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Abstract We illustrate the composition properties for an extended family of SG
Fourier integral operators. We prove continuity results on modulation spaces, and
study mapping properties of global wave-front sets for such operators. These extend
classical results to more general situations. For example, there are no requirements on
homogeneity for the phase functions. Finally, we apply our results to the study of the
propagation of singularities, in the context of modulation spaces, for the solutions to
the Cauchy problems for the corresponding linear hyperbolic operators.
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1 Introduction

In [26], global wave-front sets with respect to convenient Banach or Fréchet spaces
were introduced, and global mapping properties of pseudo-differential operators
of SG-type were established in terms of these wave-front sets (see, e.g. [14,16,18,
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19,25-27,38,40]). For any such Banach or Fréchet space 5 and tempered distribution
f, the global wave-front set WEg(f) is the union of three components WFz(f),
m = 1,2,3. The first component (for m = 1) describes the local wave-
front set which informs where f locally fails to belong to B, as well as the
directions where the singularities (with respect to B) propagates. The second
and third components (for m = 2 or m = 3) inform where at infinity the
growth and oscillations of f are strong enough such that f fails to belong
to B. We remark that WE' (f), WF%,(f) and WF3,(f) agree with WF};( ),

WEF,(f) and WFg,f( f), respectively, in [19]. Note also that for admissible B,
these wave-front sets give suitable information for local and global behavior, since
f belongs to B globally (locally), if and only if WFg(f) = ¢ (WFg(f) =
7).

It is convenient to formulate mapping properties for pseudo-differential operators
of SG-type in terms of SG-ordered pairs (53, C), where 5 and C should be appropriate
target and image spaces of the involved pseudo-differential operators. (Cf. [26].) More
precisely, the pair (13, C) of spaces 13 and C containing . and contained in ., is called
SG-ordered with respect to the weight wy if the mappings

Op(a) : B—C, Op®b)*:C— B,
Op(c) : B— B and Op(c):C—C (1.1)

are continuous for every a € SG@0, b € SG1/®) and ¢ € SG*O. If it is only
required that the first mapping property in (1.1) holds, then the pair (B, C) is called
weakly SG-ordered. Here SG®, the set of all SG-symbols with respect to w, belongs
to an extended family of symbol classes of SG-type. We refer to [19] for the definition
of (also classical) SG-symbols. We notice that (1.1) is true also after Op(b) is replaced
by its adjoint Op(b)*, because Op(SG®)* = Op(SG'*).

Important examples on function and distribution spaces which give rise to SG-
ordered pair are the Schwartz space, or the set of tempered distributions. An other
important example appears when these spaces are suitable modulation spaces, a family
of function and distribution spaces, introduced by Feichtinger in [29] and further
developed in [30,31] by Feichtinger and Grochenig. More precisely, in [26] it is
noticed that (., .%) and (.%¥/, .#’) are SG-ordered pairs, and for any weight w and
any modulation space B, there is a (unique) modulation space C such that (B, C) is
an SG-ordered pair with respect to w. In particular, the family of SG-ordered pairs
is broad in the sense that 3 can be chosen as a Sobolev space, or, more general,
as a Sobolev—Kato space, since such spaces are special cases of modulation spaces.
Moreover, if SG® is a classical symbol class of SG-type and B is a Sobolev—Kato
space, then C is also a Sobolev—Kato space.

For any SG-ordered pairs (B, C) with respect to w, it is proved in [25,26] that the
wave-front sets with respect to B and C posses convenient mapping properties. For
example, if f €. anda € SG@, then (1.1) is refined as

WF¢(Op(a) f) € WEB(f),
ie, WFZ(Op(a)f) C WFR(f), m=12,3, (1.2)
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and that reversed inclusions are obtained by adding the set of characteristic points
to the left-hand sides in (1.2). In particular, since the set of characteristic points is
empty for elliptic operators, it follows that equalities are attained in (1.2) for such
operators.

In this paper we establish similar properties for Fourier integral operators. More
precisely, for any symbol a in SG® for some weight w, the Fourier integral operator
(or FIO) Op,, (a) is given by

f = Op,@ ) = @m) /R e, ) ) de,
and its formal L?-adjoint by

F i ©Op@ i) = @ [ 0G0 6 ) dys,

The operator Opy,(a) = Op,(a)* is here called Fourier integral operator of type I,
while Op,, (a) is called a Fourier integral operator of type I, with phase function ¢ and

amplitude (or symbol) a. The phase function ¢ should be in SGH and satisfy

(pr(x,8)) = (§) and (gL (x,8)) = (x). (1.3)

Here and in what follows, A < B means that A < B and B < A, where A < B
means that A < ¢ - B, for a suitable constant ¢ > 0. Furthermore, ¢ should also fulfill
the usual (global) non-degeneracy condition

| det(¢fe (x, &) > ¢, x,& €RY,

for some constant ¢ > 0.

In Sect. 4, the notion on SG-ordered pair from [26] is reformulated to include such
Fourier integral operators, where the operators Op(a) and Op(b)* in (1.1) are replaced
by Op,(a) and Op,, (b)*, respectively, and takes into account the phase-function
®.

In order to establish wave-front results, similar to (1.2), it is also required that
the phase functions fulfill some further natural conditions, namely, that they preserve
shapes in certain ways near the points in the phase space T*R¢ ~ R?? (see Sect.5).
In fact, the definitions of wave-front sets of appropriate distributions are based on
the behavior in cones of corresponding Fourier transformations, after localizing the
involved distributions near points or along certain directions.

In order to explain our main results, let ¢ be the canonical transformation of T*R?
generated by ¢, and consider an elliptic Fourier integral operator Op,,(a) with ampli-
tude a € SG_ If (B, C) are (weakly) SG-ordered with respect to wp and ¢ (see
Sect. 4 for precise definitions), then, under some natural invariance conditions on the
weight wo,
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WFc(Opy(a) f) = ¢(WFB(f)). (1.4)

A similar result holds for Opj,(a) f, namely

WF5(0p;;(a) ) = ¢~ (WF&(/)), (1.5)

when Op(’; (a): C — B, witha (in general, different) couple of admissible spaces
5, g, and the inverse qb_l of the canonical transformation in (1.4). More gen-
erally, by dropping the ellipticity of the amplitude functions, with ¢ € SG@!),
b € SG'? (By, Cy, Ba, C>) being SG-ordered with respect to w1, w and ¢, we show
that

WF¢, (Op,(a) f) € ¢(WFp, (f)*" (1.6)

and

WEp, (0ps (b)) € ¢~ (WFe, (f)*", (1.7)

provided the phase function ¢ additionally fulfills conditions similar to those in
Kumano-Go [36]. In (1.6) and (1.7), we denoted by W™ the union of the small-
est m-conical subsets which include the three components W,,,, m € {1, 2, 3}, of W
(see [36] and Sect. 5 below).

Notice that the required conditions on the phase function are automatically satisfied
by all the phase functions arising from the short-time solutions to hyperbolic Cauchy
problems in the SG-classical context, see [14,15,17,18]. We then apply our results to
describe the propagation of singularities from the initial data to the solutions to such
SG-hyperbolic Cauchy problems.

The results above are based on comprehensive investigations of algebraic and
continuity properties of the involved Fourier integral operators. A significant part
of these investigations concern compositions between Fourier integral operators of
type I or II, with pseudo-differential operators. This is performed in [24], where it
is proved that for any Fourier integral operators Op,,(a) and Op:f7 (b) with a, b €
SG@ | and some p € SG@2) | then, under suitable invariance conditions on the
weights,

Op(p) o Op,(a) = Op,(c1) mod Op(By),
Op(p) o Opy,(b) = Op,,(c2) mod Op(By),
Op,(a) o Op(p) = Op,(c3) mod Op(Bo)
Opy, (b) 0 Op(p) = Op,(c4) mod Op(Bo),

for some c; € SG@o.j), Jj = 1,...,4, and suitable weights wg ;. Here Op(Bp) is
a set of appropriate smoothing operators, depending on the symbols and the phase
function. Furthermore, if @ € SG@V and b € SG@?), then it is also proved that
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Op (b) o Op,(a) and Op,(a) o Opy(b) are equal to pseudo-differential operators
Op(cs) and Op(cg), respectively, for some cs,cq € SG@o.j) j = 5,6. We also
present asymptotic formulae for ¢, j =1, ..., 6, in terms of a and b, or of a, b and
p, modulo smoothing terms. The extensions of the calculus of SG Fourier integral
operators developed in [16] to the classes SG%)), introduced and systematically used
in [25-27], is recalled in Sect. 3.

The formulae (1.4)-(1.7), given by the calculus recalled in Sect.3, also rely
on certain asymptotic expansions in the framework of symbolic calculus of SG
pseudo-differential operators, as well as on continuity properties for SG-ordered
pairs.

The first of the above two points concerns making sense of expansions of the
form

a ~ E aj,

in the framework of the generalised SG-classes SG(‘UU). The ideas are similar
to the corresponding properties in the usual Hormander calculus in Sect.18.1
in [35]. For this reason, in [22] we have established properties of asymptotic
expansions for symbols classes of the form S(m, g), parameterized by the weight
function m and Riemannian metric g on the phase space (cf. Sect.18.4 in [35]).
Note here that any SG-class is equal to S(m, g) for some choice of m and g,
and that similar facts hold for the Hormander classes S[’) The results therefore
cover several situations on asymptotic expansions for pseudo-differential opera-
tors.

With respect to the second point above, we study in Sect.4 some specific spaces
which are SG-ordered or weakly SG-ordered. For example, we present necessary
and sufficient conditions for the involved weight functions and parameters, in order
for Sobolev—Kato spaces, Sobolev spaces and modulation spaces should be SG-
ordered or weakly SG-ordered. A direct proof of the continuity from LZ(R?) to
itself of SG Fourier integral operators with a uniformly bounded amplitude (that
is, the amplitude is of order 0O, O, or, equivalently, the weight w is bounded), sim-
ilar to the one given in [16], can be found in [24]. Moreover, taking advantage of
the calculus developed in [24], recalled in Sect.3 for the convenience of the reader,
and relying on results in [13,34], we prove that our classes of SG Fourier integral
operators are continuous between suitable couples of weighted modulation spaces
(M, (R, M, (RY)).

Finally, in Sect.5 we prove our main propagation results and illustrate their appli-
cation to Cauchy problems, for SG-hyperbolic linear operators and first order systems
with constant multiplicities. In view of the mapping properties proved in Sect.4, we
observe that such problems are “well-posed with a loss of regularity” when considered
in the environment of Lebesgue and modulation spaces, differently from other known
situations, see, e.g, Bényi et al. [2], Cordero and Nicola [12], Wang and Hudzik [45]
and the references quoted therein.
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2 Preliminaries

We begin by fixing the notation and recalling some basic concepts which will be
needed below. In Sects. 2.1-2.4 we mainly summarize parts of the contents of Sect. 2 in
[24,26,27]. Some of the results that we recall, compared with their original formulation
in the SG context appeared in [16], are here given in a slightly more general form,
adapted to the definitions given in Sect.2.3.

2.1 Weight Functions

Let w and v be positive measurable functions on R?. Then w is called v-moderate if
o(x+y) S o)v(y) 2.1

If v in (2.1) can be chosen as a polynomial, then w is called a function or weight of
polynomial type. We let Z2(R%) be the set of all polynomial type functions on R?.
If w(x, &) € Z(R>*?) is constant with respect to the x-variable or the £-variable,
then we sometimes write w (&), respectively w(x), instead of w(x, &), and consider
o as an element in Z(R%*) or in Z(R%) depending on the situation. We say that
v is submultiplicative if (2.1) holds for @ = v. For convenience we assume that all
submultiplicative weights are even, and v and v; always stand for submultiplicative
weights, if nothing else is stated.

Without loss of generality we may assume that every w € Z(R?) is smooth and
satisfies the ellipticity condition 0%*w/w € L. In fact, by Lemma 1.2 in [41] it
follows that for each w € Z2(R9), there is a smooth and elliptic wg € Z(R?) which
is equivalent to w in the sense

w < wg. 2.2)

The weights involved in the sequel often have to satisfy additional conditions. More
precisely letr, p > 0. Then &, p(de) isthe setofall w(x, &) in Z(R%?) N C®(R24)
such that

009l w(x. £)

oo m2d
) e L (R"), 2.3)

(x)rla\ (g)/)lﬂ\

for every multi-indices « and 8. Any weight v € &, p(RZd ) is called SG-moderate
on R of order r and p. Notice that &, , is different here compared to [25], and
there are elements in W(RM) which have no equivalent elements in &7, p(RZd). On
the other hand, if 5,7 € Rand r, p € [0, 1], then &, p(de) contains all weights of
the form

O, (x, §) = (x)"(§)", 2.4

which are one of the most common type of weights.
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It will also be useful to consider SG-moderate weights in one or three sets of
variables. Let v € Z(R3) N C®(R3), and let ry, rp, p > 0. Then w is called SG
moderate on R34, of order ry, r and p, if it fulfills

0510320  w(x1. x2. £)

L®(R3).
oG b o E R

(xp)1 loer | <x2>r2|0{2| @-)Plﬁl

The set of all SG-moderate weights on R34 of order r{, r» and p is denoted by
Py o p(R3d). Finally, we denote by 2, (R?) the set of all SG-moderate weights
of order r > 0 on RY, which are defined in a similar fashion.

