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Abstract In this work, we first give various explicit and local estimates of the eigen-
functions of a perturbed Jacobi differential operator. These eigenfunctions generalize
the famous classical prolate spheroidal wave functions (PSWFs), founded in 1960s
by Slepian and his co-authors and corresponding to the case « = = 0. They also
generalize the new PSWFs introduced and studied recently in Wang and Zhang (Appl
Comput Harmon Anal 29:303-329, 2010), denoted by GPSWFs and corresponding
to the case @« = . The main content of this work is devoted to the previous interesting
special case « = 8 > —1. In particular, we give further computational improvements,
as well as some useful explicit and local estimates of the GPSWFs. More importantly,
by using the concept of a restricted Paley—Wiener space, we relate the GPSWFs to
the solutions of a generalized energy maximisation problem. As a consequence, many
desirable spectral properties of the self-adjoint compact integral operator associated
with the GPSWFs are deduced from the rich literature of the PSWFs. In particular, we
show that the GPSWFs are well adapted for the spectral approximation of the classi-
cal c-band-limited as well as almost c-band-limited functions. Finally, we provide the
reader with some numerical examples that illustrate the different results of this work.
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1 Introduction

We first recall that for a bandwidth ¢ > 0, the infinite countable set of

the eigenfunctions of the finite Fourier transform F., defined on L%(—=1,1) by
1

Fef(x) = ¢'“¥ f(y)dy, are known as the prolate spheroidal wave functions

(PSWFs). They have been extensively studied in the literature, since the pioneer work
on the subject of Slepian and co-workers, see [11, 15,16]. The interest in the PSWFs is
essentially due to their wide range of applications in different scientific research area
such as signal processing, physics, applied mathematics, see for example [7-9,18].
Recently, in [19], the authors have given a generalization of the PSWFs by consid-
ering the eigenfunctions of the special case of the weighted Fourier transform .7:6(“),

1
defined by F f (x) = / ENF(y)(1 = y»)*dy, a > —1. Note that although, the
—1

extra weight function wy(x) = (1 — x?)%, generates new computational complica-
tions, the resulting eigenfunctions have some advantages over the classical PSWFs.
In this paper, we first give some useful analytic and local estimates of a more general
Jacobi-type PSWFs. This is done by using special spectral techniques from the theory
of Sturm-Liouville operators applied to the following Jacobi perturbed differential
operator, defined on C3([-1,1]) by

LEPox) = (1 = x)" (x) + (B — @) — (@ + B+ 2)x)¢'(x) — xp(x)
= Lop(x) — 2x%p(x). (1)

Note that in the limiting case ¢ = 0, the eigenfunctions of the previous differen-
tial operator are reduced to the Jacobi polynomials Pk(‘”j ). Moreover, in the special
case ¢ > 0, o = B = 0, these eigenfunctions correspond to the classical Slepian
PSWFs. Moreover, in the case where « = 8 > —1, it has been shown in [19] that the
finite weighted Fourier transform .7-1(.“) commutes with LE.“’“). Hence, both operators
have the same eigenfunctions, called generalized prolate spheroidal wave functions
(GPSWFs) and simply denoted by 1//,5“6) , n > 0. They are solutions of the following
integral equation

1
FOy@ ) = / YD Ny dy = pOOP@D ), Xl <1 @)

Here, ,u,(f‘)(c) is the eigenvalue of the integral operator .7-"50‘), associated with the
eigenfunction 1//,50‘2

The important part of this work is devoted to the study of the GPSWFs, that is
o = . In particular, we give their analytic extensions to the whole real line. As a
consequence, we obtain an explicit and practical formula (in terms of a ratio of two fast

converging series) for computing the eigenvalues u,(fl) (c). Note that the behaviour as
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well as the decay rate of these eigenvalues, play a crucial role in most applications of
the GPSWFs. In [19], by using an heuristic asymptotic analysis, the authors have given

an asymptotic super-exponential decay rate of the |u,({x) (c)]. In the second part of this

work, we prove that for any & > 0, the super-exponential decay rate of | y,,(,a) (c)| starts

holding from the plunge region around n = —C. The proof of this result is based on the

bid
characterization of the GPSWFs as solutions of a generalized energy maximization
problem, over a restricted Paley—Wiener space Béa), given by

B = {f € L’®), Support f C [—c.cl. fe L2 (—¢.0). oy (2))

Here, fdenotes the Fourier transform of [ € Lz(R), defined by

A

f&) = lim e fx)dx, & €R.
A—+00 —A

More precisely, for a real number « > —1, let J, denote the Bessel func-
tion of the first type and order o and consider the self-adjoint compact operator

QY = %ff‘* o F¥, defined on L*(I, wg), I =[—1, 1] by

1
Q% (x) = / S Kaelx = () dy,
1 &

Jo+1/72(x)

_ a+1/2
Ka(x) = V22T o+ 1) =00 3)

By rewriting the energy maximization problem in term of the previous integral oper-
o . c
ator, one gets a characterization of the eigenvalues Af,“)(c) = — |/L,(f‘)(c) |2 of Q% as

a countable sequence generated by the energy problem. From this, we conclude that
the )Lfl“) (c) decay with respect to the parameter «, that is for c > 0, and any n € N,

0< A,(fl)(c) < )Lff‘/)(c) <1, Ya>d >0.

Hence, by using the precise behaviour as well as the sharp decay rate of the x,&o) (c),
given in [6], one gets a similar behaviour and decay rate for the (Af,“) (¢))n, for any
o > 0.

This work is organized as follows. In Sect.2, we give some mathematical prelim-
inaries on Jacobi polynomials and their finite weighted Fourier transform. Also, we
describe the Bouwkamp method for the Jacobi series expansion of the eigenfunc-
tions w,ﬁ‘f‘gﬂ) of the differential operator ﬁﬁ.‘" 2 Then, we give some explicit and local
estimates of these eigenfunctions. These estimates will be particularly useful in the
subsequent study of the GPSWFs, given by Sects. 3 and 4. In Sect. 3, we first give an
improvement as well as a new kind of decay rate of the Gegenbauer’s series expan-

sion coefficients of the GPSWFs 1//,5“2 Then, we give the analytic extension of the
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GPSWFs to the whole real line, as well as an explicit and practical formula (as a ratio
of two fast converging series) for the accurate computation of the eigenvalues )(c)
and consequently of )»f,a) (c). In Sect. 4, we characterize the GPSWFs as solutions of
a generalized energy maximization problem and we prove the monotonicity of the
)»,(10‘) (c) with respect to the parameter «. Moreover, we show that the GPSWFs are
well adapted for the approximation of the classical c-band-limited as well as almost
c-band-limited functions. Finally, in Sect.5, we provide the reader with numerical
examples that illustrate the different results of this work.

Notations and normalizations: The following notations will be frequently used
in this work,

wap(y) =10 =N“UA+0P,  wu(y)=0-y)* I=[-1,1]

Moreover, the eigenfunctions w,i L’S ) and the GPSWFs w(a) are normalized so that

/1 (w,ﬁ‘,’gﬁ>(r))2 wap(t)dt = 1, / (¢<a>(t))2 we()dt = 1.
-1

2 Eigenfunctions of a Perturbed Jacobi Differential Operator

In this section, we give a description of the series expansion of the eigenfunctions
(“ p )(x) of [,( P ), given by (1) and with respect to the basis of normalized Jacobi
polynomlals B = {P(a Pk > 0}. Also, we give some properties as well as local

estimates of w,, cﬂ )(x) generalizing some of those given in [3,5] in the special case
o = B = 0. For this purpose, we need the following mathematical preliminaries.

