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Abstract We continue the study of stability of solving the interior problem of
tomography. The starting point is the Gelfand—Graev formula, which converts the
tomographic data into the finite Hilbert transform (FHT) of an unknown function f
along a collection of lines. Pick one such line, call it the x-axis, and assume that the
function to be reconstructed depends on a one-dimensional argument by restricting
f to the x-axis. Let I; be the interval where f is supported, and /> be the interval
where the Hilbert transform of f can be computed using the Gelfand—Graev formula.
The equation to be solved is 'H) f = gl;,, where H; is the FHT that integrates over
I and gives the resulton I, i.e. H; : L2(11) — LZ(IZ). In the case of complete data,
Iy C I, and the classical FHT inversion formula reconstructs f in a stable fashion.
In the case of interior problem (i.e., when the tomographic data are truncated), I is
no longer a subset of I», and the inversion problems becomes severely unstable. By
using a differential operator L that commutes with /|, one can obtain the singular
value decomposition of H;. Then the rate of decay of singular values of H; is the
measure of instability of finding f. Depending on the available tomographic data,
different relative positions of the intervals /; » are possible. The cases when 1 and I»
are at a positive distance from each other or when they overlap have been investigated
already. It was shown that in both cases the spectrum of the operator 7 is discrete,
and the asymptotics of its eigenvalues o, as n — oo has been obtained. In this paper
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we consider the case when the intervals I1 = (ai, 0) and I = (0, ap) are adjacent.
Here a; < 0 < a». Using recent developments in the Titchmarsh—Weyl theory, we
show that the operator L corresponding to two touching intervals has only continuous
spectrum and obtain two isometric transformations Uy, Uy, such that U, H Uy is the
multiplication operator with the function o (1), A > (af + a%) /8. Here X is the spectral
parameter. Then we show that 0 (A) — 0 as A — oo exponentially fast. This implies
that the problem of finding f is severely ill-posed. We also obtain the leading asymp-
totic behavior of the kernels involved in the integral operators Uy, U as A — oo.
When the intervals are symmetric, i.e. —a; = a», the operators Uy, U, are obtained
explicitly in terms of hypergeometric functions.

Keywords Interior problem of tomography - Finite Hilbert transform - Titchmarsh—
Weyl theory - Diagonalization

Mathematics Subject Classification 34B24 - 341.10 - 44A12 - 44A15

1 Introduction

In this paper we continue the study of the stability of solving the interior problem
of tomography initiated in papers [1,2,5,13]. The starting point of the study is the
Gelfand—Graev formula [8], which converts the tomographic data into the finite Hilbert
transform (FHT) of an unknown function f along a collection of lines. In what follows
we pick one such line, call it the x-axis, and assume that the function to be reconstructed
depends on a one-dimensional argument by restricting f to the x-axis.

Let 1 be the interval where f is supported, and I, be the interval where the Hilbert
transform of f can be computed using the Gelfand—Graev formula. The equation to be
solved can be written in the form H; f = gl;,, where H is the FHT that integrates over
I and gives the result on 1>, i.e. H; : L2(11) — L2(12). In the case of complete data,
Iy C I, and the classical FHT inversion formula reconstructs f in a stable fashion.
In the case of interior problem (i.e., when the tomographic data are truncated), /;
is no longer a subset of />, and the inversion problem becomes severely unstable.
The approach employed in the papers mentioned above is based on a differential
operator L that commutes with H1. The operator was obtained in [11,12]. By using the
commutation property LH| = H; L one can obtain the singular value decomposition
of H . Then the rate of decay of the singular values of H; is the measure of instability
of finding f.

Depending on the type of tomographic data available, different relative positions
of the intervals I » are possible. The case when I; and I, are at a positive distance
from each other is investigated in [13]. It is shown there that the spectrum of the
operator HH; is discrete, and its eigenvalues o, go to zero exponentially fast as
n — o0o. The case when /] and I overlap is investigated in [1,2]. It is shown that
the spectrum of H}H; is still discrete and has two accumulation points: 0 and 1. The
eigenvalues of the operator can be enumerated in such a way that o,, — 0, n — o0,
and 0, — 1, n — —o00, and in each case o, approach the limit exponentially fast.
The only case that remained unanswered was when [/ and I, touch each other. It was
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interesting to understand the nature of the spectrum of H; and estimate how ill-posed
itisto find f. Since this is a transitional case, it is clear that something special must be
happening here. Thus, our problem can be formulated as follows. Given two adjacent
intervals I1 = (aj,0) and I = (0, a2), study the instabily of reconstruction of an
L?(ay, 0) function f (x) knowing its FHT on (0, a3).

Fix two points a1 7 such that a; < 0 < a3 and consider two intervals

I :=(a1,0), I :=(0,a). (L.1)
Following [11,12], define a differential operator

2
Lf(x) = (PfY 4+ Of, P(x) = (x —a1)x2(x —a), Q(x) =2 (x L :az) :

(1.2)

Each of the intervals in (1.1) gives rise to a singular Sturm-Liouville problem (SLP).
Using recent developments in the Titchmarsh—Weyl theory obtained in [4,7], we show
in this paper that the SLPs have only continuous spectrum and obtain two isometric
transformations Uy, Us, such that U, H U is a multiplication operator with o (1),
A > (a% + a%) /8 (see Theorem 3.1). Here X is the spectral parameter. Then we
show that o(A) — 0 as A — oo exponentially fast (cf. (3.47)). This implies that
the problem of finding f is severely ill-posed. We also obtain the leading asymptotic
behavior of the kernels involved in the integral operators U;, Uz as A — oo. These
are the functions ¢ 2 given in (3.19) and (3.36), respectively. When the intervals are
symmetric, the operators Uj, U, are obtained explicitly in terms of hypergeometric
functions (see Theorem 4.3). Obviously, the operator with the kernel 1/(x — y) acting
from L?(—a, 0) — L?(0, a) is naturally related to the operator with the kernel 1/(x +
y) acting from L2(0, a) — L2(0, a). Thus our results extend those of [14], where, in
particular, the diagonalization of the operator 1/(x + y) : L2(0, 00) — L%(0, 00) is
obtained. See also the paper [6], whether the diagonalization of the operator 1/(x+y) :
L%(0, 00) — L?(0, 0o) is discussed in the context of inverting the Laplace transform.

