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Abstract We reduce the boundedness of operators in Morrey spaces L, (R"), its pre-

]
duals, H?L ,(R"), and their preduals L', (R") to the boundedness of the appropriate
operators in Lebesgue spaces, L ,(R"). Hereby, we need a weak condition with respect
to the operators which is satisfied for a large set of classical operators of harmonic
analysis including singular integral operators and the Hardy-Littlewood maximal func-
tion. The given vector-valued consideration of these issues is a key ingredient for
various applications in harmonic analysis.
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1 Introduction

Let L; (R™) be the completion of D(R") in L;(R”), where
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Hf|L;, ®") | = sup g (+) | £IL, (Brx)|, 1<p<oo,—=<r<0.
xeR”", )4
R>0
Then we have
° "
(£ ) = (e, @) = ). 1)

where the second duality assertion is due to [1,9,14,22,30] and the first assertion is
observed by [2] and proved by [22]. Roughly speaking in this paper we prove that the
L ,(R")-boundedness of an operator T satisfying the condition

(T < c/ /@) dz forall f € D(R”) and y ¢ supp (f), 2)

Re |y —z|"

implies its boundedness in L;, (R™). Therefrom, under some additional conditions with
respect to 7 we get also the boundedness of 7" in H9L ,(R") and L; (R™) by (1) and
duality arguments. Our paper can be considered as an extension of the new approach
given in [21] and [22] to a wider class of operators and to the vector-valued situation.
Let us mention that the extension of operators of this type and related norm estimates
have to be treated with greater care than in many related papers investigating mapping
properties of operators in L; (R™). We refer to Remark 4.5 for the relation of our paper
to the existing literature. In particular, we cannot expect an unique extension to Morrey
spaces L7, (R"). On the contrary it turned out that there are infinitely many possible
extension operators (cf. [22, Remark 5.3]). Let us also mention that the vector-valued
situation under consideration is crucial having in mind applications as a Michlin—
Hormander type theorem (and hence applications to Navier—Stokes equations cf. [26]
and [21, Remark 4.3]), Littlewood—Paley theory for Morrey spaces and its preduals as
well as for Lizorkin representations of Triebel-Lizorkin—-Morrey spaces. The given
results are partially contained in [20]. Condition (2) is due to Soria and Weiss [23]
who transferred the boundedness of singular operators on Lebesgue spaces to the
boundedness of these operators in some weighted Lebesgue spaces.

The paper is organized as follows. Basic definitions and preliminaries which are
needed later on are collected in Sect. 2. Duality theory for vector-valued Morrey-type
spaces is treated in Sect.3. The main results can be found in Theorem 3.1 (predu-
als of Morrey spaces) and Theorem 3.3 (Morrey spaces as bidual spaces). In final
Sect.4 we prove our main results concerning the transference of mapping properties
of operators satisfying condition (2) to vector-valued Morrey type spaces. The general
theorem is presented in Sect.4.1 (Theorem 4.3) following the method developed in
[21] and [22]. As a consequence of our main theorem we obtain mapping proper-
ties for various classes of operators in vector-valued Morrey-type spaces. Section 4.2
is concerned with Calderén—Zygmund operators. Here we present also an alternative
approach via weighted spaces (Theorem 4.9). Maximal operators of Hardy-Littlewood
and Calder6n—Zygmund type as well as related vector-valued inequalities are consid-
ered in Sect. 4.3. The final Sect. 4.4 is devoted to some classes of Fourier multipliers
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such as characteristic functions, smooth multipliers and Bochner—Riesz mulipliers at
the critical index.

2 Definitions and Preliminaries
2.1 Notation

We use standard notation. Let N be the collection of all natural numbers and Ny =
N U {0}. Let R”" be the Euclidean n-space, where n € N. Put R = R!. Let S(R") be
the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable
functions on R” and let S'(R") be the space of all tempered distributions on R”.
Let D(R") = C{°(R") be the collection of all infinitely differentiable complex-
valued functions with compact support in R", where the support of a function f is
abbreviated by supp (f). Moreover, denotes C(R") and Lip(R") the collection of
all continuous and Lipschitz continuous, respectively, and bounded complex-valued
functions defined on R”.

Furthermore, L p(R”) with 1 < p < o0, is the standard complex Banach space
with respect to the Lebesgue measure, normed by

l/p
If 1Ly (R) Il = (/R f@)IP dx) :

For a measurable subset M of R" we similarly define L ,(M). Moreover, |M| stands
for the Lebesgue measure of M and x, for the characteristic function on M. As usual
Z is the collection of all integers; and Z" where n € N denotes the lattice of all points
m = (my,...,my,) € R" withm; € Z. As usual, LE’C(R") collects all equivalence
classes of almost everywhere coinciding measurable complex locally p-integrable
functions, hence f € L,(M) for any bounded measurable set M in R". For any
p € (l,00) we denote by p’ the conjugate index, namely, 1/p + 1/p’ = 1. For
Banach spaces X and Y and an operator 7 : X — Y

T:X <Y
means, that the operator is bounded, that is,
ITx|Y] <clxX]|

where the the constant ¢ is independent of x € X. Let D(R") < X. A bounded
operator T acting in X, hence T : X <— X, is called an extension of 7 to X if
it commdes on D(R") with T. We denote the Fourier transform of f on S(R") or
S'(R™) by f and its inverse by f where the normalisation of f does not matter for our
estimates. The concrete value of constants may vary from one formula to the next, but
remains the same within one chain of (in)equalities. Finally, A = B is an abbreviation
that there are two constants ¢, C > 0 such thatcA < B < CA.
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2.2 Morrey Spaces, Duals and Preduals

Definition 2.1 For 1 < p < oo and —% < r < 0 we define Morrey spaces as

Ly (R") = (f e L (R") : [ £1L], (R")

< 00}
with the norm

= sup sup 2J(%+r> Hf|Lp(Q]M)||
MeZ" JeZ

|1z, ()

= sup sup g () | fILp (Br(x))
xeR” R>0

3

where Q= Qs m = 2=/ (M + [—1, 1]") and Bg(x) denotes the ball with radius
R centered at x.

Moreover, L;, (R™) denotes the closure of D(R") with respect to H -|L;, (R™)

Definition 2.2 Let | < p < coand —n < ¢ < —n/p. Then the predual Morrey
spaces HL ,(R") collects all h € S'(R") which can be represented as

h= > Jymasm in S'®R") with

JeZ Ml
suppasy C Quae Nasan 1Ly @®") =27 (579), 3)
such that
Z [Agm| < o0. (4)
JeZ,MeZh
Furthermore,

IR |HOL,(R") | =inf > [Asml
JeZ,MeZ"

where the infimum is taken over all representations (3), (4).

