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Abstract The concepts of BSE property and BSE algebras were introduced and stud-
ied by Takahasi and Hatori in 1990 and later by Kaniuth and Ulger. This abbreviation
refers to a famous theorem proved by Bochner and Schoenberg for L' (R), where R
is the additive group of real numbers, and by Eberlein for L' (G) of a locally compact
abelian group G. In this paper we investigate this property for the Banach algebra
LP(S, ) (1 < p < oo) where S is a compact totally ordered semigroup with mul-
tiplication xy = max{x, y} and p is a regular bounded continuous measure on S. As
an application, we have shown that L'(S, 1) is not an ideal in its second dual.
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1 Introduction

Let A be a commutative Banach algebra. Denote by A(A) and M (A) the Gelfand
spectrum and the multiplier algebra of A, respectively. A bounded continuous function
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o on A(A) is called a BSE-function if there exists a constant C > 0 such that for every
finite number of ¢y, ..., ¢, in A(A) and complex numbers cy, . .., ¢, the inequality

n n

ZCjU((Pj) =C. ZC]'%‘

j:] j=1 A*

holds. The BSE-norm of o (|| || gsg) is defined to be the infimum of all such C. The set
of all BSE-functions is denoted by Cpsg(A(A)). Takahasi and Hatori [16] showed that
under the norm ||.||pse, Cpse(A(A)) is a commutative semisimple Banach algebra.

A bounded linear operator on A is called a multiplier if it satisfies xT (y) = T (xy)
forall x, y € A. The set M(A) of all multipliers of A is a unital commutative Banach
algebra, called the multiplier algebra of A.

Foreach T € M(A) there exists a unique bounded continuous function T on A(A)
such that T/(a\)(go) = f((p)&(gp) foralla € A and ¢ € A(A). See [9] for a proof.

Define

M@A) ={T: T e M(A)}.

Abounded net (ey ), ina Banach algebra A is called a A-weak bounded approximate
identity for A if ¢(ey) — 1 (equivalently, p(eqa) — @(a) for every a € A) for all
(NS A(Ms is shown in [16], A has a A-weak bounded approximate identity if and
only if M(A) € Cpse(A(A)).

A commutative Banach algebra A is called without orderifa A = {0} impliesa = 0
(a € A).

A commutative and without order Banach algebra A is called a BSE-algebra (or
has BSE-property) if it satisfies the condition

Cse(A(A)) = M(A).

The abbreviation BSE stands for Bochner—Schoenberg—Eberlein and refers to a
famous theorem, proved by Bochner and Schoenberg [2,15] for the additive group of
real numbers and in general by Eberlein [5] for a locally compact abelian group G,
saying that, in the above terminology, the group algebra L' (G) is a BSE-algebra (See
[12] for a proof).

It is worth to note that the semigroup algebra I'(Z1) (where Z7 is the additive
semigroup of nonnegative integers) is a BSE algebra [17], but for k > 1, [ L(Ny)
Ny ={k,k+1,k+2,...})is not a BSE algebra.

In [7], we established affirmatively a question raised by Takahasi and Hatori [16]
whether L' (R") is a BSE-algebra.

The aim of the present paper is to show that for any totally ordered compact
semigroup S with multiplication xy = max{x, y} and a regular bounded continu-
ous measure p on S, LP(S, u) (1 < p < 00) is not a BSE algebra. However, for any
compact abelian group G and 1 < p < oo, the Banach algebra L?(G) is BSE [18].
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As an application, we will show that the Banach LIS, /) is not an ideal in its
second dual. However, for a locally compact group G, the Banach algebra L!(G) is
an ideal in its second dual if and only if G is compact.

Finally, we prove that Cgsgg,) ((0, 11) = C,((0, 1]) for any natural number n.

2 BSE Property of Totally Ordered Semigroup Algebras

The Banach algebra L? (S, 1) (1 < p < 00), whenever S is a totally ordered compact
space with a regular bounded continuous measure p on S, was first introduced by
Sapounakis [13,14] and then extensively studied more by Baker, Pym and Vasudeva
[1].