2.2 Modulation Spaces

Let ¢ € .(R?). Then the short-time Fourier transform of f € ¥ (R?) with respect
to (the window function) ¢ is defined by

Vo f(x,8) = @m)~*? /R ST —0e 0 dy. @5)

More generally, the short-time Fourier transform of f € y’(Rd) with respect to
¢ € & (R?) is defined by

(Vo f) = FoF, where F(x,y) = (f®¢)(y,y—x). 2.5/
Here .%, F is the partial Fourier transform of F(x, y) € .’ (R??) with respect to the

y-variable, and the Fourier transform .% is the linear and continuous map on .’ (Rd)
which takes the form

(Z1)E) = f&)

/ F)e 8 gy
Rd

when f € L' (Rd). We refer to [32,33] for more facts about the short-time Fourier
transform. To introduce the modulation spaces, we first recall that a Banach space 4,
continuously embedded in LlloC (RY), is called a (translation) invariant BF-space on
R¢, with respect to a submultiplicative weight v € 22 (R?), if there is a constant C

such that the following conditions are fulfilled:

(1) ZR?Y) € B < .7 (R?) (continuous embeddings);
(2) ifx e R?and f € A, then f(- — x) € A, and

If( =Dz < Co(x)|fllz: (2.6)

B)iff,ge Llloc(Rd) satisfy g € # and | f| < |g| almost everywhere, then f € #
and

Ifllz = Cliglla:
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(4) if f € Zand ¢ € C(R?), then f * ¢ € %, and
If* el < llel 11 (2.7)

The following definition of modulation spaces is due to Feichtinger [30]. Let 4 be
a translation invariant BF-space on R?? with respect to v € Z(R*?), ¢ € .7 (R)\0
and let w € 2(R*) be such that  is v-moderate. The modulation space M (w, $)
consists of all f € Z'(R?) such that Vo f - @ € 9. We notice that M (w, ) is a
Banach space with the norm

Iflm@,.2) = 1Ve feollz 2.8)

(cf. [31]).

Remark 2.1 Assume that p, g € [1, 0o], and let L} (R??) and L4*¥ (R??) be the sets
ofall F € L} (R*?) such that

1/q

q/p
IF 1l pa E(/ (/IF(x,S)Ide) dé) <00

and

p/a /p
IFl 0 z(/ (/IF(x,é)lqdé) dx) <o

(with obvious modifications when p = 0o or ¢ = o00). Then M(w, LY (R?*)) is
equal to the classical modulation space M(’:;;I (Rd), and M (w, Lg ’q(RZd)) is equal
to the space W(I;)q (Rd ), related to Wiener-amalgam spaces (cf. [29-31,33]). We set
M(’;) = M{;;f = W(’;’)p. Furthermore, if w = 1, then we write MP4, MP and WP-4
instead of M{;|, M( and W[ ¥ respectively.

Remark 2.2 Several important spaces agree with certain modulation spaces. In fact,
lets,o € R.If w = B 5 (cf. (2.4)), then M{, (RY) is equal to the weighted Sobolev
space (or Sobolev—Kato space) H(i S(Rd ) in [19,38], the set of all f € .7’ (RY) such
that (x)*(D)? f € L*(R?). In particular, if s = 0 (0 = 0), then M({U) (RY) equals
to H2(R?) (L2(R?)). Furthermore, if instead w(x, &) = (x,&)" = ((x, £))*, then
M (2w) (R?) is equal to the Sobolev—Shubin space of order s. (Cf. e. g. [37]).

2.3 Pseudo-differential Operators and SG Symbol Classes

Leta € .7 (RZd), and ¢ € R be fixed. Then the pseudo-differential operator Op, (a) is
the linear and continuous operator on .#(R?) defined by the formula

(Op, (@) )(x) = 27)™ / / IR (1 = x4 1y, ) F() dydE (2.9)
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(cf. Chap. XVIII in [35]). For general a € .’ (R24), the pseudo-differential operator
Op; (a) is defined as the continuous operator from . R to.’ (Rd) with distribution
kernel

Kia(x,y) = Q)" V2(F5 'a) (1 = Hx + 1y, x — y). (2.10)

If t = 0, then Op, (a) is the Kohn—Nirenberg representation Op(a) = a(x, D), and if
t = 1/2, then Op, (a) is the Weyl quantization.

In most of our situations, a belongs to a generalized SG-symbol class, which we
shall consider now. Let m, u, r, p € R be fixed. Then the SG-class SGZl,’)“ (R2d) is the
set of all a € C*®°(R?) such that

ID,‘nga(x, £)| < (x)ynrlalgyn—rlBl

for all multi-indices « and 8. Usually we assume thatr, p > O and p +r > O.

More generally, assume that @ € &, p(RZd). Then SG%) (R*) consists of all
a € C®(R%) such that

ID2Dlax, &) S w(x, £)(x) " E) P x £ e R, 2.11)
for all multi-indices o and 8. We notice that
SG(R*) = S(w, gr.p). (2.12)
when g = g, , is the Riemannian metric on R, defined by the formula
(81.0) (g O ) = )1l + () =181 (2.13)

(cf. Sect.18.4-18.6 in [35]). Furthermore, SG\*) = SG/"J* when @ = ¥, (see
(2.4)).

For conveniency we set

SG(pa)ﬁ—oo,O) (de) — SG’(’TOI?—OO,O) (R2d) = ﬂ SG’(.T‘;;?—N,O) (de)’
N>0

SG'(Awﬁ(),foc)(RZd) — SG}(/fl;)ﬁO,foo)(de) = m SGgf‘;)ﬁO,fN) (de)’
N>0

and

SG(C()Z?,OO,,DO) (R2d) — SGf.fl;)ﬁ—oo,foo) (de) = ﬂ SGf.fl;)ﬂ—N,fN) (de)
N=0

We observe that SG%;LC"”O) (R%?) is independent of r, SGSL;,Z?O‘ ~c0) (R??) is independent

of p, and that SG%&_“‘_”) (R2d) is independent of both r and p. Furthermore, for any
X0, &0 € R? we have
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SG" 2 R = SGTV RM), when wo(§) = w(x0, §),
G (RY) = SGI™" ) (R2), when wp(x) = w(x. &),

and
SG(wﬂioo’ 700) (R2d) — <y(I{Zd) X

The following result shows that the concept of asymptotic expansion extends to the
classes SG%;,) (R2?). We refer to [22, Theorem 8] for the proof.

Proposition 2.3 Let r, p > 0 satisfy r + p > 0, and let {s;};j>0 and {0} ;>0 be

sequences of non-positive numbers such that lim;_, s; = —o00 when r > 0 and
sj = 0 otherwise, and lim; , 0; = —00 when p > 0 and o; = 0 otherwise. Also
letaj € SGifL;f)(de), Jj=0,1,.., wherew; = w - z?sj,gj. Then there is a symbol

ace SG%)) (R*) such that

N
a—>> aj eSG RY). (2.14)
=0

The symbol a is uniquely determined modulo a remainder h, where

h e SGY" Y R™) when r >0,

h e SGW =) (R hen p >0,
h e SR*) when r>0,p>0. (2.15)

Definition 2.4 The notation @ ~ »_ a; is used when a and «a; fulfill the hypothesis in
Proposition 2.3. Furthermore, the formal sum

D 4j

j=0
is called an asymptotic expansion.

It is a well-known fact that SG-operators give rise to linear continuous mappings
from .7 (R9) to itself, extendable as linear continuous mappings from .#’(R%) to
itself. They also act continuously between modulation spaces, and in some situations
between suitable Sobolev spaces H! (R¢) and Lebesgue spaces L” (R?). Here HY (RY)
consists of all f € ./ (R¥) such that (D) f € LP(R%), and LY (R?) consists of all
f e " (RY) such that (-)* f € LP(R?). We also define H/, (R?) as the set of all
f e . (R% suchthat (-)*(D)° f € LP(R?). Indeed, in the first one of the following
propositions, the first part is a special case of [44, Theorem 3.2], and the second part
follows from [8, Corollary 6]. (See also [26] for the first part and the proof of [34,
Theorem 3.1] for the second part.) The second proposition follows from [46, Theorem
10.7] or [28, Theorem 1.1]. The proofs are therefore omitted.
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Proposition 2.5 Letr, p > 0,1 € Rand wy € 2, p(RZd ). Then the following is true:

(1) ifa € SGﬁwO)(RZd), then Op, (a) is continuous from M (w, B) to M (w/wq, B),
P '
or every choice of w € & (R2d) and every translation invariant BF-space % on
fe ry ) ry P
R2d,'
(2) there exista € SGﬁwO) R*) and b € SGﬁl/wO)(RZd) such that for every choice o,
P 0
w € ZR>*?) and every translation invariant BF-space % on R*?, the mappings

Op,(a) : .ZRY — .ZRY), Op,(a): &' RY) - .7 (R?)
and
Op,(a) : M(w, B) - M(w/woy, B).

are continuous bijections with inverses Op; (D).

Proposition 2.6 Letr,p > 0,1t € R, p € (1,00) and s, o € R. Then the following is
true:

() ifu € Rand a € SGg:Z(de), then Op,(a) is continuous from HP(RY) to
Hop—u (Rd),‘

(2) ifm € Rand a € SG;'féo(de), then Op,(a) is continuous from LY (RY) to
Lffm (Rd),'

3) ifzz, uneR c;nd ae SGZl;)“ (R*), then Op, (a) is continuous from Hf,, (R%) to
H (R%).

S—m,o—[L

2.4 Composition and Further Properties of SG Classes of Symbols, Amplitudes,
and Functions

We define families of smooth functions with SG behaviour, depending on one, two or
three sets of real variables (cfr. also [21]). We then introduce pseudo-differential opera-
tors defined by means of SG amplitudes. Subsequently, we recall sufficient conditions
for maps of R? into itself to keep the invariance of the SG classes.

In analogy of SG amplitudes defined on R>¢, we consider corresponding classes
of amplitudes defined on R34, More precisely, for any m1, mo, u,ry,r2, p € R, let
SG}' 2 (R¥) be the set of all a € C> (R3) such that

102199200 a(x1, x2, )] < {ay)™ 1l gymaralenlgyu=rlfl - (2.16)

x1 Yx2

for every multi-indices a1, a2, 8. We usually assume rq, 72, p > Oand ri+ra+p > 0.
More generally, let 0 € 2, , ,(R3?). Then SGﬁﬁ‘f)rz, p(R3d) is the set of all a €
Cc*® (R3d) which satisfy

0192200 a(x, y, )] < @(x1, x2, &) (x1) 71N () T2zl ig) UL 2.16))

X1 x2 V&
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for every multi-indices o1, a2, B. The set SGSC;),),Z, p(R3") is equipped with the usual

Fréchet topology based upon the seminorms implicitly given in (2.16)'.
As above,
SGY),, = SGRIZ! when w(x1, x2,§) = (x1)™! (x2)" (§)".
Definition 2.7 Letr,r, p > 0,71+ 72+ p > 0,and leta € SG), ,(R3), where

® € Py 1. p(R3d ). Then the pseudo-differential operator Op(a) is the linear and
continuous operator from . (R?) to .7 (R?) with distribution kernel

Ka(x,y) = Qo) (7 a)(x, y, x — y).

For f € Z(RY), we have

Op(@) f)(x) = (27) / / (e, y, )£ () dyde.

The operators introduced in Definition 2.7 have properties analogous to the usual
SG operator families described in [14]. They coincide with the operators defined
in the previous subsection, where corresponding symbols are obtained by means of
asymptotic expansions, modulo remainders of the type given in (2.4). For the sake of
brevity, we omit the details. Evidently, when neither the amplitude functions a, nor
the corresponding weight w, depend on x>, we obtain the definition of SG symbols
and pseudo-differential operators, given in the previous subsection.

Next we consider SG functions, also called functions with SG behavior. That is,
amplitudes which depend only on one set of variables in R, We denote them by
SGﬁw) (RY) and SG” R, r > 0, respectively, for a general weight v € &2, (RY)
and for w(x) = (x)™. Furthermore, if ¢: R — R%, and each component
@i, j = 1,...,dp, of ¢ belongs to SGgw) (Rdl), we will occasionally write ¢ €
SGﬁw) (Rdl; Rdz). We use similar notation also for other vector-valued SG symbols
and amplitudes.

In the sequel we need to consider compositions of SG amplitudes with functions
with SG behavior. In particular, the latter will often be SG maps (or diffeomorphisms)
with SG%-parameter dependence, generated by phase functions (introduced in [16]),
see Definitions 2.8 and 2.9, and Sect. 3.1 below. For the convenience of the reader, we
first recall, in a form slightly more general than the one adopted in [16], the definition
of SG diffeomorphisms with SG%-parameter dependence.