The paper is organized as follows. In Sect. 2 we establish that the operator L in
(1.2) commutes with the FHT defined on the two intervals (1.1). We also briefly
summarize the Titchmarsh—Weyl theory for differential operators with two singular
points obtained in [4,7]. In Sect. 3 we diagonalize the FHT acting from L?(ay, 0) —
L%(0, ay). In Sect. 4 we diagonalize the FHT in the case of symmetric intervals. In
Sect. 5 we prove that L does not have discrete spectrum, and some auxiliary results
are proven in Sects. 6 and 7.

2 Spectrum of the Commuting Differential Operator L
2.1 Commuting Differential Operator

Recall that the operator L is defined by (1.2). By considering Frobenius solutions to
the equation Lf = Af near x = ay, 0, and a; we conclude that
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e Near x = aj, j = 1, 2, there are two linearly independent solutions ¢;(x) and
0j(x) = ¢j(x)In(x — a;) + ¥;(x), where ¢; and ; are analytic near x = a;,
and ¥;j(a;) = 0;

e Near x = 0 there are two linearly independent solutions

i = xRy (x) @.1)
where
A — (a1+a2)? 1
p= % (2.2)
—dajap 4

¥+(0) = 1, and ¥+ (z) are analytic in the disk |z| < min{|a;], a2}
Also, we see immediately that L is of the Limit Circle (LC) type atx = a;, j = 1,2,

and of the Limit Point (LP) type at x = 0. Consequently, no boundary condition is
required at x = 0. The two SLPs mentioned in the introduction become

(PO + Q) f =rf, xelj, P)f'(x) > Oasx — a;, j=1,2. (2.3)

Next we define two FHT's

IO e =12 2.4)
—Z

X

1
H; () = —/
T Ij

Lemma 2.1 Pick any f € C2(Ij), J = 1,2, such that f(x) is bounded as x — aj,
and
Fx) =o(xI™, f'x)=o(x|™?), x — 0. (2.5)

Then one has:
(H;Lf)(x) = (LH; f)(x) ifdist(x, 1;) >0, j=1,2. (2.6)

Remark 2.2 Assumptions (2.5) are inspired by the properties (2.1), (2.2).

The proof of the lemma is based on integration by parts and is completely analogous
to that of Proposition 2.1 in [11]. The only difference is that now the boundary terms
at x = 0 vanish because (1.2) and (2.5) imply

P(x)f'(x) = 0and P'(x) f(x) = Oasx — O. 2.7

2.2 Basic Facts About Diagonalizing the Operator L

Consider the operator L acting on smooth functions defined on /;. Recall that L is of
the LC type at aj, and of the LP type—at 0. Consider the Liouville transformation

Yoo ds
= —_— 1. 2.
=], e ey
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The transformation (2.8) maps the interval I into the ray (0, co). The inverse of the
map defines x = x(¢) as a function of ¢. Define

(P'(x)*  P'(x)
16P(x) 4

F@) = \4/—P(x)y(x), q) = 0x) + ( ) , x =x(t),t > 0.

2.9)

A standard computation shows that if f(x) solves the equation Lf = Af on Iy, then
F(¢) solves
F'ty+ L —qg®))F@) =0, t > 0. (2.10)

Note that g(¢(x)) — (“12 + a%)/S asx — 07 (and t — 00). It is easy to see that
after subtracting the constant (af + a%) /8 from ¢ and shifting the spectral parameter
accordingly, our potential g(#) satisfies the conditions (1.2)—(1.4) stated in [7]. In
particular, in the terminology of [7], (2.10) falls under Case I with gg = 1/4 (cf. (1.3),
(1.4) in [7]). Thus the spectral theory developed in [7] can be applied to our equation.

Following [7], we need to find two solutions ® (¢, 1), ®(t, A) to (2.10) with the
following properties:

O, 1), 00, 1) eR, Vi>0,x1eR,
D'(t,A) —> 0ast — 07, W,(O, 1), P, ))=1,1t>0, VreC;

lin(l) Wi (O, M), @@, 1) =1, Vi, 1 eC. (2.11)
11—

Let ¢ (x, 1), 6(x, 1) be the solutions to (L — X) f = 0 on [ that correspond to the
solutions ® (¢, 1), O (z, A) to (2.10). As is well known, the Wronskians of the two pairs
are related by

Wi (O, 1), D(t, A) = —P(x) Wy (8(x, 1), d(x, 1)). (2.12)
Hence, in terms of the solutions to the original equation, conditions (2.11) mean:

¢(x,1),0(x,1) eR, Vxel,eR,
P(x)¢'(x,A) = 0asx — ai", (=Px)W,(O0x, 1), dp(x,A) =1, x el;, YreC(C;
lim+(—P(x))WX(9(x, M), o(x, M) =1, VA, M eC. (2.13)

X—)(ll

Note that the first condition on the second line in (2.13) is equivalent to the require-
ment that ¢(x, A) be bounded as x — a; (cf. Lemma 2.1). Once two solutions
@ (x, 1), 0(x, 1) that satisfy (2.13) have been found, we determine the Titchmarsh—
Weyl m-function m(A) from the requirement

0(x, ) +mW)p(x, ) € LE(I), Ik > 0. (2.14)
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Then the m-function determines the spectral density by the formula

A2

1
p(2) — p(r1) = lim —/ Sm(s + iu)ds, (2.15)
u—0t 7T Jy,

where A1, A, are points of continuity of p. Define the operator U : L*(I}) —
L% (R, dp) and its adjoint by the formulas:

wHH = ; ¢(x, 1) f(x)dx, (U*f)(X)=/R¢(x,)»)f(?»)dp(k)- (2.16)

The Titchmarsh—Weyl theory asserts that (cf. [4,7])

e the operator U is an isometry: || fllz2¢7,y = US| 12(R,dp)s

e U isunitary: U~! = U*; and

e U diagonalizes L: (ULU_lf) ) = Af(k) for a sufficiently “nice” f, i.e. for
f e D(L).

