hypoellipticity by proving Theorem 1.3. As in
the preceding section (in which we studied global solvability), by using an automor-
phism we may assume that L is given by (2.3), that is,

3y 3
L =— ; ibi(t)—. 4.1
o +j§(a]0+l i( ))8xj (4.1)
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We begin by proving the necessity of the conditions (1)-(3).

Suppose that b; changes sign, for some j € {1, ..., N}. Without loss of generality
we may assume that j = 1. It follows from Theorem 2.2 of [11] that there exists
v e D(T?2 )\ C®(T? ) for which

(x1,1) (x1,1)

f= (5 + (ajo + i 1([))8_x1) v

belongs to COO(T%X”)). Hence, by setting x’ = (x2, ..., xy) it follows that @ =
v ® 1y e D/(TN+)\ ¢>®(TN*1!) and, also, Lw € C°(TN*!). Therefore, L is not
globally hypoelliptic.

Hence we have the right to restrict ourselves to the case where b; does not change
sign, for j =1,..., N.

Suppose now that dim span{by, ..., by} > 1. Then there exist functions b,, and
b¢ which are R-linearly independent in C*° (T!, R). Since by, # 0 and b, does not
change sign, we have b,,0 # 0. Similarly, byg # 0. Again, we may assume thatm = 1
and ¢ = 2. Under these assumptions, recall that in the proof of Proposition 3.2 we
exhibited a smooth function f € (ker’L)°, for which the equation

0 0 0
Lpu=\—+ (a0 +ib1(t)) — + (a0 +ib2()— Ju=f
ot ax| dx2

does not have smooth solutions « in T>. However, we claim that for such f we can
find a distribution solution, u, for Lo = f. Indeed, with the same notation used in
the proof of Proposition 3.2, we define

o0
w= Z’a(np’ nqg, t)ein(perqu)’

n=1

where
2r )
/l(np, ng,t)=(1— eann)fl / fnp,ng,t — S)enH(s,t)efms(pa1o+qa2())ds
0

and d, = n(Yo —i(paio + qax)) = n(pbio+ qb) —in(paio + ga). Recall that
f(np,ng,-) is the function belonging to C°°(T") which is the 27 -periodic extension
of

¢(t)ein(paerqazo)(toft)ean7 t €10, 2],
for all n € N. Since g < 0and 0 < ¢(¢) < 1, for each n € N we have
| < finp,ng,1),0(t) > | < 2m)*[0]lccll — 2|71 < 27)? 0]l 0o (1 — ¥ V0) 71,
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for every 6 € C*°(T!). Hence . € D'(T3) \ C°°(T?) and Li>ju = f; consequently,
L1 is not globally hypoelliptic, which implies that L is not globally hypoelliptic.

Up to this point we have shown that the global hypoellipticity of L implies that
each b; does not change sign and that dim span{b, ..., by} < 1. Notice that, under
these assumptions the operator L can be written in the form

N

9
—+ D (ajo+irjb(t)—.
3xj'

where b € C®°(T!, R), b does not change signand A = (A, ..., Ay) € RN \ {0}.

In order to complete the proof of necessity in Theorem 1.3 we must verify that
(DC1) is also a necessary condition for the global hypoellipticity of L.

When b = 0, the necessity of the condition (DC1) follows by applying the tech-
niques of [8].

Suppose now that b # 0. In particular, by # 0. If now (DC1) does not hold, then
one of the following situations must occur:

(i) there exists a sequence (£(n), Tp)pey C ZNT! such that |E(n)| + |1,| > n,
(§(n), bor) =0, and 7, = —(§(n), o) € Z.
(ii) the pair («g, boA) does not satisfy (DC2).

Suppose first that (i) occurs. Notice that |£ (n)| is unbounded. By taking a subsequence
if necessary we can assume that |£(n)| is increasing. We now set

00
n= z o it(Em),x0) i (E(n), X)
n=1

which belongs to D' (TN*1) \ ¢ (TN+1) and satisfies L = 0. Therefore, L is not
globally hypoelliptic.