Recall that a totally ordered locally compact space S is a totally ordered space S
which is locally compact in its order topology. This has a natural continuous multi-
plication xy = max{x, y}. For convenience, we adjoin a minimal element O to S if it
has not already got one. The convolution product v; * vy of two bounded regular mea-
sures v1, vz on S is defined (as a linear functional on the space Co(S) of continuous
functions vanishing at infinity on §) by the usual formula

/fdvl*U2://f(x)’)dvl(x)dv2()’) (f € Co(S)).

By dividing the range of the inner integral on the right into the sets where x < y and
x > y we have

dvy * vp(x) = v1[0, x[ . dvo(x) + v2[0, x[ . dv(x).

In particular, if both v; and v, are absolutely continuous with respect to some positive
measure u, say dvy = fdp and dvy = gdu, then so is vy * vy; and if we put
dvy x vy = f x g.du, then

S xgx) =g(X)/ fdu+f(x)/ gdu. (D
[0,x[ [0,x]

By defining the convolution of two measurable functions f and g with respect to
as in (IIT), one has the following result.

Proposition 1 For p = 1, LP(S, ) is a Banach algebra. For 1 < p < oo, LP(S, 1)
is a Banach algebra if and only if u is bounded. Moreover, for 1 < p < oo the
algebra LP (S, ) is commutative and semisimple. It has an approximate identity if
1 < p < oo, which is bounded if and only if p = 1.

Proof See [1]. O

Remark 1 Here we suppose that p is bounded and it will do no harm to suppose
that its total mass is 1. By taking the order completion of §, we may also assume
that S is compact, and we lose nothing by taking S to be the support of p. In [1] it
is shown that all L”—algebras associated with continuous measures of mass 1 with
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support S are algebra isomorphic to the Banach algebra L? ([0, 1], 1), where X is the
Lebesgue measure on the interval [0, 1]. Thus, we need only consider L” ([0, 1], 1)
and this we shall do (See Theorem 1.1 and page 48 of [1]).Then the Gelfand spectrum
A(LP (S, n)) of LP(S, ) is equal to the set

{x[0.x1 : x € (0, 1]}
which may be identified with the half-open interval (0, 1], and the Gelfand transform

fof f € LP(S, ) is given by

fm:/o fdu (€0, 1)),

where O is the minimal element of S and o (x) = ¢, where o is a continuous increasing
surjection from § to [0, 1] given in the statement of Theorem 1.1 of [1].

Before turning to the next result we need to recall the following definition from

[11].

Definition 1 A real-valued function f defined on [a, b] is said to be absolutely con-
tinuous on [a, b] if, given € > 0, there exists 6 > 0 such that

Do) = ol <e
i=1

for every finite collection {(x;, y;)} of non overlapping intervals with

n
D v = xil < be.
i=1
A complex-valued function f = u 4 iv is said to be absolutely continuous if # and

v are absolutely continuous.

Theorem 1 (Fundamental Theorem of Lebesgue Integral Calculus). The following
conditions on a real-valued function f on a compact interval [a, b] are equivalent:

1. f is absolutely continuous on [a, b].
2. There exists a Lebesgue integrable function g on [a, b] such that

fx) = fla) +/ g()dt

forall x € [a, b].

Proof See Page 106 of [11]. O
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2.1 The Cantor Function

The function ¢ : [0, 1] — [0, 1] defined by

e¢]

)
w(x)=zt§,{,

k=1

whenever the digit 1 does not appear in the ternary expansion of x, and

jx_l
W21
oy = 3 2

k ix’
s 2 2

whenever the digit 1 does appear in the ternary expansion of x, and j, = minf{k :
tyx = 1}, is called the Cantor function.

Proposition 2 For the Cantor function ¢ the following statements are valid.

1. ¢ is continuous and of bounded variation.
2. @ is not absolutely continuous.
3. ¢ is differentiable almost every where and ¢’ = 0 a. e. on [0, 1].