The interval I, can be considered in a completely analogous fashion. The only
difference is that the two Wronskians in (2.13) are multiplied by P(x) instead of
— P(x). Thus, the analogue of (2.13) becomes

d(x,A),0(x, L) eR, VxelhreR,
P(x)¢'(x,A) = Oasx — ay, P@W,0x,A),0(x,A) =1, xebh, VreC
lim P(x)Wy(6(x, M), op(x,A) =1, Vi, A eC. (2.17)

X—>d,

3 General Case

From (1.2) we have

x(x —an)(x — a2)y” + [2x(x — a)(x — az) + x> 2x —a; — a2)]y’
pe-4 :az)z—x]y —0. G.1)

Our first goal is to obtain approximations as A — 00 to two linearly independent
solutions to (3.1) that are valid on all /| and /. Consider first the interval /1 = (ay, 0).
It was shown in [13] that in a neighborhood of x = a; two solutions to (3.1) can be
written in the form

g (x) = JoVD) + 1740 (el‘%‘s) L g2(x) = YoV +17 40 (el—%f‘) ,

(122 Alx —
1<i<o0(e (1+39) = M A 12 g s« (.2)
—P'(ay)
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Thus, ¢ is a rescaled variable defined near x = aj. The leading order terms of the
WKB solutions to (3.1), valid away from x = ay, 0, are given by

Yi(x) = (—P()C))_% [COS (\/X/x L _ Z) +0
«/—P(l‘) 4

1 x - 1
Yo(x) =(—P(x))" 1 [sm (\/_ _) L0 (e2? ] ’
: ap N P( 4 ( )
xelar+0 (7)) =V, (33)

Using the asymptotic formulae 8.451.1, 8.451.2 of [9] for the Bessel functions
Jo(), Yo(t) as t — oo, it was shown in [13] that

g1(x) = (M {(1 +0 (7)) nw+o () nwl,

o) = 5 {0 (e%—“) Yi(x) + (1 o (e%—a)) Yg(x)} , (3.4)

and
cos ((p(x; A) — %) + 0 (e%_‘g) sin ((p(x; A) — %) + 0 (e%_‘s)
g1(x) = : , &2(x) = ; ,
c(M)(—P(x))* c(M)(—P(x))*
xelai+0 (el+25) eV, (3.5)
where

e Y di _ /4 _
P(x; ) == ﬁ/al =0l c(h) := A P(al) (3.6)

In a neighborhood of x = 0 the leading order equation is

3.7

2
—(al -;az) - )\.i| y = 0

alazxzy/’ + 2a1a2xy/ + |:

The characteristic roots are —% + i, where

K — (fll-‘%tlz)2 1 ata A
U= —>— — — = = 4+ 0(e), L > 00. (3.8)
—ajas 4 —aiaz

2 2
Thus, u > 0 provided A > % The corresponding solutions to (3.1) have the form

V() = (—x)"2E By (), (3.9)

where ¥12(0; 1) = 1, and ¥1 2(x; A) are analytic in the disk x| < max{|ai], az}.
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To match the WKB solutions (3.3) with those given in (3.9) we use formula 2.266
of [9] to obtain

1 140
(Pt (aa)Ay=x

roodt 1 In 2y—aia/(t —a)(az — 1) + (a1 + a))t — 2a1az |
o NP J—aa It al

_ 1 n [«/—a“/az—t—i-\/a_z«/t—al]2 *

J—aiay |7] ar

_ In(=x)+x+ 0K - . am—a
= N , x—> 0", k:=1In “daray (3.10)
Therefore,

ox; X)) =—(u+ 0@E)(In(—x) +« + O(x)). 3.11)

For convenience, instead of solutions (3.3) we will temporarily consider an equiv-
alent pair Yy:

Yix) = (M) + i)™, Yo (x) = () — iv))e ™ (312)
Clearly,
Vet = (=P fexpCrip 1) + 0 (7)),

xela+0 (61+26) —e Ve, (3.13)

According to the sentence following (7.6) (see Sect. 7 below), we will assume x €
[—ca€2, —c1€2], where 0 < ¢; < ¢» < 1. From (3.3), (3.6), and (3.11) we find

(—=0)"2Yy (x; 2)

1+0 |
B %[exp&iw; ) +0 (7))
140 |
= ﬁ[exp(?iu(ln(—x) + &) + O(eIn(—x)) + O(x/€) + O (67_3)]
exXp(Fip(n(—x) +1)) + 0 (e179)
B (—aap)'/4 X € [—e2e?, —er€?]. (3.14)
—d]
From (7.8),
(—0)'2ys(x) = (=) + 0(e), x € [—c2¢?, —c1€7]. (3.15)
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Matching (3.14) and (3.15) shows

Ya(x) = [expimoye () (140 (7)) + expCripe0 (277) .

(3.16)

(—arap)'/4

Using (3.4), (3.12), and (3.16) yields

|a1|3 e a—a; 1 k4 E 1 s
g1(x;4) = aj T 24 e (1 +0 (62 )) Y+ 4)

_{_efiwcfi% (1 +0 (E%*‘S)) y_(x; )\)],

|al|3 A az —ai 1 ki L 1 s
g2 4) = ap 2004 ¢ ! (1 +0 (62 )) Y+ A

4 emime—iE (1 +0 (EH)) y_(x; x)]. (3.17)

Recall that ¢ is defined according to (3.2). Using formula 8.478 of [9] it is easy
to find that the Wronskian W, of 7 Yp(2+/7) and Jo(24/1) (as functions of x) equals
a|+x' Using the limit

lim (=P () Wx(xYo2V1), Jo(2v/1)) = —ai (a2 — ay), (3.18)

x—)al

we obtain that properties (2.13) are satisfied if we set

P1(x, 1) := g1(x), O1(x, ) := —mwga(x)/[a3 (a2 — ap)]. (3.19)

Here and in what follows, the subscript ‘1’ in ¢1, 01, m, and p; means that these
functions correspond to the interval /1. Condition (2.14) now implies that the m func-
tion needs to be selected so that the leading coefficients in front of the singularity