2.1 Mathematical Preliminaries

We first recall that for two real numbers «, 8 > —1, the Jacobi polynomials Pk(a’ﬂ )
are given by the following three term recursion formula
PP ) = (Ax + BOPEP (1) — PP (1), x e [-1,11. @)

with PSP () =1, PP (x) = L@ + B+ 2)x + L(a + B). Here,

A _(2k+a+,3+1)(2k+ot+ﬁ+2)
T T 2kt DktatptD

@ = BHCk+a+p+1)
2+ Dk +a+B+1DRk+a+p)
k+o)k+ Bk +a+ B +2)

- . 5
= i F DU +at B+ Dk tath) ©)

B, =
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In the sequel, we let ﬁ;a’ﬂ ) denote the normalized Jacobi polynomial of degree k so
that

1
12PN = / (PEP () wap(y)dy = 1.
Da, B —1

It is well known that in this case, we have

22BNk a+ DI (k+ B+ 1)

~ 1
PPy = —P*P ), I

= . (6
N KCk+a+B+DIk+a+p+1) ©
Straightforward computations give us the following useful identities
PP () = (aex + b PP (x) — ek PP (v, @)
hi hi hi—1
ax = | ——Ax, b= |—Br, = [—Ck. ()
Ri1 Rit1 hiy1
~ I~ b bi\ =
2 pla.p) (CH:)) k+1 k\ pl.p)
BP0 = —— PP ) - (2 + ) BEP
k arags1 “t? arapyr - ap) *H
c b? c ~
+( K+l _;E g )Pk(a’ﬁ)(x)
akak+1 @  Akk—1
ckb ckbr—1\ =~ CkCk—1 =
(AR + D EP w0+ LD )
ay Akdk—1 Akdk—1

The explicit expressions and bounds of the different moments of the weight function
wq,p as well as of the Jacobi polynomials Pk(a’ﬁ ) will be frequently needed in this
work. For this purpose, we first recall the following useful inequalities for the Gamma

function, see [2],

X412 x+1/2
JZ(X+1/2) 5F(x+l)§x/ﬂ(x+1/2) x>0 (10)

e e

Next, for an integer £ > 0, let
o, B !
It = /1 Yo wup(y) dy (11)

be the kth moment of w, g. To get an upper bound for I;: P , we may assume that
o > . In this case, we have
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1 1
1£’ﬂ=/0 yk<1—y>“<1+y)ﬁdy+/0 YA =P+ ™ dy
1 1
s/o y"(l—y2>“dy+2“—ﬁ/0 y"(l—y2>ﬁdys%(B(k/z+1/z,a+1)
+2°FB(k/2+1/2,8+1)). (12)
T (y)

—_—, X
C'x+y)
by using (10), taking into account that for any real number a > —1, the function

Here, B(:, -) is the Beta function given by B(x, y) = , ¥y > 0. Moreover,

o = (1+ j’—c)+ Xz (13)

is decreasing on [1, co) to e* and by using some straightforward computations, one
gets

1 [72!+B
ap _ L [t e -B
I < 2,/ paAE Td+a)+2TA+p), a=8.
Consequently, for any real numbers «, 8 > —1, we have

B Co,p T
L < m Va, B> —1,  Cop=(2°+2F) \/;"(1 + max(a, B)).
(14)

In the special case where « = g, and by using the parity of we (y) = (1 — y?)¢ as
well as the previous bound, one gets

, , 7+ 1)
Lis1=0. Iy*=Bk+1/2.a+1) =< \/;kl—+ (15)

Also, note that for given integers k > n > 0, and by using the Rodrigues formula for

the Jacobi polynomials, one gets the following formula for the kth moments of ﬁ,f“’ﬁ ) ,
with k > n,

T 1 (k) [
Mk’nz\/ kan(Dl,,B)(x)a)a’ﬂ(x) dx = ( )/ xk—n(l_x)n+a(1+x)n+ﬁ dx.
1 _

Z”N/hn n 1
(16)
In particular, if « = B, one gets
1 o~
My =/ ka,f“’“)(x)a)a(x) dx
—1
0 ifk <nork—nisodd
_ k 17
2"(:/%3 (B n 4+ a +1) otherwise. ("
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On the other hand, it is interesting to note that the weighted finite Fourier transform
of Jacobi polynomial is given by the following explicit expression, see [13, p. 456],

(ix)kelx
k!
xFitk+a+1,2k+a+B+2,-2ix), (18)

1
/ e PEP ()0, p(y) dy = 2Bk + a4 Lk + B+ 1)

where B(x, y) is the Beta function and { Fi(a, b, c¢) is the Kummer’s function. It is
well known, see [13, p. 326] that the Kummer’s function has the following integral
representation

1

Fi(a,b;2) =
1F1(a, b; 2) Ba.b)

1
/ 71— b dr, zeC, Re(b) > Re(a) > 0.

0
(19)

2.2 Computation and First Properties of the Eigenfunctions of £§“’ﬂ )

In this paragraph, we first describe the Bouwkamp method for the computation of
the bounded eigenfunctions and the corresponding eigenvalues of the operator ££a’ﬁ ) ,
given by (1). Then, we give some general properties of these eigenfunctions. Note that
Bouwkamp method can be briefly described as the representation of a perturbed version
of classical orthogonal polynomials differential operator. This representation is done
by the use of the original classical orthogonal polynomials. In our case, we consider
the Jacobi orthonormal basis of L2(/, Wy, p), given by BxP = {ﬁ,fa’ﬂ)(x), k > 0}.
Then, thanks to this method, the computation of the bounded eigenfunctions w,(,?‘gﬁ )
of Lﬁ."“ﬂ ) and their associated eigenvalues y,(c) is reduced to the computation of the
eigenvectors and the associated eigenvalues of the infinite order matrix representation
of 55""’3 ) with respect to the basis B%#  Itis interesting to note that only a finite number
of the main diagonals of this representation matrix are not identically zeros. To the
best of our knowledge, Niven, was the first to use this method in the early 1880s, see
[12].

Note that since w,ﬁf’gﬁ ) ¢ L2, wq,p), then its series expansion with respect to the
basis B%# is given by

@P )= PP ), xel-111. (20)
k>0

By combining (20) and the facts that

—LEPYD () = xa @Y @) LB @) = @ B ),
xk(0) =k(k +a+ B+ 1),

one can easily check that the expansion coefficients (,3,2’) k>0, n > 0 and the eigenval-
ues (x,(c))n>0 are given by the following infinite order eigensystem
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D*F.B, = xu(© By, D*F =[di;], .o, Bu=IBk=01". (D

£%P) with coef-

Here, D*# is a 5-diagonals matrix representation of the operator —
ficients given by

1 by ‘

2 2 i i—1

diji—2 =djj2=c"——, dij-1=—c¢ + =5
aj-1ai-2 aiai-1  a;

. b2 .
dii =i(i+a+ﬁ+1)+c2(c’—“——’2+ o )

aiai+1  a; = aiai—|

cit1b; cit1b;
dijpr = A D L N g =0, iflj il =30 (22)
ai, ai110;

We recall that the coefficients a;, b;, ¢; are given by (5) and (8). In the special case
where ¢ = B, we have b; = 0, so that the previous eigensystem is reduced to a
symmetric tri-diagonal system. In this case, for a fixed integer n > 0, the sequence
(,3,’;)1@0 satisfies the following eigensystem

1
B+ (k(k 2+ 1) 4 ¢ (C"—“ +—* )) By

ak+2‘1k+l Ak di+1 Akdk—1

+

PP ,Bk 2= Xn(C),Bk (23)

An expanded form of this system is given by

VE+FDE+2)*k + 20+ Dk +2a +2)

(2k 4 2a + 3)/(2k + 20 + 5)(2k +2a+1)
2 2k(k 4+ 2 + 1) 4+ 2« — "

2k + 2o + 3)(2k + 200 — )ﬂ"
NI 1)(k+2a)(k+2a -1

(2k 4 2a — 1)/(2k + 2o + 1) (2k + 20 — 3)

B+ (klk + 2 + 1)

By = xn(OBE. k=0. (24)

The following proposition provides us with some properties of the eigenfunctions

w,(,?‘c’ﬁ ) (x) and eigenvalues x, (c), generalizing some known properties for Jacobi poly-
nomials.