4. fol p()dt = 3.
Proof See [3] and [6]. O

Lemma 1 Let ¢ be the Cantor function. Then the function g defined by g(x) = x¢(x)
is not absolutely continuous on [0, 1].

Proof By Proposition 2, the function g is differentiable almost every where on [0, 1].
Therefore

X)) =x¢'(xX) +9kx) =p(x) a.e.

holds. Assume towards a contradiction that g is absolutely continuous on [0,1]. So by
Theorem 1, we get

1 1 1
1=g(1>—g(0>=/ g’(r)dr=/ o1 = -
0 0

This contradiction completes the proof. O

Let (X, X, i) be a positive measure space. The space ba (X, 1) is the Banach space
consisting of those bounded and finitely additive signed measures on X which vanish
on sets of pu-measure zero. The norm of an element in ba(X, ) is its total variation.
Before stating our next result, we need to recall the following theorem from page 296
of [4].
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Theorem 2 Let (X, X, u) be a o-finite measure space . There is an isometric iso-
morphism between L*° (X, u)* and ba(X, w)determined by the identity

F(f)=/Xf(X)d/L(X) (f € L¥(X, w).

The following theorem is indeed the main result of this paper.
Theorem 3 The Banach algebra LP (S, u)(1 < p < o0) is not a BSE algebra.

Proof As in Remark 1, we may assume that S = ([0, 1], max) and p is the Lebesgue
measure on S.

Case I. p = 1. Suppose that o is a continuous function of bounded variation on
[0, 1] and 6(0) = 0. By Theorem 3.1 of [10], there exists v € ba(S, i) such that
o(x) = v([0, x]) for all x € [0, 1]. By Theorem 2, the mapping F given by

F(f) = /X Sx)dv(x) (f € L7 (X, M))~
isin L°°(S, w)*. In particular,
F(x0,x) = /S x10,x)) (@®)dv(t) = v([0, x]) = o (x) (x € (0, 1D).

Therefore F € L®(S, u)*(= L'(S, u)*™*) and ol©,11 = Fl,1]. Hence by Theorem
4 (ii) of [16], we have

olo,1] € LI(S, M)**|A(L1(S,p,))(:(0,l]) m Cp((0, 11) = Cpse((0, 1]).

By Proposition 2 and the above argument, ¢|«,1] € Cpse((0, 1]), where ¢ is the
Cantor function on [0, 1]. We claim that @[, 1] ¢ M(LY(S, ). Suppose towards a
contradiction that ¢|¢,1] € M(LY(S, ). Then for any f € LS, W), there exists

hye LS, 1)) such that
o(x) f(x) = hy(x) x e (0,1].
Thus

w(X)/O Jdp(r) =/0 hy(t)d () x € (0, 1],

which is an absolutely continuous function by Theorem 1. In particular, for the constant
function f(¢) =1 (¢t € (0, 1]), we get

xp(x) = /X hy(t)dt (x € (0, 1]).
0
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This implies that the function g defined by g(x) = x¢p(x) (x € [0, 1]) is absolutely

continuous. This is a contradiction, by Lemma 1. Therefore ¢|o,1] ¢ M(LI(S, )
and consequently, LS, w) is not a BSE algebra.

Case II. 1 < p < oco. We prove that L? (S, ) has no A—weak bounded approx-
imate identity. Assume towards a contradiction that {fy}, is a A—weak bounded
approximate identity for L? (S, n) with bound C. By the definition of { f,} we have

limg.(fo) =1 (x € (0, 1],
for all ¢, € A(LP(S, v)). By Remark 1,
lim/x fa@®du(t) =1 (x € (0,1]).
® Jo

By Holder’s inequality for every x € S we have

‘/ Ja (D)d ()
0

< /O O ld i)

1

5(/ Ifa(t)lpdu(t))p-(/ lqdu(t))q
0 0

<Cuxi (x € (0. 1]).

1
This impliesthat 1 < C.x4,sox > é forall x € (0, 1]. This contradiction completes
the proof. O

It is well known that for a locally compact group G, the Banach algebra L' (G) is
an ideal in its second dual if and only if G is compact. As a consequence of the above
theorem, in the following result, we prove that this is not the case for the compact
totally ordered semigroup S.