Definition 2.8 Let Q; C RY be open, 2 = Q X --- X Qr and let ¢ € C°°(R" X
Q; RY). Then ¢ is called an SG map (with SGO—parameter dependence) when the
following conditions hold:

(1) (¢(x,n)) =< (x), uniformly with respect to n € Q;

(2) forall a € Zd,,B = B1,..., B, Bj € th_j,j =1,...,k,and any (x,n) €
R? x Q,

5351 - a5k Ce )l < ) e ) AT ) T

Birkhduser



J Fourier Anal Appl (2016) 22:285-333 297

where n = (11, ..., nx) and n; € Q; for every j.

Definition 2.9 Let ¢ € C®(R? x Q;R?) be an SG map. Then ¢ is called an SG
diffeomorphism (with SG-parameter dependence) when there is a constant & > 0
such that

| det @, (x, )| > &, 2.17)

uniformly with respect to € Q.

Remark 2.10 The condition (1) in Definition 2.8 and (2.17), together with abstract
results (see, e.g., [3], page 221) and the inverse function theorem, imply that, for any
n € Q, an SG diffeomorphism ¢ ( - , n) is a smooth, global bijection from R to itself
with smooth inverse ¥ (-,7n) = ¢~ '(-,n). It can be proved that also the inverse
mapping ¥ (y, n) = ¢~ (y, n) fulfills Conditions (1) and (2) in Definition 2.8, as well
as (2.17), see [16].

Definition 2.11 Let r,p > 0, r +p > 0, ® € Z,,(R*), and let ¢, ¢1, ¢y €
C®(R? x R%; R?) be SG mappings.

(1) wis called (¢, 1)-invariant when

(@, m +n),§) S @@ x,nm), &),

for any x, & € RY, ni, N2 € R%, uniformly with respect to 1, € R%_ The set of
all (¢, 1)-invariant weights in &, p(RZd) is denoted by @5) })1 (R*);
(2) wis called (¢, 2)-invariant when

o, ¢E m+n) Sok, dE, n)),

for any x,§ € Rd, N, € R%, uniformly with respect to 1, € R% . The set of
all (¢, 2)-invariant weights in 2, ,(R2) is denoted by 22¢ 7 (R%);
(3) wis called (¢1, ¢po)-invariant if w is both (¢, 1)-invariant and (¢, 2)-invariant.

The setofall (¢1, ¢h2)-invariant weights in 2, ,(R4) is denoted by 22,492 (R2)

The next Lemma 2.12, proved in [24], shows that, under mild additional conditions,
the families of weights introduced in Sect. 2.1 are indeed “invariant” under composition
with SG maps with SG-parameter dependence. That is, the compositions introduced
in Definition 2.11 are still weight functions in the sense of Sect.2.1, belonging to
suitable sets &7, p(RZd ).

Lemma 2.12 Letr,p € [0,1],r+p >0, w € gzr,p(RM), andlet ¢ : RYxR?Y — RY
be an SG map as in Definition 2.8. The following statements hold true.

(1) Assume w € @‘f”pl(de), and set w1(x,&) = w(p(x,8),&). Then w; €
P (R,

2) Assume o € PLFRM), and set wy(x,§)
P, 1 (R,

w(x, P&, x)). Then wy €
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Remark 2.13 1t is obvious that, when dealing with Fourier integral operators, the
requirements for ¢ and w in Lemma 2.12 need to be satisfied only on the support of
the involved amplitude. By Lemma 2.12, it also follows that if a € SG(w) (R??) and

¢ = (1. ¢2). where ¢1 € SGy'{(R>) and ¢, € SG{"| (R) are SG maps with SG°

parameter dependence, then a o ¢ € SG(")O)(RM ) when wp := w o ¢, provided w
is (@1, ¢p2)-invariant. Similar results hold for SG amplitudes and weights defined on
R3d

Remark 2.14 By the definitions it follows that any weight v = ¥4, 5,0 € R, is
(¢, D-, (¢,2)-, and (¢, ¢2)-invariant with respect to any SG diffeomorphism with
SGY parameter dependence ¢, (¢1, ¢2).

3 Symbolic Calculus for Generalised FIOs of SG Type

We here recall the class of Fourier integral operators we are interested in, generalizing
those studied in [16]. The corresponding symbolic calculus has been obtained in [24],
from which we recall the results listed below, and to which we refer the reader for the
details. A key tool in the proofs of the composition theorems below are the results on
asymptotic expansions in the Weyl-Hormander calculus obtained in [22].

3.1 Phase Functions of SG Type

We recall the definition of the class of admissible phase functions in the SG context,
as it was given in [16]. We then observe that the subclass of regular phase functions
generates (parameter-dependent) mappings of R? onto itself, which turn out to be SG
maps with SG parameter-dependence. Finally, we define some regularizing oper-
ators, which are used to prove the properties of the SG Fourier integral operators
introduced in the next subsection.

Definition 3.1 A real-valued function ¢ € SG 1(R2d) is called a simple phase func-
tion (or simple phase), if

(pg(x,8) < (x) and (¢ (x,&)) = (§), (3.1

are fulfilled, uniformly with respect to & and x, respectively. The set of all simple phase
functions is denoted by §. Moreover, the simple phase function ¢ is called regular, if

‘det((p)’c’S (x,&))| = cforsomec > 0andall x,& € R, The set of all regular phases
is denoted by §".

We observe that aregular phase function ¢ defines two globally invertible mappings,
namely & — ¢ (x, §) and x gpé (x, &), see the analysis in [16]. Then the following
result holds true for the mappings ¢; and ¢, generated by the first derivatives of the
admissible regular phase functions.

Proposition 3.2 Let ¢ € §. Then ¢1: R — R?: x — 9L (x, &) and ¢ RY —
R?: & @L (x0, &) are SG maps (with SG? parameter dependence) from R to itself,
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for any xo, & € R If ¢ € §, ¢1 and ¢, give rise to SG diffeomorphism with SG°
parameter dependence.

For any ¢ € §, the operators ©®1 , and ©; ,, are defined by

(©1,,)(x,8) = f@;(x,8),8) and (O24,f)(x,&) = f(x, ¢, (x,§)),
when f € C 1(Rz”l), and remark that the modified weights

(01,,0)(x, &) = w(@;(x,§),&) and (O2,0)(x,§) = w(x, ¢ (x,§)), (3.2)

will appear frequently in the sequel. In the following lemma we show that these weights
belong to the same classes of weights as w, provided they additionally fulfill

O1,p0 < O yw 3.3)

when ¢ is the involved phase function. That is, (3.3) is a sufficient condition to obtain
(¢1, 1)- and/or (¢2, 2)-invariance of w in the sense of Definition 2.11, depending on
the values of the parameters r, p > 0.

Lemma 3.3 Let ¢ be a simple phase on R*?, r, p € [0, 1] be such that r = 1 or
p=1andlet®; 0, j = 1,2, be as in (3.2), where w € gzr,p(RZd) satisfies (3.3).
Then

Ojpwe PR, j=12.
In what follows we let

'a(x, &) =a(&,x) and (a*)(x,&) =a(&, x),

when a(x, &) is a function.

3.2 Generalised Fourier Integral Operators of SG Type

In analogy with the definition of generalized SG pseudo-differential operators, recalled
in Sect. 2.1, we define the class of Fourier integral operators we are interested in terms
of their distributional kernels. These belong to a class of tempered oscillatory integrals,
studied in [21]. Thereafter we prove that they posses convenient mapping properties.

Definition 3.4 Let v € @r,p(RZd) satisfy (3.3), r,p > 0, r +p > 0, ¢ € 5,
a,b € SG) (R¥).

(1) The generalized Fourier integral operator A = Op,, (a) of SG type I (SG FIOs
of type I) with phase ¢ and amplitude a is the linear continuous operator from
Z(R%) to .”(R?) with distribution kernel K 4 € .7’ (R??) given by

Ka(x,y) = Qu) Y2 (Fa(eCa)) (x, y);
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(2) The generalized Fourier integral operator B = Opj; (b) of SG type II (SG FIOs
of type II) with phase ¢ and amplitude b is the linear continuous operator from
Z(R?) to ./ (R?) with distribution kernel Kz € .#”/(R??) given by

Kp(x,y) = Qu)"2(Z; (e b)) (v, ).

Evidently, if f € ./ (Rd), and A and B are the operators in Definition 3.4, then

AF) = Op (@) = @my 2 [ 090y (F @ de. G
and

Bf (x) = Opy (b)u(x)

— ) / / D00 FTE f(y) dyde. (3.5)

Remark 3.5 In the sequel the formal (L?-)adjoint of an operator Q is denoted by Q*.
By straightforward computations it follows that the SG type I and SG type II operators
are formal adjoints to each others, provided the amplitudes and phase functions are the
same. That is, if b and ¢ are the same as in Definition 3.4, then Op; (b) = Opw (b)*.

Obviously, for any w € &, p(RZd), "w = w* is also an admissible weight which
belongs to @p,r(RZd). Similarly, for arbitrary ¢ € § and a € SGﬁf‘,’o) (R*), we have
'op = p* € Fand'a, a* € SGg‘f:)(RM). Furthermore, by Definition 3.4 we get

Op}y(b) = F 1 0 Op_u(b*) 0 F~!
— (3.6)
Opy(a) = F o Optw*(a*) o F.

The following result shows that type I and type Il operators are linear and continuous
from .7 (R%) to itself, and extendable to linear and continuous operators from . (R%)
to itself.

Theorem 3.6 Let a, b and ¢ be the same as in Definition 3.4. Then Op,(a) and
Opf; (b) are linear and continuous operators on . (R?), and uniquely extendable to

linear and continuous operators on . /(Rd).

3.3 Composition with Pseudo-differential Operators of SG Type

The composition theorems presented in this and the subsequent subsections are vari-
ants of those originally appeared in [16]. The notation used in the statements of the
composition theorems are those introduced in Sects. 2.3, 3.1 and 3.2. The proofs and
more details can be found in [24].
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Theorem 3.7 Let rj, pj € [0, 1], ¢ € Fand let wj € Py, ,,(R*), j =0,1,2, be
such that

p2 =1, ro=min{r;,r2, 1}, po=min{p(, 1}, wo = w; - (O2ywn),

and wy € 4@,’1(R2d) is (¢, 2)-invariant with respect to ¢: & — @L(x, §). Also let
a € SG), (R¥), p e SG”2) (RX), and let

r,1
Yx, ¥, 8) =y, 8) —p(x, &) — (y — x, ¢, (x, ). (3.7)
Then
Op(p) 0 Op,, (@) = Op,(c) Mod Op,, (SG|*"*~), =0,
Op(p) o Op,(a) = Op,,(c) Mod Op(.¥), ry > 0,

where ¢ € SG,K%)O (R*) admits the asymptotic expansion

jle )
e ) ~ D (D) gl (. ) DY [V a0 )] L 3

p” =

Theorem 3.8 Let rj, pj € [0,1], ¢ € F and let w; € @rj,pj(de), j=0,1,2 be
such that

rp =1, ro=min{ry, 1}, po = min{py, 02,1}, o = w1 - (O1,4,w2),
and vy € 4@,’1(R2d) is (¢, 1)-invariant with respect to ¢: x +—> goé (x, &). Also let
a € SG\), (R™) and p € SG{”2) (R*®). Then
_ (0¥ —0,0) _
Op, (@) 0 Op(p) = Op,(c) Mod Op, (SGy™" "), p1 =0,
Op, (@) 0 Op(p) = Op,(c)Mod Op(.#), p1 > 0,

where the transpose "¢ of ¢ € SGrg),Op)o (R%?) admits the asymptotic expansion (3.8),

after p and a have been replaced by ' p and ' a, respectively.

Theorem 3.9 Let rj, pj € [0,1], ¢ € F and let w; € @rj,pj(de), j=0,1,2 be
such that

p2 =1, ro=min{r;,r2, 1}, po=min{p(, 1}, wo = w; - (O2ypwn),
and wy € Pr 1 (R4 s (¢, 2)-invariant with respectto ¢ : & > @ (x,&). Alsoletb €

SGiY) (R2), p € SG?) (R*), yr be the same as in (3.7), and let q € SG?) (R*?)
be such that

Birkhauser



302 J Fourier Anal Appl (2016) 22:285-333

ol
q(x.6) ~ D — DIDEP(x.B). (39)

o

Then

90,00
Op;(b) 0 Op(p) = Op, (c) Mod Op;(SG™"" "), ri =0,
Op;(b) 0 Op(p) = Op,(c)Mod Op(.#), ri > 0,

where ¢ € SGﬁf,U’Op)O (R*) admits the asymptotic expansion

.|a

| .
e, §) ~ X (DE . g e DSV 0] L 310)

Theorem 3.10 Let rj, pj € [0, 1], ¢ € Fand let wj € Py, ,;(R*), j =0,1,2, be
such that

rp =1, ro=min{ry, 1}, po=min{py, 2,1}, o = w1 - (O1,4,w2),

and wy € 9,’1(R2d) is (¢, 1)-invariant with respect to ¢: x +> Q"é (x, &). Also let

a € SG{) (R™) and p € SG{”2) (R*). Then

Voo
Op(p) 0 Op;(b) = Op,(c) Mod Op;(SG™" "), py =0,
Op(p) 0 Op};(b) = Op,(c)Mod Op(.#). pi > 0,

where the transpose 'c of ¢ € SGfgf‘;,)o (R*) admits the asymptotic expansion (3.10),

after q and b have been replaced by 'q and 'b, respectively.