Proposition 1 For given real numbers ¢ > 0, a, B > —1, let w,(f‘gﬁ) be the nth
eigenfunction associated with £§a’ﬂ ), and normalized so that || 1/f,(,?[c"3 ) 12 =1.

Then we have

(Py) The set B = {w(a ’3), n > 0} is an orthonormal basis of L*(I, wq B)-

(P If 1//(/3 ) is the nth normalized eigenfunction of L(’g . , then Iﬂ(a P and 1//03 )
are associated to the same eigenvalue x,(c). Moreover, they are related to each
others by the following rule

(I, wq,p)
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PP (—x) = (=1)"yEY ), x eR. (25)

Proof Property (Py) follows from the general spectral theory of Sturm-Liouville oper-
ators. To prove (P, ), we use the following well known property for Jacobi polynomials,
see [17, p. 59]

PP (—x) = (=1 PP (x). (26)

Let D@A) = [di,jli,j>0 and DB.®) — [Cz,j]i,jzo be the matrix representation of

£8P and — £ with respect to the basis of Jacobi polynomials 2% and P"*,
respectively. Then from (4) and (22), one gets

diisk = (=D p. —2<k=<2 i>0 and d;; =0, if |i—jl=3. (27

Let B, = [Bf,k > 01" and B, = [B}.k > 01" = [(—=D*B}, k > 01”. Since
D@PAB, = x,(c)B,, then by using (27), it is easy to see that D#-®B, = x,,(c)B,.
This means that w,(f‘c”g ) and I/f,Eﬂ 50‘) are associated to the same eigenvalue x,(c). More-
over, the series expansion of w,(lﬁ 5'1) in the basis {13,((’3 ’a), k > 0} is obtained from the

. . o,
series expansion of w,(,,cﬁ ), as follows

YD) = e D (=D BEPE O (), 28)

k=0

for some constant c¢,. By combining (26) and the previous equality, one con-

cludes that w,(,?‘c‘ﬂ)(—x) = Cnl//,(,{}éa)(x). Moreover, since ||I//’(l?tc’ﬁ)”L2([,a)a‘ﬂ)
W] L2(Lws,) = | and since Y% has the same parity as n, see [19], then
cp = (—1)". This concludes the proof of (25). O

Also, we should mention that the (n 4 1)th eigenvalue ¥, (c) satisfies the following
classical inequalities,

n(n+ot+ﬁ+l)§X,,(c)§n(n+a+,3+1)+cz, Vn > 0. 29)

To get the previous upper bound, we consider the following Sturm—Liouville form
(o, 8)
of =L,

— LEP(f)(x)

d
— = o1 =) 0|+ o (G0)

—LEP (1)) + AxPwg g (x).

Then, from the well known Poincaré Min—-Max characterization of the eigenvalue of

L&

a self-adjoint operator, applied to the operator , one gets
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1
. _ p@p) 2.2 2
o= e s [ (G4 @00u0) + E20R) anpcods

1
< min max / —ng’ﬁ) () (X)u(x)wq,p(x) dx + Alul)?
dim H=n u€H,|ull=1/_
<@+ =nt+a+p+1)+c

Next, to get a lower bound, it suffices to see that the self-adjoint operator —LE‘“S )

(- [,(a P )) =c2x?isa positive operator, which implies that x, (c) > x,(0).

2.3 Local Estimates of the Eigenfunctions of Eﬁa’ﬂ )

In this paragraph, we give various explicit and local estimates of the v, Cﬂ ) These
estimates will be needed to prove some of the results of Sect.3 and 4 of this work. We
should mention that in the literature, only few references have studied the problem
of the explicit estimates of the classical PSWFs and their eigenvalues y,(c), see
[3,5,14]. The following proposition provides us with explicit local bounds of w,S‘fgﬂ ) ,

generalizing a similar result given in [3] for the special case « = = 0.

Proposition 2 For real numbers ¢ > 0, o, B > —1, witha + 8+ 1> 0. Letn € N
be such g = ¢/ xn(c) < 1. Then we have

2
2 (@.B) (o, B)
zes[ltl)%](l ewp®) (‘w""" (t)’ qtz)Xn(C) )(w )(t)’ )

< 2(1 + max(w, B)). (31)

Moreover, if « = B, then we have

sup (1= 1) (1) (\ o[ +

te[—1,1]

qﬂ)x 5 |y (z)|)<1+a (32)

Proof The proof uses a classical technique for the local estimates of the eigenfunctions
of a Sturm-Liouville operator. In our case, we first note that by using property (P»)
of Proposition 1, it suffices to consider the case « > S, since the case 8 > «, follows
from the equality (25). Next, consider the auxiliary function, defined on [0, 1] by

Since w( P) is the eigenfunction of the operator —LEP‘*’S )

value yx;(c), then straightforward computations give us

associated with the eigen-

2P (1)
xn(c)(1 = g12)

1— 2
Z)(1) = ((a—ﬂ)+(1+a+ﬁ)t+qt tz). (33)
1—qt
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Since0 <g<1l,a—pB>0anda + B+ 1 > 0, then it is easy to see that
Z(1)>0, Ytel0,1].
Next, we consider a second auxiliary function, given by
K,(@t)= (- tz)a)a,ﬂ(t)Zn(t), t €[0,1].

Then, by using (33), one can easily check that there exists a positive valued function
A(+) on [—1, 1] with
Ky (1) = o 5(1) (=21 + (B — @) — (a + B)1) Zy (1) + (1 = 1), 6 (1) Z,, (1)
2 2
= (24 (B — @+ PN (%) O+ a0 (%)) ©

2
> (B-w) = Cta+pnen® (1%P) o,

1 2
Finally, since K, (1) = 0 and since / (w,ﬁ‘j‘c’ﬂ)) () wa,p(t) dt =1, then by using
-1

the last inequality, one gets
Ky(t) — Kn(1) = K, (1) = max, ((@=pB)+ 2 +a+pir)
1 2
x / (w,i‘f‘gﬁ)) (t) o p(t) dt <2(1+ ).
0

1 2

Finally, if 8 = «, then from the parity of w,(,ac) (1), we have / (l”,(,ac) (1) we (1) dt
0

= 1/2, which means that the previous upper bound is replaced by 1+-c«. This concludes

the proof of the proposition. O

The following proposition provides us with an estimate of the maximum of the

,5‘75’3 ) inside the interval /.

Proposition 3 Letc > 0, and o > B with o + B > —1, then for any positive integer
nwith g = ¢/ xn(c) < 1, we have

1+max(e,0) 14+ 1+2
@B) ([ — (g @B Lga _2 ( 0‘) 2
su P(x)| = D =<C )z, C,=

XE[O?I]Ilﬁn,L ] = [, (D] < Co(xnlc)) o e Gia

34)
Moreover, if o = B, then we have
C Lta
sup [y ()] = [, (D] < —= () 2 (39)
xe[-1,1] V2
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Proof We first recall that the auxiliary function Z,, given by :

Zu0) = (¥ W)+ X(C;(I—fquz) ((vie) ) @)

is increasing over [0,1] whenever g = cz/xn(c) <l,e>pBanda+pB+1=>0.
Hence, we have

sup 2,0 = Zy() = (4P @)’

x€[0,1]
which implies that

sup (Y%A ) = 1w @P )], VneN, withg < 1. (36)
xel0,1]

Moreover, if @ = B then from the parity of w,, L , one gets

sup [0 (0| = Y2 (D), VneN, withg < L. (37)

n,c
xe[—1,1]

Next, we show how to get the upper bounds of |w(“ A (1)] and W(“) (1)]. To alleviate

notation, we simply denote w,, C‘g ) by ¥, and x,(c) by x,. Also, without loss of
generality, we may assume that v, (1) > 0. Since

(W ()1 = XD, (%)) = =30 ()0, () (1 = gxH) Py o (x), (38)

then

1
Xn
(1 — D) p(x) / 0o, p()(1 = 1) Y o (D)d1

Vi = 5

= Lz(l — gx) (1 = X)Wnc(1) = xu(1 — gx*) P (1),
(1—x2)

Hence,
Une(D) = Yne(x) < xn Qg ()Y c(1),  Qu(x) = (1 —gxH(1 —x?).  (39)

Next, let x,, € [0, 1] be such that Q,(x,) = -, where the constant a to be fixed later
on. By substituting x with x;,, in (39) and by usmg (31), one gets

1 1/2
l/fn (1) < _’a”n clxn) < V2(1 + @) (—) .