Remark 2.3 The notation of H%L ,(IR") as a predual will be justified in the Theorem
3.1. By triangular and Holder’s inequality (3) and (4) ensure that the convergence in (3)
is unconditionally in L, (R"), where ou = —n. In particular it holds H¢L ,(R") —
L,(R") and we have 1 < u < p (cf. [22, (3.10)]). Let L ,(R", wy) with 1 < p < 00
and wy, (x) = (1 + Ix|2)7/2, y € R, be the weighted Lebesgue spaces, normed by

If 1L p(wa, R)I = llwa f IL, R (&)

Birkhauser



466 J Fourier Anal Appl (2016) 22:462-490

Then it holds
Ly(wg, R") < HOL,[R") (6)

with « > n/p’ (cf. [22, (3.5)]). Furthermore, D(R"), S(R") are dense both in
L; (R")and HCL ,(R"). H®L ,(IR") and L; (R™) are Banach spaces and L, (R") —
L; (R") < L,(wy, R") foru = —n/r and @ < —n/p (cf. [22, Theorem 3.1]). The
last embedding as well as (6) can be sharpened cf. (20) below.

Definition 2.4 Let1 < p < 00, —n < @ < —n/p.Let H?L ,(R")% be the following
subspace of H®L ,(IR") defined as

HCL,R"% = [ga € HQL[,(R”)| there exists an L € N

such that ¢ = Z hjm, supphym C Qj.mand

JeZ MeZ"
[JISL,IM|<L

> 276 g Ly (@ran]| < (4 ollplHOL, &

[JI<L
IM|<L

Proposition 2.5 Let 1 < p < 00, —n < @ < —n/p. Then HL ,(R")%; is dense in
HOL,RM.

Proof Leth € H°L,(R")ande > 0.Leth = 2,z pezn As.maym in S'(R") such
that ZJGZ,MGZ” [Agml < (1 +&/2)||h|HOL,R")| with suppayy C Qyum and

laym|L,(RY|| < 2_](7+9).We define then ki yy = Ay payp forJ € Z, M € 7"
and obtain

IA

z 2J<%+Q) |hsm |Lp(Qra)| Z A ml

JeZL, Ml JEL,MeZ"

(14 3) Iniaer, @)

IA

Let

ht= > hsm. LeN
[JISL,IM|<L

Then

Hh—hL|HQL,,(R”) S0 if L— oo

Birkhduser



J Fourier Anal Appl (2016) 22:462-490 467

Hence,

S 2/ iy 1Ly 00m)] < (1+3) IniaeL, @]

[J1<L
IM|<L

< (4o [nt|HoL, @)

2.3 Vector-Valued Morrey Spaces

Definition 2.6 Let 1 < p < oo, —% <r<0and1 < g < oo. Let L;(eq,Rn) be
the collection of all sequences of functions f; belonging to L’ (R") such that

ULACRS = I 21701 |2 ®)
j=0

= | (£} 1L, R

is finite. Moreover,
Ly €. B = {{£}eny, € Lyt RY)
Jj €No,k € Nand f} =0 for j > k with

H {f,- —ff} ‘L;(Zq,Rn)

J

there exist f j’-‘ € D(R™) for all

— 0 (k—>oo)].

Furthermore, for @ € R we define the space L,({,, wy, R") as L;(Zq, R™) using
the norm of L ,(wy, R") instead the norm of L;7 RY). If « = 0, we simply write
L,(ty, RY).

Definition 2.7 Then H¢L ,({,, R") denotes the collection of all sequences of func-
tions g; belonging to H?L ,(IR") such that ng(-)|Eq || is in HL ,(R"). Moreover,
HCL,(t;, R")% stands for the collection of all sequences of functions g; belonging
to H2L ,(£y, R") such that ||g;(-)|€, | is in HOL ,(R™)%..

3 Duals and Preduals: The Vector-Valued Case
3.1 Predual Spaces

The duality with respect to Morrey spaces is discussed in the scalar case in detail
with complete proofs in [22]. Here we give complete proofs in the vector-valued case
following their approach.

Theorem 3.1 Let1 < p <oo,—% <r<0,r+o0=—-nandl < q < oo. Then the

predual space ofL;(Eq, R™) is HOL y (£, R"™). Moreover,
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g€ (HLy(t,,RY)

if, and only if, it can be uniquely represented as

o(f) = / S 00 f;(x)dx )

JjeNo

forall f ={fj} € Lyy, wy, R") — HCL,y{,,R"), @ > n/p, where

(g} € L',(£, R") and Hg‘ (HOL (€, R")) L7 (g, B
Moreover, if {g;} € L}, ({4, R"), then
[yt ] =sup| [ 3 gj00550a0 ®)
foR JjeNo

where the supremum is taken over all f = {f;} € HOL,(L,,R") with ||f|HQ
Ly, RY| <1

Proof Letg = {gj} € L',(¢,, R") and { f;} € HOL (£, R") such that H fj(-)‘ ¢,
isin H9L , (R")%. Holder’s inequality yields

/Rn J; ‘gj(y)fj(y)‘dy =< /Rn H{gj(y)}j |£,,H H{fj(y)}j e, d
= 2 / [ {ei ) 160 | oy

JeZ,Mel"
M IM\<L

2

cl,McZ"
[JI,IM|<L

< (1+0) gLy BY

O} e 202G ity (@0

IA

[ty

where H fj(-)‘ﬁq
the operator T, given by

(1) = [ 3 lsmio|a

jeNy

is represented as in Definition 2.4 and r + ¢ + n = 0. Therefore

is bounded on HOL (£, , R" )%. We get the (unique) continuous extension T
HCL, (£, ,R") — Rbymeans of Proposition 2.5, where this extension is justified as
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in the linear case cf. (15) and (17) below. Let { f;} € H°L,(£,/, R"). By Proposition
2.5 there is furthermore a sequence { f ;C} of HOL (£, , R")% such that { f ;C} tends to
{fj}in HeL (£, ,R") for k — oo. For u such that ou = —n by H?L ,(R") <

L, (R") exists a subsequence such that H ff’ )= f; (-)’ £47| — 0almost everywhere

with respect to the Lebesgue measure in R” for / — oo. This implies fjl." — fj
almost everywhere for all j € Ny if [ — oo. The Lemma of Fatou yields then

/Rn > |gj(y)fj(y)|dy=/Rn %‘,
J€No

j€Ny

gj(y) lim ff’(y)’dy
< lim To((f]') = Te(f3)

Thus, for ¢ N\ 0 we obtain

/ S &) f5(0)dy 5/ S 1800 £500)] dy
R jeN, R" j €N
J 0 J 0

< Hg,-|L;,(£q,R”) | fi1HOL (£, RY| 9)

for {g;} € L),(¢y,R") and {f;} € H®Ly({y,R"). Hence, in particular, any
{gj} € L;] (€4, R") induces a bounded linear functional on H9L , (£,, R").