3.4 Composition Between SG FIOs of Type I and Type I1

The subsequent Theorems 3.12 and 3.13 deal with the composition of a type I oper-
ator with a type II operator, and show that such compositions are pseudo-differential
operators with symbols in natural classes.

The main difference, with respect to the arguments in [16] for the analogous com-
position results, is that we again make use, in both cases, of the generalized asymptotic
expansions introduced in Definition 2.4. This allows to overcome the additional dif-
ficulty, not arising there, that the amplitudes appearing in the computations below
involve weights which are still polynomially bounded, but which do not satisfy, in
general, the moderateness condition (2.1). On the other hand, all the terms appearing
in the associated asymptotic expansions belong to SG classes with weights of the form
@2, - U—k,—k, Where @ = w1 - wp, which can be handled through the results in [22].
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Let Sy, ¢ € §, be the operator defined by the formulae

(Stpf)(xv y?é) = f(x7 Y, q>(x7 y?é)) : detq)é:(xﬂ y?é)

1
where / cp;(y+t(x—y),<l>(x,y,§))dt:E. 3.11)
0

That is, for every fixed x, y € RY, &+ O(x,y, &) is the inverse of the map

1
EH/O @ (y+1(x —y),§)dt. (3.12)

Notice that, as proved in [16], the map (3.12) is indeed invertible for (x, y) belonging
to a suitable neighborhood of the diagonal y = x of R? x R¥, and it turns out to be an
SG diffeomorphism with SG? parameter dependence. We also recall, from [16], the
definition of the SG compatible cut-off functions localizing to such neighborhoods.

Definition 3.11 The sets 22 (k), k > 0, of the SG compatlble cut-off functions along
the diagonal of R? x R?, consist of all x = x(x, y) € SG? 1(Rz“!) such that

[y — x| S k(x)/2 = x(x,y) =1,
ly — x| > k(x) = x(x,y) =0.

(3.13)
If not otherwise stated, we always assume k € (0, 1).

Theorem 3.12 Let rj € [0, 1], ¢ € Fand let wj € P, 1(R*), j =0, 1,2, be such
that w1 and w> are (¢, 2)-invariant with respect to ¢ : & — ((p;)_l(x, &),

ro =min{ry, r2, 1} and wo(x,§) = w1(x, ¢ (x, §))wa(x, ¢(x, §)),

Also let a € SG) (R*) and b € SG\* (R?). Then
Op, (@) o Op’; (b) = Op(c),

for some ¢ € SG(;‘)O)(RM) Furthermore, if ¢ € (0,1), x € 22(e), co(x, v, &) =
a(x,&)b(y, &) x(x,y) and S, is given by (3.11), then h admits the asymptotic expan-
sion

ol
(e, ) ~ D (DYDY (SpcoN (. 3. 6)]

o

To formulate the next result we modify the operator Sy, in (3.11) such that it fulfills
the formulae

(Sp ), &E.m) = F(D(x, &, 1), & 1) - |det D (x, &, 1)

where [ QLD &), n+1(E —m)dt = x. (3.14)
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Theorem 3.13 Let pj € [0,1], ¢ € §" and let wj € P, (R*), j =0,1,2, be
such that w1 and wo are (¢, 1)-invariant with respect to ¢: x +— (goé)_l(x, &),

po =min{py, p2,1} and wo(x,§) = w1(¢(x,8),E)wa(P(x,§),8),

Also let a € SG{) (R¥) and b € SG{*2)(R?). Then
Opy, (b) 0 Op,,(a) = Op(c),

for some ¢ € SG(‘US)(RM) Furthermore, if ¢ € (0,1), x € E2(e), co(x, &, 1) =
a(x,&)b(x,n)x (&, n) and Sy is given by (3.14), then h admits the asymptotic expan-
sion

jletl
c(x ) ~ D (DD (SpcoN . £, .

o

3.5 Elliptic FIOs of Generalized SG Type and Parametrices: Egorov’s Theorem

The results about the parametrices of the subclass of generalized (SG) elliptic Fourier
integral operators are achieved in the usual way, by means of the composition theorems
in Sects. 3.3 and 3.4. The same holds for the versions of the Egorov’s theorem adapted
to the present situation. The additional conditions, compared with the statements in
[16], concern the invariance of the weights, so that the hypotheses of the composition
theorems above are fulfilled.

Definition 3.14 Letr,p > 0, w € Bzr,p(RZd), o € § andleta,b € SG(w)(de)
The operators Op,,(a) and Op; (b) are called elliptic, if a and b are SG-elliptic (cf.
Sect. 1 in [26].)

Lemma 3.15 Let ¢ = (¢p1, ¢2), where ¢o and ¢ are the SG diffeomorphisms in
Theorems 3.12 and 3.13, respectively, and let w € P, p(RZd) be ¢-invariant. Also let

ae SG(w) (R2Y be such that Op (a) is elliptic.
Then the pseudo-differential operators Op(p (a)o Op(p (a) and Op(p (a)o Op(p (a) are
SG elliptic.

Theorem 3.16 Let w be ¢p-invariant, ¢ = (P, ¢2), where ¢y and ¢1 are the SG
diffeomorphisms in Theorems 3.12 and 3.13, respectively. Also let ¢ € §', and let
ae SG(w) (R2Y be SG elliptic. Then Opw (a) and Opw (a) admit parametrices which
are elllptzc SG FIOs of type Il and type I, respectively.

In the next two results we need the canonical transformation ¢: (x, &) — (y, 1)
generated by the phase function ¢, given by

£ =g (x,n)

y=@L(x,m) = ¢, (x,n). @15
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Theorem 3.17 Let ¢ be the canonical transformation (3.15), ¢o : & — ((p)’c)_l (x, &),
Wi, wy € P (R2d) be such that wy is (¢g, 2)-invariant and wy is ¢-invariant, and
let

wo(x, &) = o1(x, (9,) 7' (x, ) - 02 (x, £)).
Also leta € SG{*} (R*) and p € SG{"? (R?). Then
Op,(a) o Op(p) o Op,(a) = Op(po).
where py € SG(wO)(de) satisfies
Pox. &) = p(@Lx.n).n) laCe, mI? |det gl (e, ]~ mod SG{7~ (R2),
with 1 = (p}) " (x, ).

Theorem 3.18 Let ¢ be the canonical transformation (3.15), w1, wy € 213 (R24)
be such that wy is ¢-invariant, and let

wo(x, &) = wr(¢(x,8)).

Also leta € SG(w')(RZd) be elliptic, p € SG(wZ)(RZd) and let b be chosen such that
Op(p b)isa parametrlx to Op(p (a). Then

Op, (@) o Op(p) o Op};(b) = Op(po).

where pgy € SGE?{))(RM) satisfies
9
po(x. ) = p(@(x, §) mod SGI“Y"~"(R¥),

4 Continuity on Lebesgue and Modulation Spaces

In this section we recall some basic facts about continuity properties for Fourier integral
operators when acting on Lebesgue and modulation spaces. We also use the analysis
in previous sections in combination with certain lifting properties for modulation
spaces in order to establish weighted versions of continuity results for Fourier integral
operators on modulation spaces.

4.1 Continuity on Lebesgue Spaces
We start by considering the following result, which, for trivial Sobolev parameters, is

related to Theorem 2.6 in [23]. A direct proof of the LZ(Rd) — Lz(Rd ) boundedness
of Op, (a) fora € SG?:?(Rd) and a regular phase function ¢ € §" was given in [16].
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A similar argument actually holds for a € SG(,),’S(Rd ), r, p > 0, and is given in [24]
(see also [39]). Here B, (xp) is the open ball with center at xo € R? and radius r.

Theorem 4.1 Let 01,02 € R, p € (1, 00) and m, i € R be such that

me<—@d—1|t_1
< 573

1 1
, us—(d—l)‘———‘wl—oz.
p 2

Also let ¢ € SGH(RM ) be such that for some constants ¢ > 0 and R > 0 and every
multi-index « it holds

ldetg) (x, )] =c, [0%0(x, )] < (01
(0, (x, ) = (&), (9h(x,£) = (x),

and
Q(x, 18) =to(x, &), x,£cRI g/ >R, 1>1.

Ifa e SGII"”lM (R s supported outside RY x B,(0) for some r > 0, then Opw (a)
extends to a continuous operator from H(fl (R 10 Hfz (R%).

Proof LetT = (D)2 o Op,(a) o (D)™, Since
(D)?:Hf — L? and (D)™ :L? — H[

are continuous bijections, the result follows if we prove that 7 is continuous on L?.
By Theorems 3.8 and 3.9 it follows that

T =Opy,(a1) mod Op(Y),

where a; € SGY'{**(R*’) with
11
po = —(d—=1|— =21
p 2

Furthermore, by the symbolic calculus and the fact that a is supported outside R x
B, (0) we get

Opy(a1) = Op,(a2) mod Op(¥),
where a; € SGY'{" (R??) is supported outside R¢ x B, (0). Hence
T = Op, (a2) + Op(c),
where ¢ € ., giving that Op(c) is continuous on L?”.

Since Op(p (ay) is continuous on L?, by [23, Theorem 2.6] and its proof, the result
follows. O
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Remark 4.2 Let ¢ be a phase function satisfying the hypotheses of Theorem 4.1,
s1,82,01,00 € R, p € (1,00), and assume that a € SG’]")’I’L(RM) is supported
outside R? x B, (0) for some r > 0, with m, u € R satisfying

1 1 1 1
mg—(d—l)‘———‘—i—sl—sz, MS—(d—l)’———’—i—ol—az.
p 2 p 2

Then Op,, (a) extends to a continuous operator from Hy/ 5, (R?) to Hy, 5, (R?), which
follows by similar arguments as in the proof of Theorem 4.1 (see [23]).

4.2 Continuity on Modulation Spaces

Next we consider continuity properties on modulation spaces. The following result
extends Theorem 1.2 in [13]. Here we let M °° (Rd ) be the completion of . (R?)
under the norm || - || M- We also say that a (complex -valued) Gauss function W is
non-degenerate, if || tends to zero at infinity.

Theorem 4.3 Letm, u € Rand 1 < p < 0o be such that

1 1 1
2 p P
andlet w; € 321,1(R2d), j =0,1,2, be such that
w1 (p;(x,€), &)
wo(x, §) S ———— ()" (E)".

w2(x, 91 (x, §))

Also let a € SG(lfU{))(RZd) and ¢ € §', and assume that w; is (¢;, j)-invariant,
Jj =12 with¢r: x — (pé(x &) and ¢o: & +— @ (x,&). Then Op, (a) is uniquely
extendable to a continuous map from M ( w])(Rd) to M( - )(Rd) and from M, 0 w])(Rd)

d
to M(C)’o(wz)(R ).

Proof Let W be a Gaussian, and let 71 and 75 be the (Toeplitz) operators, defined by
the formulas

(Ti f, 8) = (w; 'Va f, Vog) and (Tof, g) = (@ Vy f, Vug).

Then it follows from Theorem 1.1 in [34] that 7} and T on . are uniquely extendable

to continuous bijections between M?” to M 501 ) and from M (";)2) to MP. Since .7 is

. p . .
dense in M @) and in M, E’;f), the result follows if we prove

(T2 0 Opy(a) o T1) fllmr SN fllmr,  f €
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For some non-degenerate Gauss function ¢ which depends on W we have
T; =0p(aj), j=1,2, where a; = ((a)l)*l) ¥ ® and ar = wr x O.

Furthermore, using the fact that w; € P 1, it follows by straight-forward computa-
tions that a; € SG{{”" and a, € SG|*}.

By using these facts in combination with Theorems 3.8 and 3.9, we get

T> Op,(a) o Ty = T2 0 (Op,, (h1) + S1) = Op,,(h2) + S2 + T2 0 Si,
for some operators S i€ Op(.¥), j = 1,2, where
hy € SGYYPY and hy € SGIP/PV <SG,

01(x, &) = w1(g;(x,§), ), @2(x, §) = w2 (x, ¢ (x, §)). Since
Ty 0 §1 € Op(SG{“}) 0 Op(#) € Op(#),
it follows that
T, 0 Op,(a) o Ty = Op,, (h2) + So,

where So € Op(¥’), giving that Sy is continuous on M?. Furthermore, the fact that
hy € SGT”IM and Theorem 1.2 in [13] imply that

1 Opy (h2) fllmr S W fllme,  f €S
This gives the result. O

Remark 4.4 Let p € [1,2], p,q € [l,00] and t € R. A Fourier integral operator
which frequently appears in the literature is the continuous map from .7 (R9) to
L>®(RY), given by Op, (1) (a), with symbol a(x, §) = 1 and a family of phase function
(1), parameterized by ¢, givenby ¢ (¢, x, §) = it|§|”. Thatis, Op, ;) (a) is the operator

f @m) 2 /R (T e dg,

for admissible f.

We remark that in [2] it is proved that Op,,, () is uniquely extendable to a contin-
uous map on M?-4(R?). In particular, Theorem 4.3 holds for wy = w; = w,, without
the loss of regularity, imposed by the conditions on m and . We also remark that the
latter result was proved in the case p = 2 already in [42]. (See also [12,45] and the
references therein for other related results and approaches.)