T (1-a) Qq(xn)wa,ﬂ(xn)
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That is 1
V2(1 + @) X
wﬂ,c(l) S 1/2 - (40)
a’/>(1 —a) \Jwy,p(xn)
Note that the admissible solution of Q,(x,) = ;—n is given by x, =
/
(q+D—/(q—12+%4
( 1 2q z ) . Consequently,
q
%
1- £ 2(1 — & 1
RTINS =0 <(1_i)2<1_2a.
ag Ay SR X B X
I+ Xn q+1+10—-q)/1+ Xn(g—1)? ! !

It is easy to see that in this case, we have

- Sl—xnfi(lﬁ-‘/&).
2 Xn Xn a

Consequently, by using the first inequality when o > 0 and the second inequality
when —1/2 < «a < 0, one gets

| (f)*? 212 < /2 (K2)? if —1/2<a<0
Vot = | () (‘“)
[ ’ﬂ X 2 n « 1 2 n a/2 1
R (%) T < 20712 (L)Y e 0.
Hence, by combining (40) and (41), one gets
21+max(a,0) (1 + Ol) 1+a
V) < K (42)

a(l+a)/2(1 _ a)

Since the maximum of a” (1 — a) is attained at a = % then for y = HT“ one gets

(34). Finally, (35) follows from the parity of w,ﬁ‘f‘g and (32). O

Remark 1 The techniques used for the proof of inequality (40) are similar to those
used in [3] to prove a similar inequality, restricted to the special case « = g = 0.
Nonetheless, the general setting of the previous proposition requires handling the new
quantity /gy, g(x,) that generates extra difficulties to obtain the local estimates (34)
and (35).

3 Generalized Prolate Spheroidal Wave Functions: Computations
and Analytic Extension

In the sequel, we restrict ourselves to the case « = B > —1. In the first part of
this section, we further improve the super-exponential decay rate of the GPSWFs
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expansion coefficients (8] ), that has been given in given in [19]. Then, we show
that for sufficiently large values of n and up a certain order K, all the coefficients
B¢, 0 < k < K, are positive. As a consequence of this positivity result and the
previous fast decay of the ', we show that in the case where « = f, the expansion
coefficients (B} ), are essentially concentrated around k = n. In the second part of
this section, we give the analytic extension of the GPSWFs, together with an explicit
expression for the eigenvalues /,Lﬁ,a)(c) as a ratio of two fast convergent series.

3.1 Computation and Analytic Extension of the GPSWFs

We first note that in the interesting special case where « = §, formula (18) is simplified
in a significant manner. This is given by the following lemma.

Proposition 4 Let « > —1, then we have

N2 Trk+a+1)
) ———— Jktat+12(x), xeR.

1
/ PRI ey dy =itV (

x T(k+1)
(43)
Here, J, denotes the Bessel function of the first kind and order «.
Proof 1Ttis well known, see for example [1, p. 200], thatifa > —l andz = —2ix, x €
R, then we have,
2\ _.
1Fia+1/2,2a+1; =2ix) =T(a+ 1) (—) e ", (x). (44)
X

By combining (18) and the previous equality with a = k + « + 1/2, one gets

1
FePL)(x) = / Y PN (y)wg (v) dy

002 P (k4 o 4 3)2)
= T kHati2 Ck+1)

Blk+oa+1,k+a+ DJiarip(x). (45)

Moreover, by using the following identities of Beta and Gamma functions,

() (y) I'(2b)
B(x.y) =iy T@+D=3T@. TOIG+1/2)= VT St
one gets
FRO W
22k+3at3/2 Fk+a+DTk+a+ DM k+a+1/2)
_ k
== e (k+a+1/2) TGt D Fk 120 12) Jkta+172(x)
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Tk +a+ 232 o 4 12Tk + o+ DIk +a +1/2)

J]
Th+1)  (ex)* /2 2k +2a+1 T2k + 2+ 1) ket 1/2(0)

. 2Tk +a+1)
O

Remark 2 In the special case o = 0, the equality (43) is reduced to the well known
classical finite Fourier transform of Legendre function, see for example [1, p. 343].

As a first consequence of the previous proposition, one gets a simple and straight-
forward proof of the following result that has been already given by Lemma 3.4 in
[19] and with different kind of proof.

Corollary 1 Under the above notations, for any real numbers ¢ > 0 and « > —1,
we have

1 ~
Bl = / 1 PO (9 (e () dy

2. /mik 1 g1 ()
= = 1+ D" / Tt s @ (o () dr. (46
i (/i ( b ) 0 (er)ts Ve Dwa(t)di.— (46)

Proof Just write

1 ! D o,a ! icty
A= @ / P ) ( / e“”w,ﬁf?(r)wa(r)dr) w0 () dy
M (c) /=1 -1
ik 1 J g p1(et)
_ et s @ (1 (1) dit.

n,c

u @I -1 (et

To conclude, it suffices to write the previous integral as f_l L= fol + fi)l and use the

JkJrotJrl (ct)
2

(e
respectively. O

facts that the function w,ﬁ"‘,} and 1 — has the same parity as n and k,

A decay rate of the expansion coefficients is given by the following proposition that
improves the result given by Theorem 3.4 in [19].

Proposition 5 For given real numbers ¢ > 0, a > —1 and integers k,n € N, let

1
ﬁ;? =/ ka(a,a)(x) ‘ﬁr(,ac)(x) we(x)dx.
1

Then, we have

Cqy 1 1 ec k
n —
1Bl = 1@ (o] KT 2 (2k+ 1) ’ “7)

774 YT (1 +a)(3/2)3/4 (3 /242a)3/4+

2a+1,0+5/4

where Cy =
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Proof By using the expression of ;' and by combining (2) and (18), one gets

1 rot 1
fi=—a [ [ B "”(x)(/ e’”ywn,c(yma(y)dy)%(x)dx
Hn (C) —1J-1 -1

1 1
_ 1(6) /l ( / 1 picxy ﬁk(a,ﬂ)(x)wa(x)dx) Y% (ywa () dy
1

1 ¢ k jicy
ic e

= @ (k‘y\)/h_ k2t Bk a4+ 1, k+a+1)-
my (c) J—1 vV 1k

1Ptk +a+ 1,2k + 20 + 25 =2icy)Yn (y) wa () dy.

On the other hand, from the integral representation of Kummer’s function given by
(19), one gets

WF1(k+a+1,2k+ 20 +2; —2icy)|

1
'k +2a+2) / e—Zicyttk+oc(1 _ t)k+°‘dt
Fk+a+ 12 |/
1
< 1 /efZicyttkﬂx(l_t)kJradt
Bk+a+1Lk+a+1)|Jo
- B(k+a+1,k+a+1)_1
= Bk+a+lk+a+l)

Consequently, we have

Bk +a+1,k+a+1)ckottett ool
n o

| 12
x ( / 1 2wy (y) dy)

B(k Lo+ 1’ k4o -+ 1) Ck2k+3/2(0{+01+1) e
< s

1/2

;. (48)
)] kIR *
Note that from (10), we have
ck ck 1 1 ec k
c__°¢ 1 : (49)
kKl Tk+1) ~ V2/2k+1 \2k+1

In a similar manner, we get the following upper bound and lower bound of the quantity
B(k 4+ a + 1,k + o + 1) and the normalization constant A, given as follows.