Conversely, suppose that g is a bounded linear functional on HCL ,(£,/, R") with
the norm || g ||. Taking into account (6) the linear functional g induces a bounded linear
functional on L,/ (£,/, we, R") for @ > n/p and therefore we have the representation
formula

s = [ X aofma (10
J

for some {g;} € L,(ly, w—o, R") and for all {f;} € L, (€y, wy, R"). Let {fj} €
L, (£y, we, R") with supp fj C Qy.um forall j € Ng. Then

J(

| FimeL e ®Y| <2

4 +0) H ”{fj(.)}jwqw Lp/(QJ,M)H .

With % +o= —% — r one obtains

g (L)) = Ngl | 75| oL ey R

< g2 )

T OVl Ly (@aan) |

Then one has by duality in L (£, Qs ») and (10)

—J( &+
lgj ILy(Lgs Oyl <2 (; ’)ugn.
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Hereby, L, (£,, O, um) is defined similarly as L;(Zq/, R") using L/ (Q, ) instead
of L; (R"). Note also that an element of L, (£,, QM) say {fj}, is also in

Lyy, wy, R™) if one extends f i, J € No, outside of Qs by zero. The last inequal-
ity proves {g;} € L;(Eq, R"™) and

|12, R

= ligll-

3.2 Dual Spaces

In the proof of the next theorem, which is a vector-valued extension of [22, Theo-
rem 4.1, (4.5)], we benefit from the following general assertion.

Proposition 3.2 ([4, p. 73] and [24, Lemma in Sect. 1.11.1]) Let {A;};cn, be a
sequence of complex Banach spaces and {A’j }jeN, their respective duals. Moreover,
we put

co({A;}) = {a = {aj}jeNo aj € Aj,
laleo(Ap || = [lalloo(A))| = supa;lA;] < oo, [a;l4;] — 0],
J
aAp =1a = {a}}jeNO d e A, a’l(l(A/j)‘ = ZHaﬂA/j <00
J
Then
o0
(co{A;))" = 6 (A} with a'(a) = Za; (aj) and
j=0
[ lccotany | = Jercan |
Theorem 3.3 Let 1 < p < o0, —% <r<0,r+9o=-nandl < g < 0. Then the

o o /
dual space of L;(Kq, R™) is HOL ;y (£, R"). Moreover, g € (L; Ly, R”)) if, and

only if, it can be uniquely represented as

= [ X ewhiw

j€Noy

forall f = {f}} € L_s (£, R") < L' (£,, R"), where

= [[gj1HOLy (g, RN .

° /
{gj} € H°L,y(£y,R") and Hg ‘(L;(Eq,R”))
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Moreover, if {gj} € HOL (£, , R"), then

lgj|HOL (£, RY| = 51;13 /R Z g (x) f;(x)dx (11)

j€No

where the supremum is takenoverall f = {f;} € L;(Eq, R™) with Hf ‘L;(ﬂq, R™)
1.

B

Proof 1t follows from (9) that any {g;} € H?L, ({,/, R") induces a bounded linear
functional on L;) £y, R™).

Conversely, suppose g is a bounded linear functional on L;, (¢4, R™) with norm
llgll. We observe that

ey e R

sup / DUIfioe ] 270 dx
Qsm

JeZ,MeZ" jeNp

)

| Fuleo (Lp(eq, 11, @o0)

where ijM = fiXx0 s 1y (dx) =270FP) and

| Fuleo (Loeg. s, Q1) |

P
q

= sup / S Ufly 7] 270t ax
Oim

JeZ,MeZ" jeNp

This shows that L;, (¢4, R™) isisomorphic to a closed subspace of cp (Lp Ly, 1y, Q]M))
analogously to the scalar-valued case in [22, (4.18)—(4.20)]. More precisely, we have

. o
a linear, surjective and isometric map I : {f;} — {f J] m) from L, (€4, R") onto the

closed subspace {{ /], }1(f;) € L', (€4, BM) of co (L (€q. s, Qsar) and
I (€ B = ({17} € Ly (g B > co (Lyp(Eq. s, Q) -

° /
Hahn-Banach’s theoremyields g € (L;, Ly, R”)) if,andonlyif, g € (co (Lp Ly, g,

0y M)))/ and by Proposition 3.2 we have the representation
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gdfib= . > fi(0)8 (02 TP dx (12)

Jez mezn’ Qim jeNy
forany {f;} € L7,(£,, R") with {g},,} € €1 (L (€', i1, Qrm)), where

[tehier Lyt s, 0om)|

=

= 2 / D lghy @I | 27 ax
Oim

JeZ,MeZ" jeNp

Moreover, Hahn-Banach’s theorem implies that

e )

= inf {| &)y [0 (L (g s, Q00) | [3CUF1) = 8] (L5

forall {f;} € L),(¢4, R") and gﬁ'M €l (Lyy, 1y, Qrm)) ] .

Using Lebesgue’s dominated convergence theorem we deduce from (12) (cf. (13) for
an integrable majorant) the representation

gl fih = /R" Z fix) Z giM(x)XQ,M(X)ZJ("_Fpr)dX

jeNp JeZ, MeZn

for {fj} € L_»(£,,R"). Lete > 0. For h'gM = gﬁMXQJMZJ(”+p’) we obtain

. —J £+
H8§M|Lp’(£qhﬂj, QJM)H =2 <” r>

Ly g R =,

Therefore {A;p}sm € €1 and for an appropriate choice of g5 y We obtain also

IXe1ll < (A + €)llgll. For aﬁM given by hj)M = )\JMaﬁM we have then
H aﬁ.M‘ Lp’(eq’an)H < 2J<E+r) with supp (aﬁM) C Qyum. Finally, it holds

(> ez.mem A,MajM]/ € HOL (¢, R") and

Z gruxom2 "Y€ HOLy (¢ RY).
JeZ,MeZ"
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Indeed, we have

q\ ¢ 1
AN
; v
Z Z )»]MaﬁM < Z AIM Z ‘ajM’ S HQLP/(RH)
jeNy | JEZ, JEZ, j€Np
MeZ" MeZ"
NV
. i 4\7 .
using by = (Z;eNO ay with supp (byn) C Qya and ||byp|Ly (R | <

27 (5#r) — =9 (5+e), Finally,

D X0 (027 L L HOL (0 RY) | < A1)

JEL,Mel" j

=+ llgll-
By the same argumentation we obtain also

Z ‘g.]]‘MXQJM‘ A I HOLy Ly, R") — L_g(ﬂq, R™).