Birkhduser



J Fourier Anal Appl (2016) 22:285-333 309

The continuity properties of SG pseudo-differential operators on modulation spaces,
as well as the propagation of the global wave-front sets under their action, shortly
recalled in the next Sect. 5, motivate the next definition, originally given in [26].

Definition 4.5 Let r, p € [0, 1], € R, and let B be a topological vector space of
distributions on R? such that

SRY) € B< .S RY

with continuous embeddings. Then B is called SG-admissible (with respect to (r, p))
when Op, (a) maps B continuously into itself, for every a € SG(,),’/(,) (RY).If Band C
are SG-admissible with respect to (r, p), and wg € ;. p(RZd ), then the pair (B, C) is
called SG-ordered (with respect to (r, p, wp)), when the mappings

Op,(a) : B—C and Op,() : C - B

are continuous for every a € SGﬁf‘/’?) (R*)and b SG%”O) (R*).

The following definition, which extends Definition 4.5 to the case of generalized
Fourier integral operators, is justified by Theorems 4.1 and 4.3.

Definition 4.6 Letg € SG%: i (R2d) be a regular phase function, and B, By, B;, C, Cy,

C2, be SG-admissible with respect to r, p and d. Also let wy, w1, wy € 2, ,(R*?), and
Q C R4 be open. Then the pair (3, C) is called weakly-I SG-ordered (with respect to
(r, p, wo, ¢, 2)), when the mapping

Op, (a) : B—C

is continuous forevery a € SGSf‘;?) (R??) which is supported outside R? x . Similarly,
the pair (B, C) is called weakly-1I SG-ordered (with respect to (r, p, wo, ¢, 2)), when
the mapping

Op(’;(b) :C— B

is continuous for every b € SG%’)(RM) which is supported outside 2 x R. Fur-
thermore, (B, Cy, B2, C>) are called SG-ordered (with respect to r, p, w1, wa, ¢, and
), when (By, Cy) is a weakly-1 SG-ordered pair with respect to (r, p, w1, ¢, 2), and
(Ba, Cy) is a weakly-II SG-ordered pair with respect to (r, p, w2, @, 2).

Remark 4.7 Let o1, 02, p, m and u be the same as in Theorem 4.1. Then it follows
from [26, Remark 1.9], and Theorem 4.1, Remark 4.2, and Theorem 4.3, that the
following is true.

(1) (Hg).0p- HY,_,, 5, ) are weakly-I SG-ordered with respect to (r, p, wp. ¢, ),
when

wo(x, &) = (x)"(EY and Q = By(0), & > 0.
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() If p, m, u and wj, j = 0,1,2 are the same as in Theorem 4.3, then it fol-
lows that (M (';l), M (1;)2)) are weakly-I SG-ordered with respect to (r, p, wg, ¢, ¥).

If, in addition, ¢(x,&) = (x,&) and & is an invariant BF-space, then
(M (w1, B), M(w,, B)) are SG-ordered with respect to wy.

5 Propagation Results for Global Wave-Front Sets and Generalised
FIOs of SG Type

We first recall the definition of the global wave-front sets, given in [26]. The content
of Sect.5.1 again comes from [27]. In Sect.5.2 we prove our main results about the
propagation of singularities in the SG context, under the action of the Fourier integral
operators described above.

5.1 Global Wave-Front Sets

Here we recall the definition given in [26] of global wave-front sets for temperate
distributions with respect to appropriate Banach or Fréchet spaces and state some of
their properties (see also [27]). First we recall the definitions of the sets of characteristic
points. Notice that if a € Sfo‘;?)(de ), then

la(x, &) S wolx, §).

On the other hand, a is invertible, in the sense that 1/a is a symbol in SGS,{“)O) (R2d ),

if and only if

wo(x,§) S lalx, )l (5.1

We need to deal with the situations where (5.1) holds only in certain (conic-shaped)
subset of R x R?. Here we let Q. m =1, 2,3, be the sets

Q =R x R\ 0), 2 =®R\0) xR’
Q3 = R\ 0) x (R?\0), (5.2)

Definition 5.1 Letr, p > 0, wg € Wr,p(RZd), Qu,m =1,2,3beasin (5.2), and let
a € SGI“ (R¥).

(1) aiscalled locally or type-1 invertible with respect to wy at the point (xg, &) € 2,
if there exist a neighbourhood X of x¢, an open conical neighbourhood I" of &
and a positive constant R such that (5.1) holds forx € X, £ € I" and |¢| > R.

(2) a is called Fourier-locally or type-2 invertible with respect to wq at the point
(x0, &) € 2, if there exist an open conical neighbourhood I' of x(, a neighbour-
hood X of &y and a positive constant R such that (5.1) holds for x € I, |[x| > R
and § € X.
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(3) aiscalled oscillating or type-3 invertible with respect to wq at the point (xg, &y) €
23, if there exist open conical neighbourhoods I'y of xg and I'; of &y, and a positive
constant R such that (5.1) holds forx € I'1, |[x| > R, & € ['; and || > R.

It m € {1, 2, 3} and a is not type-m invertible with respect to wq at (xo, &) € 2,
then (xg, &p) is called type-m characteristic for a with respect to wg. The set of type-m
characteristic points for a with respect to wy is denoted by Charz'zuo) (a).

The (global) set of characteristic points (the characteristic set), for a symbol a €
SGﬁf’;?) (R24) with respect to wy is defined as

Char(a) = Char(u,)(a) = Char(,, () | ] Char(, (a) | ] Char{,  (a).

Remark 5.2 In the case wy = 1 we exclude the phrase “with respect to wg” in Defini-
tion 5.1. For example, a € SGip (R2) is type-1 invertible at (xo, &) € R? x (R4\0)
if (xo, &0) ¢ Char% wo)(a) with wg = 1. This means that there exist a neighbourhood
X of xg, an open conical neighbourhood I" of &) and R > 0 such that (5.1) holds for
wo=1,x € X and & € I satisfies |£€] > R.

In the next definition we introduce different classes of cutoff functions (see also
Definition 1.9 in [25]).

Definition 5.3 Let X € RY be open, ' C R4 \ 0 be an open cone, xo € X and let
& el.

(1) A smooth function ¢ on R is called a cutoff (function) with respect to xo and X,
if0 <¢ <1,¢ € C°(X) and ¢ = 1 in an open neighbourhood of xo. The set of
cutoffs with respect to xg and X is denoted by €, (X) or €.

(2) A smooth function ¥ on R is called a directional cutoff (function) with respect
to &y and I, if there is a constant R > 0 and open conical neighbourhood I'y € I
of &y such that the following is true:

e 0<y <landsuppy C T}

e Y(t§) =y (§) whent > land [§] = R;

e Y(§) =1whené €'y and |§| > R.

The set of directional cutoffs with respect to &y and I" is denoted by ‘é%ir([‘) or

dir
Cgéo !

Remark 5.4 Let X € R? be open and I, I'1, ', € R4\0 be open cones. Then the

following is true.

() ifxo € X, & €T, 9 € 6yy(X) and ¢ € %g)if(r), then ¢; = ¢ ® V¥ belongs to
SG?:?(RM), and is type-1 invertible at (xg, &p);

) ifxgeTl, & e X,y e %;‘(jf(r) and ¢ € %, (X), then c; = ¢ ® ¥ belongs to
SGY)(R2), and is type-2 invertible at (xo, £0);

(3) ifxo € 1. & € Ta Y € GAN(Ty) and Y € GE"(T2), then ¢3 = Y1 ® ¥
belongs to SG?:?(RM ), and is type-3 invertible at (xo, &o).
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The next proposition shows that Op, (a) for ¢ € R satisfies convenient invertibility
properties of the form

Op;, (a) o Op,(b) = Op,(c) + Op,(h), (5.3)

outside the set of characteristic points for a symbol a. Here Op;, (b), Op, (c) and Op;, (h)
have the roles of “local inverse”, “local identity”” and smoothing operators respectively.
From these statements it also follows that our set of characteristic points in Definition
5.1 are related to those in [19,35]. We let I,,,, m = 1, 2, 3, be the sets

I =[0,1]x% (0,1, L= (0,1]x[0,1], 3 = (0, 1] x (0, 1] =, NTp. (5.4)

which will be useful in the sequel.

Proposition 5.5 Let m € {1,2,3}, (r,p) € Ly, wo € 2, ,(R*) and let a €

SG\0 (RX). Also let Q, be as in (5.2), (x0, &) € Q. and let (ro, po) be equal
to (r,0), (0, p) and (r, p) when m is equal to 1, 2 and 3, respectively. Then the fol-
lowing conditions are equivalent:

(1) (x0. k) ¢ Charll,  (a);

(2) thereisanelementc € SG(,)”B which is type-m invertible at (xq, &y), and an element
b € SG“ such that ab = ¢;

3) (5.3) holds for some c € SG%B which is type-m invertible at (xg, &), and some
elements h € SG,."" ™ and b € SG\/™;

(4) (5.3) holds for some c,, € SGQ’B in Remark 5.4 which is type-m invertible at

(x0, &), and some elements h and b € SGi}éwO), where h € . when m € {1, 3}

and h € SG=0 when m = 2.
Furthermore, if t = 0, then the supports of b and h can be chosen to be contained
inX x RYwhenm =1, inT x RY whenm = 2, and in I' x RY when m = 3.

We now introduce the complements of the wave-front sets. More precisely, let €2,,,
m € {1, 2,3}, be given by (5.2), B be an SG-admissible (Banach or Fréchet) space,
and let f € .7/ (RY). We recall that .7 (RY) C B C .#/(R?) by the definitions, and
that . (R?), Sobolev—Kato spaces and, more generally, modulation spaces, are SG-
admissible, see [26,27]. Then the point (xo, o) € 2, is called type-m regular for f
with respect to B, if

Op(cm) f € B, (5.5)

for some ¢, in Remark 5.4. The set of all type-m regular points for f with respect to
B, is denoted by @ (f).

Definition 5.6 Let m € {1, 2, 3}, @, be as in (5.2), and let B be an SG-admissible
(Banach or Fréchet) space.

e e-m wave-front set O [S with respect to b 1s the complement
(1) The typ f " (R?) with resp B is th pl
of Oz (f) in Ly, and is denoted by WF (f);
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(2) The global wave-front set WFg(f) € (RY x R9)\0 is the set
WFg(f) = WER(f) | WFE() | WF(f).

The sets WFg(f), WF%(f) and WF%(f) in Definition 5.6, are also called the
local, Fourier-local and oscillating wave-front set of f with respect to 5.

Remark 5.7 Let Q,,, m = 1, 2, 3 be the same as in (5.2).

(1) If Q € @1, and (xg, &) € 2 < (x0,0&) € Q2 for o > 1, then Q2 is called
[-conical,

(2) If 2 C @3, and (xg, &) € 2 < (sx0, &) € @23(f) fors > 1, then 2 is called
2-conical,

3) If 2 C 23, and (xg, &) € QL < (sx0,0&y) € QLfors,o > 1, then Q is called
3-conical.

By (5.5) and the paragraph before Definition 5.6, it follows that if m = 1, 2, 3, then
@’g(f) is m-conical. The same holds for WFg(f), m = 1,2, 3, by Definition 5.6,

noticing that, for any xo € R” \ {0}, any open cone I"' 5 xq, and any s > O, %fgr(f‘) =
€9 (I"). Forany R > O and m € {1, 2, 3}, we set

sX0

Qrr ={(x, 8 e€Q; [ =R}, Qr={(Kx§ e x| =R},
Q3.r ={(x,§) €Qs; [x|,|§] = R}

Evidently, €2,,, g is m-conical for every m € {1, 2, 3}.

The next result describes the relation between “regularity with respect to B” of
temperate distributions and global wave-front sets.

Proposition 5.8 Let B be SG-admissible, and let f € .’ (R?). Then
feB < WFg(f) =0

For the sake of completeness, we recall that microlocality and microellipticity hold
for these global wave-front sets and pseudo-differential operators in Op(Sfo“,f’)), see
[26]. This implies that operators which are elliptic with respect to wyp € gp’g(R%l)
when 0 < r, p < 1 preserve the global wave-front set of temperate distributions. The
next result is an immediate corollary of microlocality and microellipticity for operators

in Op(SGL):

Proposition 5.9 Let m € {1,2,3}, (,p) € I, t € R, wy € &, ,(R*), a €
SGgf':?)(RZd) be SG-elliptic with respect to wo and let f € .#'(R?). Moreover, let
(B, C) be an SG-ordered pair with respect to wo. Then

WEZ (Op, (@) f) = WFA(f).
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5.2 Action of Generalised FIOs of SG Type on Global Wave-Front Sets

We let ¢ be the canonical transformation of T*R¢ into itself generated by the phase
function ¢ € §”. This means that ¢ = (¢1, ¢») is the smooth function on 7*R¢ into
itself, defined by the relations

y =@ (x,n) = ¢y (x,m),

5.6
£ =¢.(x,n), 60

(&) =0, = [

As we have seen in Sect. 3.5, such transformations appear in the Egorov’s theorem,
through which we prove Theorems 5.14 and Corollaries 5.15 and 5.16 below. This
justifies the following definition of admissibility of phase functions. Namely, the latter
are required to generate transformations of the type (5.6) which “preserve the shape”
of the different kinds of neighborhoods appearing in the Definition 5.1 of the set of
characteristic points.