Ftat+ 1)’ V2 Qk+2a4 1) 2!
FQk +20+2) — 22k+2a+1 (2k+20[+3/2)2k+2"’+3/2
_ V2r 1

= 2Z%k+2etl SOF 20+ 3/2

Bk+a+1l,k+a+1)=

(50)
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Also, by using (10), the decay of the function ¢, given by (13) as well some straight-
forward computations, one gets

e (26)2a+1 1

_ <h
7 (3/232(3)2 + 20)3/27 2 2k y 24+ 1 —  F

- T /2 2a+1 (3/2)3/2(3/2 + 2a)3/2+2a 51
e \e 2k + 20 + 1 ’

Finally, by combining (15), (48), (49)—(51), one gets the desired result (47). O
Remark 3 By using our notation, the decay rate of the (8;)x, given by Theorem 3.4
£ [19] can be wri Co ! e« \' C!.Th
of [19] can be written as @ ez \r1) or some constant C,. The

[t (0)]

previous proposition ensures that this decay is further improved by a factor of 1/2*.

The following theorem provides us with a second decay rate of the (8 )r>0, valid
for sufficiently large values of n and the values of 0 < k < n not too close to n. We
should mention that the techniques of the proof of this theorem, given in “Appendix:
Proof of Theorem 17, are inspired from those developed for the special case ¢ = 0
and given in a joint work of one of us [4].

Theorem 1 Let ¢ > 0, be a fixed positive real number. Then, for all positive integers
n, k such that g = ¢*/xp, < 1 and k(k + 20 + 1) + Cy c® < xu(c), we have

[(a+3/2)
Val(a+1)

1Byl <

Nk
VIF el @) and 181 = C(C) W@ 62

X (3/2)3/4(3/2 + Za)3/4+a
e20+3/2

- 200 +2)
Mo = mas (1/4, \/<2a 5 )

3001 |42 — 1| )
20452 Qu+3)Qa+7)/)

Here, C,, = V14« and Cy = 2M, + N, with

N, = max ( (53)

3.2 Analytic Extension of the GPSWFs

In this paragraph, we give explicit formulae for the analytic extension of the GPSWFs
to the whole real line, as well for computing the eigenvalues ug,a)(c) associated with
the weighted finite Fourier transform F¢. We first note that due to Eq. (2), the GPSWFs
have analytic extension to R. In fact, it is well known, see [17, p. 168], thatif o« > —1,
then

1

p(e.p) _ a+1/2
sup [P, ()| == < Myk ,
veray ¢ VhiBk+1,a + 1) “
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for some constant M,. Moreover, by using the super-exponential decay rate of the
expansion coefficients (,3,2’) x combined with (2), (20) and (43), one gets

 Jmetn Z « F(k + o+ 1) Jrati/2(cx)

, Vx #0.
(a)( ) = /hkk! (cx)a+1/2

Moreover, from the parity of the wn C , it is easy to see that )(c) =" |,u(a) ©)],n>
0. Hence, by using the fact that the previous expansion coincides with the expansion
(20) at x = 1, one obtains the following analytic extension of the GPSWFs as well as

an explicit formula for their associated eigenvalues 1, )(c)

w2etl/2 I'(k D Jj
¥ (x )_\/_() kn g (k+a+1) k+a+1/+21(CZX)’ Vr£0 (54)
L (©)] =0 Vhik! (cx)etl/
with
Tk+a+1)
INEH2 D iF B ) Titat1/2(c)
(Ol)(c)_l"\/_( ) = fk “ , n>0. (55

Zkzo JHB(k+a,k)

We should mention that due to the facts that the coefficients (8} ), are concentrated
around k = n and decay super exponentially, the previous formula is accurate and

practical for computing the 1, )(c) Also note that in [19], the authors have given

some properties of the eigenvalues 1, )(c) (denoted by A(a) (c) in [19]). In particular,
by considering the operator ¢ as a Hilbert-Schmidt operator acting on L*(I, wgy), it
has been shown that

2

1 2
S ‘ _ e
s ©F = 1 F s = (/_lwa(X)dX) @132

n>0

Here, || || g s denotes the Hilbert—Schmidt norm. More importantly, in [19], the authors
have noted that the u(a)(c) has an asymptotic super-exponential decay rate given by

o n
(@) %6_ e ec 1 56
(O 3 2n+2a+3(4n+4a+2 >l (56)

4 GPSWFs as Solutions of an Energy Maximization Problem and
Quality of Approximation

In the first part of this section, we show that in the case where o > 0, the GPSWFs
are solutions of an energy maximization problem over a generalized Paley—Wiener
space and with respect to certain weighted norms. As important consequences of this

characterization, we get a monotonicity result the sequence )»,(f‘) (c) = | u("‘)(c)|2
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with respect to the parameter «. Moreover, by using the results of [6], one gets a
better understanding of the behaviour and the super-exponential decay rate of the
(kﬁ,a)(c))nzo. In the second part, we show that the GPSWFs are well adapted for the
approximation of functions from the classical Paley—Wiener space B, as well as of
almost c-band-limited functions.

4.1 GPSWFs as Solutions of an Energy Maximization Problem
and Consequences

We recall that the starting point of the theory of the classical PSWFs (corresponding
to the GPSWFs with @ = 0) is the solution of the following energy maximization
problem, see [16]

Lf1I3 1717,
f = arg max # = arg max Zn#, 57

where B, is the Paley—Wiener of c-band-limited functions given by
B. = {f € L*(R), Support f C [—c, c]}. (58)

More precisely, it has been shown in [16] that from B,, 1/;5?2 is the most concentrated

function in I = [—1, 1] with the largest energy concentration ratio 0 < A(()O) (c) < 1.
Moreover, for any integer n > 1, w,ﬁ?g is the most concentrated function from B,
which is orthogonal to the previous 1//1.(2), 0 <i < n — 1. The orthogonality is with
respect to the two usual inner products of L2(I) and L2(R). As it will be seen, the
extension of the previous characterization of the PSWFs to the more general case of
the GPSWFs provides us with a better understanding of the behaviour and the super-
exponential decay rate of the eigenvalues (Af,a)(c))nzo. For « > 0, we define the

restricted Paley—Wiener space of weighted c-band-limited functions by
B = {f € L3(R), Support f C [—c,cl, f e L*((—c,0), w_a(é))}- (59)

Here, L*((—c, ¢), @—o(%)) is the weighted L?(—c, c)-space with norm given by

2 _ [ 2 5
||f||L2((—C,C)>w—a(é)) B Lc FOFe- (c) ar

Note that when o = 0, the restricted Paley—Wiener space BL(.O) is reduced to the
usual space B.. Also, since for any a > o/, f € L? ((—c, c), w_a/(é)) implies that
fe Lz((—c, o), w,a(é)) then one gets

BY CBY, Vazd =0 (60)
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Remark 4 We give an example of a function from a restricted Paley—Wiener space. If
¢ > 1, then it has been shown in [10] that the function

nx) = sin(cxx—;x/2) (ZSin (%) — X cOos (%)), xeR

is a c-band-limited function. Moreover, its Fourier transform is an even function given
by

1 if £€€[0,c—1]
=& =0 =1 fE+2—0) if Eelc—1,c]
0 if &€>c.
where
1 if xel0,1]
f(=x) = f(x) =1 =4+ 12x —9x>+2x3 if x €[1,2]
0 if x>2.

Since for & € [c — 1,c], 7€) = (26 —2¢ +3) (€ — )2, then it is easy to see that n
belongs to the restricted Paley—Wiener space BY forany 0 < o < 5.