JeZ,MeZ" i

Together with {f;} € L_g (¢4, R") and Holder’s inequality

Z |f/| Z ’gﬂMXQJM ‘ 2](n+pr) (13)

JjeNp JeZ, Ml

is an integrable majorant. Moreover, we observe L_»z (£,, R") < L;(Zq, R™).Indeed,
for {fj} € L_z(£y, R") there is a sequence {.fj]f}j tending to {f;}in L_x (¢4, R") as
k — oo with f} € D(R") and f} = 0 for j > k (and f§ /' fj ask — oo) which

also implies {fj’.‘}j — {fj}in L;(ﬁq, R™) as k — oo by L_%(R”) — L;, R™. O
4 Mapping Properties of Operators
4.1 The Main Theorem

Next we extend the approach developed in [21] and [22] to a wider class of operators
and to vector-valued spaces.
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Proposition4.1 Let 1 < p <00, =2 <r <0and 1 < g < co. Then L;,(Kq,R”)
coincides with the completion of finite sequences of continuous compactly supported
functions. More precisely, it holds

L (L, RY) = {{f,}jeN0 € LT (8g, R there exist ¥ e C(R")

compactly supported for all j € No, k € N and f]]-‘ =0forj >k

-|L" (R"
with 1L, @I

{fj - ff}j‘ L (6, RY | — 0} = Co(t,. RY)

Proof Let {f;} € Co(¢q, R”)”"L”(R )H. Let ¢ > 0. Then there exists a sequence {g}

with g; € C(R") compactly supported with g; = O for |j| > k and some k € N
such that Hfj —gﬂL?(Q,R")” < e Letx € R*, R > 0.Let R > 1 such that

supp Z];:o lgjl9 C Bi_;(0). Let y € R" with |y| < 1. Moreover, for R > R

7 o
&€ =3 = giOIL g, Breo| = == |Bz(0)|7 < eRbT

whenever

k

&
Z|gj(1—y)—gj(z)| < forall z € R" (14)
—

which holds by the uniform continuity of g;, j = 0,...,k, for [y| < § =

d(e, R, 1, 8o, ..., 8k), Where c is a constant depending on n. Furthermore, for R < R
again by (14)

eR" 1 n
|Br(x)|? < eRP™"
C

lg;j¢ =) — gLy Ly, BR(x)| <

Let y € D(R") with supp ¥ € By (0). [ ¥(»)dy = 1,0 < ¢ < 1 and y;(-) =
1"y (1), 1 € N. Then it holds H (g Vi — g 1L (g R”)H < & for [ sufficient large

where g; * ¥ € D(R"), j € Ny. Indeed, by means of Minkowski’s inequality and
the properties of v; we find

&) v — gL p(Lg. Br(x))|

< R?"“/| 1 R ) g = ) = g OIL . Bre | dy
yI=7

< gR%—l-r

where [ is sufficiently large (depending on ¢). O

Birkhduser



J Fourier Anal Appl (2016) 22:462-490 475

Remark 4.2 In the last Proposition we adapted the proof in scalar-valued case L), (R")
given in [30, Proposition 3] to the vector-valued situation.

Theorem 4.3 Let 1 < p < oo, —% <r<0r+o0=-n1<gq < ooand let

{T,' }jeNo be a sequence of operators with the following properties:
1) T;: DR") - C(R"), j € Ng, and Tj, j € Ny, are
J J

(a) either linear or

(b)

(T;(fi+ f2) ) = (T DG+ (T; L)),
(T; ) = (Tj (=) (»), T;0=0 (15)

for f, f1, e DR")andy € R";
(i) we have

|f(2)]
mnmiza [ L% (16)
R |y =2l
forall f € D(R") and all y ¢ supp (f), where c| does not depend on j € N,

fandy;

(iii) there is a constant cp such that
|75 £51Lp (g, R | < ca || £51Lp(Eq, R |

Jorall {f;}jen, C D(@R™).

Then, the following statements hold true.

(1) There are unique continuous and bounded extensions ﬁ of Tj to L', (R") for
J € N such that

{Tj}jeNo : L;,(Zq, R") <> L;(Eq,R").

(2) If T} are linear for j € Ny, then the dual operators of the unique linear and

bounded extensions 77] of T; to L; (R™), fj/ : HOLy(RY) < HOLy(R"),
satisfy

=~/
{Tj }jeNO CHOL, (g R") <> HOL,((y, R").
If the extensions of Tj to L ,(R") due to assumption (iii) are formally self-adjoint
forall j € Ny, then fj/ are the unique linear and bounded extensions of T acting
in HOL ,y (R"). B
(3) If T are linear for j € Ny, then there are linear and bounded extensions T; of T

to L;, (R™) such that

{Ti}en, Ly (g R") = L, (g, RY).
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Proof Step 1 We start showing Assertion (1).

At first we will show that {T}}, Z;(eq,R") > L, (6, R"). Let {f;}32, €

L;(Zq, R") with f; € D(R") forall j. Let x € R" and R > 0. We decompose
o0
fi= 47+ 205,
i=1

where f) = ¢ofj and f] = ¢; f; fori, j € N with {¢;};ey, C D(R") such that
@o =1on Byr(x),  suppeo C B4r(x)

and

Supp@; C Byisag(¥) \ Byig(x), D i =1.

ieNp

By means of (iii) we obtain

L
P
1

/Bm) %‘Tif?(”‘q o] zeri) | £t =Y

Leti € Nand y € Br(x). It follows from (16) that

1

1
i)ij}(y)‘q fc(zi—lR)_"/ i‘f}(z)‘q dz.
=0 R" \i2o

Holder’s inequality yields

T; (Z f;)(y)
i=1

seZ(zf*IRf”/Rn Sl diewr
i=1 j=0

P
q\ 4
dy

<=

o
/BR(X) Z

Jj=0

o0
. _ n . 1 . n
<> @R "RF(2l+2R)"“‘E>(2’+2R)(P+’) Hf,-lL;(Kq,R")
i=1

< c“R(%Jrr) H FilL),(€g, R™)
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By subadditivity of the operators we obtain

|75 i1 0, R

< c| Lyt RY)

where ¢ does not depend on {f;};. We get the unique continuous extension 7' :
L, (L, R") — L;(Zq, R") of {T;}; whenever T; are linear. If T; fulfills (15), then
we have for f1, f, € D(R"),y e R", j € Ny

(T fOO) — (T 2D < (T (f1 — 2)0)
and hence for { £, {77} € L', (£, R") with f;, f; € D(R™) forall j € Ny

1585 = T L R

< |7 = i R

< | sy = FiiLy e, R

. (17)

Therefore, {7} j is (Lipschitz-)continuous and moreover we get the unique continuous
extension 7T : L;(Eq, R") — L;(Eq, R") of {T;}; using (17) in the same way as in
the linear case.