Definition 5.10 Let ¢ € §" and let ¢ be the canonical transformation (5.6), generated
by ¢. Let m € {1, 2, 3} and 2,, be as in (5.2).

(1) ¢ is called I-admissible at (yo, no) € €21 if, for every 1-cone X x I' containing
¢ (o, no) and r > 0, there is a 1-cone Y x ' containing (yp, 7o) and R > 0 such
that

¢(v.m € (X x ) (@1, when (y,1) € (¥ xTo) () Qur;:

(2) ¢ is called 2-admissible at (yo, no) € €27 if, for every 2-cone I' x X containing
¢ (yo, no) and r > 0, there is a 2-cone I'g x Y containing (yg, 79) and R > 0 such
that

¢(v.m) € (T x X) () Qa, when (y,1) € (Tox¥) () Qr;

(3) ¢ is called 3-admissible at (yg, no) € Q23 if, for every 3-cone I'j x I'; containing
¢ (y0, no) and r > 0, there is a 3-cone I'g,1 x I'p 2 containing (yo, 7o) and R > 0
such that

¢(y.m € (N1 x T) ()R, when (y,m) € (To1 x To2) () Q.-

Furthermore, ¢ is called m-admissible if it is m-admissible at all points (y, n) € Q,,
and ¢ is called admissible if it is m-admissible for all m = 1, 2, 3.

Remark 5.11 Notice that the inverse transformation ¢! is defined as in (5.6), by
exchanging the role of (x, &) and (y, n). If ¢ is m-admissible, m = 1, 2, 3, then both
¢ and ¢! satisfy the corresponding property in Definition 5.10.

Remark 5.12 Letg be m-admissible,m = 1,2, 3,andletwy € & 1 (de) be invariant

with respect to the canonical transformation (5.6). For any a € SG%))(RM ), setting
wo = wq o ¢, we have
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(yo.70) € Charlly (@0 ¢) <= (x0.&) = ¢ (30, 110) € Charl’,  (a).

By Remark 5.11, similar properties hold with ¢! in place of ¢.

Remark 5.13 Let ¢, m = 1,2, 3, be phase functions such that

e £~ ¢1(x, &) is homogeneous of order 1 for large [£];
e x — ¢a(x, &) is homogeneous of order 1 for large |x|;
e x — @3(x,&)and & — ¢3(x, &) are homogeneous of order 1 for large |x| and |€].

Such phase functions are common in the literature. An example of admissible phase
functions, which is not necessarily homogeneous, is given by the so called SG-classical
phase functions. Families of such objects, smoothly depending on a parameter ¢ €
[-T7,T], T > 0, are obtained by solving Cauchy problems associated with classical
SG-hyperbolic systems with diagonal principal part.

In fact, omitting the dependence on the time variable t, an SG-classical phase
functions ¢ admits expansions in terms which are homogeneous with respect to x,
respectively &, satisfying suitable compatibility relations, see, e.g., [18,19]. In par-
ticular, ¢ admits a principal symbol, given by a triple (¢1, ¢2, ¢3), that is, it can be
written as

P(x, &) = x&)o1(x, &) + x(x)(p2(x,8) — x (&) p3(x,8))

mod SG{{(R*). (5.7)

In (5.7), x is a 0-excision function, while x (§) ¢1(x, &), x(x) @2(x, &), x (&) x(x)
¢m(x, &) € SGH (R2d), where ¢ is 1-homogeneous with respect to the variable &,
@2 is 1-homogeneous with respect to the variable x, and ¢3 is 1-homogeneous with
respect to each one of the variables x, £. Observe that then

9(x, &) = x(E) ¢1(x.£) mod SGy(R™),
9(x, &) = x(x) g2(x, &) mod SGY'|(R™),
P(x, &) = x(xX) X g3(x, &) mod SGY'|(R*) +SG{R*).  (5.8)

The homogeneity of the leading terms in (5.8) implies, in particular,

%u£>=@|¢ ( ;

|g|) + 161 i (x, E)} for |§] > R,

%u£>=m )+u|%u£ﬂmwﬂ>&

|>< ><|><

@J+@|Wan+masﬂ

for IXI &1 >

PL(x, &) = ISI (

Pr(x, &) = x| | @5 % ?)HXI](V32(x,$)+832(x,§))}
for |x|, €] > R, 5.9)
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with 71, 72,731, 732 € SGT(R¥), 531 € SG| ' (R¥), 53, € SGy'|' (R?). By the
properties of generalised SG symbols and (5. 9) it is possible to prove that all the
conditions in Definition 5.10 are fulfilled.

We can now state the first of our main results concerning the propagation of (global)
singularities under the action of the generalised SG FIOs.

Theorem 5.14 Let ¢ € §" be m-admissible, m € {1,2,3}, wog € ﬂw(RZd), a €
SG;f‘;?) (R*), supported outside R¢ x Q, Q € R¥ open. Assume that wq is ¢-invariant,
where ¢ is as in Theorem 3.16. Assume also that a is SG-elliptic and (B, C) is aweakly-I
SG-ordered pair with respect to (r, p, wo, ¢, 2). Then

WE (Op,(a) f) = p(WFR(f), [ €S R, (5.10)

where ¢ is the canonical transformation (5.6), generated by ¢.

Proof We only prove the result form = 3. The other cases follow by similar arguments
and are left for the reader. Let (o, no) = ¢~ ' (xo, &) € O s(f),m € {1,2,3}, and

let ¢, € SGl | be a symbol as in (5.5) and Remark 5.4 such that Op(c,,)u € B.
Recalling Remark 2.14, the weight  (x, £) = Vo 0(x, &) = 1 € &1 isinvariant with
respect to any SG diffeomorphism with SG® parameter dependence. Let A = Op, (),
Cp = Op(c), and let B be a parametrix for A. Then for some ¢,, we have

On=A0CpoB, Qn=0pgm)),

or equivalently,
OnoA=AoC, mod Op(SG™> %)),

By Theorem 3.18 and (5.6), we have g, = ¢ od)‘l mod SGlill’*l, which implies

gm € SGY. Then (xo,£0) € O (Af), since Qu(Af) = A(Cnf) € C by the
hypotheses on (3, C). This means that

OB(f)) S OF(A). (5.11)

Complementing (5.11) with respect to €2,,, repeating a similar argument starting
from Af, recalling Remark 5.12 and that ¢ is a diffeomorphism, we finally obtain
(5.10). O

The next result is proved in a similar fashion. In fact, with notation analogous to
the one used in the proof of Theorem 5.14, denoting B = Op:; (b), we have that
O, = B o C,, o B! satisfies Sym (Q,,) = ¢, o ¢ modulo lower order terms. It is
then enough to recall Remark 5.11. Evidently, when one deals with SG-ordered spaces
(B1, C1, By, C3), both (5.10) and (5.12) hold, as stated in Corollary 5.16.

Birkhduser



J Fourier Anal Appl (2016) 22:285-333 317

Corollary 5.15 Let ¢ € §" be m-admissible, m € {1,2,3}, wp € 21 1(R¥), b

SGif”f)(de), supported outside Q2 x R?, Q@ C R? open. Assume that wg is ¢~ -
invariant, where ¢ is as in Theorem 3.16. Assume also that b is SG-elliptic and that
(B, C) is a weakly-II SG-ordered pair with respect to (r, p, wg, ¢, ). Then

WFR(Op;(b) f) = ¢~ (WFZ (), [ e RY, (5.12)

with the inverse ¢~ of the canonical transformation (5.6).

Corollary 5.16 Let ¢ € § be m-admissible, m € {1,2,3}, w1, wy € P 1(R*?).
Moreover, let a € Sfo*;;')(RZd), be SGﬁf‘;,z)(RZd), with a supported outside RY x Q,
b supported outside Q x R, respectively, where Q C R is open. Assume that a and
b are SG-elliptic and that (B, Cy, Ba, C2) are SG-ordered with respect to

r, p, w1, w2, ¢ and 2.
If f € ' (RY), then

WEG (Op,(a) f) = ¢ (WF (f)),

and
WF3 (Op},(b) f) = ¢~ (WEE, (),

with the canonical transformation ¢ in (5.6) and its inverse ¢, provided that w
and wy satisfy the invariance properties required in Theorem 5.14 and Corollary 5.15,
respectively.

The next result generalizes Theorem 5.14 and Corollaries 5.15 and 5.16 to the
case where the involved amplitudes are not SG-elliptic. In such a situation, the set
of admissible phase functions needs to be slightly restricted, similarly to the calculus
of Fourier integral operators developed in [36]. Such restriction is not very harmful,
since the phase functions we are mostly interested in are those appearing in the next
Sect.5.3, and it can be proved that they fulfill (5.14) below if a sufficiently small
“time interval” J' = [T, T'] is chosen. This can be easily verified by checking the
technique of solution of the involved eikonal equations, see, e.g., [15,17,18,36]. Here
the symbols satisfy

suppa € RY x QG, suppb < QC x RY (5.13)
for suitable open set €2, where Qb equals R? \ ©, and the phase function satisfies
() el DY Dl (x £) < 7. x. £ €RY, o+ Bl <2,

where K (x,&) = g(x, &) — (x,£) € SG}'|(R¥). (5.14)
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Theorem 5.17 Let ¢ € §" be m-admissible, m € {1,2,3}, and fulfill (5.14) for a
fixed T € (0,1). Also let o1 € P, ,(R¥), r,p > 1/2, and let a € SG{”} (R*)
satisfy (5.13). Finally assume that (31, Cy) is a weakly-1 SG-ordered pair with respect
to (r, p, w1, @, ). Then

WEZ (Op, (@) f) € A (f). 515
A () =@ &) = p(y. ) (v. ) € WE ()™, f e 7' R,

where ¢ is the canonical transformation generated by ¢ in (5.6).

Theorem 5.18 Let ¢ € §" be m-admissible, m € {1, 2, 3}, and fulfill (5.14) for a fixed
r € (0,1). Also let oy € P, ,(R¥), r,p > 1/2, and let b € SG“? (R*) sarisfy
(5.13). Finally assume that (133, C3) is a weakly-II SG-ordered pair with respect to
(r, p, w3z, ¢, Q) Then

WEg, (Opj(0) f) S AE ()*, 5.16)
AZ (O ={m = ¢ (x, §); (x, §) € WEE ()™, fe S R,

where ¢~ is the inverse of the canonical transformation ¢ in (5.6).

Corollary 5.19 Let ¢ € §" be m-admissible, m € {1, 2,3}, and fulfill (5.14) for a
fixed T € (0, 1). Also let 1, wy € P ,(R¥), r, p > 1/2, and a € SG)(R*) and
b e SGﬁf‘;})(RZd) satisfy (5.13). Assume also that (By, Cy, By, Cy) are SG-ordered
with respect to

r, p, w1, wy, ¢ and 2.

Then both (5.15) and (5.16) hold.

In the results above, V™ for V. C €,,, is the smallest m-conical subset of £2,,
which includes V, m € {1, 2, 3}.

We prove only Theorem 5.17. Theorem 5.18 follows by similar arguments and is
left for the reader.

Proof of Theorem 5.17 Since here we are dropping the ellipticity hypothesis on the
amplitude a, we use only the composition results between generalised SG pseudo-
differential operators and Fourier integral operators given in Sect.3.3. That is, the
proofs of the theorem again rely on the generalised SG asymptotic expansions dis-
cussed in [22], and on the properties of the admissible phase functions. We now prove
(5.15) in detail for the case m = 3, by showing the opposite inclusion between the
complements of the involved sets with respect to 3. In the sequel, we write B and C
in place of 31 and Cy, respectively.

Let (xo, &) ¢ A%(f) for f € B, and set 2N = min{|xg|, |§p|}>0. By its definition

in (5.15), A%( f) is a closed 3-conical set. Then, choosing ¢ > 0 sufficiently small, it

Birkhduser



J Fourier Anal Appl (2016) 22:285-333 319

is possible to find a 3-conical set of the form

4e,4e,N /4 2d X X0
F = ’ € R ; T . T k]
o [(x & Xl ol
N
LR N e —]
&1 1ol 4
4e,4e,N/4 | 3 _ . .
such that F3,xo,§o N AB(f) = (. Then, as it is also possible (see Sect. 5.1 above and

[14]), pick g € SG?:?’ such that

2¢,2¢,N /2
3,x0,&0

and (x,&) e TN = g(x, &) = 1.

3,x0,&0

suppg S T’

We now observe that (yg, 7o) = d)_l (x0, &o) ¢ WF%(f), in view of the definition
of A3B(f). Setting 2N = min{]|yo|, |no|}, we can consider the subset of 23 given by

W = WF3(f) N Q5.