The generalized maximization problem is formulated as follows. We note that from
(43) with k = 0, one gets the finite Fourier transform of the weight function w,, given
by

1
. J
/ e wy (y)dy = /72920 (0 + Pt 2™ e L eR. (6D
_ yot+1/2

Next, if f € B\, then f(x) = g(x)wq (¥) with some g € L*((—c, ¢), wq(-)). By
C

using the inverse Fourier transform, one gets

2
”f“Lz(I,wa)

= 1) f(wy(t)dt
17 o ||f||L2(w /f( e

= ;7 ity 7y ./C ity S~
- ||J?||2 : 47[2 /_1/_ce fdy _Ce F(x)dxwg (1) dt

7. O oy (8 dl) fy)d
IIfIIiz(w i /,/, ([ wu(t)dt) F(y)dy

v/'c eI F(x) dxwy (1) dt

—C
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= [ [ Ko 0eme (L) @y 50 (2) ar

7112 2
”flllﬂ(w,u(;)) 4r —cJ—C

X 1 [ [ Ka(y = )8(n)wq (%) dy:| e (;) dx

e / gt (1) ds

J —C

(62)

Here, Ky, is as given by (61). Note that since the compact integral operator Q% defined
on L*(wq(-)) by
¢

c

1
Qg = 3 [ Kuly = 08000 (2) dy

I£13:
has a symmetric kernel, then it is well known that in this case, max 2 ,\2—‘0"

feBc ”f”Lz(wfat(é))
attained at the eigenfunction of 2w Q%, associated with the largest eigenvalue. Hence,
by using a trivial change of variable and functions, the generalized energy maximiza-
tion problem is reduced to the solution of the following eigenproblem

1
QWG(x) = / 1 %/Ca(C(x — MG (y)dy =2G(x), xe€[—1,1]. (63)

On the other hand, it has been shown in [19] that the kernel Ky (c(x — y)) is nothing

but the kernel of the composition operators F* o F. Hence, the operators Q% and
F¥ have the same eigenfunctions, given by the GPSWFs, w,(,‘f‘c), and associated to the
respective eigenvalues )»,(f‘) , ,uﬁla) (c). These eigenvalues are related to each others by
the following rule

C
A9 (e) = waﬁ‘) @2, n=o0. (64)

Since from (60), if 0 < o’ < «, then we have BC(.“) - Bc(a/) and since for f € BL(.O‘),
then we have

2 2 12 2
”f”LZ([)wa) = ||f||L2(1’wa,)’ ||f||L2(w7a(é)) > ”f”Lz(LU_a/(é))'

Hence, we have

2 2
@) ”f”%2(1,wa) 112,09 I IZ2 1.y
)\.0 (C) = Ssup T2 < up =2 < sup T
fEBF(a) ||f||L2(w—a(z)) fEBp(a) ”f”Lz(w—o/(i)) fGBéa/) ”f”Lz(w—a’(j))
=2().
More generally, for an integer n > 1, let wéac/) e, W,E‘Q . be the first most con-

centrated GPSWFs, associated with the respective eigenvalues )\(()a/) (c) > )»Ea/)(c) >
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cee > )L,(i/)l (c). Note that the previous strict inequalities are due to the fact that these
eigenvalues are simple, see [19]. By combining the previous formulation of the energy
maximization problem and the well known Min—Max principle for eigenvalues of
compact operator, one concludes that if S,,, H, stand for an arbitrary subspace of

dimension n of B*, and BC(O/), respectively, then we have

2 2
k(a) _ ||¢||L2(1,wa) . ||w||L2(I,wa/))
n(c) = ma)(() mlg = ax l’IllS T A—
S, C B, W ESn ||w||L2(w7a(é)) S,,CBC(D‘)WE n ”w”Lz(w,a/(é))
17,
(I, wyr) /
< =29 (c).

max/ min #
H, B VER W, o)

We have just proved the following theorem giving the monotony of the eigenvalues
(o) :
Ay (c) with respect to the parameter «.

Theorem 2 For a given real number ¢ > 0, and an integer n > 0, we have

A9 <2 *), Ya=a >0 (65)

It is important to mention that a super-exponential decay rate of the sequence
()»,(f‘)(c))n as well as an estimate of the location of the plunge region, where the fast
decay starts are important consequences of the previous proposition. These two results
follow directly from the results given in [6], where an explicit formula for estimating the
)»,(10) (c) has been developed. This explicit formula enjoys with a surprising accuracy
as soon as n reaches or goes beyond the plunge region around the value n, = %T—‘

Also, it proves that the exact asymptotic super-exponential decay rate is given by the
) dn . .
quantity e " g(“). From the previous theorem with &’ = 0, one concludes that

for any o > 0, the sequence (k,ﬁa)(c)),, has a super-exponential decay rate, bounded

above by the decay rate of (Af,o) (¢))n. Moreover, the fast decay of these ()Lf,a) ()n
starts around n, = i—c In the numerical results section, we give different tests that

illustrate these precise behaviours of ()\i,a)(c)) n-

4.2 Approximation of Band-Limited Functions by the GPSWFs

In this paragraph, we first show that when restricted to the interval /, the GPSWFs w,(,ac)
are well adapted for the approximation of functions from the usual Paley—Wiener space
B.. As aresult, we check that the GPSWFs are also well adapted for the approximation
of almost band-limited functions. This type of functions have been defined in [11] as

follows.

Definition 1 Let Q2 = [—c, c], then a function f is said to be eg-band-limited in €2 if

1 / . 5
— [f(E) dé < eg.
27 Jig)>c “

Birkhduser



J Fourier Anal Appl (2016) 22:383-412 405

Proposition 6 Let ¢ > 0, @« > 0 be two real numbers and let f € B.. For any
positive integer N > %T—c, let

N
SNHE) =D < F U > 120 U ).

k=0

Then, we have

1 1/2
( / f@© - SNf<t>|2wa<r>dr) < C1y/ 2@ Gv @) 2 Fll oy

(66)
and

wp £ () = SN f @] < CIy A @ v @) 2 1 fl @) 67)

for some uniform constant Cy depending only on o.
Proof We first note that since B = {gﬁ,(fc), n > 0} is an orthonormal basis of

L%(I, wy), and since x; f € L?(I), where x; denotes the characteristic function,
then we have

T =D < fi® > 12 W), ae.x el (68)

k>0

On the other hand, since f € B, then f € C>®(R) N L?(R). In particular, from the
inverse Fourier transform, and by using the fact that f € B., we have

1 R 1 [c . Lo
fo) =5 / M Fydy = == [ ¢ Fydy = / e flenydt,
T Jr 21 J_. 2w J_4

Vxel[-1,1]. (69)
Consequently, for any integer k > 0, we have

D 2100 | = ‘ / FEOVE (e (x) dx

/ ( / "“”f(a)dt) P () () dix
‘ / Flen ( / “”‘x/f‘“)(xwa(x)dx)

19 )] ‘ / Flenw@ @y dr

2

o

IA

1 1/2
|u‘°‘)<c)|zi sup w(“)(m(/ |f(ct>|2dt)
T -1

te[—1,1]
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Co | ¢ (@ 14a)/2
< T@*’E'“k& OGO TT2 Fll 2wy

Cy o o
= =20 © v @) T fll 2y, (70)

/2

Here, C, is as given by (34). The last inequality follows from Plancherel formula and
the bound over I of W,S‘f‘c) (1)], we have given in (35). On the other hand, by using the

previous inequality, together with the super-exponential decay rate of the | ,uf,“) ©)l,
given by (56), as well as the Parseval’s equality

L = SNF I 2y = 2 WA VED 120100

k>N+1

one can easily get (66). Finally, to get (67), it suffices to combine the previous inequal-

ity, (56) as well as the upper bound of |1ﬂ,§fxc) (). O

As aconsequence of the previous result, we have the following corollary concerning
the quality of approximation of almost band-limited functions by the GPSWFs.