Now, assume that (ii) occurs. We will proceed as in the proof of Proposition 3.2
(the part in which (III.1) and (II1.2) are true, but (III.3) fails) in order to construct a
function f in C>°(TN*!) so that L = f has a solution in D'(TN*+1) \ ¢°(TN+1).
Since (g, fo) = (ap, bo)) does not satisfy (DC?2), Lemma 3.1 implies that (DC3)
does not hold; hence, either (3.5) or (3.6) occurs. When (3.5) occurs, we have, with
the same notations as in the proof of Proposition 3.2, |1 — ¢?"“| < |&(n)|™" (where
cn = (E(n), boA —iap)) and (§(n), bpA) > 0. It follows that the sequence f(’g‘(n), 2)
given by the 2 -periodic extension of

a1- e27fcn)e*(é(n)lﬂbo)n)(p(t)ei(ﬂ*t)(é(n)»ao)’ t € [0, 2],
is rapidly decreasing (recall that ¢(t) € C°°(( — 4, ” +68)), () = 1 in a
nelghborhood of [75= = ”'HS] 0 < ¢ <1,and § > 0 is small enough so that

7 — 6, ” +8) C (0, 7)). Thus we may define a function f € C>°(TV*!) by
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fa =2 fEm,ne ™.

n=1
For this f, we define the distribution
o0
m= Zﬁ(é(n), 1)elEm.x)
n=1
where

&), 1)

2
= (L= [ fEM), 1 — s)e 5 E00) &R L b g ¢ oo,
0

Notice that, sinceA(é(n), boA) > 0 and since (£(n), bor) — 0 as n — oo (see (3.5)),
the definition of f(£(n), -) implies

|45 (n), )| = e~ 627004 = 573,
hence p ¢ C°(TN+1). On the other hand, for every 6 € C*°(T') we have
[{aEm). D). 600)] < 21)*[0]cc
which implies that u € D'(TN*1) \ ¢®(TN*!). A simple computation shows that
L = f. Therefore, L is not globally hypoelliptic when (3.5) occurs.

Finally, suppose that (3.6) occurs. In this case, we consider the function f €
C®(TN*1) given by

fee, =" fEm), e,

n=1

where f (&(n), ) is the 2w -periodic extension of
(1 _ e—2ni<s<n),ao>) o(1) TNEM) 1 [0, 2],

Notice that f is vyell defined since the estimate |1 — e~ 27 {E-@0)| < |£(n)| 7" [see
(3.6)] implies that f(&(n), -) decays rapidly.
For such f, consider the distribution

o0
n=>" AEm), nelEm-,

n=1
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where
1 2 )
A0 = (1 =) / FEm). 1 — syemisEman gy ¢ ¢,
0

As before, simple computations show that € D' (T¥+1) \ ¢®(TN*!), and that
L = f. Therefore, L is not globally hypoelliptic when (3.6) occurs.

The proof of necessity in Theorem 1.3 is complete.

We now move on to the proof of sufficiency. Assuming that (1)-(3) hold, let u be
a distribution in D’ (TN*+1) and suppose that L = f € C®(TN*!). Our goal is to
prove that i € C®°(TN+1),

By using partial Fourier series in the variables x = (xy, ..., xy) we can write

fo,n= D" fE e

EeZN

and

p= Qi ne,

EeZN

where a priori ji(£, -) belongs to D’ (T"). The equation Ly = f imply that, for each
£ eZN, f(E, ) is a solution of

d R
Eﬂ(E,I)Jr(S,iao—b(t)?»m(é,t) = fE. 0. (4.2)

Now, recall that (DC1) implies (DC?2). Hence, Lemma 3.1 implies that (DC3) is
satisfied. Also, (DC1) implies that we simultaneously have (§, «g) € Zand (¢, bor) =
0 only for & = 0. Thus, by proceeding as in the proof of Proposition 3.4 we see that
Q(€, ) is a smooth function on T', which is uniquely determined for all indices
& € ZN \ {0}. Moreover, since (DC3) holds we see that (£, -) is rapidly decreasing.
Therefore, 1« € C°°(TN*!) and the proof of sufficiency in Theorem 1.3 is complete.
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