Step 2 It remains to justify that also 7 : L;(eq, R*) — L;,(Eq, R™). By means of

a density argument we may assume that { f;}; € L;(Zq, R") with f; € D(R") for all
j € Npand ak such that f; = 0 for | j| > k. There is an R such that supp f; C Bz(0)
for all j € Ny. Then

1

q

k
AT H@I | =elx™ i = 2R a8
j=0

using (16) and triangle inequality. Here the constant ¢ depends on { f;};. Let R > 2R.
Then one has for cubes Q jp; with Qjp C {x €e R" : |x| > R},

1

k q
G T N | Lp@uan | <2 R if T e No.
Jj=0

Using in addition 1 < p < oo we obtain
k q 1
2T ) | Lp(Quan)| < 2 R

Jj=0
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if —J € N. Let g € D(R") be a smooth cut-off function with ¥z (x) = 1if |[x| < R.
Then Yz T; f; € C(R") compactly supported for 0 < j < k (by triangle inequality
using T; : D(R") — Lo (R")) and it follows

Jim {7 £ — YrT; fi}iIL},(Lg, R =0

withl < p < o0 and 0 < % +r < %. Here one should mention that cubes which
are not completely inside of {x € R" : |x| > R} are treated analogously and that

Tjfj = Ofor j > k by T;0 = 0. Hence {7 f;} € L,({, R") by Proposition 4.1
and therefore T : L;,(Zq, R") L;(Zq, R") by the unique extension of {T;}; to
L;(Zq, R"™). Futhermore, we observe that the projection of T to its k — th component

(k € Np) coincides with fk where ﬁ( : L;, (R") — L;, (R") is the unique continuous
and bounded extension of Tj. This yields Assertion (1).

Step 3 Finally, Assertions (2) and (3) follow by duality (Theorems 3.1 and 3.3).
As for the abstract background of duality one may consult [28, pp. 112/113] and [18,

~ ~ /
pp- 35/36]. We get firstly Tj/ :HOL,(R") < HCL, (R") and (Tj/) : L;, (R™) —
L; (R™) for all j € Ny. Moreover, by the linearity of 7 = {fj}jeNo : L; £y, R") —

L;(Eq, R") duality also implies 7" : HOL ,y (£, R") < HCL (£, , R") as well as
(T : L), (g, R") — L’ (¢4, R"). The projection of T’ toits k — th component (k €
Np) coincides with ﬂ/. Indeed, let f; = g; = Oforall j # k and let f, gx € D(R").
By means of the definition of 7/ and i we have

/Rn fi0) (T'({g; D), )dx = ({f;}. T/({gj}))(o )

L7 (6g RM), HOL (¢, R")

=<T({fj}),{gj})(o )

L (€ R, HOL (£, R

= ({7} 13, {gj}>(Lp(€q,wa,R”),Lp/(éq/,w_a,]R”)) = An(ﬂfk)(x)gk(x)dx

= (T e g")(L,,<wa,Rﬂ),L,,/(w_a,Rﬂ) =T fie gk)(i;(R"),HeLp,(R"))

= (i T'ex) - = / Fiel) (T g (x)dx
(L%(R”)’HQLP/(R”)) R»
fora < —n/p. Analogously, using H¢L (R") < L_;,,,(R") we deduce that the
—_ I
projection of (T”)’ to its k — th component (k € Ny) coincides with (Tk/) on D(R").

Moreover, we assume that the extensions of T to L, (R") due to assumption (iii)
are formally self-adjoint for all j € Ny. Then we obtain

Birkhduser



J Fourier Anal Appl (2016) 22:462-490 479

o =\(T; f, o
>(L',‘,(R”),H@Lp/(R")) ( it g)(L;,(IR”),HQLP/(R”))

( /f g)(L’ (R, HOL /(R”)) = (T/f’ g)(Lp(wa,R”),Lp/(w,a,R"))

-~/

<f, Tjg

= | @ pwseods = (1,5, Hepey) =V T8y 09

forall f,g € DR") and @ < —n/p. Therefore T] g = T;jg almost everywhere for
allge DR") and j € No which means that T are extensions of T; to HCL ,y(R").

Moreover, the biduals Tj = (f, ) , J € Np, are extensions of T to L;, (R™) by

< ~fﬁf)(ﬂeL,/(lR”) Lp®n) <T~j/g’ f>(HQL L B)
= <f/g, f>
=(T; . 8)(

= @ s = (£ 74

(LusLy (L’ (R"), HO L, (R"))

T‘ 5 o
Ly, (R, H@LP/(R">) (7 g)(L’p(R”),HQLp/(R"))

=(T; f. g)(LP’Lp/)

forall f,g € D(R"),u = —n/p and j € Ny. Therefore, fj// = T, on D(R") for
j € Np. O

Remark 4.4 The extension in Part 3 of the theorem is not unique. There exist infi-
nitely many extensions of 7; acting in L’ (R"). This can be seen following the same
arguments as in [22, Remark 5.3]. Assumption (iii) can be replaced by

T:L,(R") < L,R")

if T; = T for all j, T is linear and if g is between 2 and p (including 2 and p)
which holds by the fact that the L ,-boundedness of a linear operator implies the
L,(€,, R")-boundedness for g € [p,2] for p <2 and g € [2, p] for p > 2 cf. [10,
Corollary 4.5.4].

Remark 4.5 There are a lot of papers dealing with singular integrals in Morrey spaces.
However, its well-definedness on the Morrey-type spaces under consideration as well
as the norm estimates in these spaces have to be treated with greater care than usually
done. On the one-hand one has to investigate how to extend singular integrals to Morrey
spaces and on the other hand the estimates (16) are not available in general for functions
belonging to Morrey spaces. Let us emphasize that we used (16) just for functions of
D(R™). The question if the estimate (16) holds for some singular integrals also for all
f e L; (R™) leads to an investiation of its maximal truncated versions (cf. [27, Propo-
sition 2.25, Remark 2.26] as well as Sects. 4.2.2 and 4.3). Indeed, for these reasons in

many papers one can only find the weaker mapping property 7" : L), (R") < L, (R")
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(see, for example [5,17], and [6,12,16] for operators satisfying (16)). In this sense

our results on L;, (R™) and L;(Eq, R™) are new (including even the boundedness of
the Hardy-Littlewood maximal operator), in particular with respect to their general-

ity. Note that results for Calderén—Zygmund operators in L), (R") (scalar case) have
been proved already in [21] and [22]. Moreover, some results in H¢L, (R") and in
HCL,(¢,,R") and L;(Zq, R"™) seem to be new. The paper [2] made the important
observation that the bidual of the completion of D(R") with respect to the Morrey norm
coincides with the Morrey space itself (cf. (1)) and provided the basis of our investiga-
tions. To overcome the above mentioned problems investigating Calderén—Zygmund
operators in L; (R™) they considered Muckenhoupt weighted characterizations of Mor-
rey spaces and their preduals. However, this approach has also some weak points with
respect to norm estimates since it does not take into account that the operator norm
of classical operators of harmonic analysis (as the Hilbert transform) in Muckenhoupt
weighted spaces usually depends on the Muckenhoupt weight.