Corollary 2 Let f € LZ(R) be an eq-band-limited in Q = [—c, +c] and let o > 0,

Lo 2¢
then for any positive integer N > ==, we have

1/2
< eq +Ciy/A%© OGN 2 £l gy
(71)

1
( / ICE st<t>|2wa<r)dz)

where the constant Cy depends only on «.

Proof 1t suffices to consider the band-limiting operator g, defined by:
1 ixw 7
ro(f)(x) = — [ "“f(o)dw.
2 Q

Since o f € Be, [(f —naf) = SN(f — 7w P2y = 1 f —melli2w) < €q and
I7efllr2@®y < I1fllL2@w), then by applying the result of the previous proposition to
g f, one gets

1f = SN 21,00 S 1 =72f) = S8 = 72Dl 120100
+imaf = Sv@afl

< eq + C1 AL (©) Gn (@) T2 Ina fll 2w
< eq + C1 AL (© O ) T2 fll 2wy
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(b)

Fig. 1 a Graphs of y* . with ¢ = 57 and a = 0.5, b, ¢ graphs of some analytic extensions of the " .

5 Numerical Results

In this section, we give three examples that illustrate the different results of this
work. The first example deals with the computation and the analytic extension of
the GPSWFs.

Example 1 In this example, we give different numerical tests that illustrate the con-
struction scheme of the GPSWFs w,i"‘,} . For this purpose, we have considered the
values @ = 0.5 and ¢ = 57. Then, we have computed the different Jacobi expansion
coefficients via the scheme of Sect.2, by solving the eigensystem (21), truncated to
the order N = 90. Figure 1a show the graphs of the w,(l‘i.) for the different values
of n = 0, 5, 15. Note that these graphs illustrate some of the provided properties of
the 1//,(1“6) . Also, we have used formula (68) and computed the analytic extensions of
the previous GPSWFs. The graphs of these extensions are given by Fig. 1b, c. Note
that as predicted by the characterisation of the GPSWFs as solutions of the energy
maximization problem, for the values of n < 2cm, the w,(,ac) are concentrated on /,
whereas for n > 2¢/m, they are concentrated on R \ /.

Example 2 In this example, we illustrate the important result given by Theorem
2, concerning the monotonicity with respect to the parameter o of the sequence
A,(f‘) (c) = % | /,L,(f‘) (¢)|?. For this purpose, we have used formula (55) and computed
highly accurate values of uf,a)(c) and consequently of A,(qa)(c) with ¢ = 107 and
with different values of @ = 0, 0.5, 1.5. Note that as predicted by Theorem 2, the
sequence k,ﬁa) (c) is decreasing with respect to «. The graphs of the Aﬁ,“)(c) as well as

log(kfza)(c)) are given by Fig.2a, b, respectively.

Example 3 In this last example, we illustrate the quality of approximation over [/

of band-limited and almost band-limited functions, by the GPSWFs. For this pur-

pose, we have first considered the value of « = 0.5 and the c-band-limited function

fx)= sin(ex) with ¢ = 50. By computing the projections Sy (f), with N = 32
cx

and N = 40, we found that
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Fig. 2 a Graphs of the A (c) for ¢ = 107, @ = 1.5 (circles), « = 0.5 (boxes) and o = 0 (crosses), b
()
graphs of log(x,, " (¢))

sup | f(x) — Sn(f)(x)] &~ 2.22 x 1072,
xe[—1,1]

sup | f(x) — Sao(f)(x)| ~ 4.80 x 107°.
xe[—1,1]

As predicted by Proposition 6, the drastic improvement in the previous approximation
errors is due to the fact that the second value of N = 40 lies after the plunge region
of the eigenvalues Af,a) (¢), which is not the case for the first value of N = 32.

Next, to illustrate the approximation of almost band-limited functions by the
GPSWFs, we have considered the Weierstrass function

2k
Ws(x)=zcos2(Tx), l<x<l1. (72)
k>0

It is well known that Wy € H*7€(I), Ve < s, s > 0. One may consider Wy as a
restriction over I of a function W € H*~¢(R). Note that if f € H*(R) with s > 0,
then

7 (1+ED* -~ 1
2d urish— d A
/S|>c|f(§)| £ < e (1+|g|)25|f(§)| £ < aTror LS 1gs my-

Thatis f is ﬁ || f |l s -almost band-limited to [—c, c]. Note thatin [4], we have used
the previous function to illustrate the quality of approximation by the classical PSWFs.
In this example, we push forward this quality of approximation to the GPSWFs.
For this purpose, we have considered the value of « = 0.5 and the two couples
of (¢, N) = (50, 60), (100, 90). Then we have computed the associated projection
Sy (W), for the value of s = 1. Note that thanks to (43), the different expansion

coefficients C, (Wy) = / Wy (y)w(“) (y)wy (y) dy are computed exactly. In fact since

W is an even function, and from the Jacobi series expansion of wnfxc , the computation
of the C,, (W) is restricted to the even indexed coefficients and consequently to the
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Fig.3 a Graph of the Weierstarss function Wy (x), b graph of the approximation error Wy (x) — Sy (W) (x)
with @ = 0.5, (¢, N) = (50, 60), ¢ same as b with (¢, N) = (100, 90)

computation of the different inner products with Jacobi polynomials of even degrees.
More precisely, we have

Con W) = B o / c0s(2) P (3) () dy

>0 k>0

FrQl+a+1) —k 1/2 k
= 2o HI2N (g ST N ke 2 0 (26,
; S 2! g a/

The graph of W is given by Fig. 3a, whereas the graphs of the approximation errors
Wi(x) — Sy (W) (x) corresponding to the two couples (c, N) = (50, 60), (100, 90)
are given by Fig. 3b, c, respectively. Note that as predicted by the theoretical results
of Sect. 4, the approximation error decreases as ¢ ¥, whenever the truncation order N
lies beyond the plunge of the (Af,a)(c))n. In this case, the extra error factor given by

\/ A(a) ©)xn /27 can be neglected comparing the factor ¢ ™.
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Appendix: Proof of Theorem 1
The proofis divided into three steps. To alleviate notations of this proof, we will simply
denote w(“) and x,(c) by ¥,  and x,, respectively.

First step: We prove that for for any positive integer j with j(j + 2o + 1) < x,,
all moments f_l | y/4.(y) dy are non negative and

L 1
0< / 1 Y UM oa(dy < V1+a (Z,) 11 ). (73)

To this end, we first check that for any integer k > 0 satisfying k(k + 2o + 1) < x,,
we have

= . .
) Birkh&user
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0| = (VT +a. (74)

It suffices to prove that my = % < /1 + «. From the parity of ¥, ., we need
only to consider derivatives of evenn or odd order. We assume that n = 2 is even.
The case where 7 is odd is done in a similar manner. Note that for a fixed n, w(y) 0)
has alternating signs, that is w(k)(O)w,gkc 2 (0) < O In fact, for k = 0, we have

Ve OY2(0) = — xu¥n.c(0)? < 0. By induction, we assume that v/, (O)w"‘ R
0. As it is done in [6], we have

VD O00) = (k(k+ 14+ 20) = 3 ) ¥R + ik = DD O y0).

(75)
By using the induction hypothesis as well as the fact that k(k +14+«o + ) < x,, one
concludes that the induction assumption holds for the order k. Consequently, we have

WD O = (0 = ke +14200) [P 2O + kk = Dy E2 )1 (76)

The previous equality implies that

k(k + 1+ 2a)

Mmpy2 = (1 — o
n

)mk tk(k — 1)Ximk_2. 77

Hence, for any positive and even integer k with k(k + 2o + 1) < x,, we have
my < mo < +/1 + «. This last inequality follows from (32) with + = 0. This proves
the inequality (74). Moreover, by taking the jth derivative at zero on both sides of

f_ll eicxywn,c(y)a)a(y)dy = M;(za)(c)%,c(x), one gets
1 .
/ 1 I e () 0 dy = (=) ¢~ 1l ()i 0). (78)

Since w,ﬁf' )(O) and wn(j +2) (0) have opposite signs, then the previous equation implies
that all moments with even order j with j(j 4+ 2« + 1) < x, have the same sign. The
inequality (73) follows from (74).