W is closed, and, by Remark 5.7 it is 3-conical. Then there exist two 3-conical neigh-
borhoqu U,V of Wsuchthat W C V C U C Q3. For instance, for an arbitrarily
small § > 0, one can consider the coverings of W given by

~ 4545, N/4 & 25,25,N /2
U= U F3,zo,§0 , V= U F3,zo,§o '
(z0,%0)eW (z0,%0)eW

By a standard compactness argument on the unit sphere of R?, define V and U as
25,25,N /4

suitable finite subcoverings extracted from Vand U, respectively. Since I'; %

F;‘BZ‘::,B&O/V/“’ we get W C V C U, as desired. Then take a symbol x € SG?:? such that

suppx C U, (y,n) €V = x(y,n =1,
suppg N{(x,&) = ¢(y,n) : (y,n) €supp x} =9,

which is possible by choosing § small enough, in view of the hypotheses and of

(3) in Definition 5.10. Indeed, we can start from a 3-conical neighbourhood Z D

A%(f)ﬂQN, obtained as a finite union of sets of the form ngﬁiz)lv/z, (tp, T0) € A3B f,

4e,4e,N /4
3,x0.80
involved sets are 3-conical, it is then possible to choose § small enough such that
¢(U) C Z, and x with the desired properties.

Let us now consider

disjoint from I" , by choosing ¢ > 0 suitably small. Observing that all the

[Op(g) o Op,(@)1(f) = [Op(q) o Op,(a) o Op(l — x)1f
+[0p(g) o Op,(a) o Op(x)1 /. (5.17)
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By Remark 2.14, the weight 99 0(x,&) = 1 is invariant with respect to any SG
diffeomorphism with SG° parameter dependence.

For C = Op(g) o Op,(a) o Op(x), we apply Theorems 3.7 and 3.8, and find that
C = Op,(c)Mod Op(¥’) with

c(x,m) ~ D paprr(x, ) - (BFq)(x, @, (x, m)) - (B8P a)(x, m)
- (@Lx0(@k (. ). ) ~ 0,

which implies that C: %" — .. In fact, setting § = ¢ (x, ), y = ¢z (x, ), by (5.6)

we have (x, &) = ¢(y, ), and, by construction, supp 8é‘q N¢ (supp 84)() = (. Now,
setting

2 = {(y, n) €supp(l — x): |yl, Inl = N/2},

again by construction we have ¥ N WF%( f) = 0. Then there exist p € SG(I):? such
that Op(p) f € Band p(x,&) > C > 0on T, and r, s € SG{"| such that

Op(r) — Op(s) o Op(p): & — &, (5.18)

with r(x, £) = 1 for |x|, |&| > % belonging to a 3-conical neighborhood of X. This
can be proved by relying on the concept of SG-ellipticity with respect to a symbol (or
local md-ellipticity, cf. [14], Ch. 2, §3). We can write

Op(1 — ) f =10p(1 — x) o Op(1 = ] f
+ [Op(1 — x) o [Op(r) — Op(s) o Op(p)]1f
+ [Op(1 = x) o Op(s)][Op(p) f1.

The first term is in ., since the symbols of the two operators in the composition have,
by construction, disjoint supports. The second term is in . as well, by (5.18). The
third term is in B, since this is true for Op(p) f, Op(1 — x) o Op(s) = Op(A), with
) € SG{, and B is SG-admissible.

By all the considerations above, the mapping properties of Op, (a), the fact that

also C is SG-admissible and that g € SG(l):(l), we get

[Op(g) 0 Op,(a)]f = [Op(g) o Op,(a) o Op(l — x)]f mod &
= [Op(gq) o Op, ()] [Op(1 — x) f] mod ./
—_— ———
eB

giving that
[Op(g) o Op,(a)]f €C,
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which proves (xg, &) ¢ WF?j (Opw (a) f), and the claim. We observe that (5.15) for
the case m = 1 can be proved by the same argument used, e.g., in [36], Chap. 10,
Sect. 3. The case m = 2 of (5.15) can then be obtained in a completely similar fashion,
by exchanging the role of variable and covariable. The details are left for the reader. O

Remark 5.20 As it was observed in [26], there is a simple and useful relation between
the global wave-front set of f and of f. Namely, with m,n € {1, 2, 3} such that n
equals 2, 1 and 3, when m equals 1, 2 and 3, respectively, we have

T(WFR(f)) = WFg (f).

where B = M(w, %), the torsion T is given by T(x,&) = (=&, x), and Br =
{FoT =T*F; F € B}, or = woT, By = M(wr, Pr). Notice that .% is
bijective and continuous, together with its inverse, from B onto 5.

It is also immediate to obtain a similar relation among the wave-front sets of f and
f , Where f = foRisthepull-back of f under the action of the reflection R(y) = —y.
Indeed, since obviously, for any a € SG;'; and f € .77,

Op(a) f = [Op(@) fT

it follows, for m € {1, 2, 3},
R(WFE(f) = WEE(/).

where % = {VR*F; F e A}, B= M (wg, 93’), where wgp = w o R. Notice that, in

many cases, B=8. For instance, this is true for all the functional spaces considered in

Sect. 4, and, in general, for all M (w, %) such that % = % and w is even. Similarly to

the above, R* is bijective and continuous, together with its inverse, from 5 onto B.
By (3.6), rewritten as

Op* (@) f =(F oOpy @) 0o F'f), fe

and the above definitions of By and l;’, it also follow that, if (B, C) is weakly-I SG-
ordered with respect to (r, p, wo, ¢, 2), we find that, for any a € SGgf’:?), supported
outside R? x €, Opiw*(a*): Br — éT continuously, that is, (éT, Br) is weakly-1I
SG-ordered with respect to (r, p, wo, @, 2).

5.3 Applications to SG-Hyperbolic Problems

In this subsection we apply the results obtained above to the SG-hyperbolic problems
considered in [18,19], to which we refer for the details omitted here. We show how,
under natural conditions, the singularities described by the generalised wave-front sets
WFj(g),m = 1,2, 3, for a scalar- or vector-valued initial data g € B3, propagate to the
solution f(t) = f(t, -) € B,t € [T, T]. More precisely, the points of WF (f (1))
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lie on bicharacteristics curves determined by WFjz(g), m = 1, 2, 3, and by the phase
functions of the Fourier operators Op,, ;,y(ax(t)), k = 1,..., u, such that, modulo
smooth remainders (see below),

(1) = (0P, (@ ()(0) + -+ Op,, (@, () (1))s.

Notice that the hyperbolic operators involved in such Cauchy problems arise natu-
rally as local representations of (modified) wave operators of the form L = [g — V,
with a suitable potential V and the D’ Alembert operator [g, on manifolds of the form
R, x M,, equipped with a hyperbolic metric g = diag(—1, b), where b is a suitable
Riemannian metric on the manifold with ends M. In this way,

L=0g—V=-8+Ay—V=-3"+P,

where Ay is the Laplace-Beltrami operator on M associated with the metric b and
we have set P = Ap—V.In the following Example 5.21, we show that this indeed
occurs, considering a rather simple situation with dim M = 2.

Example 5.21 Assume dim M = 2 and consider, as local model of one of the “ends”
of M, the cylinder in R? given by u? + v> = 1, z > 1, that is, the manifold My, =
St x (1, 400). First, we have to equip My with a .%-structure, namely, an SG-
compatible atlas (see [14,40]). This can be easily accomplished here, by choosing
a standard product atlas on S! x (1, +00), identifying S' with the unit circle in R?
centred at the origin, as we now explain. With coordinates («, v) on R2, set

Q) = S\, D}, Q5= S"\{(0, -D},

u
Q> R: (u,v) —~ ,
vy 1 (u, v) >
V@) = R: (1, v) > —
2072 T 1+v

It is immediate to show that (vi)_1 Q) — Q) C stis
. 2t 1—12
H —_— —_——
1+27 1+¢2)°
and (vé)_1 vy(Q) - Q) C stis
2t 1—1+2
H —_— —_—
1+27141¢2)°
so that, for 7 € v (€] ﬂ Q) = (—00,0) U (0, +00), we find

_ 2% 1 —1¢2 1
Vip (1) = v ()~ (1) = v] (m m) =1
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Now set
Q= Q) x (1,400), Qo :=Q x (1, +00),

define vy : Q; — U; C R? by

, z ( u ) Z
(u,v,2) = (Vi(u,v), 1) = , 1 s
J1+ ] (u, v))? I—v | u?
a2

andvz:Qz—>U2CR2by

(u, v, 2) > Wy, ), 1) ‘ =( " ,1) ‘
[T+ 0, v\ Lo
(1 +v)2

Again, it is easy to obtain the expressions of "1_1 U — Q) and \)2_1 Uy — Q»,
and to prove that, with coordinates x = (x1, x2) on R2,

v, 22) = v ()7 6 0) = (2,1) 1 = (a.0),

which shows that the atlas {($2;, v;), j = 1,2} defines a & -structure on My, since
(vi2(x)) = (x) (see again, e.g., [14,40]). Next, for any u > 0, define a metric ’ on
{(u, v, z) eR3:z> 1} by

Z2 0
d(z)H
/ 22
(h;;) = 0 0
(z)* )
0 0o —
(z)m

With x € Uj, and denoting by J; the Jacobian matrix of vl_l, it turns out that the
pull-back metric  := (vl_l)*h/ on M is given by

1

i) = 17 Bl s = | O
O o

In the same way, one can show that the metric h has the same local expression for
x € U,. Finally, let us compute the Laplace-Beltrami operator on M, associated with
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h in the chosen local coordinates. We have, of course, (h'/) = diag({x)*, (x)*) and
|deth| = (x)™H, thus, for any f € C®° (M),

A‘Jf: “Zl} laxf ( ()™ Mh”;?f")
- (x)“ lej 1507 (5” z?;{')
= () X = o (;’— + ;—) f.
that is
Ay = (x)IA,

where A is the standard Laplacian on R%. Choosing V (x) = (x)*, the local symbol
of P=Ap—Vis

P, §) = —()ME? = —(1+ 27 +xD) (1 + £ + D), (5.19)

which obviously belongs to SG1 1 “(R? x R?) and is SG-elliptic. In [20], the spectral
theory for elliptic self-adjoint operators, generated by local symbols with (different)
orders m, u > 0, has been considered. On the other hand, the case u = 2 is of special
interest in the context of the SG-hyperbolic operators (see below), since then we have
that L, in local coordinates, is given by

L=04-V 82+A2—

=D;—P= 02 (>-20)

In the sequel of this subsection, the subscript “cl” denotes the subclasses of SG sym-
bols which are classical, see [18]. Notice that the symbol (5.19) actually belongs to

SG% ’f Cl(R2 X Rz) We first need to recall some definitions and results, mainly taken
from [15,16,18].

Definition 5.22 Let J = [-T,T] C R, T > 0, and consider the linear operator
L =D} +O0p(p1 (1) D™ + -+ Op(py (1)), (5.21)
with p; = p;(t,x,&) € C®(J, SG1 1 1 (R¥)). Let
[, 60, 1) ="+ a1 2, )T+ 4 qu(t, 2, 8)
be the principal symbol of L, with ¢; € C™(J, SGl 1. Cl(Rz"l)) such that g;(t) =

qj(t, -)is the principal symbol of p;(t) = p;(z, -),in the sense of (5.7). L is called
SG-classical hyperbolic with constant multiplicities if the characteristic equation

Vgt E) T g, x,E) =0 (5.22)
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has p4 < v distinct real roots 7; = 7;(t, x, &) € C*(J, SGH’CI(RM)) with multiplic-
itiesl;, 1 <1I; <v, j=1,..., u, which satisfy, for a suitable C > O and all ¢ € J,
xR x|+ =R >0,

Tt X, E) — Tt x, ) > CENx), j=1,...,u—L (5.23)

L is called strictly hyperbolic if it is hyperbolic with constant multiplicities and the
multiplicity of all the 7;, j =1,...,v = u,is equal to 1.

A standard strategy to solve the Cauchy problem

Lf(t) =0, tel,
[Df‘f(O):gk,k:O,...,v—l, (5.24)
for L hyperbolic with constant multiplicities and initial data gz, k = 0,...,v — 1,

chosen in appropriate functional spaces, is to show that this is equivalent to solving,
modulo smooth elements, a Cauchy problem for a first order system

oF
[ S0 -iKOF0 =01 €,
F(0) = G.

with a coefficient matrix K of special form. In our case, one obtains that K =
Op((kij(t, x, D)); j),is a uv x uv matrix of SG pseudo-differential operators with
symbols k;; € C*(J, SGH’CI). Under suitable assumptions, see [18,19], the princi-
pal part ky of k = k1 + ko, k; € C>®(J, SGH,cl)’ j =0, 1, turns out to be diagonal,
so that the system will be symmetric, cfr. [14—16]. This implies that the corresponding
Cauchy problem is well-posed. One of the main advantages for using this algorithm is
the following Proposition 5.23, which is an adapted version of the Mizohata Lemma
of Perfect Factorization, proved in [17] for the general SG symbols (see also the
references quoted therein).

Proposition 5.23 Let L be an SG-classical hyperbolic linear operator with constant
multiplicities I, j = 1, ..., u < v, as in Definition 5.22. Then it is possible to factor
L as

v
L=1Ly- L+ Y Op(rs(t) D/~

s=1
with L = (D = Op(z; (00! + 4, Op(su(1)) (D; = Op(x; (1)) ™ and

sjk € C(J. S T R¥)), ry € €1, .7 R¥M)),
j=L.. uk=1...1;,s=1...,v.