(—x)_%H“ asx — 07 in 61 (x, A) and m (1) (x, L) are equal each other in magni-
tude and are of opposite signs. Using (3.17) and (3.19) we obtain

i 1_5s
mG) = ———— (140 (17)). (3.20)
ajy (a2 —ay)
Equation (2.15) now immediately implies

Pl = m (1 o (e%‘a)) , 3.21)

which matches the case of ay = —a| = a considered in Sect. 4 for large A.
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Next we consider the interval I>. The derivation of the spectral density is very
similar, so we sketch here only the main formulas. The analogue of (3.2) becomes

100 = @V + 1740 (757) | g200) = YoV + 17140 (175)

(142 AMay —
t<i<ofc(#3)) ;o 2@=9 o o (3.22)
P'(ay)

Thus, ¢ is a rescaled variable defined near x = ay. The leading order terms of the
WKB solutions, valid away from x = 0, ap, are given by

o _1 @ dt _z 1_s
Yi(x) =(—=Pkx)) 4[cos(ﬁ/ —«/T(f) 4)+0(62 )]

o _1 z 15
Ya(x) = (—P(x)) 4[Sln(\/—/ «/W 4)+0(62 )]
xele Ve ay—0 (61“5)]. (3.23)

Matching gj 2 in (3.22) with Y; » in (3.23) gives (cf. [13])

g1(x) = % {1+ 0 (7)) i+ 0 (7))},

1 1 1

o0 = 5 {0 (67_8) Yi(x) + (1 o0 (67_‘3)) Yz(x)} : (3.24)
and

cos (p(x; 1) — %)+ 0 (6%’8) sin (p(x; ) — %)+ 0 (6%’3)
g1(x) = i » &2(x) = ; ,

cM)(=P(x))* cM)(=P(x))*
xele Ve ay—0 (51”5)], (3.25)

where

3y = w_dt s [T
o(x; X)) == «/I/x e 201 c(h) = A ) (3.26)
Analogously to (3.10) we have

az

/ o1 WraYa -+ Jayi—al
x =P V=aray It x
1
__x Ak 0@ o (3.27)
J—aiar
where « is the same as in (3.10). Therefore,
e M) = —(n+ 0" (Unx +«k + Ox)). (3.28)

) Birkhduser



1366 J Fourier Anal Appl (2016) 22:1356-1380

With the solutions Y defined according to (3.12) (using Y} > for the interval 1), we
have
Ya(x) = (—P(0) " {exp(ig(ri 1) + 0 (¢27) ],

xele Ve a—0 (€1+25)]. (3.29)

Next we assume x € [c1€2, cpe?], where 0 < ¢; < ¢» < 1. From (3.28) and (3.29)
we find similarly to (3.14)

exp(Fipn(nx +«)) + O (e%—é)

(—ayar) 1/ , x €12, €] (3.30)

xl/zYi(x; A) =

The solutions analogous to (3.1) have the form

y£(x) = xf%ﬂ“lﬁl,z(X; A), (3.31)

where ¥ 2(0; A) = 1, and v 2(x; A) are analytic in the disk |x| < max{|ai], az}.
Similarly to (3.15),

12y (x) = x4 0(e), x € [c1€2, c2€?]. (3.32)
Matching (3.30) and (3.32) shows

Yi(x) = {eXp(qtiuK)yx(X) (1 +0 (e%“s)) + exp(i pk) y+ (x) O (e%—é)} _

(3.33)

(—arap)'/4

Combining (3.12), (3.24), (3.26), and (3.33) gives

3\ /4
oy f 2 a—ap 1 ik T 1 .
gl(x,)»)—(—mll) V% oA [e E (1+0(62 )) yi(x; )

+ e ik (1 +0 (6%_5)) y—(x; /\)],

1/4
3

a Ja —ar 1 i T 1_

gZ(x; A) =(|afl) - 2ia1/4 [_elMK+t4 (1 + 0 (62 8)) er(X; A)

4 emimk—ig (1 +o (e%—é)) y_(x: ,\)]. (3.34)

With ¢ defined according to (3.22), we have W, ( Yo(2/1), Jo(2N/1)) = 1/(ax — x).
Thus
lim P (x)Wx (1 Yov1), Jo@v1) = —a3(az — a1), (3.35)

xX—a,
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and properties (2.17) are satisfied by setting

$2(x, 1) 1= g1 (x), Oa(x, 1) := —wga(x)/la3(ar — a)]. (3.36)

From (2.14), (3.34), and (3.36) we obtain

oGy = — T (1 o (e%*ﬁ)) . (3.37)

a3(ar — ay)

Equation (2.15) now immediately implies

ph(0) = m (1+0(e57)). (3.38)

Now we can find the asymptotics of the diagonal representation of H. Following
(2.16) introduce the operators

UL ) = /1 ¢1(x, M) f(x)dx, (UFfHx) = /R ¢1(x, 1) f(dpi (A),
1

(sz)(?»)Z/I $2(x, 2) f (x)dx, (U;J;)(X)=/R¢2(x»)»)f()~)d/?2()»)~ (3.39)
2

The domain and range spaces of these four operators are defined similarly to Sect. 2.2.

Recall that ¢ 2 (x, 1) are solutions to (L —A) f = O on /] > that are bounded at a 2,
respectively. If A > (a]2 + a%)/& ¢1.2(x, 1) satisfy (3.31). Thus, ¢ 2(x, A) satisfy the
assumptions of Lemma 2.1, and from (2.6)

AMH1¢1 = HiL¢1 = LH¢1. (3.40)
Hence H ¢ satisfies (3.1) on 1> and is bounded near a;. From the Frobenius theory
it follows that there cannot be two linearly independent solutions to (L — A)f = 0

on I, that are bounded at a3, so we conclude that H¢; = v(L)¢, for some function
v(A). Obviously,

(MU H(v) = /R (Hi1(x, 1) f(M)dpr () = /IR W)pa(x, ) f(R)dp (L)

p1(2) .
_ / v 2N 6, (e, 1) F O dpa (), (3.41)
R 102()\)

where f € L*(R, dpy). In Sect. 5 below we will show that L does not have discrete
spectrum. It is also well-known that L has no continuous spectrum in the region A <
(af —i—a%) /8. Hence the integrals in (3.41) are actually over the interval & > (af —i—a%) /8.
The first equality in (3.41) holds because H; : L%(I)) — L2(I») is continuous, and
the kernel 1/(x — y) is smooth on /; x I>. Hence
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U U7 = vy A (3.42)
Py(A)’
To find v(X) we use the well-known identity
0 2+l[L —%—t—ip_
—/ LS N N S (3.43)
x—y cosh(um)

When the interval of integration is not all of (—oo, 0) and the integrand is not exactly
Lo . . . .