Second step: We show that for all positive integers k, n with k(k+2a+1)+Cq ¢* <
Xxn(c), we have ﬂ,? > 0. Here C, is as given by (53). The positivity of ,86‘ (when n is
even) and B} (when 7 is odd) follow from the fact that

.| T@+3/2) o
Bo = /il (@ +1)|,U« OYn.c0)],

. | T@+3/2) @ ‘1/,,;(0)‘
Bl = —ﬁr(a+1)v2a+3lun | | (79)
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Since the g} are given by (24), then by using the hypothesis of the theorem, we have

20+3 [2Qa +5) c?

n __

br=—V 2012 (X” 3at3) o =Fo
2045 [Bla+1) 3c?

n— 20 +2

b= %oV 2017 (( T+ s +5)ﬁ1—

For j > 2 and by rearranging the system (24) and using the induction hypothesis
ﬂ;’ > /3;!72 > (0, one gets

Mo (B} n + B}2) = (€)= j(j + 20+ 1) = Noc®)B}, (80)

where M, and N,, are as given by (53). If we suppose that 815 < ,3;’, then from (80),
one gets
2Mo? B} = (a(c) = j(j + 2 + 1) = Noc?) B} @81)

which contradicts the choice of C,, and the fact that k(k 4+ 2o + 1) + Cq ¢ < xn(c).
Hence, the induction hypothesis holds for 87,

Third step: We prove (52). The first inequality follows from (79) and (74). To
prove the second inequality, we recall that the moments M ; ;. of the normalized Jacobi

polynomials ’ﬁk(a,a) are given by (17) and they are non-negative. Moreover, since

x/ = Zi—o M i lgk(“’a) (x), then the moments of the ¥, . are related to the GPSWFs
series expansion coefficients by the following relation

1
/ XY, () 0g (x) dx = ZMJ KBy -
- k=0

Since from the previous step, we have ﬂ,’: > 0, forany 0 < k < j and since the a
are non negative, then the previous equality implies that

1 J
i < [ g we)dr < — 1+a(1) @1 (82)
Mj.j )1 M. j q

The last inequality follows from the result of the first step. Moreover, by using the
explicit expression of M ;, given by (17), together with (10), (51), the decay of the
function ¢, given by (13), as well as some straightforward computations, one obtains

L2 (3/2)3/4(3/2 + 2a)3/4+« )
M;; — e2a+3/2 3/24+«
Finally, by combining (82) and (83), one gets the second inequality of (52). O

Birkhauser



412 J Fourier Anal Appl (2016) 22:383—412

References

—_

. Andrews, G.E., Askey, R., Roy, R.: Special Functions. Cambridge University Press, Cambridge (1999)

2. Batir, N.: Inequalities for the gamma function. Arch. Math. 91, 554-563 (2008)

3. Bonami, A., Karoui, A.: Uniform bounds of prolate spheroidal wave functions and eigenvalues decay.
C.R. Math. Acad. Sci. Paris Ser. I 352, 229-234 (2014)

4. Bonami, A., Karoui, A.: Approximations in Sobolev spaces by prolate spheroidal wave functions.
(2014) (submitted)

5. Bonami, A., Karoui, A.: Uniform approximation and explicit estimates of the Prolate Spheroidal Wave
Functions, Constr. Approx. (2015). doi:10.1007/s00365-015-9295-1, http://arxiv.org/abs/1405.3676

6. Bonami, A., Karoui, A.: Spectral decay of time and frequency limiting operator. Appl. Comput. Har-
mon. Anal. (2015). doi:10.1016/j.acha.2015.05.003

7. Boyd, J.P.: Approximation of an analytic function on a finite real interval by a band-limited function
and conjectures on properties of prolate spheroidal functions. Appl. Comput. Harmon. Anal. 25(2),
168-176 (2003)

8. Boyd, J.P.: Prolate spheroidal wave functions as an alternative to Chebyshev and Legendre polynomials
for spectral element and pseudo-spectral algorithms. J. Comput. Phys. 199, 688-716 (2004)

9. Hogan, J.A., Lakey, J.D.: Duration and Bandwidth Limiting: Prolate Functions, Sampling, and Appli-
cations. Applied and Numerical Harmonic Analysis Series. Birkhdser, New York (2013)

10. Karoui, A., Moumni, T.: New efficient methods of computing the prolate spheroidal wave functions
and their corresponding eigenvalues. Appl. Comput. Harmon. Anal. 24(3), 269-289 (2008)

11. Landau, H.J., Pollak, H.O.: Prolate spheroidal wave functions, Fourier analysis and uncertainty—III.
The dimension of space of essentially time-and band-limited signals. Bell Syst. Tech. 41, 1295-1336
(1962)

12. Niven, C.: On the conduction of heat in ellipsoids of revolution. Philos. Trans. R. Soc. Lond. 171,
117-151 (1880)

13. Olver, Frank W., Lozier, Daniel W., Boisvert, Ronald F., Clark, Charles W.: NIST Handbook of Math-
ematical Functions, 1st edn. Cambridge University Press, New York (2010)

14. Osipov, A.: Certain inequalities involving prolate spheroidal wave functions and associated quantities.
Appl. Comput. Harmon. Anal. 35, 359-393 (2013)

15. Slepian, D.: Prolate spheroidal wave functions, Fourier analysis and uncertainty—IV: Extensions to
many dimensions; generalized prolate spheroidal functions. Bell Syst. Tech. J. 43, 3009-3057 (1964)

16. Slepian, D., Pollak, H.O.: Prolate spheroidal wave functions, Fourier analysis and uncertainty I. Bell
Syst. Tech. J. 40, 43—64 (1961)

17. Szegd, G.: Orthogonal polynomials, American Mathematical Society, Colloquium Publications, vol.
23, 4th edn. American Mathematical Society, Providence (1975)

18. Wang, L.L.: Analysis of spectral approximations using prolate spheroidal wave functions. Math. Com-
put. 79(270), 807-827 (2010)

19. Wang, L.L., Zhang, J.: A new generalization of the PSWFs with applications to spectral approximations
on quasi-uniform grids. Appl. Comput. Harmon. Anal. 29, 303-329 (2010)

20. Xiao, H., Rokhlin, V., Yarvin, N.: Prolate spheroidal wave functions, quadrature and interpolation.

Inverse Probl. 17, 805-838 (2001)

) Birkhduser


http://dx.doi.org/10.1007/s00365-015-9295-1
http://arxiv.org/abs/1405.3676
http://dx.doi.org/10.1016/j.acha.2015.05.003

	Generalized Prolate Spheroidal Wave Functions: Spectral Analysis and Approximation of Almost Band-Limited Functions
	Abstract
	1 Introduction
	2 Eigenfunctions of a Perturbed Jacobi Differential Operator
	2.1 Mathematical Preliminaries
	2.2 Computation and First Properties of the Eigenfunctions of mathcalLc(α,β)
	2.3 Local Estimates of the Eigenfunctions of mathcalLc(α,β)

	3 Generalized Prolate Spheroidal Wave Functions: Computations  and Analytic Extension
	3.1 Computation and Analytic Extension of the GPSWFs
	3.2 Analytic Extension of the GPSWFs

	4 GPSWFs as Solutions of an Energy Maximization Problem and Quality of Approximation
	4.1 GPSWFs as Solutions of an Energy Maximization Problem  and Consequences
	4.2 Approximation of Band-Limited Functions by the GPSWFs

	5 Numerical Results
	Acknowledgments
	Appendix: Proof of Theorem 1
	References