We want to refer also to a less known forerunner result which can be found in
[3]. There a solution for the above mentioned difficulties has been given for some
Calderén—Zygmund operators in H9L ,(R").

4.2 Calderén-Zygmund Operators
4.2.1 Duality Approach

Definition 4.6 We define Calderon—Zygmund operators with homogeneous kernels
with degree —n setting,

Q(z/lz])

f(y —2z)dz,
|z|"

(T2)(y) = p.v. /
]Rn

where f € S(R") and Q € Loo(S"™!) with zero integral and S”~! denotes the unit
sphere.

Corollary 4.7 Let 1 < p < o0, —% <r<0-n<p< —%, 1 < g < oo. Then
the following statements hold true.

(1) There are unique linear and bounded extensions of T to L;, (R™) and to
HCL, (R") denoted again by T such that

{T%) e, * L (6g R <> L1, (¢q, R") and
Q .
{T%} ey, 1 HOLp (6 . RY) = HOLy(Cq, R").

(2) There are infinitely many linear and bounded extensions of T to L; (R™) denoted
again by T such that

Q .
{r }jeNo DL (g, R") < L, (6, R™).
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Proof We observe that T2 : D(R") — Lip(R"). Indeed, by the same arguments
as in [21, proof of Step 2 of Theorem 1.1, p. 8] we get the mapping properties
7% . W}; (R") — W,’j (R™) for Sobolev spaces which lead to the above assertion

by means of Sobolev type embeddings. Moreover, for Q € Loo(S"~!) it holds 7 :
L,;,R") — L,({,;,R") by [7]. Now we obtain TS . L;(Eq, R") — L;,(Zq, R™)
for @ € Loo(S"!) applying Theorem 4.3. Note that the dual of the extension of

799 1o L;, (R™) coincides with T on D(R") by the same arguments as in (19). 0

4.2.2 Alternative Approach Using Some Muckenhoupt Weights

The following alternative method due to Triebel [27, Sect. 2.5.3, Proposition 2.25,
Remark 2.26] yields extensions of Calderén—Zygmund operators which are bounded
in L', (R"). He studied the boundedness of T with Q € C'(S"~!). Here we general-
ize his approach to some non-convolution type Calderén—Zygmund operators. At first
we observe that Morrey spaces L; (R™) are continuously embedded into some Muck-

enhoupt weighted L ,-spaces. Recall that wy (1) = (1 + - |2)%, and that L ,(R", wg)
be the corresponding weighted L ,-space, normed as in (5).

Proposition 4.8 ([27, Proposition 2.10]) Let 1 < p < oo, —% <r<0-n<ap<
—n — rp. Then it holds

L;(R”) — Lp(we, R"). (20)

Proof Let f € L; (R™). Then (20) follows from
/]R | f () we (x)|Pdx

SC/ |f<x)|”dx+22f“”/ | (x)|Pdx
[x]=<1

2J <|x|<2/t1

j€Np
<é / FeolPd+ 3 ase«rsm | i (@)
[x]=<1 ;
Jj€eNo
14
<é| i, @)

m}

Theorem 4.9 Let 1 < p < 00, —% <r<0-n<p< —%. Let T be an operator
with domain D(R") satisfying

ITFIL2@®RY || < e | F1L@RD ||
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where the constant ¢ is independent of f € D(R™) and

(THY) = ;{I(l) K(y.2)f(z)dz 21

zeR2|y—z|>¢

almost everywhere for all f € D(R"), where the function K (-, -) defined R" x R" \
{(x, x) : x € R"} satisfies the conditions |K (x, y)| < c2|x — y|™" and

lx —x/)°
(Ix =y + [x" — ypr+s’

whenever 2|x — x'| < max(|x — y|, |x" — y]),

IK(x,y) = K&\ »l<e

ly —y'°
(Jx =yl + |x — y'n+s’
whenever 2|y — y'| <max(jx — y|, |x — y'|).

IK(x,y) = K@, ) <e

Then the following statements hold true.
(1) There are linear and bounded extensions of T to L;, (R™).

(2) There is an unique linear and bounded extension of T to L;, (R™) and to
HOL,(R").

Proof By [11, Corollary 9.4.7] there is an unique linear and bounded extension T

Q:f T to Lp(wg, R") with —n < a p < n(p — 1). Therefore, Proposition 4.8 yields
T : L;, (R") < L ,(wg, R"). We have even

/ K(y,2) f(z)dz
zeR™ |y—z|>e

by [11, Theorem 9.4.6]. Together with (21) we see that

sup t Lp(we, R") = L,(wye, R")

e>0

(T f)(y) = lim K(y,2)f(2)dz
N0 JzeRn |y—z|>e

almost everywhere for all f € L,(wq, R") by [11, Theorem 2.1.14]. Now (16) holds
forall f € L', (R") with y ¢ supp f. As in Step 1 of the proof of Theorem 4.3 we

obtain T : L;, (R™) — L; (R™) that is Assertion (1). In particular, T: L; (R™") —
L; (R™). For « = 0 by [11, Corollary 9.4.7] we have especially

for all f € D(R") where the constant ¢ does not depend on f. Hence, T : D(R") —
L,/ (R"). Because of the embedding L_,,,(R") < L;, (R™) and the density of

D@R")in L_,;,(R") we even have T : D(R") — Z;, (R™). Indeed, let f € D(R").

e

=]l
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Then Tf € L_,;-(R") and thus there is a sequence of functions of D(R") which
tends to T'f in L_,/,(R") and hence in L;) (R™) which shows T'f € L; (R™). Thus,

T : L;, (R") — L;, (R™). The adjoint kernel of K(x,y) given by K (y, x) also
satisfies the required assumptions on the kernel. Hence, its corresponding operator is
also bounded in L ,(IR") (cf. [11, Definition 8.1.2]) but its dual coincides by the same
arguments as in Step 3 of the proof of Theorem 4.3 with the operator T (with the
kernel K (x, y)) on D(R™) which implies Assertion (2).