(—x)" 2T, we can interpret (3.43) as a statement about the leading singularities.
. . . . . . . _l

More precisely, if H; acts on a function with the leading singularity (—x)~2T#,

x — 07, the result is a function with the leading singularity (—1/ cosh(um))y™ S+ ",
y — 0%, Thus, from (3.17), (3.19) and (3.34), (3.36) we obtain

a1y 1
e 5—36
Vo) = = ( 2 ) ( > ) (1 +0 (ez ))

- #(‘Zn) (1 +0 ( *—5)) : (3.44)

Using now (3.21) and (3.38) finally gives

UsH\Uf = a—gm (1 +0 (e%*‘s)) . (3.45)

Define J := [(a]2 + a%) /8, 00). The results of this section combined with the results
in [4,7]) can be summarized in the following theorem.

Theorem 3.1 The operators U; : LZ(IJ-) — L2(J, p;) and U]’f‘ : L2(J, ,o}) —
L2(I i), J = 1,2, defined in (3.39) are isometric transformations. Moreover, in the
sense of operator equality on L*(J, p}) one has

UoH\Uf = o(M), (3.46)
where
3 1 1 s
o =2 (1+0(e17)) 1> . (3.47)
aj cosh(um)
4 Symmetric Case
In this section we consider the case of symmetric intervals, i.e. ap = —aj; = a. The

polynomials P and Q are given by P = x2(x2 — 4?) and Ox) = 2x2, and the
differential equation in (3.1) becomes

@2 —a®)y) + 2x> =1y =0. 4.1
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Due to symmetry, if y(x) is a solution to (4.1), then so is y(—x).

4.1 Solution of Ly = Ay

The change of variables x = az reduces (4.1) to
2.2 " 2 ’ 2 A
77z = Dy" + 222z — 1)y + (227 — =) =0. 4.2)

According to [10], 2.410, two linearly independent solutions of (4.2) are given by

)’(Z) =z % i 7’:&(2-2)7 ( |3)
where
= —A——I ———1:|:—1' ﬂ———:l:—l' =14 ( )
, o L, i, 1, 4.4
" 5 “ M, y 2

and 14 () are solutions of the hypergeometric equation

EE—Dn L+ [+ B+1DE—yIny +aBne =0 (4.5)

with the corresponding choice of the sign in «, 8, . Sometimes, we will use notation
n instead of 1.

Since we are interested in a solution ¢(z) = ¢(z, A) of (4.2) that is analytic at
z = 1, we reduce (4.5) to another hypergeometric equation

(C—=Dn"+l@+B+D—U+a+B—pIn'+afn=0 (4.6)

by the change of variables £ = 1 — ¢. Then

1 1 inw 3 in 2
=z 2MF -+ —, >+ —,1,1-2°). 4.7
(i) =1z (4+ > 4+ > z 4.7

Using the transformation formula 15.3.6 from [3], the behavior of ¢ near z = 0 is
given by

[(—ip) i (1 iw 3 in i, 22
o(x) = : T VI R R SRR
rd-Brg-9 P2
e , 1 ipn 3 i
1 i(zu)3 : Z—;—:up(__ﬂ,-—ﬂ,l—iu,zz)
NG +8Hrég+4) tore 2
= kf(2) +18(2), @

where

Ll 1 in 3 i . 2
) = 2+1MF - S _71 y & )
f@=z (4+2 4+2 +in,z
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g(z) = z—i—"“F( ————— % 1— m,f), (4.9)

and k, [ are the corresponding prefactors.
It follows from (4.3), (4.4) that f(z), g(z) themselves are solutions to (4.2) with

f@) = Zi%HMTH (z%) and g(z) = z*%*"“n_(zz). Moreover, in the case

a2

A > T (4.10)

we have I = k and g(z) = f(z) when z € R. Thus, for these values of A and z,
@(z, 1) = kf (2) + k f(Z) = 2R[kf (2)]. (4.11)

It follows from (4.11) that ¢(z, 1) is real for all z € R and A > a?/4. Returning to the
original variable x = az, we obtain that

b(x, 2) (x)_%HMF boiw 3 iy (x)2 4.12)
== e N e :
a 4 2 4 2 a

is a real solution of (3.1) on (0, @) that is analytic at x = a. It is clear that ¢ (—x, 1)
is also a solution, it is real on (—a, 0) and analytic at x = —a.

Lemma 4.1 If» > % then

coth( 1)

k> = (4.13)

2w
Proof Using (4.8), the Schwarz symmetry of I'(z), and formulae 8.332.1, 8.332.4 of
[9], we obtain
K = ID(—iw PG — G+ %) _ coth( )
PG-PrG+9rG-9re+y 2

(4.14)

4.2 Spectral Measure for Ly = Ay and Diagonalization of H;

Following the approach in Sect. 3, in order to calculate the spectral measure p (1) we
start with constructing a real-valued solution 6 (x, 1), which must be chosen so that
the requirements (2.13) hold. Since 6 (x) = 6(x, 1) must be linearly independent from
¢(x, L), we choose 6 (x, A) as the standard second linearly independent solution of
the hypergeometric equation near x = a, see [9], 9.153.2, which can be written as

2.2 22
9(x,/\)=x[¢(x,,\)1n (a - )+\y(a = A):| (4.15)
a a
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where ‘l/(“zu_zxz, A) is the analytic (non-logarithmic) part of this second solution at

x = a and W(0,1) = 0. We will show below that « is real and W(“, ) is
real-valued for all x € R and appropriate A.