Corollary 1 The Banach algebra L' (S, ) is not an ideal in its second dual.

Proof By Theorem 3, L'(S, 1) is not a BSE algebra, however, it admits a bounded
approximate identity. So by Theorem 3.1 of [8], it is not an ideal in its second dual. O

Remark 2 Let o be afunction on [0, 1] such thato(0) = Oand o(p,1] € Cpse((0, 1]).
By Theorem 4 (ii) of [16], there exists F € L'(S, u)* (= L*(S, n)*) such that
o(x) = F(x0.x)) (x € (0, 1]). Since F € L°°(S, n)*, from Theorem 2, it follows
that there exists v € ba(S, ) such that

F(f)Z/Sf(t)dV(t) (f e L=, w).

In particular,
o(x) = F(xo,x) = /s X10,.xp(HOdv(t) = v([0, x]) (x € (0, 1]).
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From page 190 of [10], we conclude that ¢ is of bounded variation on [0, 1].
Now if we let o (x) = x sin (1) (x € (0,1]) and

X

(1
aw =[G 20

Obviously, o € Cp((0, 1]). The function o7 is not of bounded variation on [0, 1]
and so as the above argument, o ¢ Cpsg((0, 1]). This implies that Cpsg((0, 1]) g
C»((0, 1]). However, in the sequel we will prove that for any n € N, the natural
numbers, Cpsen)((0, 11) = Cp((0, 1]), where Cpsgn)(A(A)) denotes the set of all
complex valued continuous functions o on A(A) which satisfy the following condition:
there exists a positive real numbers g such that the inequality

n n
ZC,/G(%’) <B. ZC,;'(P/'
=1 j=1

A*

holds for any choice of complex numbers cy, ..., c, and ¢1, ..., ¢, € A(A). For
each 0 € Cpspm)(A(A)) we denote by |lo|psewn) the infimum of such B. Let
CBsE(oo) (A(A)) = [ Casew)(A(A). Itis evident that ||| psg = sup,e o l|BsE®)

neN
and

Cpse(A(A)) = {0 € Cpse(o)(A(A) : |lollpse < 00}.
Also we have

A C Cpse(A(A)) € Cpsroo)(A(A))

<
C --- C Cpse)(A(A)) C Cpse)(A(A)) = Cp(A(A)).
For more details see [17].

Theorem 4 For S = ([0, 1], max) and n € N, we have

LT(S, 1) G Cse((0. 11) G Casin (0, 11) = C,((0, 11).

Proof By Remark 2 and the proof of Theorem 3, we only need to prove the last
equality. By Lemma 1 of [17], it is enough to show that for any natural number n,
there exists a real number 8, such that for ¢y, ..., ¢, € Cwith|c;| <1 (1 <i <n)
and x1,...,x, € (0, 1], there exists a function f € L'(S, 1) such that f(xi) =
¢i (1 <i<mn)and]|f]||; < B,.Foreveryx € [0, 1] we define
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cL
o x € [0, x1]

a—ci

oy x € (x1, x2]

fx) =

Cn—Cn—1

Y Y€ (Xn—1, Xu]
0 x € (x,, 1]

Now for every 1 <i < n, we have

—~ Xi X1 X2 X
f(Xi)z/O fdu,:/o fdp,—i—/ fdﬂ+"'+/ fdu = ci,
X1 Xi—1

and
1 X1 X2 1
[RAF =/ IfIdMZ/ |f|dM+/ Ifldu+~-~+/ [fldp
0 0 X1 Xn
=lcil+lez —cil+---+lep — cptl
<2n—1.
So if we choose 8, = 2n — 1, then f € L'(S, 1) is the required function. O

Conjecture [t is well known that L*°(S, ) with the pointwise multiplication is a
C*—algebra and so it is a BSE algebra. We conjecture that L°°(S, i) with the con-
volution multiplication is not a BSE algebra.
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