Remark 4.10 Let us point out that for this method the embedding of L), (R") in some
Muckenhoupt weighted space is crucial for extending the domain of the considered
Calderén—Zygmund operators to L', (R"). Recall the fact that the Hilbert transform
is acting in L, (wq, R") if, and only if, w, is a Muckenhoupt weight. Moreover, we
needed

THo =lim | - KOS

almost everywhere for all f € L', (R"). This is a rather deep result in comparison
to the L ,-boundedness which we require in Theorem 4.3. Finally, let us emphasize
again that the extension in Part 1 is by no means unique.

4.3 Vector-Valued Maximal Inequalities and Maximal Calderén-Zygmund
Operators

Definition 4.11 We define maximal Calderon—Zygmund operators with homoge-
neous kernels with degree —n by setting

/ Q(z/lzl)f(y_z)GlZ
lz|ze

Q =
(T2 f) (y) = sup B

>0

where f € U<, Lp(R")and 2 € Loo(S"1) with zero integral and S"~! denotes
the unit sphere. As usual, the Hardy-Littlewood maximal operator M is given by

(Mf)(y) = sup |f(2)ldz,  feLP(R").

>0 |BRO)I JBr(»)

Remark 4.12 If f € Ul§p<oo L,(R") then

/ Q(Z”Z')f(y—z)dz‘
|z|>¢

|z|"

is bounded for each ¢ > 0 and y € R" by Holder’s inequality. Hence (T*Q ) is
well-defined for all y € R”, but might be infinite.
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Corollary 4.13 Let 1 < p < o0, —% <r<0-n<p< —%, 1 < g < oo. Then
(M} jen, : L)) (6g. R") <> L (£, R") and
{M}jen, : L), (£g, R") = L, (L4, R"). (22)
Moreover, if Q € cl(8" Y, then
T2 : L, (R") < L), (R") and TP :L), (R") < L) (R"). (23)

Proof At first we show that M : D(R") — Lip(R"). Let f € D(R") and f;,(-) =
f(+ h) for h € R". By sublinearity of M we obtain

Mfy=M(f—f+f)<M(fp — f)+Mfand |Mf, — Mf| < M(f, — f).

It follows that

|((Mf)(x +h) = (Mf)O)] = [(Mfr)(x) = (Mf)x0)| < [M(frn — )]x)
< Lh,

where L is the Lipschitz constant of f and x € R" (we even showed M : Lip(R") —
Lip(R") with the arguments due to [15, Remark 2.2]). A version of Cotlar’s inequality
leads to the estimate

(T2 )(x) < c(@MAT FDIx) + (Mf)(x)

for x € R" (cf. [8, Lemma 5.15]). As above we obtain

(T2 f)(x +h) — (TE )] = [(TE f)(x) — (T2 L)) < [TE(fn — 1.

Together with T7¢ . D(R") — Lip(R") (cf. proof of Corollary 4.7) it follows from
M : Lip(R") — Lip(R") also that T*Q : D(R") — Lip(R"). Moreover, we claim that
(16) holds also for M. Indeed, let f € D(R") with y ¢ supp (f). Then there exists an
i € Z such that B,i (y) Nsupp f = . Let fi= XB,j+1()\B,; (o f for j > i. Hence,

((Mf)(y)] < sup | f(2)ldz
R>0

0]

1
sup
Z R>0 |BR(y)|

[BROY)I JBr(y)

. > 1 )
If’(Z)IdZSE : / |f7(2)|dz
o |Byi (V)| Jre

Br(y)

e¢]

o0
Z Z
CZ/ |f§~n)|dZ§C/Z/ [f( )Indz
BB, » 2 By onBy o 1y 2l

:c// [f(2)] d.
Re |y —z|"
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Now Theorem 4.3 implies the existence of unique continuous and bounded extensions

of M to L;(Zq, R"™) and of T*Q to L; (R™). Since (16) also holds for M and all
fe L; (R™) in place of all f € D(R"™) we achieve at (22) as in Step 1 of the proof

of Theorem 4.3. Moreover, T,f2 is also well-defined on L, (wy, R") if —n < a p <
n(p — 1) by [11, Theorem 9.4.6] (and not only on U1§p<oo L ,(R"™)) and hence on

L; (R™) by Proposition 4.8. Thus, (16) also holds for T*Q andall f € L’p (R™) in place
of all f € D(R™). This yields (23). O

4.4 Fourier Multipliers
4.4.1 Multipliers Generated by Characteristic and Smooth Functions
Corollary 4.14 Let 1 < p <00, =2 <r <0, -n<po < —2,1 < q < oo. Let

{1} jeN, be a sequence of intervals on the real line, finite or infinite, and let {S}; be
the sequence of operators defined by

(S;i )€ =x;,E f&). feDR), &eR.
Moreover, let ¥ € S (R") with ¥ (0) = 0. We define
Vi) =y Qg and (S;f)'=;f for je€Z EeR", feS®R.

Then the following statements hold true.

(1) There are unique linear and bounded extensions of S; to L;, (R™) and to
HECL,(R") denoted again by S; and satisfying the mapping properties

{Sj}jeNo 1L, (6g, R) — L (¢4, R) and
{Sj}jeNO : HQLP/(g ) R) — HQLP’(E(/,R)

(2) There are infinitely many linear and bounded extensions of S to L; (R™) denoted
again by S; such that

{S,-}jGNO DL (g, R) > L (L4, R).
(3) We have the mapping properties
5,0 ot 0,
{57]} z : HQL[,/(Eq,’R”) PN HQLp/(ﬂq/,Rn),
je
and

{ j}jEZ LLT (0 RY) > LT (6, R
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Here we used the notation £, = £,(Z).

Proof Part (1) and part (2) are consequences of Theorem 4.3 (see also Corollary
4.7). The required L ,({,, R")-boundedness follows from [8, Corollary 8.2]. Alter-
natively, it suffices the L, (£;, R")-boundedness of the Hilbert transform (H f)(y) =

Llimeno || L84z, f e SR") (seee.g., [10, Corollary 4.6.3]) This can be seen

. z—ylze y—z
using the formula

i
Sifj =5 (M, HM—q; f; = Mp; HM, f;)

where I; = (aj, b;) (with the obvious modifications if the interval is unbounded) and

where M, f(-) = 2@ f(-) [8, (3.9)]. Now the desired result follows from Theorem

4.3 (for n = 1) taking into account also that the dual of the extension of the multiplier

generated by —/; coincides with §; on D(R") by the same arguments as for (19).
Moreover, we observe that

{51} tLp(8y,R") < L,(€,,R") . 24)
JEZ

This follows, for example, from [8, (8.1), p. 158]. The needed Hormander condition
is fulfilled by (26). Indeed, we have

C
H {|ij(x)|}j‘z2H S T FER 25)

(cf. [8, p. 161]). Holder’s inequality yields

1

1 3
[Wj(x —y) = W;0)] < |yl (/0 (VW) (x — ty)lzdt)

and furthermore using (25)
1 5 i
Hwjx —y) = v} e < Iyl (/0 v ) —t9)| 162 dt)

Iyl
|x|”+1

(26)

for x| > 2|y|. Using (24) we find {S,} Lt Ly R < L (¢, R") and
je
{S}}jez : HOL,y(Ly,R") < HCL,({,,R") by means of Theorem 4.3. Here

we have to show_ that in Harticular assumption (16) is fulfilled. If U = Y and
Wi() = 2/"W(2/.), then ¥; = wj~and Sif =W¥jx f e C°R"N SR by
L, R") — S’(R"). In particular, S; f = W; * f makes sense pointwise for all
f e L;, (R™). Furthermore,
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Z|‘I’j*f(x)|2 /If(y)l S w0— .