Lemma 4.2 Setx = — 2 . Let the functions ¢ (x, \) and 0 (x, 1) be defined by (4.12)
and (4.15), respectively. Then the pair ¢ (x, 1) and 0 (x, 1) satisfies all the requirements
(2.13) on (0, a), and the pair ¢(—x, A) and 0(—x, 1) satisfies all the requirements
(2.13) on (—a, 0).

Proof We start with the interval (0, a). Clearly,

i
Wy o= W00 1), 0w =k | La v 0
¢'In - ¢a2 2tnv ¢
:K( / 2 zzjcxz), (4.16)
Thus, using that ¢ and W are smooth near a, we obtain
1= lim PW.(0,¢) = —2a°k. (4.17)

xX—a~

Here we have used that ¢ (a, A) = 1, cf. (4.12). This shows that « is real. By Abel’s
theorem, P (x)W, is constant, so the second condition in the second line of (2.13) is
satisfied.
Since ¢ is real-valued and P (x) W, (@, ¢) = 1 on (0, a), the Wronskian of ¢ and J6
is zero. Since W (0, A) = 0 and ¢ (a, 1) = 1, we immediately conclude that I = 0.
Repeating now the calculations for W, (6(x, 1), ¢ (x, A)) and arguing similarly to
(4.16)—(4.17), we obtain

lim P)W@(x, 1), p(x, 1) = 1 (4.18)

xX—>a~

for any A, A’ € C. Note that in this case the logarithmic terms will appear in the
Wronskian, but they will not affect the limit in (4.18). Thus our choice of « is correct,
and all the requirements in (2.13) are satisfied.

Next we consider the interval (—a, 0). Analytic continuation of the solutions
O(x, 1), dp(x, 1), A > “T, from the interval (0, @) to the negative half-axis is no longer
real-valued. Therefore, on the interval (—a, 0) we replace them by the real-valued
solutions 6 (—x, A), ¢ (—x, 1). It is straightforward to see that the Wronskian of these
solutions is —ﬁ. However the sign in front of P(x) in (2.13) is also changed to the
opposite. Thus the pair 6 (—x, A), ¢ (—x, L) satisfies (2.17), and the lemma is proven.

O

We are interested in Im (X)), where A € R. Given the solutions ¢ and 6 with the
required properties, we can compute the spectral density p'(1). Again, we start with
the interval (0, a). We need Im()), where A € R. In the upper halfplane I1 > 0, the
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function m (1) is defined by the requirement that 6 (x, 1) + m(A)¢(x, L) € L%(0, a),
and then m(A) is analytically continued to the ray A > %.

Ifz € Rand > Othen g(z) = f(Z), where f, g are linearly independent solutions
of (4.2) defined by (4.9). Then, smce 0 is real valued, there exists some [ € C such
that @ = If +1f, where z = *. Note that [ = [(u) and [ = (1) are continuous
functions of u that are complex conjugate when o > 0. Then, according to (4.9) and
[3], 15.3.10, we have

0(x, 1) = If (x/a) +1 f(x/a)

ra . 2 _ 2
= —29 |:l - E +”j) - :|lna 2x +0(1), x—>a". (419
FG+5HrG+%) a
C'(14ip)

Note that according to (4.8), TOahresm =
ra+%ra+4)
of (4.19) and (4.15), and using Lemma 4. 2 we obtain

= i k. Comparing the logarithmic terms

— 1 o 1

Let 34 > 0. According to (4.9), g(z) € L?(0,a) and f(z) ¢ L*(0,a). So, the
requirement that

0+mp=I1f +ig+mkf+kg) € L*0,a) (4.21)

implies /[ +mk = Q0orm = —% = Taklng into account the continuity of [ = I(u),

\k\z
equation (4.20) and Lemma 4.1, we obtain

—3(k) 1 7 tanh (7T 1)
Im(\) = - - . 422
M) = T T 1Bk 243 (4.22)

For the interval (—a, 0) and I\ > 0, the function m (1) is defined by the requirement
that 6(—x, A) + m(L)¢(—x, L) € L*(—a, 0). Arguing analogously to (4.20)—(4.22),
we obtain that the m-function given in (4.22) works for the interval (—a, 0) as well.

Thus,
tanh(r,/ ;—2 — 4—1‘)

o) = — g (4.23)

and the above holds for both intervals (—a, 0) and (0, a).
Using (4.8), we have

b1 (x) ~k(—x/a)"2HH  R(—x/a) 2R x = 07,
dr(x) ~k(x/a) "2 HH £ k(x/a) 2R, x = O (4.24)

Observing that pi ()\)/,oé (&) = 1 (cf. (3.45)) and combining (4.24) with (3.43), we
prove the following result.
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Theorem 4.3 Let J := [a®/4, 00). Define the functions

o= () (3 e 5= ()):

1 a? — x2 a? — x?2
Or(x, ) = 5 ¢r(x,A)In ) +¥ A)l,0<x<a, e J,
(4.25)

and
d1(x, A) := da(—x,A), O1(x,A) ;=6 (—x, L), —a<x <0, AeJ. (4.26)

Here F is the hypergeometric function (see 15.1.1 in [3]), and WV is the analytic (non-
logarithmic) part of the second solution in [9], 9.153.2. The operators U; : LZ(IJ-) —
L%(J, p') and Ui L2(J, p") = L2(I}), j = 1,2, defined in (3.39) are isometric

transformations. Moreover, in the sense of operator equality on L%(J, p') one has

2
a

UyH\Uf = ———. 4.27
2t cosh(urm) ( )

Lemma 4.4 One has

ol GG—nn2)
k~————— as u— 4oo. (4.28)
2T 1

Proof The result follows from (4.8) and formulae 8.335.1, 8328.2 in [9]. O

Lemma 4.4 shows that the behavior of ¢ (x; 1) as x — 07 in the symmetric case
(cf. (4.24)) and in the general case (given by (3.34)) match up.