The following corollary, also obtained in [17], follows by means of a reordering of
the roots 7; of the principle symbol of L.
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Corollary 5.24 Letcj, j = 1, ..., u, denote the reorderings of the p-tuple (1, ...,
W) given by

i) = j+i forj+i<p
! J+l wfor j+i > pu,
=1,

thatis,ci = 2,...,u, 1), ..., ¢,y = (1, ..., u). Then, under the same hypotheses of
Proposition 5.23, we have

(m) (m)
L=L, L, 1)+ZOp(r(m)(t))va
s=1

with LY = (D; — Op(t; ()7 + 3, Op(s (1)) (D — Op(x; (1))

s € €, SGY T RM)), 1M e (), 7 (RM)),
m,j=1,...,uk=1,..l;,s=1,...,v.

Definition 5.25 We say that an SG-classical hyperbolic operator L is of Levi type if
it satisfies the SG-Levi condition!

e C>®(J, SGllcl(RZd)), moj=1,...,uk=1,...,1. (525

Theorem 5.26 below gives the well-posedness for the Cauchy problem (5.24) and
the propagation results of the global wave-front sets WFg( f@®),m = 1,2,3, for
the corresponding solution f (), under natural assumptions on the SG-admissible
initial data spaces By, k =0, ..., v — 1, and the SG-admissible solution space C, see
below for the precise statement. It immediately follows by the analysis of SG-classical
hyperbolic Cauchy problems in [18], by Sect.4 and by Theorem 5.14.

We here consider an SG-classical hyperbolic operator L with constant multiplicities
and of Levi type, and denote by / = max{/y, ..., [,} the maximum multiplicity of
the distinct real roots 7, j = 1, ..., u, of the characteristic equation (5.22). Then, as
proved in [15, 18], for any choice of initial data gx € 'R, k=0,...,v—1, the
Cauchy problem (5.24) admits a unique solution f € C(J/, &/ (R%)),J' = [-T',T'],
0 < T’ < T. Collecting the initial conditions in the vector

8v—1

! Let us observe that (5.25) needs to be fulfilled only for a single value of m.
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the solution f is given by

J (@) = (Opy, i (ai(®)) + -+ + Opy, ) (@u()))g.

where each Opwj(t)(a () is a type I FIO with regular phase function ¢; €
C®(WJ,FH N C>J, SGH’CI(RM)), solution of the eikonal equation associated
with 7;, and vector-valued amplitude functions a; = (ajo,...,aj,—1) with ajp €
C®( SG G TRy, =1, k=0, v — L

Theorem 5.26 Let L be as above, and let g, € By, k =0, ..., v —1, with the v-tuple
of SG-admissible spaces (By, ..., B,_1). Also assume that the SG-admissible space
C is such that (By,C), k =0, ..., v — 1, are weakly-1 SG-ordered pairs with respect
to

L1 () e = = ) and Q.

Then the Cauchy problem (5.24) is well-posed with respect to (By, . .., B,—1) and C,
uecC(,C),and

m v—1

WEE(f0) < | @ OWFg (@)™, m=1,2,3,  (5.26)

j=1k=0

where ¢ (t) is the canonical transformation (5.6) associated with the phase function
@;().

Corollary 5.27 Assume that the hypotheses of Theorem 5.26 hold. Then WF (f (1)),
t € J, m = 1,2,3, consists of arcs of bicharacteristics, generated by the phase
functions ¢ (t) and emanating from points belonging to Wng (gk), k=0,...,v—1.

5.4 Examples

We conclude with some examples where our propagation of singularities results can
be applied. We initially look at the first order Cauchy problem

(Dy +Op(p1 () f (1) = 0. 1 € [-T. T}, (5.27)

uli=0 = g.
In (5.27) we assume that p;(¢) is a family of classical SG symbols of order (1,1)
depending smoothly on 7. The hyperbolicity condition means that its principal sym-
bol g1 (¢) such that p;(t) — q1(¢) € SG?:?’CI(RM), is real-valued. We then have the
representation of the solution to (5.27) in the form f(¢) = Opw(,) (a(t))g. Theorem
4.1, Remark 4.2 and Theorem 4.3 describe the loss of regularity and weight for the
solutions in the corresponding functional settings.
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Example 5.28 Let1 < p < ocoand g € H(fp,gp (RY), where we have set op=(d—

1 1
|- — E'.Assume also that p (¢, x, &) = (c1(¢, x), &) +co(t), sothat g; (7, x, &) =
p

(qo1(t, x), ). We restrict here to large frequencies, as in [23], choosing a 0-excision

function x € C*®°(RY) such that x (&) = 1 for |£| > 2¢, for some sufficiently large
¢ > 0. Then Theorem 4.1 and Remark 4.2 imply that for eacht € [-T',T'], 0 <
T' < T, the solution f of the Cauchy problem (5.27) satisfies x (D) f (¢) € LP(RY).
Moreover, for every s, 0 € R, there are C7 > 0and 0 < T’ < T such that

X (DY Ol g, vey = CT||g||ngM oty RD)

forallt € [-T',T'] and all g € H?, top0tap (R%). Finally, since the hypotheses of

Theorem 5.26 are satisfied, with C = HY, (Rd) By = HU . RN, r=p=1,
k=1=1,¢(),and Q2 = B.(0), we have

WFE (x (D) f (1)) S (¢()(WFp, ()™, m=1,2,3,

where ¢ () is the canonical transformation (5.6) associated with the phase function
¢(t), which turns out to be (positively) homogeneous with respect to the covariable
(since this is true for g1 (¢), see, e.g., [36]).

Example 5.29 Lets,o € Rand 1 < p < oo be such that

‘1 1
s<—d|z——
2 p

andletw; € &) 1(R*), j = 1,2, be such that

2 (x, 9 (x,8)) S wi(gg(x, £),8) - (x)°(§)°.

Also assume that w; is (¢;, j)-invariant, j = 1,2, with ¢1: x — ﬁf’é (x,&) and
¢2: & — @.(x,&). This clearly holds true, in particular, for the trivial weights
wj(x,&) = 1 and for product type weights w;(x,§) = (x)% (§)°/, with appropri-
ate choices of s;,0; € R, j =1,2.

Theorem 4.3 implies that, if g € M P )(Rd). Then the solution f(¢) of the Cauchy

problem (5.27) satisfies f(¢) € M(w )(Rd), foreacht € [-T',T'],0 < T' < T.
Moreover, there are C7 > 0,0 < T’ < T such that

||f(l)||MP JRd) = CT||8||MP J(R)
forallt € [-T’,T'landall g € M, ’ZU 1)(R”l). Finally, since the hypotheses of Theorem
5.26 are satisfied, with C = M?” )(Rd), By = (wl)(Rd) r=p=1Lk=1=1,

(w2
@(t), and Q = ¢, we have

WEZ (f (1) € (9(O)(WFg ()™,  m =123,
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with the canonical transformation ¢ (¢) associated with ¢(#) in (5.6). Completely sim-
ilar results hold true when M (’;l_)(Rd ) is replaced by Mgo(wj)(Rd ), j=1,2.

As a first example involving second order SG-hyperbolic operators, we consider a
variant of (5.20), choosing V = 0 and focusing again on large frequencies, by adding
a correction term of the form (- )2(1 — ¥ (D)?)| D|?, with a 0-excision function ¥, that
is

Lyf(t)= (D} = (> (X(D)IDNDH f(t) =0, t € [T, T],
fli=0 = 8o, (5.28)
D; fli=0 = g1.

In this case, the results on SG-hyperbolic operators stated in Sect. 5.3 cannot be applied
directly, since (5.23) does not hold for the two roots 71 2(x,§) = F(x)x ()]
Nevertheless, we can anyway switch from the Cauchy problem (5.28) to an equiv-
alent first order 2 x 2 system, setting Fi(t) = f(t), Fo = (DY Y NID f(r) =
(D)~'(-)~'D; Fy (1), namely,

OF ,
5 D= [Op(k1) + Op(ko)] F (1),
F(0) =G,

(5.29)

with

- g - 0 (o E)
G‘(<D>‘<~>‘g1)’ "1()"5)‘(<x><5<‘<s)|s|>2)<s>‘ 0 )

and ko a matrix of SG symbols of order 0, 0. The principal part ky of the coefficient
matrix has, of course, real distinct eigenvalues 7 2 in the region |§] > ¢ > 0. The
theory developed in [14], Ch. 6, shows that the system (5.29) can be symmetrized
and its principal part diagonalized, modulo order 0, O operators. By a variant of the
computations in [15], in the region |§| > ¢ > 0 it can also be perfectly diagonalized,
that is, the two equations can be decoupled, up to smoothing operators. Summing up,
in the case of high frequencies, the Fourier integral operator method can be applied to
(5.29), with the consequences described in the next Example 5.30.

Example 5.30 Let 1 < p < 00,s5,0 € R, go € Hsp+]+cr,,,(7+l+r7[,(Rd)’ and g1 €
H! +op.0tap (R9). Choose a 0-excision function x as in Example 5.28 with & > 0 suf-
ficiently large. Then the solution f(¢) of (5.28) satisfies x (D) f(¢) € Hf+1,a+1(Rd)»
t € [-T',T'], 0 < T’ < T. Moreover, (5.26) holds with u = 2, v = 1,

C=H, R By= (R%) and B; = Hl s oto, (R?), namely

P
HS‘+1+0’17,0'+1+UP

2
WEZOUD) £0) € [ @650 (WF (0™ U (6 () (WFp (g™ |,
j=1
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m = 1,2, 3, where ¢; (¢) is the canonical transformation (5.6) generated by the phase
function ¢} (¢), solution to the eikonal equation associated with 71, which turn out to
be positively homogeneous with respect to the coverable (since this holds for 7j 2).

Consider now the Cauchy problem

Lf(t) = (D} — (D)) f(t) =0, t € [-T, T},
Sfli=0 = go, (5.30)
D; fli=0 = g1,

involving the operator (5.20). First of all, we prove that L is SG-classical strictly
hyperbolic. Indeed, p>(x, &) = (x)%(£)% € SG%% Cl(RZ‘Z) with, for instance,

@(x, &) = xEEP () + x () E) x> — xE)Ix)* - 117 > 0,

for a fixed 0-excision function x. The characteristic equation 72 — g2 (x, &) = 0 has
then two real distinct solutions, namely

T12(x, &) = F/g2(x. &) = Fro(x, £) € SGp'| 4 (R¥), (5.31)

such that

(x, §) —11(x, §) =270(x, §) 2 (x)(§) for x| + |§] = R,

with a suitable R > 0. Writing, as above, L; = D; — Op(t;) +Op(s;), j =1, 2, we
find
LyLy = D} — Op(19)* + (Op(s1) + Op(s2)) Dy + Op(s2) Op(s1)
= D? — Op(g2) + Op(a) + (Op(s1) + Op(s2)) D; + Op(s2) Op(s1),

where

ol
14
a(x. &)~ > —rDEno(x, H)DT(x, §) € SGY) (R,

o

Proposition 5.23 implies that there exist s1, 52 € SG(I) 1el (R ) s1 =80 = —s2 + 11,
r €% (R2d) such that

Op(a) — Op(s0)* = Op(g2 — p2) + Op(r2). r2 € L (R*),
so that L also satisfies the Levi condition.
Example 5.31 Lets,o € Rand 1 < p < oo be such that

‘1 1
s<—d|z——
2 p

Birkhduser



J Fourier Anal Appl (2016) 22:285-333 331

andlet w; € 2 1(R*), j =0, 1,2, be such that, for k = 1,2,

wo(x, ¢, (x,8)) S o1(gp (x, 6),8) - (x)°(£)°,

w0 (x, ¢, (. ) S w2l (. ), 6) - (1)1 (E)7 1, 632

Also assume that each w;, j = 0,1,2, is invariant with respect to the SG-
diffeomorphims appearing in (5.32), generated by the phase functions ¢, (t), solutions
of the eikonal equations associated with 7;, j = 1, 2, given by (5.31).

Theorem 4.3 implies that, if gg € M (IZOI)(Rd), g1eEM ([;2)(Rd), then the solution

£ (t) of the Cauchy problem (5.27) satisfies £ (1) € M” (R%),foreacht e [-T',T'],

(o)
0 < T’ < T. Moreover, setting C = M (R?), By = M(’;l)(Rd), B =M? (RY),

. . . (@g) (@2)
the inclusion (5.26) holds true with 4 = 2, v = 1, namely

2

WEZ(£ (1) € | [ @50 (WF (0™ U (@) (W (1) |

j=1

m =1, 2, 3, with the canonical transformations ¢ (¢) generated by the phase functions
@;(), j = 1,2. A completely similar result holds true when M &j)(Rd) is replaced
by ngwf)(Rd), j=0,1,2.

Finally, we recall that for certain types of choices of the symbol and the amplitude,
we may avoid to have losses of regularity of the solution f(#) compared to the initial

data (cf. [2,12,42,45] and Remark 4.4).
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