JEZ jeZ
SC/ [f DI dy
R lx =y

forallx € R" andall f € L7, (R") with x ¢ supp (f) where H{w; O} 12| < cl- 17"
(cf. [8, p. 161]). This implies (16). We note that dual of the extension of the multiplier
of ¥j(—-) coincides with §; on D(R") by the same arguments as for (19). Hence,

[§j]jez tHOL,(ly,R") < HPL,(fy,R").
We obtain
[5), 0y 20 = 505

with the same norm estimates as in Theorem 4.3. Hereby we emphasize that the
operator S is well-defined on S’ (R"), in particular on L; (R™). Moreover, (16) holds
for f € L; (R™) in place of f € D(R"). m|

Remark 4.15 The vector-valued Fourier multiplier assertion proved Corollary 4.14
paves the way to introduce predual Morrey versions H?Aj,  (R") of the Besov—
Triebel-Lizorkin spaces Aj,  (R"). In particular it implies the independence of
admitted resolutions of unity. One replaces the L ,(R")-norm in the definition of

(R") by the H¢L ;y (R")-norm in order to define H® AS (R”) The vector-valued
Fourler multiplier assertlon in Corollary 4.14 is also the key 1ngred1ent to obtain as in
[25, Sect. 2.3.3] the density of S(R") in H® Ajw (R™). Moreover as in [25, Sect. 2.11.2]
one can show using our vector-valued duality assertions (Theorems 3.1 and 3.3) also
that the dual of H QA;;Tq,(]R") is L’A‘;’ q(]R") and furthermore that the dual of the
completion of S(R") with respectto L” AS (R") is H QA_S /(R”) Here L" A S (R")
stands for the morreyfied versions of Afy q(R”) which are deﬁned by replacmg the

L ,(R™)-norm in the definition of A (R”) by the Lr (R™)-norm.

Moreover, in the one-dimensional case (n = 1) Corollary 4.14 implies also
Lizorkin representations of the Triebel-Lizorkin—Morrey spaces. L" A}, , (R) (cf. [25,
Sect. 2.5.4]) using in addition Nikol’skij inequalities for Morrey spaces published in
[20, Theorem 2.2.9, Theorem 2.2.20]. We want to mention that the spaces L” A;, q (R™)
are studied, in particular, in [13,19,20,26,29].

4.4.2 Strongly Singular Integrals
Definition 4.16 Let 0 < b < 1 and let ¢ be a smooth cut-off function with ¢ = 1 on

{l€] > 1}and ¢ =0 on {|§| < 1/2}. If f € S(R"), then we define strongly singular
integrals as
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i1’ . :
M@ = [ el feen e
(cf. [23, p. 192]).

Corollary 4.17 Let 1 < p <00, -2 <r <0, -n <o < —% and let q € [p, 2]
for p <2andq € [2, p] for p > 2. Then the following statements hold true.

o
(1) There are unique linear and bounded extensions of Tp to L;} R™) and to
HCL, (R") denoted again by T), and satisfying

(T} jeny © Ly (6q. BRY) <> L (¢4, R") and
{Tb}jeNo : HQLp’(Zq” Rn) — HQLp’(Zq/a Rn)

(2) There are infinitely many linear and bounded extensions of Ty, to L; (R™) denoted
again by Ty, such that

{Th}jen, : L), (Lg, R") — L, (¢4, R").

Proof Ty satisfies (16) by [23, p. 192], see also [8, Chapter 5, Sect. 6.8]. The strongly
singular integrals 7} are bounded on L, (R"), 1 < p < oo, by [8, Sect. 6.8] and the
references given there. Moreover, T : W’; (R") — W’; (R™) for all k£ € N using the
lift operator (which is the Fourier multiplier corresponding to (14| -|?)?/? foro € R)
and, in particular, it follows that T, f € C* for f € D(R") by well-known Sobolev
embeddings. Having in mind Remark 4.4 we obtain the assertion by Theorem 4.3. O

4.4.3 Bochner—Riesz Multipliers

Definition 4.18 Let & > 0 and let f € S(R"). We define Bochner—Riesz multipliers
as

(B f)(x) = /

Aoa .
(1-1P)" @t
1§11

It is well-known that B* f can be reformulated as

Jnja4aQmlx — yl)

A _ .
(B*f) (x) = clim P~y

ENO Sy —y|ze

JS(ydy 27)

where J, stands for the Bessel function (cf. [8, Lemma 8.18] or [10, (10.2.1)]).

Corollary 4.19 If 1 > (n — 1)/2 then the statements of Corollary 4.17 hold with B*
in place of Tp.
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Proof Let A = (n — 1)/2 be the critical index. Using (27) as well as the estimate
I (Ix]) < c|x|_1/2 (see e.g., [10, Appendix B.6]) we see that B” satisfies (16).
The L ,-boundedness of B* at the critical index for 1 < p < oo is known (cf. [8,
Theorem 8.15]). We also have B* : D(R") — Lip(R") by the same arguments as in
[21, proof of Step 2 of Theorem 1.1, p. 8] taking into account the convolution structure
of B*. Thus the assertion for A = (n — 1)/2 is a consequence of Theorem 4.3. Let
A > (n —1)/2. Then |(B” f)| can be dominated pointwise by the Hardy-Littlewood
maximal function M f for f € D(R") (cf. [10, Exercise 10.2.8]). Hence,

where ¢ does not depend on { f; 7020 € L,(¢q, R") with f; € D(R") for all j. As
above we have B* : D(R") — Lip(R"). As in the proof of Theorem 4.3 we find an
unique extension of B* denoted again as B* such that

| B i1 e R

| =c| Ly, rY

B* : L), (44, R") — L' (€4, R").

Hereby, we mention that the constant in (18) is allowed to depend on the fixed sequence
of functions. The proof of the reaming parts of the corollary for A > (n — 1) /2 follows
the same lines as in the proof of Theorem 4.3. O
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