4.3 Large A Asymptotics of ¢(z, 1) on I

In this subsection we calculate a uniform approximation of ¢(z, 1) on I as A — oo.
First, we assume for simplicity thata = 1, so ¢(x, A) = ¢(z, A) and x = z (cf. (4.8)).
Using (4.8) and the integral representation given by formula 9.111 of [9], we obtain

o 2 C+ i)l (—=ip) ! )
oz, A) = ﬁéﬁ |:z n |F(% - "7“)1’(% — %")Iz/o e2"Wr)dr |, (4.29)

where

1
[((1—03(1 = 220]F

h(t) =Int +In(1 — ) — In(1 — 221), r(t) = (4.30)
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According to Lemma 4.1, the constant prefactor of the intergral in (4.29) is %
We use the stationary phase method to calculate the asymptotic behavior of the integral.

The stationary point z, € (0, 1) defined by /'(z,) = 0 is calculated to be

1—v1-22 1

b= = : 4.31)
@ R
We also have
1-22 )
lmh=—Y 2 o2 =12 432
' 14+ +/1—22 *
so that
1++/1—72
hts) = —2In(1 +v1 —22), r(ts) = +—2z ond
-2
1+ 1= 22)2
W () = —2(+1—2Z), Wi
-z

Applying the stationary phase method and then returning to the original scale (i.e.,
arbitrary a), we get

V2a a++a?—x2 =&
d(x, 1) = cos{ ulpn —M —
X

- - —)+0(M‘), (4.34)
JRN/x(a? — x2)3

4
which is valid uniformly on compact subintervals of (0, a). Note that the asymptotics
(4.34) in the symmetrical case matches the asymptotics (3.25) for ¢, in the general
case (cf. (3.25) and (3.36)). Recall that A and p are related by (3.8).

5 Absence of Discrete Spectrum

In this section we prove that the two Sturm-Liouville problems defined in (2.3) have
no discrete spectrum. We will consider only the case j = 1, with the other case
being analogous. By assumption, if A is an eigenvalue and f(x) is the corresponding
eigenfunction, then f is bounded (and, hence analytic) near a; and f € L?(I;). From
(3.8) and (3.9) it follows thatif A > (a]2 + a%) /8, then neither of the solutions y (x) is
in L2(I1). Hence f € L%(I)) imples f = 0.If A = (a? +a3)/8, the solutions behave
like (—x)!/2 and (—x)Y/2 In(—x), so no linear combination of two such functions can
be in L(I}).

Suppose nextthat A < (a% —i—a%)/& In this case the solutions of (L—A) f = O behave
like (—x)~ %4 35 x — 0~ for some g > 0. Clearly, only one of the solutions is in L.

Let f denote the solution which is in > and bounded near a;. Thus, f (x) ~ (—x)’%“f
as x — 07. We can assume f(aj) # 0, since otherwise f = 0. Denote g := H; f.
Using (2.6) we have

Ag =AM f =H|Lf = LH,f = Lg. (5.1)
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By the properties of the Hilbert transform, g has the same behavior at zero as f:

g(y) ~ y_%+q asy — 0. Since Lg = Ag on I, we obtain that f and g are the same
solutions up to a multiplicative factor, i.e.

(Ha () =kf(y), y € I, (5.2)

where k is a constant. Using that f(a;) # 0 and analytically continuing f from I
into a neighborhood of a;, we see that f has a logarithmic singularity there. But this
contradicts the assumption that f is analytic in a neighborhood of a;. Hence f = 0.

Remark 5.1 At first glance it follows from equation (3.43) that H; preserves the ratio
of the coefficients in front of the singularities (—x)’%ii M and, therefore, H; converts
a solution of (L — ) f = 0 on [ into (the analytic continuation of) the same solution
on I. This would lead to a contradiction similar to the one obtained above. It is
easy to check that f and H; f are, in fact, two different solutions. Indeed, analytic
continuations of (—x)’%i"“ from the negative half-axis to the positive half-axis can be
written in the form ¢4 (—x) _%ii“, where c+ # c_. Hence the ratios of the coefficients
in front of the singularities in f and H; f at zero are different.

6 Validity of the WKB Solutions

The goal of this section is to construct the WKB solution in a neighborhood of x = 0.
If Eq. (2.3) is written as a 2 by 2 system, then the transformation

. AT

6.2)

reduces it to

m
o
QS
m
T
N

n
;
w
T T

N

B 0
eZ = |
1

where € = NS Using now
- 1 i
Z = (i 1) Z, (6.3)

we reduce (6.2) to

' P 5 O P’ 0
GZ’ _ L—P O _ E 7/4- 2ie —p —l/? —2¢ —p 7 — A7
0 ——F— ) 4\il—2e-L I _9je-2 '
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we can write A = Ay + €A; + €2A,, where

Ap= B4 P o), = —L (61— ioy) (6.5)
— , e p— 02), = o] —103). .
0 /P 1 ap 2 2 2/ P 1 3
Now thf transformation Z = (I + €U)X, where U = 8«;';_/7)01, reduces (6.4) to
€X' = BX, where 3
B = Ao + ediagA| + €2 B(¢) (6.6)

and B(e) is defined by the equation

(I +€U)B(e) = Ay(I +€U) + AU — UdiagA| — U’ 6.7)

It is clear that B(€) is analytic near ¢ = 0 provided €U is small. Direct calculation
yields

B0) ={ — (P)? — Q io3 + 2PP”_(P/)2+ Q o1. (6.8)
~\ 320-p)i 2/-P ’ 16(—P)3 o0—p )"

Consider equation € X' = BX as a perturbation of the diagonal equation

eW' = (Ag + ediagA )W, (6.9)
which has a solution e w
W= piecd Fro® (6.10)

Looking now for a solution of e X’ = BX in the form X = TW, we obtain
€T’ = [Ag + ediagA,, T| + €2BT = [Ao, T1+€°BT, 6.11)

where we have used the fact that diagA; commutes with any matrix 7" and matrix W
is nondegenerate. Differential equation (6.11) can be written as the Volterra integral
equation

d

X Qo3 rx d& P03 rx ¢
T(x)= I—l—e/ [ fC VPO B(L)T ()e © J; V=POde =1 +IT, (6.12)

where different contours of integration with the same endpoint x will be selected (see
below) for each entry of the matrix integrand. We denote this collection of contours
by 7 (x).

We will solve equation (6.12) by iterations in a certain region Q = Q(€) of the
complex x plane that comes exponentially close to x = 0. In order to describe the
region Q2 = Q(€) and contours y(z) (and taking into account (3.10)), we use the
conformal mapping

X dé-

e 6.13
ag \/_P(C) ( )

v(x) =
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v(a,)

@ - %2)

v(a) v(a,

Fig. 1 The map v(x) maps the complex x-plane (left) into the region of the complex v-plane, shown on
1

the right. The point shown on (ay, 0) is —e V€

< Jv < 0and

that maps the upper half plane Ix > 0 into the semi-strip —

—aia
i _

. @) = 0,o) =~ andu(®) = o
see Fig. 1. The lower half plane Ix > 0 is mapped into the complex conjugated semi-
strip. Let us pick an arbitrary fixed point a, € (0, a2), for example, a, = a»/2. By

Q= ﬁ(e) we define the isosceles triangle with the base [v(a.), v(a,)] and the (third)
1

NRv < 0of the complex v plane, where v(a;) = 0,v(az) = —

vertex at v(—e v¢). According to (3.10),
. 1
v (—e ﬁ) =—€240(1) as €—0. (6.14)

Then 2 is the preimage of Q under the map (6.13), which is schematically shown
1

on Fig. 2. It contains the segment [a., —e VE], aws € (a1, 0), where v(aw) =
Nv(a,). Contours yq,1(x), y2.2(x) are the preimages of the segments [v(ax), v(x)],
[m, v(x)]. The remaining two contours connect %‘ and x.

Let ﬁo, Qo denote the semi-strip [Jv| < Jij’ Nv < v(ax), and its preimage
under the map (6.13), respectively. Note that 2o contains both shores of the branchcut
[0, a4], and Q2(e) C Qq for all small ¢ > 0. Denote by B the vector space of two
by two matrix functions M (x), which are analytic in €y and bounded in €2(¢). The
vector space B becomes a Banach space with the norm given by sup,cq, M (x)|,
where || - || denotes a matrix norm.

The Volterra equation (6.12) can be written in the operator form as

T=(Id—Z)_lI=ZIjI. (6.15)
j=0
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v(a)
)
BN GV
Q
vea)

Fig. 2 The triangular region Q. The preimage 2 of € is shown on the left. It has the shape of an oval with

a part of its interior (another oval) removed. Given a point x € €, the contours y; 1(x), y2,2(x), are the

preimages of the segments [v(ax), v(x)], [v(ax), v(x)], respectively. The latter are shown on the right. The
1 1

unmarked points are —e V¢ —on the left, and its image v(—e7 Ve )—on the right

In order to show the convergence of the series in (6.15), we need to estimate the norm
of 7. In the variable v, the operator 7 becomes

IM:e/ e PO BEVME)e e e, (6.16)
y(v)
where é(“g‘) = «/—P(x)B(x)\x:v,l@). According to (6.6)—(6.8), the matrix

V=Px)B(x) € B.Let |[B(x)| = b. It follows then from the construction of Z
and (6.16) that

IZM| < 2be? | M]. 6.17)

Thus, choosing € < ﬁ, we can guarantee the convergence of the series in (6.15), that
is, the convergence of iterations to the solution of the Volterra equation (6.12).
According to the above argument, we have constructed a fundamental solution of

the form
v =diag( 1, /2= ) (") (1 e
(x) = diag{ 1, 5 i1 +8 —_Pm
ix dg
x (1+0(6%)) (—P)"ie Ja TP (6.18)

on 2(¢€). Then, according to (3.8), (3.10), there exist two solution Y1 (x) of (2.3),
given by

irx d¢

Yi(x) = (—=P) "1 ¢ 7PD (I + 0(6%))
eii;uc L .
= —— (=) 71+ 0(e2) + O(x)). (6.19)
(—aiap)?
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7 Validity of the Inner Solutions

Here we prove an estimate for solutions (3.9), called inner solutions, on a small interval
centered at x = 0. This estimate allows us to match the WKB and inner solutions.
Introducing y; = f, y» = PJf’, we can reduce the original equation (2.3) to the

matrix equation

D

7= (° P )y, (7.1)
A—Q O

where the columns of the matrix ¥ are (y B y}), Jj =1, 2, respectively. The shearing
transformation

Y = diag(1, vVax)Y (7.2)

reduces (7.1) to

ﬁ ~
Vd :(AE)Q x(xfal)gxfaz) )Y — (E +M)Y
Vax ~x x
1 0 Vi 0 VM(ara+2—x)
=\ il @ T ) atea S | AR
T8 Jix

where B, M are the first and the second terms in the square brackets and M = M (x)
is analytic at x = 0.
It is clear (and can be easily verified) that

1 1
U:( e lm.u), (7.4)
vt E T A

and w is given in (3.8). The change of variables Y = UZ reduces (7.3) to 7 =
(% +M)Z, where B = diag(—% +ipn, —% —ip)and M = U~'BU. Another change
of variables Z = TW, where W = x&, gives

1
linos, T1+ MT, (7.5)

T =~
X

where, according to (7.1), (7.4), M = O(¥/2). As in Sect. 6, we replace the latter
system with the Volterra equation

T(x) =1+ x'#o3 / CTSNM(OT (0) P de X = [ + IT. (7.6)
0

Birkhauser
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Since [xT*| = 1 on R\ {0}, we conclude that on the interval J = (—»~',A~1) C R,
the norm of the operator Z does not exceed O ()L_%). Thus, we obtain

P () = diag(1, Vax)U(I + 0.~ 7))x—21+inos 1.7)

uniformly on J . This immediately implies (see (3.9))
y+ = (—x)‘%i"“(l + 0(/\‘%)) (7.8)

uniformly on J. Since J has a common segment with €2 for large A, we can match the
WKB and the inner solutions there. Thus, comparing Y4 and y+ on Q(€), we conclude
that
eii/uc 1
Yo(x) = —]yi(x)(l n o(rf)). (1.9)

(—a1a2)*
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